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Abstract. In this paper, we investigate a system of nonlinear Hadamard fractional differential equations involving
(p1, P2, p3)-Laplacian operators subject to three-point boundary conditions. By constructing appropriate Green’s func-
tions and establishing their qualitative properties, the given boundary value problem is transformed into an equivalent
system of nonlinear integral equations in a cone of a Banach space. Using fixed point arguments and sharp integral
inequalities, we derive sufficient conditions ensuring the nonexistence of positive solutions. In particular, explicit
bounds on the involved parameters are obtained under which the associated operator fails to admit fixed points. The
results cover both sublinear-type growth conditions and superlinear-type lower bounds on the nonlinearities. These
findings extend existing nonexistence results for fractional boundary value problems to the setting of coupled systems

with Hadamard fractional derivatives and p-Laplacian operators.

1. INTRODUCTION

In recent years, fractional differential equations have attracted considerable attention due to
their wide applicability in various areas such as mathematics, physics, chemistry, biology, and
engineering sciences. Consequently, a substantial number of monographs and research articles on
fractional calculus have appeared; see [3,6,13,16] and the references therein. It is well known that
fractional differential equations provide more accurate models for many real-world phenomena,
including memory and hereditary properties, which arise naturally in fields such as biophysics,
control theory, signal and image processing, aerodynamics, photoelasticity, and electromagnetics
[10,12,17].

Boundary value problems (BVPs) for fractional differential equations play a fundamental role

in both theoretical analysis and practical applications. In particular, the study of existence and
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nonexistence of solutions for such problems has received significant attention in recent years,
leading to numerous important contributions; see [2,7,8,14,18,19]. Furthermore, systems of
fractional differential equations, especially those involving p-Laplacian operators and subject to
multi-point or Riemann-Stieltjes integral boundary conditions, have been extensively investigated
due to their richer structure and broader applicability [1,4,9,11,15].

Among the various types of fractional derivatives, the Hadamard fractional derivative, intro-
duced by Hadamard in 1892 [5], has gained increasing interest. Unlike the classical Riemann-
Liouville and Caputo derivatives, the Hadamard derivative is characterized by a logarithmic
kernel, which leads to distinct analytical properties and makes it suitable for problems defined on
domains with multiplicative structure. This difference significantly affects the qualitative behavior
of solutions and requires the development of specialized analytical techniques.

Motivated by these developments, it is natural to investigate qualitative properties of solutions
for systems of Hadamard fractional differential equations involving nonlinear operators such as
the p-Laplacian. In particular, establishing conditions for the nonexistence of positive solutions is
important for understanding the structure of the solution set and the influence of system parame-
ters. Such results complement existence theories and provide sharper insight into the behavior of
nonlinear fractional systems.

In this paper, we investigate the existence of no positive solutions for the following nonlinear

Hadamard fractional differential equation with p-Laplacian operator

—D (b0, (D@1 (r))) = Goy (V)f(r, @1(r), @2(r), @3(1)), 7 € (Le),
@bz : (o <z>;ioz<r>>) = ¢, (1)0(r, @1(r), @2(r), @3(1)), 7 € (1), (1.1)
—Dﬁz(¢g3< R@3(r))) = bos ()N (1, @1(r), @2(r), @3(r)), 7 € (1),

subject to the three-point boundary conditions

1
Dli@i(e) — 11D}l @1 (m) = 51Dy @1(C1),
@) (1) =0, 0<j <2, ¢oy (D2 @2(1)) =0,

@' (1) =0, 0<i <2, ¢, (D @1(1)) =0,

2 | (1.2)
D @y(e) — 102D 2 (1) = 52@1@2@2)/
@) (1) =0, 0<1<2, ¢o,(D@3(1)) =0,
DI @3(e) — k3D @3(1)3) = 53@1+®3(C3)/

where3 <v;<4,0<b;<1,1<y; <2 Z)¥’+'D1 +,Z)V’ denotes the Hadamard fractional derivatives,
do,(v) =l v %72 v,0; > 1,(;5;1 (szr st o L =1,%,62>201<n<¢<efori=123 and
f,g,h € C([1,¢e] X [0, +0)3, [0, +0)).

The following are the assumptions that will be employed in the subsequent section:
(S1) The functions f,g,h : [1,¢] X [0, +00)3 — [0, 400) are continuous.
(S2) 4,0, >0, 1 <n; <(; <esatisfy that
A= F(vi)[l —xi(Inn;)vvi~t = §;(In Ci)vi_yi_l] >0fori=1,2,3.
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The rest of the paper is organized as follows. In Section 2, we construct the Green’s function
for the homogeneous problem corresponding to (1.1)-(1.2) and estimate bounds for the Green’s
function. In Section 3, we consider the conditions of the nonexistence of a positive solution of

given problem (1.1)-(1.2).
2. PrerLiMiNARrY REsurTs

Some essential definitions and lemmas are taken from [10] for the reader’s convenience. Con-

sider the system of homogeneous Hadamard FDEs:

—D;1+®1(7’) =0,r¢€ (116)/ (21)

(1) =0,0<i<2 Dlai(e) — 1D @1 (m) = 1.0 @1 (C1). (2.2)

Lemma 2.1. Let Ay = T(11)9 # 0;9 = 1—x1(Inmy)717 1 =81 (InCy)" 7L If x(r) € C[1,e] and
3 < vy <4, then the boundary value problem:

Dlloi(r) +x(r) =0, 1<r<e, (2.3)
satisfying (2.2), has a unique solution
d
@1 (r) = fxl(r,@)x(@)g, re(lel,
1
where N1(r, @) is the Green’s function for (2.3)-(2.2) and is given by

N1 (r,9); 1< 9 <minfr,m} <e,
Np(rp); 1<r<p<m<(<e
Ni3(r,9); 1 <m < 9 <min{n, ’
8i1(r, 9) = 13(7, 9) m <9 <min{m, 7} <e 20
Nu(r,9); 1 <max{r,m}<p <G <e,
Ni5(r,9); 1<m <G <p<r<e,
Nis(r,9); 1 <max{(, 1} <p<e,
where
N11(7, 9) Ail ( —Ingp)1 - —Kl(ln %)m—n —61(1 %)Vl 71 )(lnr)V1—1 _S(IHé)Vl_l],
1 V1i—=Y1— T]l Vi—=Y1— Cl V1—=Y1— 1 V]—l
Ni2(r, 9) il (1 Ing) - K (ln 5) —61(1 5) ](lnr) ,
Ni3(r,9) = il ( —Inp)1l-s (1 %)vl n- 1)(lnr)V1—l —S(IHé)‘“‘l],
M) = o[ (1m0 =10 )7 Jamy
N15(1’, g)) Ail (1 —In p)vl y1—-1 (ln r)m—l _ S(h,lé)m—l:l,
Ni6(r, 9) Ail (1—lngo)vl_yl_l(lnr)vl‘l],
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Lemma 2.2. Let 3 <vy <4, 0<by <1and«x € C[1,e] Then the BVP:

D (¢, (D}, @1(1)) = (1), 7€ (Le),
@9( 1) =0,0<i<2, ¢o(D@1(1)) =0, (2.5)
Dri@i(e) - k1D @1 (m) = 01D @1(C1),

has a unique solution,

0 (In £)01-1 .
ml(r):f&(r,go)qbpl(fl (F(L—b)l)K(L)dT)%O,re[l,e].

Lemma 2.3. Let Ay > 0. Then the Green's function 81 (r,¢) is given by (2.4) satisfies the following
inequalities:

D) Ni(r,p) 2

<

(i) Ni(r, )
(iii) Nq(r

0, forall (r,9) € [1,¢e] X [1,e],
N1 (e, g)) forall (r,9) € [1,¢] x[1,e],
(i) N1 (e, ), forall (r,p) € [e/*,e3/4] x (1,e).

IV

We can also formulate similar results as Lemmas 2.1-2.2 for the following BVP:

~DI (b0 (D2 @2(1))) = G (1)Q(r, @1(r), @2(r), @3(r)), 7 € (Le),
@) (1) =0, 0< <2, poy(D2@2(1)) =0, (2.6)
Z)ﬁ@z( e) — k2D @y (1) = 52@1+®2(C2),

and

D (o3 (D @3(1))) = o (V)N(r, @1(r), @2(r), @3(r)), 7 € (L€),
o’(1)=0,0<1<2, (l)as(ﬂﬁcbg( ))=0 2.7)
Z)ii 3(e )—K3Z)1+CD3(T]3) = 531) @3(C3),

Remark: Similar results are obtained from lemma (2.1)-(2.3) to the Hadamard FDEs (2.6) and (2.7)
using the Green'’s functions 8, (7, ¢) and N3(r, ).

Consider the following condition:
Np(r, 9) 2mN,(e, p), forall (r,p) €eIx[Le], p=1,2,3,

where I = [el/4,¢3/4], m = mm{( ) ,(}I)Vz ! ( )Vs 1}
We consider the Banach space X = C[1,¢], with the norm ||l@|| = sup |o(r)|, and the Banach

re[l,e]
space Y = X x X x X with the norm [|(@1, @2, @3)|ly = [l@1]| + ll@2]| + ll@3]|. Define a cone P C Y by
P= [(@1,@2,@3) eY:@1(r) 20, @2(r) 20, @3(r) 20, Vre[1,e],

min {wl(r) + @ (r) + @3(r)} > m||(@1, @2, @3)||Y}-
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Consider the coupled system of integral equations

IHE bi-1 L
@1(r) = A f Nl(r,go)q)pl( fl " %f(b@l([),@z(l),mg(L))dT)%", relle,

I'(b1)
e 9 (In £ bp—1 .
020 =1 [ e [ a0 020,030} 2) 2, re el

e lnﬁ bs—1 . '
@3(r) = vfl 83(r,50)¢p3(f1p %h(bch(L),(Dz(l),(Dg(L))dT)%, re(l,el.

By Lemma 2.2, (@1, @2, @3) € P is a solution of BVPs (1.1)-(1.2) if and only if it is a solution of the

system of integral equations.

3. MaIN ResuLts

In this section, we give some sufficient conditions for the nonexistence of a positive solutions
for the BVP (1.1)-(1.2). For I = [el/ 4 3/ 4] C (1,e), the subsequent extreme limits are introduced:

s . f(r, @1, @2, @3) s . q(r, @1, @2, @3)
f, = limsup max , gy = limsup max ,
(5] +(Dz+(D3—>0 TE[l,e] (PUI ((D]- + (Dz + (D3) @1 +(Dz+(D3—>O I’E[l,e] (PUZ (CD]- + (D2 + (D?’)
s . h(}’, @1, ©2, CD3) i . . . f(?’, @1, @2, (D3)
hy = limsup max , f= liminf min ,
@1+ +-@3—0 T€[Le] Ogy (@1 + @2 + @3) @140 +@3-0 1€l Pg, (01 + @2 + @3)
; o . r,@1,®2,®3 ; o . h(r,01, 02,03
gp = liminf min 9(r, @1, @2, @s) ,hi =  liminf min (r, @1, @2, @3) ,
@1+ +23-0 1€l Py, (@1 + @2 + @3) 1+@+230 1€l Py, (@1 + @2 + @3)
s . f(r, @1, @2, @3) s . 9(r, @1, @2, @3)
fio = limsup max , 0o = limsup max ,
®1+ir+a3—00 1€[Le] P, (@1 + @2 + @3) D1+@y+@3—00 T€[Le] P, (@1 + @2 + @3)
s . h(r/(Dl/(DZICD?)) i .. . f(r/(Dl/(DZI(D?))
hi, = limsup max , o= liminf min ,
@1 +@y+@3—00 TE[Le] qbg3 ((Dl + @y + (D3) @1+ +@3—>0  rel (j,')gl ((Dl —+ @07 + (Dg)
: L r,@1,@2,®3 ; . . h(r, 01,0, @3
g, = liminf max 9(r, @1, 2, @) hl, = liminf min (r, @1, 2, @) .

@1+ +@3—00  rel qboz (ch “+ @y + cD3)’ © otortaz—eo el quS ((Dl “+ @7 + CD;J,)

By using the Green’s functions 81, N, and N3 from Section 2, our problem (1.1)-(1.2) can be written

equivalently as the following nonlinear system of integral equations

9 (In £)01-1 .
@1(r) = Afxl(%@)‘i’pl(ﬁ %f(h@(l)/@z(l)z603([))%)%0/ re(le,

e ’ lnﬁ by—1 .
@ (r) = Hfl Nz(r,@)%z(ff %g(t,wl(L),(Dz(t),@g,(l))%)%o, re(lel,

¢ In£ bs~1 L
@3(r) = vfl N3(V,S’J)¢p3(\£p %h(h(Dl(L),(Dz(L),(D3(L))dT)%, re(l,e].

We consider the Banach space X = C[1,¢], with the norm ||@|| = sup |o(r)|, and the Banach
re[l,e]

space Y = X x X x X with the norm [|(@1, @2, @3)|ly = [l@1]| + ll@2] + ll@3]|. Define a cone P C Y by
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P ={(@1,02,@3) €Y :@1(r) 20, @2(r) 20, @3(r) 2 0, Vr € [1,¢],
min (@1 (1) + @2(r) + @3(r)} = ml(@1, @2, @s)llv}.
Now we define the operators U1,0,,03: Y - Xand O : P — Y by
O(@1,@2,@3) = (Ul (@1, @2, @3), 02 (@1, @2, @3), O3(@1, @2, @3)) (3.1)

with
? (In %)bl -1

Ul((Dl,(Dz,cDS)(r) = /\ﬁe N1(V/S)¢pl(£ Wf(l,@1([),@2([),@3([))#)%, re [1,6],

9 (lnﬁ)brl du

On(an,02,03)(1) =i [ a0, 000 [ Tr—alen(0,@a0,0:0)F)22, re e,

¢ ? (In £ bs—1 L
Os(@1, @2, @3)(r) = vﬁ N3(r,80)¢p3(f;0 %h(b@](L),(DQ(L),(Dg(L))dT)%, rel,el.

It is clear that the existence of a positive solution to the system (1.1)-(1.2) is equivalent to the

existence of fixed points of the operator O.
Lemma 3.1. If (S1) — (S2) hold, then O : P — P is a completely continuous operator.

Proof. Let (@1, @2, @3) € P be arbitrary. First, we show that O(P) c P. By Lemma 2.3, the Green’'s

functions N;(r, ) are nonnegative and satisfy the required upper and lower bounds. Using these

properties together with the definition of the operators U1, O, and U3, we obtain the following
estimates:

P (In )01 di\dp

101 (@1, @2, @3)ll < A fxl (6'80)%1([1 Wf(" ‘Dl(l)lm(l),@s(’v))j)?,

4 9 (11’1 Q)bz—l dind
102(@1, @2, @3)|l < #f Nz(&@)%z(f #g(t, ®1(L),®2(l)/ws(l))_)£
1 1 (b2) 4

L

7

? P (In %) di\dp
[3(@1, @2, @3 < v f1 Nale, ) f1 iy (@0, @20),@50)) 7T
Next, we estimate the minimum of the sum of the components over the interval I. By using the

lower bound of the Green’s functions given in Lemma 2.3, we have

min{Ul (ch, 7, 603) (7’) + Uz(ch, w7, (Dg) (7’) + 03(@1, w7, (Dg) (7’)}

rel
0 (In £)01-1
:min{/\f&ﬂ?’,p)(ppl(ﬁ %f(t,@ﬂl),@z(t),@g(t)

rel

)
+H‘£6N2(7,Q)¢pz(ﬁp %Q(L,wl(L),CDQ(L),CD:J,(L))dL)dW
)

‘ P (In7)»"! du\d
+vf1 xg(r,ga)¢p3(fl Wh(L,ml(l),mz(L),mg(L))T‘ ?‘0}

> m{)\ fj Nl(ezﬁ’)qbpl(ff %f(t,@1(0/@2(!)/@3(0)6&)%0
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%)

9 (ln _)bz—l d[ dg')
No (e, ( — g, @1(1), @ (1), ® —)—
s [ Matewion( [ Srpmalvon,ex,as0)F)%
e 9 (11’1 E)b3—1 di dg{)
+vf Ns(e, (f — L h(,@1(1), @ (1), @3(1 —)—}
1 ( )¢P3 1 r(bg) ( 1( ) ( ) ( )) L KJ
e m(llUl(ch,ch, @3)|l + 102 (@1, @2, @3) || + 103 (@1, @2, CD3)||)
= m[|O(@1, @2, @3)l.
Hence, O(P) c P. Next, we prove that O is completely continuous. From assumption (51) and
the continuity of the kernel functions, it follows that the operators U1, O, and O3 are continuous.
Moreover, for any bounded subset of P, the corresponding images under O are uniformly bounded
due to the above estimates. Furthermore, the integral operators involved are equicontinuous on
[1,¢], since the kernels N;(r,9) are continuous and the nonlinearities are continuous functions.
Therefore, by the Arzela—Ascoli theorem, the operator O maps bounded sets into relatively compact
sets in Y. Consequently, O : P — P is completely continuous. m|
Theorem 3.1. If (S1) — (52) hold. If there exist 1,2,3 > 0 such that
H(r, @1, @2, @3) < o [1(@1 + @2 + @3)],
9(r, @1, @2, @3) < %2[2(@1 + @ + @3)], (3.2)
h(r, D1, @2, 603) < q5g3[3(601 + @y + 61)3)], Yre [1,6], 01,0, 3 = 0.
then there exist positive constants Ao, o, vo such that, for every A € (0,A¢), u € (0, uo), v € (0,vp), the
BVP (1.1)-(1.2) has no positive solution.

Proof. Define

where

B= qbpl(m)f&(w)%o,
D= ¢p2(m)f&(e,@)%@,
Fo quS(m)ng(e,g{))%o.

LetA € (0,A¢), p € (0, uo), v € (0,vp). Suppose, for contradiction, that the boundary value problem
(1.1)-(1.2) admits a positive solution (@1, @2, @3) € P.
Using the definition of the operator O together with condition (3.2) and the positivity of the

Green’s functions, we estimate each component. For r € [1,e], we obtain

‘ ? (In )1 di\dg
@1(r) S)\‘[l N1(e,80)¢p1(f1 Wf(t,ml,mz,(m)T)g
1

< Aﬂ%(m)fle Ni1(e, ) (@1(9) + @2(9) +@3(80))d§
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< MBll(@1, @2, @3)l-
Taking supremum over r € [1,¢], we obtain
@1l < A1Bll(@1, @2, @3)|l-

Similarly,
lloall < p2Dll(@1, @2, @3)ll,  ll@sll < v3Fll[(@1, @2, @3)]l.

Since A < Ao, 4 < po, v < vy, it follows that
1 1 1
llo |l < §||(@1/@2/(D3)||r lloa|l < gll(cal,caz,cag)ll, llos|l < 5”(@1/@2/@3)”-
Adding these inequalities, we obtain
(@1, @2, @3)Il = ll@1]] + ll@2ll + ll@3ll < (@1, @2, @3)ll,

whichis a contradiction. Hence, the boundary value problem (1.1)-(1.2) admits no positive solution.

O

Remark 3.1. In the proof of Theorem 3.1, one may alternatively define

Ao = V1 o V2 - 14
0= 3B T 3KD0 0T 3KF

where v1,v,v3 > 0 satisfy vi +vo +v3 = 1.

Remark 3.2. Iff}, g hg, 13, 0%, N < oo, then there exist positive constants kq, ko, ks such that condition
(3.2) holds. Consequently, the conclusion of Theorem 3.1 follows.

Theorem 3.2. If (S1) — (52) hold and there exists a positive constant my > 0 such that
f(r, @1, @2, @3) = Po, [ml(cal + @ + @3)], Vrel,; @1, @, @3 20, (3.3)

then there exists a positive constant Ao such that, forany A > Ao, u > 0and v >0, the BVP (1.1)-(1.2) has
no positive solution.

Proof. Define
— 1

0= —
m2m A

where
3/4

Y (-1 A9
NUYEERY,

Let A > Ag, u > 0and v > 0. Suppose, for contradiction, that the boundary value problem (1.1)-(1.2)

admits a positive solution (@1, @2, @3) € P. From the definition of the operator U;, we have for
rell,e

e 9 (In 2)n-1 L
or) =1 [ Wi [ %f(t,wl(t)/ch(L)/cD3(t))d_)d—8o.
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Using the lower bound of the Green’s function given in Lemma 2.3 and restricting the integration
to the interval I = [¢1/4,¢3/4], we obtain

3/4

In 2)h1-1
@1(r) ZAmf:M 81(31%’)¢91(Li %f(”@ﬂl)’CDZ(L)’(%(L))%)%)'

Applying condition (3.3), we obtain

e3/4 19} lnﬁ b1—1 .
o1 (1) ZAmf N1(e,go)¢pl(f %qsal[ml(@l(o+@2(L)+@3(L)>]d—)dﬁ.

1/4 1/4 L/ ¢

Since (@1, @2, @3) € P, we have
(D1(L) + (DZ([) + @3([) > mll((Dl, @7, (D3)||Y, Yiel

Hence,

3/4

1 ¢ dp
@ > Am? @1, @2, ® (—)f Ni(e, 0)(Ingp —1/4)1 (P12
1(r) = Am*m||(@1, @2, @3)llv Py, Tt D) s 1(e,9)(Inp —1/4) 5
= Am*m1All(@1, @2, @3)|ly.
Taking supremum over r € [1,¢], we obtain

2
lo1ll = Am“my All(@1, @2, @3)lly-

Since A > A, it follows that
o1l > (@1, @2, @3)llv-
Consequently,
(@1, @2, @3)Il = ll@1]l + ll@2ll + llosll > [[(@1, @2, @3)lly,

which is a contradiction. Therefore, the boundary value problem (1.1)-(1.2) admits no positive

solution. O
Similarly, we obtain the theorems listed below.
Theorem 3.3. If (S1) — (S2) hold and there exist positive number mp > 0 such that
a(r, @1, @2, @3) > cpgz[mz(cal + @y + @3)],Vr €l,®d1,@,d3 >0 (3.4)

then there exists a positive solution g such that, for any A > 0, u > o, and v > 0, the BVP (1.1)-(1.2) has
no positive solution.

- e3/4 _d
Where fig = ;i and G = ¢, (i7) [ Nale, ) (Inp = 1/4)202 D,
Theorem 3.4. Assume that (S1) — (S2) hold. If there exist positive number mz > 0 such that
h(r, @1, @2, @3) > ¢U3[m3(@1 + @2 + CDg)],VT €l,@1,@,@3 >0 (3.5)

then there exists a positive solution vg such that, for any A > 0, u > 0, and v > vy, the BVP (1.1)-(1.2) has

no positive solution.
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Where vg = mz;mE and E = ¢p3(m) feif N3(e,9)(Inp - 1/4)"3(P3—1)%’°.
Remark 3.3:
() If fifi > 0 and f(r, @1, @2, @3) > 0 for all r € I and @1, @2, @3 > 0 with @1 + @, + @3 > 0
then relation (3.3) holds, and we obtain the conclusion of theorem 3.2
(i) If gi), g > 0 and g(r, @1, @2, @3) > 0 for all r € I @1, @2, @3 > 0 with @1 + @2 + @3 > 0. If
relation (3.4) holds, we have the conclusion of theorem 3.3
(iii) If hi,hi, > 0 and h(7, @1, @, @3) > 0 for all ¥ € I @1, @,, @3 > 0 with @1 + @ + @3 > 0. If
relation (3.5) holds, we have the conclusion of theorem 3.4.

Theorem 3.5. If (S1) — (S2) hold. If there exist my,my > 0 such that

f(?’, (Dl,ch,CDg) > ¢0‘] [m1 ((D] —+ @0y + @3)] (3.6)
g(r, @1, @2, @3) > qbaZ[Tnz(cm + @2 + 603)], rel, o, @,o3 >0,

then there exist positive constants A > Ao, = ﬁ and v > 0 the BVP (1.1)-(1.2) has no positive solution

Proof. We define AZO = 5o = (%) and [y = (@) Then, for every A > /\:0,;4 > o and

1
2m2m1A o 2m2m20 -
v > 0, the problem (1.1)-(1.2) has positive solution (@1(), @2(r), @3(r)),r € [1,e]. Then, analogous

to the proof of theorem 3.2, we deduce

lo1]l = Am?my All(@1, @2, @3) ||

l@all = um*maCli(@1, @2, @3)ll

and so
(@1, @2, @3)|| = ll@1] + ll@2]l + ll@3] = [l@1]] + [l@2]]
> [AmPm A + pmPmaC|ll(@1, @2, @3)ll
> [TonPmiA + Fom?myClll(@1, @2, @3)l
= (3 + 3 )I@1,02,05)ll = (@1, 02, 23)]
which is a contradiction. ]

Remark: In the proof of Theorem 3.5, we can also define /\_0 = manilA ; ﬁ = mZLnZC with v{,v, > 0

with V1 + v, = 1. Similarly, we establish the following theorems
Theorem 3.6. If (S1) — (52) hold. If there exist my, mz > 0 such that

f(?’, (D],(Dz,@g) > Po, [m1 (ch + @ + @3)] (37)
h(r, @1, @2, @3) > qbg3[n13(c01 + @y + cD3)], re€l,o,@,o3 >0, ‘

—

then there exist positive constants A > Ao, u>0andv > v:(), the BVP (1.1)-(1.2) has no positive solution
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Theorem 3.7. Assume that (S1) — (S2) hold. If there exist my, m3 > 0 such that

g(r, @1, @2, @3) = Pg, [mz((m + @y + @3)] (3.8)
h(r, @1, @2, @3) > %3[’“3(@1 + @ + cDa)], rel, @, @z,03 20, .

then there exist positive constants A > 0, u > ﬁ” and v > v:o” the BVP (1.1)-(1.2) has no positive solution

Remark 3.4:

(i) Iff, ., gf, 9 > 0 and f(r, @1, @2, @3) > 0,9(r, @1, @2, @3) > 0 forall € I and @1, @2, @3 > 0,
thus, relation (3.6) is satisfied, leading to the conclusion of theorem 3.5.
(i) If i, f,, hi, hi, > 0 and f(r, @1, @2, @3) > 0,h(r, @1, @2, @3) > O forall r € I and @1, @2, @3 > 0,
then relation (3.7) is true, and we get the result of theorem 3.6.
(iii) If g, g%, hi, hi, > 0 and g(r, @1, @2, @3) > 0,h(r, @1, @2, @3) > 0 for all r € I and @1, @2, @3 >

0, then the relation (3.8) is valid, and the conclusion of theorem 3.7 is reached.
Theorem 3.8. If (51) — (52) hold. If there exist my, my, m3 > 0 such that
f(r, @1, @2, @3) = Py, [ml(cD1 + @+ @3)],
9(r, @1, @2, @3) 2 o, [ma(@1 + 02 + @3)], (3.9)
h(r, @1, @2, @3) > ¢g3[m3(@1 + @y + @3)], Vrel @,0,03 >0,

then there exist positive constants /\_0,% and vg such that, for every A > Ao, u > o and v > vg, the BVP
(1.1)-(1.2) has no positive solution.

Proof. Define
— 1 1 — 1

Ao = 3m2m A’ Ho = 3m2m,C’ vo = 3m2msE’
Let A > Ag,u > iy and v > Tp. Suppose, for contradiction, that the problem (1.1)-(1.2) admits
a positive solution (@1, @2, @3) € P. Using the lower bounds of the Green’s functions given in
Lemma 2.3, together with condition (3.9), and arguing as in the proofs of Theorems 3.2-3.4, we

obtain the following estimates:
l@1ll = Anm All(@1, @2, @3)ll,
ll@2ll = um*myCli(@1, @2, @3)ll,
@3]l = vm*mzEll(@1, @2, @3)ll.
Summing these inequalities, we obtain
(@1, @2, @3)ll = ll@1ll + ll@2ll + ll@sl|
> [Am2m1A + ,umzmzC + vmzng]ll(ch,ch, @3)|

> [Agm?m A + Tigm*maC + D msE || (@1, @2, @3)l

—(1+1+1)ll(® @2, @3)|
- 3 3 3 1, W2, W3

= ||(@1, @2, @3)l.
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Since A > Ao, u > Tip and v > Dy, the above inequality is in fact strict, which yields

(@1, @2, @3)Il > [I(@1, @2, @3)ll,
a contradiction. Therefore, the boundary value problem (1.1)-(1.2) admits no positive solution. O

Remark 3.5: In the proof of Theorem 3.8, one may alternatively define

/ / 4
_ v v v
1 — 2 — 3

Ao = 0= vy =
m2m A’ H ’ m2m3E’

’ 4 4 . 4 4 ’
where vy, vy, v > 0 with vi+v,+ vy = 1.

4. CoNcLUSION AND FuTurReE WoORK

In this paper, we investigated a system of nonlinear Hadamard fractional differential equations
involving (p1, p2, p3)-Laplacian operators subject to three-point boundary conditions. By construct-
ing suitable Green’s functions and establishing their fundamental properties, the boundary value
problem was reduced to an equivalent system of nonlinear integral equations in a cone of a Banach
space. Using fixed point arguments together with appropriate growth conditions on the nonlinear
terms, we derived several sufficient criteria ensuring the nonexistence of positive solutions. In
particular, explicit parameter thresholds were obtained that guarantee the absence of fixed points
of the associated operator. The results cover both upper growth conditions leading to nonex-
istence for sufficiently small parameters, and lower growth conditions leading to nonexistence
for sufficiently large parameters. The analysis presented here contributes to the qualitative the-
ory of fractional boundary value problems, especially for systems involving Hadamard fractional

derivatives, where the logarithmic kernel introduces additional analytical complexity.

Future Work. The present study can be extended in several directions:

(i) Investigating the existence and multiplicity of positive solutions under complementary

growth conditions, in order to obtain sharper bifurcation-type results.

(ii) Extending the analysis to more general boundary conditions, such as multi-point, integral,
or nonlocal boundary conditions, which frequently arise in applications.

(iii) Studying similar systems involving other types of fractional derivatives, such as Caputo or
Riemann-Liouville operators, and comparing the qualitative behavior of solutions.

(iv) Considering sign-changing solutions or weakening the cone conditions, which may lead
to a broader class of admissible solutions.

(v) Developing numerical methods and approximation schemes for Hadamard fractional sys-

tems, which remain relatively less explored compared to other fractional models.
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