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Abstract. The primary objective of this paper is to present some results about the existence of solutions for a class of
initial value problem using Hilfer-Katugampola derivative with varying lower limit for fractional non-instantaneous
impulse models. Itis possible to establish the coincidence degree theory and obtain solvability by carefully constructing
significant operators that include impulsive terms that are not instantaneous. We use inequalities and nonlinear
analytic techniques to investigate the stability of solutions. In the simplest case, we automatically found the solvability
and stability of the Hilfer-Katugampola equations for impulses that are non-instantaneously present. Measurement
techniques are utilized to determine noncompactness using Sadovskii’s fixed point theorem. Instead of using anything
else, we use Krasnoselskii’s fixed point theorem to construct a concise approach. An example of clarifying the results

is provided by it.

1. INTRODUCTION

Real-world processes that react to external impulses over non-zero intervals and have non-local
behaviors or interactions can be described by fractional non-instantaneous impulses systems or
differential equations [1,2].

The area of fractional instantaneous impulses provides a trustee tool to explain abrupt variations
or discontinuous jumps in the development of dynamic systems, including shocks, disturbances,
and natural disasters. Compared to the total time of the activity, the impulsive influence in instan-
taneous impulses lasts for a relatively brief time. Generally speaking, traditional instantaneous
impulses cannot provide a satisfactory description of certain dynamics of evolution processes.

Let us take for example, when we examine a person’s hemodynamic equilibrium, we can see

Received: Feb. 22, 2026.

2020 Mathematics Subject Classification. 34A08; 34A12; 46B45; 47H08; 47H10.
Key words and phrases. Hilfer-Katugampola fractional derivative; varying lower limit; non-instantaneous impulses;

Sadovskii fixed point theorem.

https://doi.org/10.28924/2291-8639-24-2026-127 © 2026 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-24-2026-127

2 Int. . Anal. Appl. (2026), 24:127

that drug administration and the body’s subsequent absorption are both progressive and contin-
uous processes. As a matter of fact, the new non-instantaneous impulsive model might fit this
situation [3-9] and the references cited therein.

There is no doubt that the study of fractional derivatives with varying lower limits for non-
instantaneous impulses, enables us to investigate the phenomenon with a different differential
equation that describes its behavior in each period independently. This corresponds to many
real-life problem in several scientific fields.

Many academics have produced intriguing findings in the last few decades about the availability
of fixed point theorem-based solutions for various boundary value issues. It might be difficult with
contributions to give exact solutions to equations with nonlinear terms. Consequently, various
approximation methods were presented in this context. Ulam established HU stability in 1940,
which aids in differentiating between exact and approximate solutions. Numerous academics
have studied the stability of solutions to fractional equations using this method. It is widely used
in many different sectors [10-15].

By reformulating the problems as fixed point problems and solving them with a fixed point
justification, it is common to establish the existence of an operator equation. The classification
of compact operators in Banach spaces, and metric fixed point theory are just a few of their
applications. Numerous formulas of optimization, nonlinear analysis, integral, differential and
integro-differential equations, fixed point theory and other fields all heavily rely on measures of
non-compactness [16,17].

The study of fractional order differential equations has acquired popularity in recent decades.
Thisis vindicated by the truth that fractional order derivatives offer useful instruments for detecting
inherited or particular characteristics in a variety of engineering and scientific fields.

Fractional derivatives abound and include Hadamard, Caputo, Hilfer, Riemann-Liouville, and
many more. The Hilfer-Katugampola-type fractional derivative is an intriguing variation of the
fractional derivative. Itis a generalization of the widely recognized fractional derivatives of Caputo
and R-L. The term "Hilfer-Katugampola" alludes to the significant contributions to fractional
calculus made by Hilfer and Katugampola. A special formula that enables the characterization of
complicated, non-local behavior in mathematical models defines this type of fractional derivative.
This kind is unique in that it combines a power of the time variable with the fractional order,
providing a more flexible method for modeling and evaluating complicated systems.

Numerous disciplines, such as fractional calculus, mathematical physics, and engineering, have
found use for the Hilfer-Katugampola-type fractional derivative because it is an effective tool for
characterizing and comprehending the behavior of systems with fractional order dynamics. Since
its introduction, fractional calculus has gained further tools, and new mathematical methodologies

for simulating and examining real-world processes have been developed [18-23].
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Abbas [24] discussed the Hilfer-Katugampola model with the form

DSy (&)
PIy(0)

h(& y(&)) +By(&), &elo,b],
Yo, o=p+a(l-p),

where PZ)g’f denotes the Hilfer-Katugampola derivative with 0 < @« <1and 0 < g < 1 and
T (1):“ is left-sided Katugampola fractional integral. Combining Sadovskii’s settled point theorem
andKuratowski’s noncompactness measure allowed them to establish necessary conditions for the
controllability of Hilfer-Katugampola models in Banach spaces.

In [25], Li et al. analyzed the stability of a fractional model that contains a non-instantaneous

integral impulse and multiple point conditions of the particular form

DPz(E)(D+A) = g(&,2(8),°D%2(&)), &€ (&,s],j=01,...,m,
2(8) =I5 (9i(&,2(£))), Ee(sin gl j=1,...m,
az(&j) + cz(sj) = b,z(0) =0,

where °DF is a reference to Caputo derivatives with order g € (0,1], D indicates the ordinary
derivative. They studied the existence and uniqueness of the fractional model involving non-
instantaneous integral impulse by applying fixed point theorem due to Diaz-Margolis. They also
discussed the Ulam stability for their system.

In [26], Wang et al. explored the UHs, uniqueness and the existence of the following FFDEs

Dy T(p) = 8w, T(w), T(u—x)), pey,
T(u) =¥ (p), pe (—x,0],

where Dy, is the Caputo derivative with order 0 < a < 1, Y = [0,L], T(0) = ¥(0) = ¥,
g :[0,L] XxE.XE. - Ecand ¥ : (—x,0] — E. where E. = {9 : R — [0,1]}. They looked into
whether solutions could be found by utilizing Schauder’s fixed point theorem and a presumptive
condition. Furthermore, they demonstrated the system’s uniqueness by employing the Banach
contraction and also they discussed UHs using generalized Gronwall inequality.

Motivated by the former contributions, we examine the solutions” existence and UHR stability
for fractional non-instantaneous impulses equation. Particularly, we scrutinize the next equation

with changed lower limit at the end of each interval of acting of the impulse

T,y(r),F’Dﬁ’“y(T)), for 7€ [so,11],
T,y(T),PZ)fr’ay(T)), for Te (s, 1], r=1,...,k w1
, for 7€ (ty,s],r=1,...,k '

F’Igr‘vy(sr) = wy(n:) + 9y, for n,€ (sy,7r41),r=0,1,...,k D, e R.
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k k
where k € Ny, all subintervals are subset of | = [so, t1] U (7, 5;] U (51, Tr41] = [0,4], Pi)f;a is the
1 1

r= r=

Hilfer-Katugampola model of order 0 < < 1 and types « € [0,1], p > 0 and PI! ™ is the Katugam-
pola fractional integral with 0 < v = g+ a —af < 1. The functions f: [, x RXR — R are given
continuous functions. Also, Jo = [so, 71, Jr = (s, Tr41], ¥ =1,...,k, J; = (74,8, r=1,2,...,kand
0=s50<T1 <81 << T <Sk < Tgy1 = a are real numbers. Here, h,: [ XR =R, r=1,...,kare

non-instantaneous impulses, ©, € R and 7, € (s, T,41) withr =0,1,...,kk € IN.

Novelty and Motivations: Here, we offer a few innovations and explanations that high-

light the significance of our work:

e Fractional derivatives can be approached in a variety of ways, including Caputo, Hilfer,
Hadamard, Riemann-Liouville, Caputo-Fabrizio, Caputo-Hadamard, etc. We concentrate
on examining the Caputo-Katugampola technique, which represents a generalization to
several of them, rather than analyzing each one individually.

e As far as we are aware, very few studies address fractional models with varying lower
limits for non-instantaneous impulses. This indicates that our notion is an unexplored
subject in the literature, and our paper will be primarily motivated by this.

e The study of fractional models with varying lower limits for non-instantaneous impulses
allows us to examine the phenomenon according to a different differential equation that
describes its behavior in each period separately.

e A broad range of applications are covered by the study of these systems. Analyzing higher
order fractional damped systems is more logical from a physical point of view.

e The criteria under which the same sort of result is valid for time-varying systems will be
examined in relation to the defined stability results.

e Consequently, this work shows how certain pertinent references that are already well-

known in the literature could be improved, both theoretically and statistically.

The sections listed below are the division of our article: In Section 2, fundamental concepts
and learning outcomes are provided. Two existence results for the model (1.1) can be found in
Section 3: The first is demonstrated using Sadovskii’s fixed point theorems related to measuring
noncompactness, while the other is demonstrated by Krasnoselskii’s fixed point theorem. Section
4 discusses UHR stability of our model. Finally, numerical applications are provided for the major

results.

2. PRELIMINARIES

To support the reader, we offer some fundamental definitions and lemmas that will be utilized
throughout this investigation. Take | = [0,4]. Let the Banach space C(J, R) contains all continuous

functions on ] equipped with the norm |lzllc = sup,;1z(7)|. The weighted Banach space can be
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defined as
-5\
Cop(JrnR) = {y ], > R: y(T)( 5 r) € C(]r,]R)}, 0<v<l,
equipped with the norm
-5\’
e, = sup [T (o).
T€], p

Take into consideration the space XZ(a,b) (ford € R,1<p < 00,0 <a<b < c0)which contains

Lebesgue measurable functions x on [a, b] with complex-valued with ||x||y» < o0, and
d

: %
HXHXZ = (f |€dx(§)|p dé] , (1<p<oo,deR).

Definition 2.1 ( [27] Katugampola fractional integral). Let f € R4, d € R, 0 <a < b < oo and
z € XZ(a, b). The Katugampola integral of order B is given as

X p-1
(Pfiiz) (x) = f[; gP1 (xp;Sp) ;E;)) ds, x>a,p>0.

Theorem 2.1 ( [27]). Suppose that f >0, a>0,0<a<b<oo,1<p < oo, andp,d € Rwithp >d.

Then, the semigroup property is valid for z € X! (a,b), i.e.
(pIZ‘+PIf+z) (x) = (Pfjfﬁz) (x).

Definition 2.2 ( [27] Katugampola fractional derivative). Let p > 0, p € Ry with p ¢ N, and
z € Cyp(J). The Katugampola derivative F’Z)f . of order B is presented as

(0%2) ) = 3 %2) 0

A\t Y xP = &P nopl z(&)
_ 1-p % p-1

wheren = [] + 1 and 5, = x' P4
Lemma 2.1 ( [27]). Consider > 0,0<v <1landz € C,,la,b]. Then,
(pZ)§+pfi+z) (x) = z(x), x € (a,b].

Lemma 2.2 ([27]). Let 0 <p<land0<v <1 Ifz€C,pla,b] and PI;I/;Z € Cypla, b]. Then,

(P1,:72) (a) (xp —op

p zZ)\x)=2z(Xx)—
(T3P D52) () = 20—~ -

)ﬁ_l , x € (a,b].
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Lemma 2.3 ([28,29]). Let x > a. Then, for p > 0 and u > 0, we have

:pjfi (Sp ;ap )”_1l (x) = F(il(i)ﬁ) (xP ;gp )#+[3—1’
¥ ; i
_PD§+ (SP {—)ap)“ l(x) - F(l;l(ﬁ)ﬁ) (xp ;ap)y |
:p@i (SP ;ap )ﬁ—ll o

Lemma 2.4 ( [30]). Consider B> 0and 0 <v < 1. Then, PIf; is bounded from C,, ,(]) into C,,(]).

Lemma 2.5 ([30]). Let 0 <a<b <00, >0,0<v<landye€C,p(]). Ifp>v, then F’Iiy is
continuous on | and

(P28, y) (a) = lim (P17, y) (x) = 0

x—at
Definition 2.3 (Hilfer-Katugampola fractional derivative [31]). Considern—1<p <nand0<a <1
with n € IN. The Hilfer-Katugampola derivative of a function z € C1_,, ,[a, b] is provided as

, (g1 4\ 1)
_ 1— _
- (P]Z‘JE” ﬁ)ézp‘[{; a)(n ﬁ)z) (x).
Property 2.1 ([31]). The operator P.Z)a;ﬁ ,r=20,1,..., kwith order 0 < a <1 can be written as
oA S e )]
Definition 2.4. Let the parameters , o and v be related as
v=B+a(l-B), 0<apBv<l

Therefore, we provide the spaces

Cf avp(]r) = {y € Cl—V/P(]f)'le;fy € Cl—v,p(]r)}r
Ci- vp(]r) - {y € Cl_VP(]r)'pDV+y € C1—V/P(]r)}'

Since F’Z)ﬁ y= ( )PZ)Hy, by Lemma 2.1, it follows that
Cr,, (1) cC, () € Croyp(]).

It is clear that the space CY_, o (]) is a Banach space equipped with the norm

1-v
0 — s )
y(o)|;-
[ v
Finally, take into consideration the space

PC.o(J,R) ={y: ] > RlyeCy, (U_) NCU )}

”]/”CL = maxk{sup

€]y

.....
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which can be easily to prove it is a Banach space equipped with the norm

lyllpc,, = max {llyllcg_w,rr:r}axk {sup |y(T)|}}~

e

Lemma 2.6 ([31]). Suppose0 <p<1,0<a<landv=p+a(l-pB). Ifye Of—v,p(h)' Then,

p[:fp@:jy — ijjp@frfyl
and
1_
F’Z):jpfij = F’Z)Z}( ﬁ)y.

It is common knowledge that the Kuratowski measure of noncompactness has these properties.

Definition 2.5 ( [32]). Assume .7 is a bounded subset of a Banach space &. The Kuratowski noncompact-
ness’ measure 1(-) is introduced on bounded . as

k
() = inf L>0:<7CU<5ﬁj, S &, diam(S) <, j=1,...,m; neN¢.
=0

where

diam(7}) = suplllyr — vl y1, y2 € ).

Lemma 2.7 ( [32]). Let . and % be bounded in a Banach space &. The following properties hold:
: (1) u() =0, iff & is compact, (7 the closure set);
2 (2) u() = u(L) = u(conv.s), (convs” the convex set);
(3 u(0)) = () for any o € R;
: (4) .S C U leads to u(.7) < u(%);
Q) (S +U) < u(S) +u(%), where S +U ={xx =y+z,ye S,zeU};
0 (6) (L VW) = max{u(S), u(%)};
: (7) Assumethemap G : D(G) € & — Y is continuous Lipschitz with constant k. Then, n(G(N)) <
)

ku(N) where N € D(G) is bounded subset and Y is Banach space.

Lemma 2.8 (Sadovskii fixed point theorem [32]). Let Y be closed and convex and bounded subset
of a Banach space & Assume that ® : Y — Y is continuous u-condensing operator, in other words
p(P(Y)) < u(Y). Then, ® has at least one fixed point in'Y.

We, also, present some definitions and properties of Ulam-Hyers-Rassias stability taking from
[33].

Definition 2.6. Problem (1.1) is UHR stable with respect to ¢ € C (J,Ry.) if there is a positive constant
¢y > 0 where for all & > 0, ¢ > 0 and for all solution w € PC, ,(],R) of the inequality

P () - f(T,w(T),PDfrfw(T))

SEI]Z}(T)/ te]r,r:O,l,...,k, (21)

|w(T)—hr(T,w(T))|S€§0, tel,r=1,...,k
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Then, there is a solution y € PC,,, (], R) of equation (1.1) such that
lw=yllpc,, < we(@(t) +¢), Te€].

Definition 2.7. Problem (1.1) is GUHR stable with respect to ¢ € C (J,Ry), ¢ > 0 if there is a positive
constant ¢, > 0 where for all solution w € PCy,, (], R) of the inequality

’PZ)ﬁ’“w (1) f ( )P@ﬁ w(t ) (1), te],r=01,...k

ly(7) = he(7,y(7))| < @, te,r=1,...,k
Then, there is a solution y € PC,, (], R) of equation (1.1) such that

lw - yllpc,, < cw(P(t) +@), TEJ.

Remark 2.1. A map w € PC, (], R) is a solution of (2.1) if and only if there exists Q € PC,,,(],R)
(depending on w ) where

1 |Q(T)|S€¢(T)’ TEIr,T’ZO,...,k,larlSE(p, TE]:,T’Zl,...,k,
2000 (T w(7), pz)ffw(T))+a(T), tef,r=0,..k
3.y(7) = (1, y(1)) + Q, telr=1,...k

It’s possible to make a similar comment about inequality (2.2).

Lemma 2.9. Assumev =+a—-Pa,0<p<landac0,1]. If f: [ X RXR — R is a function where
f(,y PZ)M y(-)) eCy_, (Jr), forany y € C]_ vaT)' then y(t) verifies the equation

1-v,p
P@ﬁ“ F,y(1),PD (7)), T € (5, Trial,r = 0,1, kkEN, (2.3)
if and only if it verifies the Volterra integral equation
(p Il:vy) () [ p_ oy
s ™ =S
_ r r rrf f(t, ), PO ) 2.4
o) = (T (2 e, Dy 24

Proof. (=) Assume thaty € C]_ p( Jr) is a solution of the equation (2.3). We show that y is too a
solution of (2.4). Using Definition 2.3, Lemma 2.4 and from the definition of C1-, ,(J;), we obtain

(7o) @ e Cioup) and (DL y)(e) = (5,17) (1) € Cronp (1)

From Lemma 2.2, we can write

(pjif_vy) (sr) (TF’ —st )V_l
; :

(720D y) () = (o) s @5)

In light of Lemma 2.6, we can write

(202 y) (1) = (P2 0D0y) (0) = (2P, (e y (), DLy () ) (o). 26)
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When (2.5) and (2.6) are compared, we find that

LA o ot

(&) Assume that y € C]_ p( Jr) verifies (2.4), and we show that it also meets (2.3). By operating
by PZ): . on both sides of (2.4). Then, from Lemmas 2.3 and 2.6 and Definition 2.3, we obtain

(P22 v) (2) = (P2 P (e, y(0), P DL y(e)) ) (). @7)
According to hypothesis PD". y € Cy, (Jr), (2.7) implies that
(P@;y)< )= (00T ) (1) = (2P ) (1) € Cron () @3
Since f(-, Z)ﬁ “y(-)) € C1-y,p(J;) and by Lemma 2.4, we get
(P70 f) € Crovp (1) 29)

The relations (2.8) and (2.9) and the definition of C1_,,,(J;) yield

(P_Z'Sl;a(l—ﬁ)f) c Cl—v,p (]r)

a(1-p)

Applying the operator P + on both sides of (2.8) with applying Lemmas 2.4 and 2.2 and

Property 2.1, we obtain

e a(1-8)—
(pI:fl—ﬁ)p@:jy)(T) :f(T’y(T>'pr,'ay(7)) ) (Pfsia( _fz)(sr) (Tp;Sf) (1-p)-1

1-p
= (DY) (1) = f(z,y(1),PDL (1))

which implies that (2.3) holds. |

3. Existence ResuLrs

The current section presents our existence results for the problem (1.1). To demonstrate the main

theorems, we begin with a significant results.

Theorem 3.1. Assumethatk € Nandv = +a—pasuchthat0 < <land0<a <1. Letv,: [, > R
be a function where v, € C}_ p(]f) withr = 0,1,...,kand for any y € PC, ,(],R). Then, there exists a
solution for the linear case
prr“ (1) =ve(1), for Te(s,tr41),r=0,1,...k
y(t) =h(t,y(t)), for te(tr,8),r=12,...,k (3.1)
pfg,_vy(sr) y

wy(n) + D, 8 <Ny < 11,7 =0,1,...,k
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given by
0 sf v—1 ,
Ay o (‘u,(PIsrv,) () + Er)
y(1) = s (3.2)
+(PI50) (1) T € (S, Try1),r=0,1,...,k,
he(7,y(7)), te(t,s),r=1,...,k
where
1
A, = —, =01,k (3.3)
pP_gP
F) - |
P
and
v-1
P _SP
T(v) # yr(m - r] ., r=0,1,...k

Proof. (=) Assume that y € PC,,, (], R) is a solution of the problem (3.1). Then, by using Lemma
29 fort € (s, 7,41 and r =0,1,...,k, we have

1-v — (7P — p-1
o (pIS;(i)) (sr) (Tp;sf) 1+%ﬁ)L[ Pp tp] o (b

Next, we substitute © = 1, € (s, T,11],7¥ =0,1,...,k into the above equation

(Pp;vy) (5r) 10 _ gP\V! 1 et —w)
y(ny) = ~— (mpsr) +—f [nr ) t~ o, (t)dt.

I'(v) T Jss | P

Thus, we obtain

pfgfvy(sr) = wy(nr) +2r

(pf 1I”y) (sr) p_gp\vt 1 w(nf — o)
Sr My — Sy fr Mr -1
— . +—, P~ o, (t)dt + D,

) ”( p ) " [ p ] "

which implies that
PIVy(s,) = AT (PTE 0,) () + AT(v) D

Hence, y(7) can be rewritten as (3.2).
(<) For 7 € J,, by applying operator P 1 ;jv on both sides of (3.2) with applying Lemma 2.3
followed by the Theorem 2.1, we get

(PT7y) (1) = AT (T or) () + (P10 o) () + AT (w),
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Taking T — s;” and applying Lemma 2.5 with noting 1 —v < 1 —a(1 - ), we get
lim ("T1y) (2) = AT () (P T500) (1) + ).

Now, by substituting T = 7, in (3.2), we have

P P
N — 5

v—1
) 0P8 0,) (1) + (PP 0,) () + AD,

0 0 v—-1
My — 5
y(nr) = Ar( ] .

Then, we get

P 1%

-1
r —Sr
wry () + D =Asply (77 0 ) yr(PIfrvr)(m)

v-1

p p
—S
Mr r) D,

+ Vf(pfgrvr) (1) + ArDrptr (

At (nf ~s}
p

= ATW) (1 ("I 0) () + )

v-1
) + 1J (P‘r(pjsﬁ,vr)(ﬂr) + Dr)

which implies that

lim (pfi;/y) (T) = Hry(nr) + D,

TS,
Using Lemmas 2.3 and 2.6 and Definition 2.3 with operating by P©", on both sides of (3.2) for

T € J;, we acquire

(Pz):r+ y) (1) = (PDjfl‘%) (1). (3.4)

r

By hypothesis PZ)‘S’ ry € C1_V,p( Jr). Then, (3.4) implies that

(P@;+ y) (1) = (5,3131;“(1"%) (1) = (P@j;l‘%) (1) € Crovp(Jr). (3.5)

As v, € C1-yp(J;) and from Lemma 2.4, we acquire

(p—[;;a(l_ﬁ)vr) € Cl—v,p (Jr)- (3.6)

r

From (3.5) and (3.6) and with using the definition of C1_, ,(]J;), we have

(PI:;a(l—ﬁ)vr) €Cioyp (J,).
Using Lemmas 2.3 and 2.2 and Definition 2.3 with operating by £1 z:(l_ﬁ ) on both sides of (3.5), we

get

a(ip) (PI;“(l_ﬁ)vr) (sr) o0 — gP\*(1=P)1
(22000, ) (1) = () 4 =

Ta(l=p)) r
= (PZ)frfy) (1) = v (7).
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The proof is complete. m]

As a result of Theorem 3.1, we acquire lemma below.

Lemma 3.1. Assume that v = B+ a(1— ) such that 0 < B < 1 and a € [0,1]. Assume also, that
f i xRXR — R is a function verifies f(-,y(-),v:(-)) € C1y,,(J,R) for each v, € C1_, (], R) and
y € PCy (], R). Then, y verifies the model (1.1) if and only if y is a fixed point of M : PC, ,(],R) —
PCy,p(], R) which is given by

r

P —s‘D -1
AT[ ] (Hr(pffrvr)(nr) + Dr)

p
M@0 =1 67)
+(PI5v) (1), T € (sy,Tr41], ¥ =0,1,...,k,
he(7,y(7)), te(t,s),r=1,...,k

where v, (1) = f(7,y(1),v:(7)).

Our main results are explained and proved through the introduction of these hypotheses.
Consider the assumptions:
(B1): The function f : [ X RXR — R is a continuous such that f(-,y(-),v.(-)) € i, , for
eachr=0,1,...,k;ke N, v, € C11/—V,p<]r’ R) and y € PC, (], R);
(By): There exist positive constants L and P, forallr =1,...,k;k € N, satisfy

If(c y,00) = flT v, 07)

forall y,y* € PC, (], R) and vy, v} € C1_, 5 (]). Furthermore, we have

* *
e, <Lly=vle  +Prlor-ailg
1-v,p 1-v,p 1-v,p

lorler,, = If vyl < Livler,, + Pl +Vo

which leads to
L “y“cg_w +Vo
“f(Tl Y UV) Cllj—v,p < 1-— Pr

where Vg = sup.¢;, If(7,0,0)]and 0 < P, < 1forallr=0,1,...,k
(B3): The functions &, : J; X R — R are continuous forallr =1,...,k k € IN;

(By): There exist positive constants &,, r =1, ...,k k € N such that
(T, y) = (T, )| < Sily - /|
foreachte];, r=1,...,kkke Nand y,y € C(J,R). These signify

e (7, )|, < Kellylle + 1, where  hY = suplh(z,0)];

we;

(Bs): Foreacht e[, r=0,1,...,k k € IN, there exists x, > 0 satisfies

(°I% )(1) < (1)

where ¢ : R — R is a nondecreasing function.
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3.1. Compactness Case. To convenience the readers, we present the following symbols for big
quantities: Forallr =0,1,...,k with k € N, we consider

I'(v)

Qr:(l—?0n5+vy

Theorem 3.2. Consider Hypotheses (B1)-(By) are satisfied. If
max {LO|AS,, K]} < 1.
r
Then, the fractional model (1.1) possesses a minimum of one fixed solution in the space PC,,,(J,R).

Proof. Create
By ={y: y € PCup (], R), lIylipc,, < x}

with radius
Qr(vo (|Ar|5r + Tr) + |Arl|Dr| hg
X Z max , .
r |1 - LQY(IArlsr + Tr)| |1 - er

It is possible to think of the operator M as the sum of two operators M; and M, which are defined
as

8 P —Sf v-1
MMM@Z(UwMﬂ+Nm( ) , TE (s, Tr),r=0,1,...,k
0, 1€ (th,8),r=1,...,k
P —Sf v-1 ;
(May)(7) = Ar#r( ) (P50 (ny), TE (sl r=0,1,...k
hr(T/y(T))/ TE (T,,,sr),rzll,”,k.

Then, for y,y* € PC,,,(],R) it follows that [|My + sz*”goc‘/,p < x, which concludes that M;y +
Moy € B,. Now, we want to show that M maps bounded sets into the bounded set.

e Foreachte [, r=0,1,...,kk € N and y € By, we obtain

(Tp—sf
p

) (Muy) (1)

IA

Tp—Sf 1-v ;
( 5 ) (PLg lo,]) () + [AAD|

o _ pl—v o _ pv—l o _ pl—v
=) 05 15 e
P P P

) () + 1A D]
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p_ p tP_ 4 v=1
< (£x+(Vo)(T psr) F’Ifr(TS’) ](r)+|ArIIDrI

< (Lx+ Vo) Ty + IAAID

and similarly, we deduce that

(Tp—sf

p

<A (P TE [orl) () < (Lx + Vo) QIAS,

|

p
< max{(Lx + Vo) Q; (IA/Sr + Tr) + IAAID I} < x.

)P%waw

which imply that

My

(”ﬁfkm+%mm

v = max {sup
1-v,p r

€]
e ForeachteJ;, r=1,2,...,k;k € N and y € By, we get

IMylic < Rllylle + hy < Kyx +hy <x

Therefore, [|Myllpc,, < x. As a result, a bounded subset in 8, is mapped into another bounded
subset via the operator M.

The following fulfillment is to confirm that the operator M; is equicontinuous. As a result of
(B1) and (B3), M; is continuous. For each 0 < &; < & < 71 and y € B,, we obtain that

1-v 1-v
&P — P &P —sh
Ié{zp ] maw@g—(l ) (Miy)(&1)
1 51 55 s 1-v Eg—tp p-1 5? _ 1-v Ef—tp p-1 dt
< —f - lor ()| 7=
rp)Js p p p p t=p

G- 1 pe(g-r)T
+ f o ()15
P L) Je | P thop

< |—
TP v
[éij—sf]lv
P (e (e
7 f[[ . ] —[ O
1-v 1
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With suitable transformations, we can deduce the following needed integral

n| &P —tP p o _gP vl it ép—sp p+v-1
ff [ p ] ( p J t1-p :( o ) (Brn.e) (v, B) = Byc) (v, B))

where By (-, ) is the complete Beta function with noting that B;(-,-) = B(:,-) and By(:,-) = 0 and
r(q,&) = (g° —s")/ (&P —s). By calculating the integrals with simplifying, we get

p 5
&-sty (&h-sf
1< BtV 17’ +[2 i B(v,B)

T (1-P)I(B) p p

1-v p+v-1
Loy [0 oo B (v, B)
(1- Pr)r(ﬁ> p p r(E1,&2)\Vr

B B 1-v
L+ Vo & —sy) | & -5y &=t
T (1-P)T(p) [ o ) [Eg =5 B(v,p) +B(v,p) -2 T B, (s,6)(v/B)
B 1-v
2(Lx+Vo) (55t & sl
< (1 — Pr)r(ﬁ) 0 B(V,,B) - 5!2) _ Sf B”(’Slzéz) (V,ﬁ)

which approaches zero as &1 — &. As a result, M is a relatively compact on By. On B, the
operator M is completely continuous, as per the Arezela Ascoli theorem. The only thing remaining
to accomplish is to demonstrate that M, is a contraction mapping. based on the assumptions B,

and B4, we obtain

e Foreacht€ J,,r=0,1,...,k;k € Nand y, y* € 8,, we have

(Tp—sf

p

1-v
) (M) - ) )] < LS =y

e ForeachteJ;, r=1,2,...,kand y,y* € C, we have

Moy~ Moyl < S [ly -y

c
Thus, it follows

[(My(7) - My’ (z < max (LA, 84} [ly -y

) ||7>CV,,, PCyp

According to the Krasnoselskii theorem, nonlinear fractional Hilfer-katogumpola model with non-
instantaneous impulses (1.1) possesses a minimum of one fixed solution in the space £C, (], R).

O

3.2. Noncompactness Case. Kuratowski’s noncompactness measure and Sadovski’s fixed point
theorem can help investigate whether there are solutions in noncompactness cases. To discuss this

issue, we must take into account the following result of existence.
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Theorem 3.3. Consider the Hypotheses (B1)-(By) are satisfied. If
Fpc. . = max{LO, [IAS, + T)], K} < 1
Then, the problem in Equation (1.1) possesses a minimum of one fixed solution in the space PC,,, (], R).

Proof. First, we demonstrate that M: B, — By is continuous where 8, C PC, ,(],R) is defined in
the proof of Theorem 3.2. Simply put, B, is a nonempty, convex, bounded and closed subset of a
Banach space.

Assume that {y,},enN is a sequence where v, — yasn — oo in PCv,p( J,R). Then, we get

e Foreacht e[, r=0,1,...,k we have

< MNP TE 10 = 0,0) ()

Tp—sflv
[ 5 J (Myu () = My(7))

p

T —s,

+

1-v
] ("I [0 = v) (1)

=0 as n —o oco.

< LO, IAS + T ”yn -y c
op

e Foreacht€ J;,r=1,2,...,kand y € 8,, we have
[((Myn(1) = My()| < & lya =yl =0 as n— oo,
Consequently,

”(Myn(T) _My(T))”PCV,,, =0 as n— oo.

The next step is to show that the operator M maps B, onto B,. As in the Theorem
3.2, it is verified. The operator M must be shown to satisfy the Kuratowski measure of
noncompactness inequality. In light of the assumptions B, B,, we get

e Foreacht€ ], r=0,1,...,kand y,y* € By, as above, we obtain

(Tp—sf

p

1—v
) (My(2) = (My'(0))| < LO0 IAIS, + Ty — v

v .
Cl -v,p

e Foreacht € J;,r=1,2,...,kand y, y* € C, we have

[(My(t) = My (0)] < K [ly = |-

Thus, it follows

[(My(z) - MJ/*(T))”PCV,,J <Fre.c v = y*”PCz,C ’
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Assume that . C B, is a closed subset where there exist Yj, j=L12,...,n,neN, C U]ﬂ:l,ﬁ

u(MF) =inf{9 : diam(M}) < 8,.7 C U7}
=inf{3 : sup {[(My) (1) = (My") (Dllpc... | < S, y,¥" € &5, UL, 7|
<Fpc. . inf(9 s sup{ly(t) - ¥ (Olipc. .} < 8,0,y € 7,7 < UL_,.7)
<Fpc, . inf{9 : diam(M.S)) < 9,y,y" € 7, S UL}
=Fpc, ().

Regarding to the statement (7) in Lemma 2.7, the operator M : 8, — B, is u-condensing. The
operator M: B, — B, is able to solve the problem (1.1), and Sadovskii’s fixed point theorem

indicates that at least one fixed point y € B, exists. m]

4. STABILITY ANALYSIS

This section is dedicated to presenting the stability of our Ulam-Hyers-Rassias problem (1.1)

results.

Theorem 4.1. Assume that the Hypotheses (81)- (Bs) are satisfied. If max{LO,T,, K} < 1. Then, the
r

fractional non-instantaneous impulsive model (1.1) is UHR stable with respect to (¢, {).

Proof. Assuming a unique solution y € PC,, (], R) to the problem (1.1) corresponds to any solution
x € PC, (], R) of (2.1). Then, in view of Lemma 2.9, we acquire

PIIVY) (s
(’—:z))(r) + (pryUr)(T)l TE (ST’/ Tr+1]’r =01,....k

y(r) =4 I(
he(7,y(7)), te (t,s),r=12,...,k

Further, if x is the solution of (2.1) and using Remark 2.1, we obtain
F’Z)fr’ax('[) =72.(71)+Q(7), T€((s,Tr41],r=0,1,...,Kk,

x(t) = he(7,x(7)) + Q, T € (tr,8),r=1,2,...,k,
(PI V%) () = (PI7"y) (sr)

where

and
+(PE5) (1) + (PEQ)(x), T € (s1,141),,7=0,1,...,k

he(T,x(7)) + Qp, T € (tr,8),r=1,2,...,k
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Foreacht e J,,r=0,1,2,...,k, we acquire

- P\ _
o, 5 (5) [ER o0 + eia))]

[x =y

p P

1-v
T —S
< LTl =yl +e %] (PLy)(7)

which reveals

P _ P
SXI/’ [TrJrl Sr

e~ o, ST-ZoT |~ p

1-v
] U(1), LOT, < 1.
Foreacht € J;,r=1,2,--- ,k, we acquire
llx = ylic < sup (T, x(7)) = (7, y (7)) | + Q|
<K ||x - y”c + €.
Consequently, we have
ke-vles o, St

Then, for each T € |, we obtain

- ]/||¢>CV,p < ae(p+¢(1))

1-v
Tf+1 _Sf 1
p "1-R,

Therefore, the solution of fractional non-instantaneous impulsive model (1.1) is UHR stable with

where

¢, = max v
YUY 1 - £O, T,

respect to (¢, ). Furthermore, by using definition 2.7 and ¢ = 1, we can see that the solution of

the fractional non-instantaneous impulsive model (1.1) is GUHR stable with respect to (¢, ). O

5. AN APPLICATION

The purpose of this section is to illustrate how our main results can be applied by describing an

application.

Example 5.1. Take into account the fractional non-instantaneous impulsive model listed below:
f(r,y(1),f Dfr’ay(’c)), 1€ (s,7), r=0,12,
y(7) = h(7,y(7)), te(t,sl r=12 (5.1)

1
PI5y(sr) = pry(pr), r=0,12

PDEy (1)
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A

1 2 3 4 1 1 1
where ] = [0,1,0 =sp <11 =s<s1=:<Ta=:<ss=:<m3=1Lp=3pf=3a=3V=

%,Ho =-lLm=Lu=2mn= %, m= %, n = %, D = %und Dy = 1. In our example, we take
ly(7)l
h(t,y(t)) = ,

It is obvious that it is continuous on the intervals T € (t,,s,|, v = 1,2 which meets the assumption (B3)

T€ (1,8, r=1,2.

and satisfies

ly(7)] B ly’ (0l
Zet (14 ly(0)l)  7e (1 + 1y (7))

()l =y ()]
1+ ly(D)) A+ 1y (7))

<zl
<zlv-y

(2, () = e,y ()] =

et

forall y,y' € R. These imply that the assumption (By) hold with &4 = K, = 1. Additionally, we take
vp(7) = PD'if“y(r))for all T € (sy, 7, and r = 0,1, 2. Based on this, we consider

2
(12 +100)

It is evident that the function f : [0,1] X R X R — R is continuous and it holds the assumption (By), it
follows

ly(O)1+ [or(7)l
1+ |y(7)| + IUV(T

flry(1),0,(7)) =

)I], T € (s,1], ¥=0,1,2.

2|(1yl + losl) = (ly*l + [o71)
(V(72+100)) | (1 + Iyl + [orl) (1 + 1y*I + 103])
1

f(y,0) = f(r,y,0)| <

< + [[or] = |yl

‘Iyl — |yl

<z (y-yl+lo—9vl).

Q1| — Q1]

with L = P1 = Pr = P3 = 1/5. Using the given data, we can find that

Ao = 0.357607, A = -2.81011, Ay =~ —0.484066
o ~ 1.82453, 1 ~ 1.82453, )y ~ 1.82453
So ~ 0.966776, 51~ 0.728357, S, ~ 1.38126

Ty =~ 0.945742, Ty =~ 0.533181, T = 0.459506.

e Krasnoselskii fixed point theorem:

To test Theorem 3.2 assumption, we have
max {LOINAS,, 8} = max {LOo|AolSo, LO|A11S1, L] A2|S2, K1, K2}
~ max {0.126157, 0.746875,0.243984, ;, %} = (0.746875 < 1.

Therefore, the assumptions of the theorem hold and so, on [0,1], there is minimum one
fixed solution to the model (5.1).
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e Sadovskii fixed point theorem:

To test Theorem 3.3 assumption, we have
Fpe.. = max {LO, (IS, +T,], K}

~ max {0.471263,0.39822, 0.41166, ;, ;} = 0471263 <1

Hence, the model (5.1) possesses a minimum of one fixed solution in the space $C,, (J,R).

e Stability To demonstrate Theorem 4.1, we take

T‘D _ SP o—1
¢h)=( pr) , T € (s,7Tr41), r=0,1,2.

Plainly, the function (1) is nondecreasing on (s;, 7,4+1], r = 0,1,2 if 0 > 1. Also, we can

see that
b oviny = _L(@) (TP =S\
(PISjAU)( )_ F(G—F%)( 0 )
_ T(o) (7P-%) : .
F(a+%)( p ) v ()
Since p = 1 < 1, then
: T —F(o) 11— 5,) 2P Y (t
(TN < s (=5 (o
_ V2r (o) )

VBT (0 + 3)
V2T ()

m forall o > 1. If we

which implies that the assumption (8s) holds by taking x, =
puto = 2, we get x, ~ 0.711437.
In conclusion, we have
=l < o+ (o)

where

r=012 | 1-LO,T, P -

<

p py\1-v
Xy (Tr—i-l — 5 ] 1
¢, = max 7 1

77 7
~ max {1.04668,0.580791,0.508985, o 6} =z
and ¢ and ¢ are any positive real constants.

Now, the main condition in Theorem 4.1 is

max {LOT,, 8} = max{LOTo, LO1T1, LOTo, K1, Ko}
r=u,1,.

X~ max {0.345106,0.194561, 0.167676, %, ;} = 0.345106.
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Thus, the model (5.1) is UHR stable with respect to (¢, ¢).

Example 5.2. The main goal of this example to introduce the graph of the solution. Consider the next
fractional non-instantaneous impulsive model:

3 (70 —s"\! 1
PDf;ay(T) = = ( 7) + =sin(y(7)) — = pr;ay(T), t€e(sy,1], r=0,1,2,

2\ p 2 2
1
y(7) = g5 sin(n(r - 1)) + ¥ (1), T€ (8], r=1.2,
1
PI5y(sr) = ury(pr) + O, r=0,1,2
— — _ 1 _2 _ 3 _ 4 _ _ — —

where | = [0/1]/0_50<T1— 5<Sl—§<T2—5<52—§<T3—1,y0——1,‘ul_1,[,[2_
2,1m0 = %, nm = %, n = 19—0, Do=-2,7 % and Dy = 1. In our example, we consider

h(t,y(1)) = %eT “sin(n(t—1,)) + v (1), T€ (14,8, r=1,2.

Obviously, it is continuous on the intervals t € (ty,s:], ¥ = 1,2 which meets the assumption (B3) and

satisfies

(1, y(1) = e (T, Y (DI <y + ¥ | [y = | < ily = v/

which is true by the continuity of y,y' € R for all © € (1,5, v = 1,2. Additionally, we take
(1) = F’ny’“y(’[))for all T € (s;, 7] and r = 0,1,2. Based on this, we consider

P — pyo-1
F(2,y(x), 00(7)) = g( pp Sr) +2sin(y(1) - 3or(), e (] r=0,12

Clearly, the function f : [0,1] X R X R — R is continuous and that it verifies the assumption (B,)

* * 3 %
(@ y,00) = fr, v 00| < Sly - y|+—|vr vl.

with £ = 3 and Py = P, = P3 = 3 < 1. Using the given data, we can see that all assumptions of
Theorem 3.1 hold.

Now, our example can rewrite as

p

o _ -1
! S’) +sin(y(1)), T€ (s, 1), r=0,1,2,

p

PDPy(7) = (

1 2
y(T) - E (1 * \/1 B geT_Tr Sin(n(q_' - Tr)) ’ TE <TT/SF]' r= 1'2’

1
PI5y(sr) = pry(pir), r=0,1,2
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which has the solution

g v-1 1“( ) np S Bto-1
~or o r = °r .
ym =~ p J r}z; +8)| p + (P T% siny) (n,) + D
v+p+o-2
I'lo (e _Sf .
+ 1"(0(+),B) [ P ] + ("Ifr siny)(7) (5.2)

forall 7 € (s, t,41], r=10,1,2, and

1 2
y(t) = 5 [1 + \/1 - geT‘TV sin(nt(t — Tr))) (5.3)
forall 7 € (ty,s,), ¥ =1,2.

160 — B:U,a_?—,p;—'
-5l
\ — p=ta=lpst
I | g e
-\“*—_.__,_ —— ——— — =1 == p=5

oz ol 08 08 o

Ficure 1. Graph of the state function y(7) for & = %, p= % and various values of
p as indicated in the legend.

Ficure 2. Graph of the state function y(7) for p = 1, p = 1 and various values of a

as indicated in the legend.
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a
1 1 i
— IB::_C[’;: o=-
L \ 2 ‘ .
b 5 P
Q\.H‘_x_._:__ =: = :1P=1
K IB=:_\'C{=E‘P=2
2 i e _-__'________ —_— IB:E_C[’:: p=3
'/.'?, L 1 ! L Y| Licereop
kil 0.2 0.4 a 0. a

Ficure 3. Graph of the state function y(1) for @ = 1, = 1 and various values of

p as indicated in the legend.

Note that the dash and green lines represent the state function for positive and negative signs of
the root, respectively. Here, we used the iteration method for plotting the state function in various
intervals by drawing y; with taking y(s,) = n/2forr =0,1,2.

6. CONCLUSION

The study of fractional models with non-instantaneous impulses has received increased atten-
tion in recent years due to its implementations in several fields of applied mathematics, physical
sciences, and many engineering fields. Motivated by the importance of these equations, we
employed a pair of approaches to investigate the theory and stability of nonlinear implicit Hilfer-
Katugampola fractional models with non-instantaneous impulses of order a € (0,1), which were
supplemented by a multi-point boundary condition. The first argument is due to Krasnosel-
< £|y—y* + Plo -0

(see(By)). The tools we chose to our model are simplified to use and can expand the scope of

skii’s theorem, which states that F can behave like ' f(t,y,0) - f(r,y",0)

the results acquired with simple assumptions. The second result is determined by employing the

Kuratowski measure, Sadovskii’s theory, and the technique of measuring non-compactness.
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