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Abstract. Let g, f be holomorphic functions on the unit ball B, of the C". The Riemann-Stieltjes operator is defined by

1
Lgf(z)zjo~ ﬂf(tz)g(tz)%, z € By,

where Rf is the radial derivative of f. The objective of this paper is to find an estimation for the essential norm of
this operator from the spaces F(p, g, s) (general function space) and H(p, g, ¢) (mixed-norm space) into Zygmund-type

space in the unit ball of C". As applications we find compactness characterization for the above operator.

1. INTRODUCTION AND PRELIMINARIES

Let B, be the unit ball in C" and H(IB,) be the class of all holomorphic functions on B,. For
f € H(B,), with the Taylor expansion f(z) = Y5207, let Rf (z) = Y520 |Blagz’ be the radial
derivative of f. Here z = (z1,22,-** ,zn) € By, B = (B1,B2, "+ ,Bn) is a multi-index, zF = zfl coghr
and |B| = p1 + P2 + -+ - + Bu. It is easy to see that

For more information one can see [23]. The iterates of R is defined by R" f(z) = R(R"1f(z)),
for m € N\{1}. If a(# 0) € By, @, is denoted the Mobius transformation on B, which interchanges
the points 0 and a,

. ﬂ_Pu(Z) _SaQa(Z)’

Pa(z) = T z € B,,.
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Here s, = 1 —al?, P, is the orthogonal projection from C" onto the one dimensional subspace [a]
generated by a, and Q, is the orthogonal projection from C" onto the orthogonal complement of
[a].

Let0<p<o0,0<s<00,—-n—1<g<ooand -1 <g+s < oo. The space F(p, g,s) is the space of

all holomorphic functions in B,, for which

11 e = IFOF +sup | IRFEIP (1= 2P)1g"(z,a)dV () < oo

aeB, JB,
Here dV is normalized volume measure on B,, g(z,a) = log|$|. If g+s < -1, then F(p,q,s)
is the space of constant functions. Using complex gradient V and complex invariant gradient V,
there are some equivalent noms for the functions in this space, see [19] for more details. The above
space, introduced in [21], is called general function space which include some classes of functions
like Bergman, Bloch, Hardy, BMOA and Q, spaces, see [21] for some basic properties and recent
results on F(p, q,s) in the case n = 1.
Beside the general space F(p,q,s), we use another general class of holomorphic functions
H(p,q,¢) which is called mixed-norm space.

The function ¢ on [0,1) is called normal if it is a positive continuous function for which there

are two constants b > a > 0 such that
(1) )
)

(11) ( —p i non—decreasing in [0,1) and

fP

is non—increasing in [0,1) and

(7) l7TOO

(1-
asr — 17. By a normal function ¢ : B,, — [0, c0) we mean that ¢(|z]) is normal and also ¢ is radial,
¢(2) = P(l2l).

For 0 < p,q < o0 and normal function ¢ on [0, 1), the mixed—norm space H(p, g, ) consists of all

holomorphic functions in B, for which

P(r
dr < oo,
1-7r

1
= [ M50

1/q
My(f,7) :( S |f<r«s>wdo<é>) ,

where

where do is the normalized surface measure on the unit sphere S,,. If 1 < p < oo, then H(p,q, ¢)
becomes a Banach space equipped with the norm |||, 54. In the case 0 < p < 1, |lly40 is @
quasi—-norm on H(p, q, ¢) and this space is a Fréchet space but is not a Banach space. For a > -1,
o(r) = (1-12)@*t1)/P is a normal function. If p = g, then H(p,p, (1 —r?)@+tD/P) is weighted
Bergman space A’, which is defined by

= If € H(B,) : IfI, f FEP(1 - zR)dV (z) < oo).
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Let u be a positive continuous function on [0, 1), such a function is called weight. The Bloch-type
space B, and Zygmund-type space Z, are defined as
B, ={f € H(By) : lIfll, = |f(0)I + sup u(|z)IRf (2)] < eo},

zeB,

Zu =If €H(By) : lIfliz, = 1£(0)] + sup u(12))IR*f (z)| < oo}.

z€B,

When u(r) = (1-1?) then we have classical Bloch and Zygmund space, 8 and Z. If u(r) =
(1-12)%, a > 0, then a-Bloch and Zygmund spaces are obtained, 8% and Z“. Let ¢ € H(B,). The
Riemann-Stieltjes operator L, is defined by

1
Lf(z) = fo Rf(tz)g(tz)%, feH(B,), zeB,.

Essential norm of Riemann-Stieltjes operator on weighted Bergman spaces with doubling weights
is estimated in [2]. Volterra—type operators from F(p,q,s) space to Bloch-Orlicz and Zygmund-
Orlicz spaces are investigated in [7]. Boundedness and compactness of this operator between
Zygmund-type spaces are studied in [1]. For more results on integral operators or generalized
integral operators on some spaces of holomorphic functions one can see [4-6,8,9,12-14,16-18, 18,
21,22] and references therein.

Bounded and compact Riemann-Stieltjes operator from general space of holomorphic functions
to Zygmund-type spaces and little Zygmund-type spaces on the unit ball are characterized in [11].

The compactness characterization is that L, : F(p,q,5) — Z, is compact if and only if

u(lzl)lg(z)l u(lz)IRg(2)l

lim su =0, imsup——————= =0
g1 (1—1zf2)at! |z|—>1p (1—[z?)e

Also Liu and Yu have investigated boundedness and compactness of L, from mixed-norm spaces
to Zygmund-type spaces in [10] and they prove that L, : H(p,q, ) — Z,, is compact if and only if

u(lz)g(2)l . u(lzIRg(z)l

limsu rE =0, limsu T =
-1 (l2) (1= 1212)7" f=1 @(l2l) (1= zP) e

Motivated by the above results, we are going to find an estimation of the essential norm of the

Riemann-Stieltjes operator from the general space of holomorphic functions, F(p, g, s), and mixed—
norm space, H(p, q, ¢), into Zygmund-type spaces in the unit ball.

In this paper, for real scalars A and B, the notation < means A < CB for some positive constant
C. Also, the notation A ~ B means A < B and B < A. The essential norm of an operator T, |||, is

the distance of T from the space of all compact operators.

2. MAIN RESULTS

In this section, first we recall some basic lemmas from the literature for later use in the paper.
Then we estimate the essential norm of Riemann-Stieltjes operator Lg from the general function

space and mixed-norm space into Zygmund-type space in the unit ball of C".
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Lemma 2.1. [15] For every f,g € H(By,),

RLg(f)(z) = Rf(2)8(2), z€ By

n+14q

Lemma 2.2. [18] Let 0 < p,s < oo, max{-n—1,-s—1} < g < ooand f € F(p,q,s). Then f € B~ 7

and
llf”g% < Cllfllr(p,q,5)-

According to the Proposition 2.1 of [3], for & > 0 and m € IN, we have f € 8% if and only if
sup [R" f(2)I(1 = |z*)**" ! < o, (2.1)

zeB,

Lemma 2.3. [16] Assume that m € N, p,q € (0, ), ¢ is normal and f € H(p,q, ). Then there exists a
positive constant C independent of f such that

Clz|
o(Iz]) (1 = |z2)m+n/a 1/ llp.q.0-

IR™f(z)| < z € By,.

Lemma 2.4. [4] Let 0 < p,s < co, max{-n—1,-s—1} < g < oo, u be a weight and ¢ € H(By,). Then
Ly : F(p,q,5) — Zy is compact if and only if Ly : F(p,q,s) — Z, is bounded and for any bounded
sequence {fi} in F(p, q, s), which converges uniformly to zero on compact subsets of B, as k — co, we have

ILgfillz, — 0, as k — co.

Lemma 2.5. [5] Let 0 < p,q < oo, u be a weight, ¢ be a normal function and ¢ € H(B,). Then
Ly : H(p,q,¢) — Zy is compact if and only if Ly : H(p,q,¢) — Zy is bounded and for any bounded
sequence { fi} in H(p,q, ¢) which converges uniformly to zero on compact subsets of B, as k — oo, we have

”Lgfk“Z“ — 0ask — oo.

By the above mentioned lemmas, in the next theorem we find an estimation of the essential

norm of the Riemann-Stieltjes operator L, : F(p,q,s) — Z,. For simplicity, put a = %Hq.

Theorem 2.1. Let 0 < p,s < oo, max{-n—1,-s—1} < g < co, u be a weight and g € H(B,). If
Lg : F(p,q,5) — Zy is bounded, then

. u(lhlg(=)l . (I21)IRg (2)]
[ILol, 957, & max{limsup —————, limsup —————— .
glle,F(p.q,s)—>Zy { i1 p (1 _ |Z|2)a+1 21 (1 - |Z|2)a

Proof. Since Lgis bounded, then there exists C > 0 such that

”Lgf”Z“ < C”f”F(p,q,s)l for all f € F(p’ q’S)'

By applying this inequality to fi(z) = z, we obtain

sup u(lz)IRg(z)] < oo.

zeB,

2 we have

Also, by applying the inequality to f>(z) = z

sup p(|zl)1g(z)] < oo.

zeB,
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Let {zi}ien be a sequence in ID, such that |z;] — 1. We define the sequence of functions as follows

1z 1P
(7)) = il -2 —, € IN.
fiz) (1-2zz)% (1-zz)" :

Direct calculations shows that for every i € N, fi € F(p,q,s), sup; llfillr(,qs < Cand fi — 0,

uniformly on compact subsets of B,,. Also,
Jzil*

R(z) =0 and Rif(z) = 20 m—Fr,

So for any compact operator K : F(p,q,s) — Z, we have
lim K|z, = 0.
By the above observations we have
ILg — Kllp(plqrs)_zy > limsup |Lg f; — Kfi”Zp

i—o0

> lim sup ||Lgfi||Z“ —lim sup ||Kfi||Zu

= limsup p(|zi)IR? (Lg f;) (2))
i—00

o u(EDlg()l
= Hmsup = Byar

Therefore,

. , u(lzD)lg(2)l
||Lg||e,F(p,q,s)—>Zy = ngf ”Lg - K”F(p,q,s)—»ZH > lim sup (1 _ |Z|2)a+1 . (2-2)

|z—1

Now we define the sequence {/;} as follows

(1—z;)?)a+? _2+4a 1-zP
(-5 a1 (-2

hi(z) =

Then {h;} is a bounded sequence in F(p,q,s) which converges to 0 uniformly on compact subsets
of B,,. Also

ziz(1-|zi*)*" 2+ 4aziz(1 - |z)

Rhi(z) =2 -
i(z) =2 (1-ziz)2aH1 T (1-zz)at1
2 (o o 221 i) (zi2)?(1 ~ )"
R°hi(z) =2« (1—Zz)atl +2a(2a +1) (1 —Zzjz)2+2
_2t4a Zz(l_— i) a2+ 40()—(2_1-2)2@— if) )
a+1 (1-zz)at1 (1-zz)*+2
Hence
2a2 |z

Rhi(z;) = R*hi(z;) = Tat+1(1- P
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For any compact operator K : F(p,q,5) — Z,, using the definition of the operator norm and the

norm in Zygmund-type space and (2.2), we have

”Lg - K”F(p,q,s)—)Z“ z ]11’1’1 sup ”Lghi - Khi”ZH
1—00
> limsup [ILghillz, — limsup [[Khilz,

i—00 i—00

= limsup p(lz])IR? (Lgh:) (z)|

11—

= lim sup y(|Zi|)|R2hi(Zi)g(Zj) + Rh; (zi)ﬂg(zi)l

1—00

20 g(z)lzif 222 Rg(zi)lzi

= lim sup p(|zil) |-

o a+1(1-[zR)e a+1(1-zPR)e
> lim s 202 p(lzil)IRg(zi)llzi? _ limsy 202 u(lzil)lg(zi)llzil?
B i—)oop 0(—1—1 (1 _|Zi|2)a i—)oop OL+1 (1 _|Zi|2)a
s PRSI (D ()
a1 (1=[z17)@ o1 (1=1zl?)®
. u(lz)IRg(z)l .. u(lz)1g(2)l
> limsu —limsup ——————
|Z|—>1p (1 - |Z|2)a |z]—>1 P (1 - |Z|2)a—H
. u(lz1)1Rg (2)]
> lim su _”L ”e s)—>Zu
b (I-RR)T e
Hence
”Lg“e,F(p,q,s)—).Zy = lrI}f ”Lg - K”F(p,q,s)—)Zp
. 1(lz1)1Rg (2)]
S ey ez
and so

: u(lzl)1Rg(z)|
ILl, ooz > limsup ——2—~.
Slerpas) =2y = MNP T 2p)e

From (2.2) and (2.3), the lower estimate of the essential norm is achieved.

(2.3)

For the upper estimate, let {r;} C (0,1) be a sequence such that#; — 1, asi — oo. Thenas f,, = f
uniformly on compact subsets of B, as i — oo, in which f,(z) = f(rz). Define the operators K, on
F(p,q,s),K:f(z) = f;(z), where 0 < r < 1. Then it is clear that K, is a compact operator on F(p, g, s).
Hence for any positive integer 7, the operator L¢K;, : F(p,q,5) — Z, is compact and so

||Lg||e,F(p,q,s)—>ZF < lim sup ||Lg - LgKrillF(p,q,s)—)ZH~ (2-4)

1—00

Therefore, for every f € F(p,q,s), with ||fllp(,4s) <1 we have

ILgf = LgKr fliz, = sup u(lzDIR? (Lgf) (z) - R*(LgK:. f) ()]

zeB,
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= sup ([21) IR (2)3(2) + Rf (2)Rg(2)

zeB,

iR f;,(2)8(2) = Rfy, (2)Rg(2)]
<sup u(lz)IR?f (z) - riR% f, (2)lIg (2)]

f}iﬁj p(l2D)IRf (z) - Rfr, (2)IRg (2)]
<sup u(DIR?f(z) = 1R £y, (2)l1g(2)]
+sup u(EDIR? f(2) = riR% ;. (2) g ()]
+ sup u(lz)IRf(z) = Rfr,(2)IRg (2)]
+ |SZI|1>IES) u(lzDIRf (z) = Rfr, (2) 1R (2)l,

where 6 € (0,1) is fixed. By Weierstrass theorem, Rf,, = Rf and R*f,, — R*f uniformly on
compact subsets of B, as i — oo. Since the ball {z : |z| < 6} is a compact subset of B,,, we have

lim sup sup () [R2f (2) — iR, (2)lg(2)] =0

i—oo  [z|<0

lim sup sup p([z])IRf (z) — Rfr, (2)lIRg(2)] =0.

i—oo  |z|<O

Therefore, using Lemma 2.2 and (2.1) we have

ILgf = LgKy fllz, <sup pu(lz)IR?f(z) — iR fr,(2)lIg (2)]

|z|>6

+ sup p(12)IRF () - Rfy, (2)IIRg (2)]

|z|>6

(lzl)Ig(2)l riu(lzl)lg(z)l
<sup—————+sup————5>——
|z|>I§ (1=1lzP)ott s (1= Irizl?)a+t

|

sup %uﬂl@ sup %nﬂ@
< sup LD rip(l2l)1g (2)|

T e (T=1z2P)o s (1= 1rizl?)at!

u(lz])IRg(2)| rip(I2)1Rg ()]
+sup ——————|Ifll + sup ———————|Ifll ,
|Z|>IZ (1-|zPR)e f F(p.g.5) |Z|>}Z (1-|rizP)? f F(p.qs)
letting i — oo, we obtain
u(lz))lg(2)l u(lz)IRg(2)|
ILof — LKy fllz, < 2sup ———~ +2s5up ————.
of ~Leknfliz |z|>I; (1-[z12)ot1 o (1=1z1)%
When 6 — 1, from (2.4) we have

| g DIRg ()
Ll -z, <timsup LEVBEL g HEDRSE)

po1 (1= [z[2)at! b1 (=12’



8 Int. J. Anal. Appl. (2026), 24:170

and consequently we have an upper estimate of the essential norm. m]

In the sequel we find an estimate for the essential norm of the Riemann-Stieltjes operator
Lg: H(p,q,¢) — Zy.

Theorem 2.2. Let 0 < p,q < oo, i be a weight, ¢ is a normal functionand g € H(B,,). If Ly : H(p,q,¢) —
Z, is bounded, then

WLglle, 1 (p,,0)—2Z Nmax{limsup pDI )l im sup u(lz)IRg (2)| }
eHpaP)=Ly ™ n’s (-
s } e-1 @12 (1=12R) 7 -1 ¢(lzl)(1—[2R) e

Proof. Let {z;}ien be a sequence in D such that |z;] — 1. Define the sequence of functions as follows

BN N (o T G
&) =0 st -5r 7 stent -z <N

wherey =b+1+ g and b comes from the definition of the normal function ¢. It is clear that for

eachi€ N, f; € H(p,q,¢), sup; l|fillp4¢ < Cand f; — 0 uniformly on compact subsets of B,. Also
Jzil*

O (lzil) (1= Jzi) "7

Hence for any compact operator K : H(p,q,¢) — Z, we have lim,_,» [[Kfillz, = 0 and so

€ IN.

Rfi(zi) =0, Rfi(zi) =-y(y+1)

ILg = K”H(PWI@)_’ZM = lim sup lILgfi - Kfi”Z“
11—

> lim sup ”Lgfi”Zu —lim sup ||Kfz-||zy

i—00 i—00

> limsup p(|zi)IR? (Lg fi) (21)]

. , 14
o s _H(EDIS Gl

im0 Izl (1= z2)*H

Therefore, we get that

: . Izl)Ig ()l
IEgllepi(.0.6)-z, = DF g = Kllta(pg.6) -z, = limsup HEDls =) (2.5)

o1 (l2l)(1—22)*T5
Now we define the sequence {h;} as follows

B (1 _ |Zl‘|2)b+1 (1 _ |Zi|2)b+2
e o e L e o

It is easy to see that {h;} is a bounded sequence in H(p, q, ¢), which converges to 0, uniformly on

compact subsets of B,,. Also

|zil?

ha‘ Zi :thi zZi) = -
) e

Using (2.5) we get that

timeup RN w(EDis(e)

e=1 (1)) (1= ) et Izl (1= 12P)*

z =|ILglle t(p,g.0)—> 2,7



Int. J. Anal. Appl. (2026), 24:170 9

and then for any compact operator K : H(p, g, ¢) — Z, we have
ILg = Kll(p,g,9)— 2, = limsup ILghi — Khillz,
i—o00
> limsup ||Lghillz, — limsup [|Khil|z,

i—00 i—oo

= lim sup ‘u(lzz‘l)lRZ(Lghi) (zi)l

= lim sup ‘L1(|Zi|)|R2hi(Zi)g(Zj) + Rh,‘(Z,‘)Rg(Zi)|
. zi)|zil? Rg(zi)|zil?

~ timsup p(fz) [y— 2 Tt 8 T
im0 Szl (1—1ziP) "1 Pzl (1 —1ziP?) "o

plaDiRg @)l y pllzi)g (zi) Izl

> limsu 11 12
imeo”  p(lzl) (1= 1ziP) T b P(lzil) (1= [zif?) T

> limsu u(Iz1)1Rg (2 )1|+ _limsu H(|Z|)Ig(2)|1+ﬂ
g1 o(lzl) (1= |z?) -1 G(lzl) (1 —[zI7) "
) |z])IR

> limsu H() R ()l ||Lg”e,H(p,q,q5)—>Z“‘

eot @(l2l) (1—122) T

Hence
WLglle i (p,0.0)>2, = iII}f ILg = KllE(p.0,0)- 2,
>limsu [u(lzl)lﬂg(z)l —|ILgll H(p,q,9)—~Z
z n glle, q,P)=>Lu’
fo1 (Il (1—1212) " & }
and so

u(lz)IRg(2)l
ILgller1(p,q,0)— 2, = limsup g
glle, Pq¢) 1 ¢(|Z|)(1—|Z|2)1+‘4

Therefore, we have a lower estimate. In order to prove the upper estimate, let {r;} c (0,1) be

(2.6)

a sequence such that r; - 1 asi — oo. Then f, — f uniformly on compact subsets of B,, as
i — oo. We define the operators T, on H(p,q,¢), T;f(z) = f:(z), where 0 < r < 1. Then T, is a
compact operator on H(p, q,¢). So, for any positive integer i, the operator LTy, : H(p,q,¢) — Z,
is compact. Thus

ILglle t1(p.g.6) >z, < limsupliLg = LeTrllup,g.0)-2,- (2.7)

j—o0
It will be sufficient to compute [ILg — Le T ll(p,q,0) ~Zu Let f € H(p,q,¢), with ||f|l, 5 < 1. Then
similar to the proof of Theorem 2.1 we have

ILgf = LgTrfliz, <sup u(lDIR?f(z) — iR fr,(2)lIg(2)]

|zI<b

+ sup u(|2)IR?f (z) — riR> fr,(2)lIg (2)]

|z|>0
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+ sup p(12))IRF () - RSy, (2)IIRg (2)]

|zI<b

+sup u(2DIRf(2) = Rfr, (2)IRg(2)l,

l21>5
where 6 € (0,1) is fixed. By Weierstrass theorem, Rf,, = Rf and R*f,, — R*f uniformly on
compact subsets of B, as i — 0. So

lim sup sup p(|2)IR? f (z) — /R? f;,(2)lIg ()] =0,

i—oo  |z|<O

lim sup sup pu(lzDIRf (z) = Rfr, (2)IRg(z)] =O0.

i—oo  |z|<O

Here we use the fact that sup, g 1(I2])IRg(2)| < co and sup,_ g w(lzl)Ig(z)| < oo which is obtained
from boundedness of the operator. Using Lemma 2.3 we get that

ILgf = LgTr fllz, <sup u(lz))IR*f(z) - iR fr,(2)lIg(2)]

|z|>6

+sup u(l2D)IRf (z) = Rf, (2)IRg(2)

|z|>0
u(lz)lg(2)llzl riu(l21)1g(2)llrizl
5?;}; () (1= ) fp,q,¢+|s;|1>6 (P(|7’iZ|)(1—|7’iZ|2)2+g”fHWW)
1 (1z)IRg(z)llz] riu(lzl)IRg(z)llrizl
i p(12) (1= 122) Wlhast boo o(Irzl) (1= [rz?) 0 Wb
<su u(lz)lg(2)llzl s riu(l2)1g(2)llrizl
T s (12 (1= 222 s (lrizl) (1= [riz) >
sup u(lz)IRg (z)llz] + sup rip(lz])IRg(2)llrizl '
im0 G2 (1= 2R) 0 i d(Irizl) (1= IrizP)

If i — oo, then

u(lzl)lg(2)ll=l (1z)IRg (2)llzl
ILe f = LTy £l . <2su - +2su T
ez, T T o o (1= )

If 6 — 1, then (2.7) implies that

R
ILglle i (p,g,0) -2, < limsup ,LL(IZI)Ig(Z)|2+ﬂ + lim sup ki) g(Z)lleﬂ'
=1 (NI =zP)"" 7 -1 P(l2l) (1= [2)

The proof is complete. o

We know that the operator is compact if and only if the essential norm equal to zero. So Theorems
2.1 and 2.2 imply the following criteria for the compactness of Riemann-Stieltjes operator which is
the part of the results of [10] and [11].

Corollary 2.1. Let 0 < p,s < oo, max{-n—1,-s—1} < g < oo, u be a weight and g € H(B,). If
Lg : F(p,q,5) — Zy is bounded, then is compact if and only if

oo K@ ()R (2)

-_— = =0.
g1 (1= [z[2)at! |z|—>1p (1-[z17)e
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Corollary 2.2. Let0 < p,q < oo, i be aweight, ¢ is a normal functionand g € H(B,). If Ly : H(p,q, ) —
Z is bounded, then it is compact if and only if

5 u(lzl)g (2)l
im sup

i u(lz1)1Rg(2)]
B - e

—
fo1 ¢(l2l) (1 - [z2) e

Ifp=gand a > -1, then H(p,p, (1 - r?)(@*1/?) is weighted Bergman space A",

Corollary 2.3. Let « > —land p > 0. If Ly : A, —> Z,, is bounded, then

ILgll, 47 ~ max { lim sup H(lzDs(2)] lim su u(lzl)IRg(2)]
8lle, A,—Z, lz|—1 (1 — |Z|2)A+Z+1 +2 21 (1 _ |Z|2)(Y+Z+1+1

Example 2.1. For n = 1, we obtain several classical spaces of analytic functions included in F(p, q,s), [22].
We bring some of them here:

e F(2,0,1) = BMOA, consists of the analytic functions f : ID — C whose boundary values have
bounded mean oscillation on the unit circle T.

e For1<p <oo,F(p,p~—2,0) = By, the analytic Besov space.

e [(2,1,0) = H?, Hardy space.

So from Theorem 2.1, we get

IIL,|| - li #(lzl)lg(z)l li
glle.sMoa—z, = max{limsup —<1 K im sup

l2l-1 Izl -1 1-1zI?

M(Izl)lg’(Z)l}

. u(lz)ig(z)l . u(lz)lg’ ()l
ILelle B, 7, =~ max{limsup ———, limsup ——————— ¢,
Sz { A = e L =

N ) u(lzDlgz)l . u(lz)Ig’ (z)l
ILglle 12z, = max {hrlzjlllp (1— 22)572’ 1 o1l (1= R)372 [

3. CONCLUSION

By using test functions, we found an approximation for the essential norm of one the well-known
integral operators, called Riemann-Stieltjes operator, from some general classes of holomorphic
functions to Zygmund-type space. These classes include some of classical spaces of holomorphic
functions. For future work, we can propose the problem of estimating the essential norm of this

operator into n—th weighted type space instead of Zygmund-type space.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the
publication of this paper.
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