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Abstract. The famous Cartisti’s fixed point theorem became popular after the Ph. D. thesis of James Caristi entitled "The
Fixed Point Theory for Mappings Satisfying Inwardness Conditions" defended in 1975 at Iowa State University, under
the supervision of William Arthur Kirk. However, the result was first reported in the conference proceedings of the
conference titled "Geometry of Metric Linear Spaces" held in June 1974. Subsequently, Felix E. Browder suggested one
reformulation of basic result. In our work we establish corresponding result for quasi b - metric spaces and supplement

the derived result with suitable non trivial example.

1. INTRODUCTION

In a lecture presented by J. Caristi and W. A. Kirk, in the conference on Geometry of Metric
Linear Spaces held at June 1974, announcement for Ph. D. thesis of James Caristi supervised by
William Arthur Kirk [4] entitled "The Fixed Point Theory for Mappings Satisfying Inwardness
Conditions" was given, which was defended in 1975 at Iowa State University. After this lecture,
Felix E. Browder suggested the following reformulation of basic result, which is presented at first
in conference proceeding [7]. This statement today is known as Caristi’s theorem [7].
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Theorem 1.1. (Caristi, Kirk [7]) Let (M, d) be a complete metric space and f : M — M. If there exists a

lower semicontinuous function ¢ : M — [0, +00) such that for each x € M:

d(x, f(x)) < (x) = (f(x)),
then f has a fixed point in M.

Before this lecture, Caristi, submited manuscript of paper [5] in may 1974, which contained main
results of thesis, to Transaction of American Mathematical Society where in the original Caristi’s

formulation of Theorem was presented1.1 and the same is presented below:

Theorem 1.2. (Caristi [5]) Let (X,d) be a complete metric space and K closed subset of X. Suppose
f : K — Kisan arbitrary function and T : K — X continuous. If there exists a real number r < 0 such that

d(f(x), T(f(x))) < d(x, T(x)) +rd(x, f(x)),
then f has a fixed point.

On metric spaces Caristi’s theorem generalize Banach’s contarction principle to some classes
of non - continuous mappings. Further results from Caristi’s dissertation was published in [19]
and [4]. The original Caristi’s proof used transfinite induction method that was rather complicted.
Easier and simpler proof’s was obtained by F. Browder [3], C. S. Wong [28], ]. Siegel [26] and L.
Pasicki [23]. Application of Caristi’s theorem had been reported by many researchers, for example
one can refer [4,5,7,17-19].

There are many generalizations of Caristi’s theorem. First of them was obtained by S. Kasahara
[16] which is also first common fixed point result and first result for non necessary metrizable
spaces. T. L. Hicks [13] proved first result of Caristi’s type for mappings defined on quasi metric
spaces. Further results for this class of spaces was given in Lj. Ciri¢ [8-10], see also [1]. Recent
results of Caristi’s type for class of b - metric spaces, can be founded in [15,20,22,24].

While, Theorem 3.1 of [20] stiuplates gauge function ¢ need not be lower semicontinuous, but
stipulates "f to be continuous". Theorem 2.5 of [24], f is not necessarily continuous, but it has
additional condition "¢ is 0 - lower semicontinuous". In this paper extensions of these two results

for quasi b - metric spaces will be proved.

2. PRELIMINARY NOTES
The followoing are required in the sequel.

2.1. Quasi b - metric spaces. Unified approach to class of quasi metric spaces was presented by
Wilson [27]. Concept of Wilson includes earlier definitions of Fréchet, Hausdorff, Nemytskii and
Aleksandroff. Notion of quasi b - metric space was introduced by Shah and Hussain [25].

Definition 2.1. Let X be a nonempty set, x,y,z € X, d : Xx X — [0,+c0) and s € R. We define the
following five properties:
(A1) d(x,y) = Oifand only if x = y;
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(A2)d(x,y) = d(y,x);
(A3)d(x,y) <d(x,z) +d(z,v);
(A4) d(x,y) <sld(x,z) +d(z,y)].

If for any x,y,z € X, (X, d) satisfies:

(A1), (A2) and (A3), then (X, d) is metric space;

(A1) and (A3), then (X, d) is quasi-metric space.

If there exists s > 0 such that for any x,y,z € X, (X, d,s) satisfies (A1), (A2) and (A4) ((A1) and (A4)),
then (X, d,s) is b-metric space (quasi b-metric space).

Example 2.1. Let X = Rand d : X X X — [0, +0) defined by

—x
dx,y) = |y—x|+yT,

for x,y € X. Then (X,d) is a quasi-metric space. Note that (A2) does not hold for the mapping d.
Remark 2.1. It is to be noted that every (quasi) b-metric space (X, d, 1) is (quasi) metric space.
Proposition 2.1. Let (X,d,s) be a (quasi) b-metric space with b constant s. Then s > 1.

Proof. Letx,y € X, then
d(x,y) < sld(x,y) +d(y,y)] = sd(x, y),
so, s > 1. O

Let (X,d,s) be a (quasi) b - metric space, x € X. Then for B(x,r) = {y € X : d(y,x) < r} for
all x € X,r € (0, +0c0) is I - ball with center in point x with radius r. On every quasi b - metric
spaces (X, d,s) one topology can be introduced by taking the collection {B (x, %) :n=1,2,..}asa
base of neighborhood filter of the point x, for any x € X. This topology will be denoted by 7;. If
d(xn, x) — 0 then x, — x in the topology 7;. The convergence of a sequence (x,) in the topology 1,

implies d(x,,x) — 0, because x € (B(x,r)), for each r > 0.

Definition 2.2. Let (X,d,s) be a quasi b - metric space. We said that it has property (W3) if for any
x,y € Xand (x,) € X, limd(x,,x) = 0and imd(x,, y) = 0 implies x = y.

Remark 2.2. Every b - metric space has the property (W3) (see [2]), but it is not true for quasi b - metric
spaces.

Example 2.2. Let X = {0} U{l : n=1,2,3,.. }and d : X x X — [0, +o0) mapping defined by

0, ifx=y,
i, ) = k-yl, ifx=1 y=3%11<mn
= L dfx=1 y=00rx=21y=1
1, in all other cases.

We get that (X,d,2) is a quasi b - metric space, which not satisfied property (W3), because d(%, 0) -0

and d(%,l) — 0but0#1.
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Definition 2.3. Let (X,d,s) be a quasi b - metric space.

(i) A sequence (x,) C X is said to be | - Cauchy sequence if for given ¢ > O there exists any N € N such
that d(xp, xn) < €, foralln >m > N.

(ii) (X, d, s) is | - complete if and only if for every | - Cauchy sequence (x,) C X there exists x € X such that
d(x,,x) — 0.

Proposition 2.2. Let (X, d,s) be a quasi b - metric space which has the property (W3), q € X and (x,,) € X.
Iflimd(xn,q) = O, then for any (xu,) C (xn), we have limd(xy;,q) = 0.

Proof. Fromlimd(x,,q) = 0itfollows that for each ¢ > 0 there exists ny € IN such thatn > nyimplies
d(xu,q) < &. Hence, there exist jo € IN such that j > jo implies d(x,;, q) < . So limd(x,;,q) = 0. g
is unique because (X, d, s) has the property (W3). o

Proposition 2.3. Let (X, d,s) be a quasi b-metric space which has the property (W3) and (x,) € X bel -
Cauchy sequence. If there exists p € X and (x;) C (xu) such that limd(x,;, p) = 0, then lim d(x,, p) = 0.

Proof. Forevery € > 0 there exists [ such thatn > m > limplies d(x;;, x,) < 5;. Fromlim d (xnj,p) =0
follows that there exists i such that n; > I and j > i implies d(xy,, p) < 5;. Then foralln > n; > I we
have

d(xn,p) < s(d(xn + xn;) +d(xn;,p)) < &

O

The following Lemma was proved in [21]. It generalizes the result (Lemma 2.5 )formulated and

proved by R. Miculescu and A. Mihail [20] for b-metric spaces.

Lemma 2.1. Let (X,d,s) be a quasi b - metric spaces and (x,) C X. Then

k-1
d(xo, xx) <s" Z d(xi, Xiv1),

=0
foranyn =1,2,3,...and every k =1,2,...,2" = 1,2".

Definition 2.4. Let (X, d,s) be a quasi b - metric spaces and x € X.
f X — Xis | - continuous if for each x € X and for any (x,) € X such that d(x,,x) = 0 implies

limd(f (x,), f(x)) = 0.
¢ : X — [0,4) is O - lower semicontinuous if for each x € X and any (x,) € X such that from
d(xy,x) = 0 and lim ¢(x,) = 0 implies Pp(x) = 0.

2.2. d; - completeness. Let X be a Hausdorff topological space and d : X X X — [0, c0). We shall

consider the following two properties.
(@) for any x,y € X, d(x,y) = 0if and only if x = y;

(B) there exists A > 1 such that for each sequences (x,) C X, }.," o A"d (X, Xp41) < oo implies that

(x,) is convergent.
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The pair (X, d) is d; - complete topological space if it satisfies & and B. If B is true for A = 1 we
said that (X, d) is d - complete topological space. The notion of d - complete spaces, was introduced
by S. Kasahara [16] for L - spaces and T. L. Hicks [14] for topological spaces.

Its clearly that any d; - complete topological space (X, d) is d - complete, but converse is not true.

3. CHARACTERIZATION OF | - COMPLETENESS OF QUASI b - METRIC SPACES

Lemma 3.1. Let (X,d,s) be a quasi b - metric space and (x,) € X. If (x,) is I - Cauchy sequence then for
any A > 1 there exists (xn;) C (xu) such that

[s¢]

Z /\jd(xnj,xnjﬂ) < o0,

=0
Proof. Let (X,d,s) be a quasi b - metric space, (x,) € X and A > 1. For (n;) € IN defined by
np = min{n € N : m > nimplies d(x,, x,) < 1}
ne = minf{n € N : m > n > n_y implies /\kd(xn,xm) <27k

we get that

Z /\fd(xn].,xnm) < 2.
=0

Lemma 3.2. Let (X,d,s) be a quasi b - metric space, (x,,) € X and
Yoo A"d(xn, Xy11) < oo for some A > 1, where where A > 1 when s > 1. Then (x,) is a I - Cauchy

sequernce.

Proof. Suppose that (X, d,s) is [ - complete and s = 1. Then for any ¢ > 0 there exists 19 € IN such
that Z;O:noﬂ d(xn, xy4+1) < €. Hence, for every m > [ > ng we have

m—1 )
d(x;, xp) < Zd(xn,an) < Z d(xy, Xpi1) < €
n=lI n=np+1

which implies that (x,) is / - Cauchy sequence.
Suppose that (X, d,s) is | - complete and s > 1. Then
Yoo A (x4, Xy11) < oo for some A > 1. By

lim(n +1)(n +2) — An? = —oo,

we get that

lim (101524 _ g

n—o00
which implies that sequence

(D) (42)-An? _ S("H)(:H),
20
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where a = ylog, s, is bounded. From

9
sup(n+1)(n+2) —An* =2+ ——
e -1
it follows
(1) (n+2) 9
< — =M.
sup o _2+4A—1 M

Let! = 4/log,(m +1). We get that
o' —1<m<2" -1
which implies

d(Xn, Xnym) < 8- d(Xn, Xpg1) +5 - d(Xpg1, Xpgm) <

IA

2
SA(X, 4001/ %, pori2_g) +87A(X, o2 g, X, o2 ) +

+ szd(xn+zzz - 1), Xp4m) <
1—

—_

i+1
< Zs A(X, 02 1%, pi2_q) T8 ld(x XyioP _qr Xntm)) <
i=0
1-1 2 1+]
+1 (i+1)2
< s (i Z d xn+] 1/xn+]) +
i=0 ] 21

l+1

I4+1,(1+1)?
+ stls (1) Z dxn+] 1/xn+]) =

=2
1 1+1
11 (i41)?
— ZSH— l+ Z d xn+] 1,xn+]) <
i=0 2P
; 2
o irlgita (270 -1
< Z 7 Z A(Xpyj—1, Xnrjr1) | <
i= ]':21‘2—1

(o)
(1 + 1)Vd(xn+zz xn+z+1 < Z n +l Vd xnﬂ, anH) <
i=0 i=0
o0

M Z iyd(xl-, xi+1).

i=n

IA
E o
Mz

IA

Hence, series ), o n’d(x;, xi4+1) is convergent, because series ).~y A"d(xy, X,41) is convergent and

n’ < a". So (xy) is I - Cauchy sequence. ]

Theorem 3.1. A Quasi b - metric space (X, d, s) which has the property (W3) is | complete if and only if it
is d) - complete, where A = 1 if and only if s = 1.
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Proof. Let (X,d,s) be a d; - complete quasi b - metric space which has the property (W3) and
(x1) € Xbe I - Cauchy sequence. Then, by Lemma 3.1 for every A > 1 there exists (x,,) C (xx) such
that

o0
Z d(xn;, Xn;,,) < 00
=0

So, there exists p € X such that limx,; = p because (X,d, s) is d - complete. Hence by Proposition
2.3 we obtain lim x,, = p.

Suppose that (X, d,s) is | - complete quasi b - metric space. Let
Yoo A" (x4, Xy41) < oo for some A > 1. By Lemma 3.2 follows that (x,) is I - Cauchy sequence. It

is convergent because (X, d, s) is | - complete. O

Next statement follows directly from Theorem 3.1 for A = s. Also, it can be proved indepen-

dently.

Corollary 3.1. Quasi b - metric space (X,d, s) is I - complete if and only if each sequences (x,) € X such
that

Yoo S"d(Xn, Xpy1) < 00 IS convergent.

Proof. We get that

k=1
A(xn, Xpik) < sA(Xn, Xnt1) +8d(Xns1, Xngk) < ) 8'A(Xnsis Xnpivn) <
i=0
< ---< Z Sid(xn+i, xn+l‘+1).
i=0
Hence, (x,) is Cauchy sequences. It is convergent because (X, d, s) is | - complete. m]

For s = 1 statement directly from Theorem 3.1 follows next statement.
Corollary 3.2. Quasi metric space is | - complete if and only if it is d - complete.

4. FIXED POINT RESULT

We apply the method of Pasicki [23] in the proof to the following theorem to obtain extension

of result of Wong [28] to quasi metric space.

Theorem 4.1. Let (X, d, 1) be a | - complete quasi metric space and ¢ : X — [0, +oc0) sequentially lower
semi - continuous function. If for any x € X there exists y € X such that y # x and

d(x,y) < P(x) = d(y),
then f has a fixed point.

Proof. Let A be set of all nonempty A C X such that for any x,y € A such that x # y we have
d(x,y) <lp(x) —p(y)|. We get that for every x € X there exists y € X such that {x, y} € A. So A # 0.

Binary relation ” C ” be a partial ordering on A, in which UjeA; is upper bound for chain (A;)jer.
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By Zorn’s lemma, there exists Z € A, which is maximal element in (A, C), i.e. every x € Z satisfies

d(x,y) > |p(x) —¢(y)| for any y € X\Z.

For p = inf¢(Z), there exists sequence (z,) € Z such that (¢(z,)) € R is monotne non -
increasing and lim ¢(z,) = p. For n > m we have d(zy,z,) < ¢(xm) — P(x,) which implies that
(x4) is I - Cauchy sequence. Let z = lim z,,.

For each x € Z and sufficiently large i, we have
d(xlz) S d(xr Zi) + d(ZZ‘,Z) S |¢’<x) - (P(Zl)l + d(zi’ Z)/

for ¢(x) # p, whichimpliesd(x,z) < |$p(x) — p(z)|, because ¢ is sequentially lower semi - continuous
function. Hencez € Z. If ¢(x) # pwheni — +ocoweobtained d(x,z) < |p—¢(z)| = 0.Sod(x,z) = 0.
Soz € Z. For any y € X such that y ¢ Z we have

d(z,y) £ ¢(2) = d(y),

because Z is maximal. So we get thatz = y = f(z). o

Let (X,d,s) be a quasi b - metric space which has the property (W3)and f : X - X. ¢ : R > R
is called gauge function of Caristi’s type if there exists A > 1 such that

d(x, f(x)) < p(x) = A-O(f(x)).

Necessary and sufficient condition for existence of gauge function of Caristi’s type ¢ which was
considered in 1.1 will be given in next resust, which extended Theorem of ]. Eisenfeld and V.

Lakshmikantham [12] to class of quasi b - metric space.

Lemma 4.1. Let (X,d,s) be a quasi b - metric space which has the property (W3) and f : X — X. If there
exists A > 1 such that A = 1 if and only if s = 1, then there exists ¢ : X — [0, +o0)

d(x, f(x)) < ¢(x) =1 d(f(x))

if and only if for any X € X series

[se]

Y Ad(f (), £ (x))

n=0

is convergent.

Proof. Let there exists ¢ : X — [0, +00)

d(x, f(x)) < p(x) = A-O(f(x)).

IA

Y AT (x), £ (x)
n=0

IA

Z B(f(x))) <
(x) = A" O (x)) < B (x).
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So, the series is convergent, for each x € X. Suppose that this series is convergent for every x € X.

Then we can take
olx) = Y AMd(f"(x), 1 (x)),
n=0
for any x € X. m]

The following theorem which is the main result of this paper extends Theorem 3.1 of [20] in the

setting of quasi b - metric space.

Theorem 4.2. Let (X,d,s) be a ] - complete quasi b - metric space which has the property (W3) and
f:X—> X, ¢:X—[0,+00). Suppose that there exists A > 1, which satisfies A = 1 if and only if s = 1,
such that for any x € X

d(x, f(x)) < p(x) = A-O(f(x)).

Iffor arbitrary x € Xandany (x,,) € X limd(x,,x) = 0andlimd(x,, f(x,)) = Oimplieslimd(f(x,), f(x)) =
0, then f has a fixed point.

Proof. Let x € X be arbitrary. From Lemma 4.1, we obtain that the series

Y Ad(f (), £ (x))
n=0

is convergent, which implies by Lemma 3.2 that (f"(x)) is I - Cauchy sequence. Then there exist
w € X such that imd(f"(x),w) = 0 because (X,d,s) is I - complete. This limit is unique because
(X,d,s) satisfies property (W3). Further, convergence of series implies limd( f'(x), f*1(x)) = 0.
Hence, from limd(f"(x), f(w)) = 0 we obtained f(w) = lim f"(x), which implies w = f(w),

because limit of Cauchy sequence is unique. m]
When f is sequentially continuous, we obtain the following result.

Corollary 4.1. Let (X,d,s) be a | - complete quasi b - metric space which has the property (W3)and
f:X—>X ¢:X—[0,+0c0). Suppose that there exists A > 1, which satisfies A = 1 if and only if s = 1,
such that for any x € X

d(x, f(x)) < ¢(x) = A- O(f(x))-

If for each x € X and (x,) € X such that limd(x,,x) = 0 we have imd(f(x,), f(x)) = 0, then f has a
fixed point.

Proof. Letx € X, (x,) € X and limd(x,,x) = 0. If limd(x,, f(x,)) = 0 then by

d(xy, f(x)) <5+ (d(xn, f(xn)) +d(f(xn), f(2))),

we get that limd(x,, f(x)) = 0. Now statement follows from Theorem T4.3. ]
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Example 4.1. Let (X,d,s) be the quasi b - metric space where X = [0, +0), s = 2 and d is the quasi b -
metric on X given by d(x,y) = |y — xI* for all x,y € X. Let f : X — X be defined by f(x) = ix. Let and
¢ : X — [0, +o0] defined by ¢(x) = 4d(x, f(x)), for all x € X. We obtain

3
d(x, f(x)) < d(x) = 5¢6(f(x))
forall x € X. Therefore, by Collorary 4.1, T has a unique fixed point.

We now present an extension of the results reported in [24] to quasi b - metric space.

Theorem 4.3. Let (X, d,s) beal - complete quasi b - metric space which has the property (W3), f : X — X
and ¢ : X — [0, +00). Suppose that there exists A > 1, which satisfies A = 1 if and only if s = 1, such
that for any x € X

A(x, £(x)) < B(x) = 1- H(f(x)).

If ¢ is O - lower semicontinuous, then f has a fixed point.

Proof. Let x € X be arbitrary. From Lemma 4.1 we obtained that series

Y ATA(f(x), 1 ()
n=0

is convergent, which implies by Lemma 3.2 that (f"(x)) is I - Cauchy sequence. Then there exist
w € X such that limd(f"(x),w) = 0 because (X, d, s) is left complete.

Let A > 1. We have 0 < A"¢(f"(x)) < ¢(x), which implies that lim¢(f"(x)) = 0, because
lim A" = 0. So, we get that ¢(w) = 0, which implies that

0<d(w, f(w)) < Pp(w) =A-P(f(w)) = 0.

Hence w = f(w).
Let A = 1. Rest of the proof follows by Theorem 4.1. m]

Example 4.2. Let (X,d,s) be the quasi b - metric space where X = [0, +c0), s = 2 and d is the quasi b
- metric on X given by d(x,y) = maxix, y}> for all x,y € X with x # y. We first note that (X,d,s) is
complete because the Cauchy sequences are those that converges to 0 in topology 1) (equivalently, those that
converges to O for the usual topology on X). Let f be the self mapping of X given by

0, ifx =0;
fx)=35 1, if0<x<4;
Vx,  ifx>4

Note that f has two fixed points: 0 and 1. Moreover it is not continuous at x = 0.
Let ¢ : X — [0, +0c0) be mappings defined by

2, ifx =0;

1, whenxe (0,1)andx € (1,4)
o) ={ oo

, ifx=1

2x2, ifx>4
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Note that ¢ is not lower semi-continuous, because % —0,¢(0) =2and qb(%) =1foralln €{2,3,4,...}.
But ¢ satisfies condition "d(x,,x) = 0 and lim ¢(x,) = 0 implies ¢(x) = 0” of Theorem 4.3, because if
X — x with lim ¢(x,) = 0 then x,, = 1, which implies x = 1. Further we have phi(1) = 0.

Finally, take x € X such that d(x, f(x)) > 0. If x € (0,4)\{1} we get,

d(x, f(x)) = d(x,1) = 1= d(x) = 26(1) = d(x) = 26(f(x)),
and if x > 4 we distinguish following two cases:
Case 1. f(x) > 4. Then

d(x, f(x)) = d(x, Vx) = 2% <22% —dx = ¢(x) = 2¢(Vx) = P(x) = 2¢(f (x)).
Case 2. f(x) < 4. Then f(x) = Vx> 2sophi(f(x)) = 1and hence
d(x, f(x)) = 2 <22 =2 = ¢(x) =2 (f(x)).

Therefore, all conditions of Theorem 4.3 are satisfied. However, we cannot apply Collorary 4.1 because f is

not continuous.

CONCLUSION

In this article we have established analogue of fixed point results of Caristi’s type in quasi
b - metric spaces. The results have been supported with non trivial example. We have also
corolloraised some proven results of the past based on the derived results. It will be an open
problem to establish fixed point results of Caristi’s type in more generalised metric and metric like

spaces.
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