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Abstract. In this paper, we investigate a system of nonlinear Hadamard fractional differential equations involving

(p1, p2, p3)-Laplacian operators subject to three-point boundary conditions. By constructing appropriate Green’s func-

tions and establishing their qualitative properties, the given boundary value problem is transformed into an equivalent

system of nonlinear integral equations in a cone of a Banach space. Using fixed point arguments and sharp integral

inequalities, we derive sufficient conditions ensuring the nonexistence of positive solutions. In particular, explicit

bounds on the involved parameters are obtained under which the associated operator fails to admit fixed points. The

results cover both sublinear-type growth conditions and superlinear-type lower bounds on the nonlinearities. These

findings extend existing nonexistence results for fractional boundary value problems to the setting of coupled systems

with Hadamard fractional derivatives and p-Laplacian operators.

1. Introduction

In recent years, fractional differential equations have attracted considerable attention due to

their wide applicability in various areas such as mathematics, physics, chemistry, biology, and

engineering sciences. Consequently, a substantial number of monographs and research articles on

fractional calculus have appeared; see [3,6,13,16] and the references therein. It is well known that

fractional differential equations provide more accurate models for many real-world phenomena,

including memory and hereditary properties, which arise naturally in fields such as biophysics,

control theory, signal and image processing, aerodynamics, photoelasticity, and electromagnetics

[10, 12, 17].

Boundary value problems (BVPs) for fractional differential equations play a fundamental role

in both theoretical analysis and practical applications. In particular, the study of existence and
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nonexistence of solutions for such problems has received significant attention in recent years,

leading to numerous important contributions; see [2, 7, 8, 14, 18, 19]. Furthermore, systems of

fractional differential equations, especially those involving p-Laplacian operators and subject to

multi-point or Riemann–Stieltjes integral boundary conditions, have been extensively investigated

due to their richer structure and broader applicability [1, 4, 9, 11, 15].

Among the various types of fractional derivatives, the Hadamard fractional derivative, intro-

duced by Hadamard in 1892 [5], has gained increasing interest. Unlike the classical Riemann–

Liouville and Caputo derivatives, the Hadamard derivative is characterized by a logarithmic

kernel, which leads to distinct analytical properties and makes it suitable for problems defined on

domains with multiplicative structure. This difference significantly affects the qualitative behavior

of solutions and requires the development of specialized analytical techniques.

Motivated by these developments, it is natural to investigate qualitative properties of solutions

for systems of Hadamard fractional differential equations involving nonlinear operators such as

the p-Laplacian. In particular, establishing conditions for the nonexistence of positive solutions is

important for understanding the structure of the solution set and the influence of system parame-

ters. Such results complement existence theories and provide sharper insight into the behavior of

nonlinear fractional systems.

In this paper, we investigate the existence of no positive solutions for the following nonlinear

Hadamard fractional differential equation with p-Laplacian operator
−D

[1
1+

(
φσ1(D

ν1
1+$1(r))

)
= φσ1(λ)f(r,$1(r),$2(r),$3(r)), r ∈ (1, e),

−D
[2
1+

(
φσ2(D

ν2
1+$2(r))

)
= φσ2(µ)g(r,$1(r),$2(r),$3(r)), r ∈ (1, e),

−D
[3
1+

(
φσ3(D

ν3
1+$3(r))

)
= φσ3(υ)h(r,$1(r),$2(r),$3(r)), r ∈ (1, e),

(1.1)

subject to the three-point boundary conditions

$(i)
1 (1) = 0, 0 ≤ i ≤ 2, φσ1

(
D
ν1
1+$1(1)

)
= 0,

D
γ1

1+$1(e) − κ1D
γ1

1+$1(η1) = δ1D
γ1

1+$1(ζ1),

$
( j)
2 (1) = 0, 0 ≤ j ≤ 2, φσ2

(
D
ν2
1+$2(1)

)
= 0,

D
γ2

1+$2(e) − κ2D
γ2

1+$2(η2) = δ2D
γ2

1+$2(ζ2),

$(l)
3 (1) = 0, 0 ≤ l ≤ 2, φσ3

(
D
ν3
1+$3(1)

)
= 0,

D
γ3

1+$3(e) − κ3D
γ3

1+$3(η3) = δ3D
γ3

1+$3(ζ3),

(1.2)

where 3 < νi ≤ 4, 0 < [i ≤ 1, 1 < γi ≤ 2Dνi
1+ ,D[i

1+ ,Dγi
1+ denotes the Hadamard fractional derivatives,

φσi(ν) =| ν |σi−2 ν, σi > 1,φ−1
σi

= φρi ,
1
σi
+ 1

ρi
= 1, κi, δi ≥ 0, 1 < ηi < ζi < e for i = 1, 2, 3. and

f, g, h ∈ C([1, e] × [0,+∞)3, [0,+∞)).

The following are the assumptions that will be employed in the subsequent section:

(S1) The functions f, g, h : [1, e] × [0,+∞)3
→ [0,+∞) are continuous.

(S2) κi, δi ≥ 0, 1 < ηi < ζi < e satisfy that

Λi = Γ(νi)
[
1− κi(ln ηi)

νi−γi−1
− δi(ln ζi)

νi−γi−1
]
> 0 for i = 1, 2, 3.



Int. J. Anal. Appl. (2026), 24:133 3

The rest of the paper is organized as follows. In Section 2, we construct the Green’s function

for the homogeneous problem corresponding to (1.1)-(1.2) and estimate bounds for the Green’s

function. In Section 3, we consider the conditions of the nonexistence of a positive solution of

given problem (1.1)-(1.2).

2. Preliminary Results

Some essential definitions and lemmas are taken from [10] for the reader’s convenience. Con-

sider the system of homogeneous Hadamard FDEs:

−D
ν1
1+$1(r) = 0; r ∈ (1, e), (2.1)

$(i)
1 (1) = 0, 0 ≤ i ≤ 2, Dγ1

1+$1(e) − κ1D
γ1

1+$1(η1) = δ1D
γ1

1+$1(ζ1). (2.2)

Lemma 2.1. Let Λ1 = Γ(ν1)ϑ , 0;ϑ = 1 − κ1(ln η1)
ν1−γ1−1

− δ1(ln ζ1)
ν1−γ1−1. If x(r) ∈ C[1, e] and

3 < ν1 ≤ 4, then the boundary value problem:

D
ν1
1+$1(r) + x(r) = 0, 1 < r < e, (2.3)

satisfying (2.2), has a unique solution

$1(r) =
∫ e

1
ℵ1(r,℘)x(℘)

d℘
℘

, r ∈ [1, e],

where ℵ1(r,℘) is the Green’s function for (2.3)-(2.2) and is given by

ℵ1(r,℘) =



ℵ11(r,℘); 1 ≤ ℘ ≤ min{r, η1} ≤ e,

ℵ12(r,℘); 1 ≤ r ≤ ℘ ≤ η1 ≤ ζ1 < e,

ℵ13(r,℘); 1 ≤ η1 ≤ ℘ ≤ min{η1, r} < e,

ℵ14(r,℘); 1 < max{r, η1} ≤ ℘ ≤ ζ1 ≤ e,

ℵ15(r,℘); 1 ≤ η1 ≤ ζ1 ≤ ℘ ≤ r < e,

ℵ16(r,℘); 1 < max{ζ1, r} ≤ ℘ ≤ e,

(2.4)

where

ℵ11(r,℘) =
1

Λ1

[(
(1− ln℘)ν1−γ1−1

− κ1

(
ln
η1

℘

)ν1−γ1−1
− δ1

(
ln
ζ1

℘

)ν1−γ1−1
)
(ln r)ν1−1

− ϑ(ln
r
℘
)ν1−1

]
,

ℵ12(r,℘) =
1

Λ1

[
(1− ln℘)ν1−γ1−1

− κ1

(
ln
η1

℘

)ν1−γ1−1
− δ1

(
ln
ζ1

℘

)ν1−γ1−1
]
(ln r)ν1−1,

ℵ13(r,℘) =
1

Λ1

[(
(1− ln℘)ν1−γ1−1

− δ1

(
ln
ζ1

℘

)ν1−γ1−1
)
(ln r)ν1−1

− ϑ(ln
r
℘
)ν1−1

]
,

ℵ14(r,℘) =
1

Λ1

[
(1− ln℘)ν1−γ1−1

− δ1

(
ln
ζ1

℘

)ν1−γ1−1
]
(ln r)ν1−1,

ℵ15(r,℘) =
1

Λ1

[
(1− ln℘)ν1−γ1−1(ln r)ν1−1

− ϑ(ln
r
℘
)ν1−1

]
,

ℵ16(r,℘) =
1

Λ1

[
(1− ln℘)ν1−γ1−1(ln r)ν1−1

]
,
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Lemma 2.2. Let 3 < ν1 ≤ 4, 0 < [1 ≤ 1 and κ ∈ C[1, e] Then the BVP:
−D

[1
1+

(
φσ1(D

ν1
1+$1(r))

)
= κ(r), r ∈ (1, e),

$(i)
1 (1) = 0, 0 ≤ i ≤ 2, φσ1

(
D
ν1
1+$1(1)

)
= 0,

D
γ1

1+$1(e) − κ1D
γ1

1+$1(η1) = δ1D
γ1

1+$1(ζ1),

(2.5)

has a unique solution,

$1(r) =
∫ e

1
ℵ1(r,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
κ(ι)

dι
ι

)d℘
℘

, r ∈ [1, e].

Lemma 2.3. Let Λ1 > 0. Then the Green’s function ℵ1(r,℘) is given by (2.4) satisfies the following
inequalities:

(i) ℵ1(r,℘) ≥ 0, for all (r,℘) ∈ [1, e] × [1, e],
(ii) ℵ1(r,℘) ≤ ℵ1(e,℘), for all (r,℘) ∈ [1, e] × [1, e],

(iii) ℵ1(r,℘) ≥
(

1
4

)ν1−1
ℵ1(e,℘), for all (r,℘) ∈ [e1/4, e3/4] × (1, e).

We can also formulate similar results as Lemmas 2.1-2.2 for the following BVP:
−D

[2
1+

(
φσ2(D

ν2
1+$2(r))

)
= φσ2(µ)g(r,$1(r),$2(r),$3(r)), r ∈ (1, e),

$
( j)
2 (1) = 0, 0 ≤ j ≤ 2, φσ2

(
D
ν2
1+$2(1)

)
= 0,

D
γ2

1+$2(e) − κ2D
γ2

1+$2(η2) = δ2D
γ2

1+$2(ζ2),

(2.6)

and 
−D

[3
1+

(
φσ3(D

ν3
1+$3(r))

)
= φσ3(υ)h(r,$1(r),$2(r),$3(r)), r ∈ (1, e),

$(l)
3 (1) = 0, 0 ≤ l ≤ 2, φσ3

(
D
ν3
1+$3(1)

)
= 0

D
γ3

1+$3(e) − κ3D
γ3

1+$3(η3) = δ3D
γ3

1+$3(ζ3),

(2.7)

Remark: Similar results are obtained from lemma (2.1)-(2.3) to the Hadamard FDEs (2.6) and (2.7)

using the Green’s functions ℵ2(r,℘) and ℵ3(r,℘).

Consider the following condition:

ℵp(r,℘) ≥ mℵp(e,℘), for all (r,℘) ∈ I × [1, e], p = 1, 2, 3,

where I = [e1/4, e3/4], m = min
{(

1
4

)ν1−1
,
(

1
4

)ν2−1
,
(

1
4

)ν3−1
}
.

We consider the Banach space X = C[1, e], with the norm ‖$‖ = sup
r∈[1,e]
|$(r)|, and the Banach

space Y = X×X×X with the norm ‖($1,$2,$3)‖Y = ‖$1‖+ ‖$2‖+ ‖$3‖. Define a cone P ⊂ Y by

P =
{
($1,$2,$3) ∈ Y :$1(r) ≥ 0, $2(r) ≥ 0, $3(r) ≥ 0, ∀r ∈ [1, e],

min
r∈I

{
$1(r) +$2(r) +$3(r)

}
≥ m‖($1,$2,$3)‖Y

}
.
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Consider the coupled system of integral equations

$1(r) = λ

∫ e

1
ℵ1(r,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e],

$2(r) = µ

∫ e

1
ℵ2(r,℘)φρ2

( ∫ ℘

1

(ln ℘
ι )
[2−1

Γ([2)
g
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e],

$3(r) = υ

∫ e

1
ℵ3(r,℘)φρ3

( ∫ ℘

1

(ln ℘
ι )
[3−1

Γ([3)
h
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e].

By Lemma 2.2, ($1,$2,$3) ∈ P is a solution of BVPs (1.1)-(1.2) if and only if it is a solution of the

system of integral equations.

3. Main Results

In this section, we give some sufficient conditions for the nonexistence of a positive solutions

for the BVP (1.1)-(1.2). For I =
[
e1/4, e3/4

]
⊂ (1, e), the subsequent extreme limits are introduced:

fs0 = lim sup
$1+$2+$3→0

max
r∈[1,e]

f(r,$1,$2,$3)

φσ1($1 +$2 +$3)
, gs

0 = lim sup
$1+$2+$3→0

max
r∈[1,e]

g(r,$1,$2,$3)

φσ2($1 +$2 +$3)
,

hs
0 = lim sup

$1+$2+$3→0
max
r∈[1,e]

h(r,$1,$2,$3)

φσ3($1 +$2 +$3)
, fi0 = lim inf

$1+$2+$3→0
min

r∈I

f(r,$1,$2,$3)

φσ1($1 +$2 +$3)
,

gi
0 = lim inf

$1+$2+$3→0
min

r∈I

g(r,$1,$2,$3)

φσ2($1 +$2 +$3)
, hi

0 = lim inf
$1+$2+$3→0

min
r∈I

h(r,$1,$2,$3)

φσ3($1 +$2 +$3)
,

fs∞ = lim sup
$1+$2+$3→∞

max
r∈[1,e]

f(r,$1,$2,$3)

φσ1($1 +$2 +$3)
, gs
∞ = lim sup

$1+$2+$3→∞

max
r∈[1,e]

g(r,$1,$2,$3)

φσ2($1 +$2 +$3)
,

hs
∞ = lim sup

$1+$2+$3→∞

max
r∈[1,e]

h(r,$1,$2,$3)

φσ3($1 +$2 +$3)
, fi∞ = lim inf

$1+$2+$3→∞
min

r∈I

f(r,$1,$2,$3)

φσ1($1 +$2 +$3)
,

gi
∞ = lim inf

$1+$2+$3→∞
max

r∈I

g(r,$1,$2,$3)

φσ2($1 +$2 +$3)
, hi
∞ = lim inf

$1+$2+$3→∞
min

t∈I

h(r,$1,$2,$3)

φσ3($1 +$2 +$3)
.

By using the Green’s functions ℵ1,ℵ2 and ℵ3 from Section 2, our problem (1.1)-(1.2) can be written

equivalently as the following nonlinear system of integral equations

$1(r) = λ

∫ e

1
ℵ1(r,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e],

$2(r) = µ

∫ e

1
ℵ2(r,℘)φρ2

( ∫ ℘

1

(ln ℘
ι )
[2−1

Γ([2)
g
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e],

$3(r) = υ

∫ e

1
ℵ3(r,℘)φρ3

( ∫ ℘

1

(ln ℘
ι )
[3−1

Γ([3)
h
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e].

We consider the Banach space X = C[1, e], with the norm ‖$‖ = sup
r∈[1,e]
|$(r)|, and the Banach

space Y = X×X×X with the norm ‖($1,$2,$3)‖Y = ‖$1‖+ ‖$2‖+ ‖$3‖. Define a cone P ⊂ Y by
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P =
{
($1,$2,$3) ∈ Y :$1(r) ≥ 0, $2(r) ≥ 0, $3(r) ≥ 0, ∀r ∈ [1, e],

min
r∈I

{
$1(r) +$2(r) +$3(r)

}
≥ m‖($1,$2,$3)‖Y

}
.

Now we define the operators f1,f2,f3 : Y→ X and f : P→ Y by

f($1,$2,$3) =
(
f1($1,$2,$3),f2($1,$2,$3),f3($1,$2,$3)

)
(3.1)

with

f1($1,$2,$3)(r) = λ

∫ e

1
ℵ1(r, s)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e],

f2($1,$2,$3)(r) = µ

∫ e

1
ℵ2(r,℘)φρ2

( ∫ ℘

1

(ln ℘
ι )
[2−1

Γ([2)
g
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e],

f3($1,$2,$3)(r) = υ

∫ e

1
ℵ3(r,℘)φρ3

( ∫ ℘

1

(ln ℘
ι )
[3−1

Γ([3)
h
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

, r ∈ [1, e].

It is clear that the existence of a positive solution to the system (1.1)-(1.2) is equivalent to the

existence of fixed points of the operator f.

Lemma 3.1. If (S1) − (S2) hold, then f : P→ P is a completely continuous operator.

Proof. Let ($1,$2,$3) ∈ P be arbitrary. First, we show that f(P) ⊂ P. By Lemma 2.3, the Green’s

functions ℵi(r,℘) are nonnegative and satisfy the required upper and lower bounds. Using these

properties together with the definition of the operators f1,f2 and f3, we obtain the following

estimates:

‖f1($1,$2,$3)‖ ≤ λ

∫ e

1
ℵ1(e,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

,

‖f2($1,$2,$3)‖ ≤ µ

∫ e

1
ℵ2(e,℘)φρ2

( ∫ ℘

1

(ln ℘
ι )
[2−1

Γ([2)
g
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

,

‖f3($1,$2,$3)‖ ≤ υ

∫ e

1
ℵ3(e,℘)φρ3

( ∫ ℘

1

(ln ℘
ι )
[3−1

Γ([3)
h
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

.

Next, we estimate the minimum of the sum of the components over the interval I. By using the

lower bound of the Green’s functions given in Lemma 2.3, we have

min
r∈I
{f1($1,$2,$3)(r) +f2($1,$2,$3)(r) +f3($1,$2,$3)(r)}

= min
r∈I

{
λ

∫ e

1
ℵ1(r,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

+ µ

∫ e

1
ℵ2(r,℘)φρ2

( ∫ ℘

1

(ln ℘
ι )
[2−1

Γ([2)
g
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

+ υ

∫ e

1
ℵ3(r,℘)φρ3

( ∫ ℘

1

(ln ℘
ι )
[3−1

Γ([3)
h
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

}
≥ m

{
λ

∫ e

1
ℵ1(e,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘
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+ µ

∫ e

1
ℵ2(e,℘)φρ2

( ∫ ℘

1

(ln ℘
ι )
[2−1

Γ([2)
g
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

+ υ

∫ e

1
ℵ3(e,℘)φρ3

( ∫ ℘

1

(ln ℘
ι )
[3−1

Γ([3)
h
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

}
≥ m

(
‖f1($1,$2,$3)‖+ ‖f2($1,$2,$3)‖+ ‖f3($1,$2,$3)‖

)
= m‖f($1,$2,$3)‖.

Hence, f(P) ⊂ P. Next, we prove that f is completely continuous. From assumption (S1) and

the continuity of the kernel functions, it follows that the operators f1,f2 and f3 are continuous.

Moreover, for any bounded subset of P, the corresponding images underf are uniformly bounded

due to the above estimates. Furthermore, the integral operators involved are equicontinuous on

[1, e], since the kernels ℵi(r,℘) are continuous and the nonlinearities are continuous functions.

Therefore, by the Arzela–Ascoli theorem, the operatorfmaps bounded sets into relatively compact

sets in Y. Consequently, f : P→ P is completely continuous. �

Theorem 3.1. If (S1) − (S2) hold. If there exist 1, 2, 3 > 0 such that

f(r,$1,$2,$3) ≤ φσ1

[
1($1 +$2 +$3)

]
,

g(r,$1,$2,$3) ≤ φσ2

[
2($1 +$2 +$3)

]
,

h(r,$1,$2,$3) ≤ φσ3

[
3($1 +$2 +$3)

]
, ∀r ∈ [1, e], $1,$2,$3 ≥ 0.

(3.2)

then there exist positive constants λ0,µ0, υ0 such that, for every λ ∈ (0,λ0),µ ∈ (0,µ0), υ ∈ (0, υ0), the
BVP (1.1)-(1.2) has no positive solution.

Proof. Define

λ0 =
1

31B
, µ0 =

1
32D

, υ0 =
1

33F
,

where

B = φρ1

( 1
Γ([1 + 1)

) ∫ e

1
ℵ1(e,℘)

d℘
℘

,

D = φρ2

( 1
Γ([2 + 1)

) ∫ e

1
ℵ2(e,℘)

d℘
℘

,

F = φρ3

( 1
Γ([3 + 1)

) ∫ e

1
ℵ3(e,℘)

d℘
℘

.

Let λ ∈ (0,λ0),µ ∈ (0,µ0), υ ∈ (0, υ0). Suppose, for contradiction, that the boundary value problem

(1.1)-(1.2) admits a positive solution ($1,$2,$3) ∈ P.

Using the definition of the operator f together with condition (3.2) and the positivity of the

Green’s functions, we estimate each component. For r ∈ [1, e], we obtain

$1(r) ≤ λ
∫ e

1
ℵ1(e,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1,$2,$3

)dι
ι

)d℘
℘

≤ λ1φρ1

( 1
Γ([1 + 1)

) ∫ e

1
ℵ1(e,℘)($1(℘) +$2(℘) +$3(℘))

d℘
℘
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≤ λ1B‖($1,$2,$3)‖.

Taking supremum over r ∈ [1, e], we obtain

‖$1‖ ≤ λ1B‖($1,$2,$3)‖.

Similarly,

‖$2‖ ≤ µ2D‖($1,$2,$3)‖, ‖$3‖ ≤ υ3F‖($1,$2,$3)‖.

Since λ < λ0,µ < µ0, υ < υ0, it follows that

‖$1‖ <
1
3
‖($1,$2,$3)‖, ‖$2‖ <

1
3
‖($1,$2,$3)‖, ‖$3‖ <

1
3
‖($1,$2,$3)‖.

Adding these inequalities, we obtain

‖($1,$2,$3)‖ = ‖$1‖+ ‖$2‖+ ‖$3‖ < ‖($1,$2,$3)‖,

which is a contradiction. Hence, the boundary value problem (1.1)-(1.2) admits no positive solution.

�

Remark 3.1. In the proof of Theorem 3.1, one may alternatively define

λ0 =
ν1

3K1B
, µ0 =

ν2

3K2D
, υ0 =

ν3

3K3F
,

where ν1, ν2, ν3 > 0 satisfy ν1 + ν2 + ν3 = 1.

Remark 3.2. If fs0, gs
0, hs

0, fs∞, gs
∞, hs

∞ < ∞, then there exist positive constants k1, k2, k3 such that condition
(3.2) holds. Consequently, the conclusion of Theorem 3.1 follows.

Theorem 3.2. If (S1) − (S2) hold and there exists a positive constant m1 > 0 such that

f(r,$1,$2,$3) ≥ φσ1

[
m1($1 +$2 +$3)

]
, ∀r ∈ I, ;$1,$2,$3 ≥ 0, (3.3)

then there exists a positive constant λ0 such that, for any λ > λ0,µ > 0 and υ > 0, the BVP (1.1)-(1.2) has
no positive solution.

Proof. Define

λ0 =
1

m2m1A
,

where

A = φρ1

( 1
Γ([1 + 1)

) ∫ e3/4

e1/4
ℵ1(e,℘), (ln℘− 1/4)[1(ρ1−1) d℘

℘
.

Let λ > λ0,µ > 0 and υ > 0. Suppose, for contradiction, that the boundary value problem (1.1)-(1.2)

admits a positive solution ($1,$2,$3) ∈ P. From the definition of the operator f1, we have for

r ∈ [1, e]

$1(r) = λ

∫ e

1
ℵ1(r,℘)φρ1

( ∫ ℘

1

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

.
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Using the lower bound of the Green’s function given in Lemma 2.3 and restricting the integration

to the interval I = [e1/4, e3/4], we obtain

$1(r) ≥ λm
∫ e3/4

e1/4
ℵ1(e,℘)φρ1

( ∫ ℘

e1/4

(ln ℘
ι )
[1−1

Γ([1)
f
(
ι,$1(ι),$2(ι),$3(ι)

)dι
ι

)d℘
℘

.

Applying condition (3.3), we obtain

$1(r) ≥ λm
∫ e3/4

e1/4
ℵ1(e,℘)φρ1

( ∫ ℘

e1/4

(ln ℘
ι )
[1−1

Γ([1)
φσ1

[
m1($1(ι) +$2(ι) +$3(ι))

]dι
ι

)d℘
℘

.

Since ($1,$2,$3) ∈ P, we have

$1(ι) +$2(ι) +$3(ι) ≥ m‖($1,$2,$3)‖Y, ∀ι ∈ I.

Hence,

$1(r) ≥ λm2m1‖($1,$2,$3)‖Yφρ1

( 1
Γ([1 + 1)

) ∫ e3/4

e1/4
ℵ1(e,℘)(ln℘− 1/4)[1(ρ1−1) d℘

℘

= λm2m1A‖($1,$2,$3)‖Y.

Taking supremum over r ∈ [1, e], we obtain

‖$1‖ ≥ λm2m1A‖($1,$2,$3)‖Y.

Since λ > λ0, it follows that

‖$1‖ > ‖($1,$2,$3)‖Y.

Consequently,

‖($1,$2,$3)‖ = ‖$1‖+ ‖$2‖+ ‖$3‖ > ‖($1,$2,$3)‖Y,

which is a contradiction. Therefore, the boundary value problem (1.1)-(1.2) admits no positive

solution. �

Similarly, we obtain the theorems listed below.

Theorem 3.3. If (S1) − (S2) hold and there exist positive number m2 > 0 such that

g(r,$1,$2,$3) ≥ φσ2

[
m2($1 +$2 +$3)

]
,∀r ∈ I,$1,$2,$3 ≥ 0 (3.4)

then there exists a positive solution µ0 such that, for any λ > 0,µ > µ0, and υ > 0, the BVP (1.1)-(1.2) has
no positive solution.

Where µ0 = 1
m2m2C and C = φρ2

(
1

Γ([2+1)

) ∫ e3/4

e1/4 ℵ2(e,℘)(ln℘− 1/4)[2(ρ2−1) d℘
℘ .

Theorem 3.4. Assume that (S1) − (S2) hold. If there exist positive number m3 > 0 such that

h(r,$1,$2,$3) ≥ φσ3

[
m3($1 +$2 +$3)

]
,∀r ∈ I,$1,$2,$3 ≥ 0 (3.5)

then there exists a positive solution υ0 such that, for any λ > 0,µ > 0, and υ > υ0, the BVP (1.1)-(1.2) has
no positive solution.
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Where υ0 = 1
m2m3E and E = φρ3

(
1

Γ([3+1)

) ∫ e3/4

e1/4 ℵ3(e,℘)(ln℘− 1/4)[3(ρ3−1) d℘
℘ .

Remark 3.3:

(i) If fi0, fi∞ > 0 and f(r,$1,$2,$3) > 0 for all r ∈ I and $1,$2,$3 ≥ 0 with $1 + $2 + $3 > 0

then relation (3.3) holds, and we obtain the conclusion of theorem 3.2

(ii) If gi
0, gi
∞ > 0 and g(r,$1,$2,$3) > 0 for all r ∈ I $1,$2,$3 ≥ 0 with $1 + $2 + $3 > 0. If

relation (3.4) holds, we have the conclusion of theorem 3.3

(iii) If hi
0, hi
∞ > 0 and h(r,$1,$2,$3) > 0 for all r ∈ I $1,$2,$3 ≥ 0 with $1 + $2 + $3 > 0. If

relation (3.5) holds, we have the conclusion of theorem 3.4.

Theorem 3.5. If (S1) − (S2) hold. If there exist m1, m2 > 0 such that

f(r,$1,$2,$3) ≥ φσ1

[
m1($1 +$2 +$3)

]
g(r,$1,$2,$3) ≥ φσ2

[
m2($1 +$2 +$3)

]
, r ∈ I,$1,$2,$3 ≥ 0,

(3.6)

then there exist positive constants λ ≥ λ0,µ ≥ µ0 and υ > 0 the BVP (1.1)-(1.2) has no positive solution

Proof. We define λ0 = 1
2m2m1A = (λ0

2 ) and µ0 = 1
2m2m2C = (

µ0
2 ). Then, for every λ > λ0,µ > µ0 and

υ > 0, the problem (1.1)-(1.2) has positive solution ($1(r),$2(r),$3(r)), r ∈ [1, e]. Then, analogous

to the proof of theorem 3.2, we deduce

‖$1‖ ≥ λm2m1A‖($1,$2,$3)‖

‖$2‖ ≥ µm2m2C‖($1,$2,$3)‖

and so
‖($1,$2,$3)‖ = ‖$1‖+ ‖$2‖+ ‖$3‖ ≥ ‖$1‖+ ‖$2‖

≥

[
λm2m1A + µm2m2C

]
‖($1,$2,$3)‖

>
[
λ0m2m1A + µ0m2m2C

]
‖($1,$2,$3)‖

=
(1
2
+

1
2

)
‖($1,$2,$3)‖ = ‖($1,$2,$3)‖

which is a contradiction. �

Remark: In the proof of Theorem 3.5, we can also define λ0 = ν1
m2m1A ; µ0 = ν2

m2m2C with ν1, ν2 > 0

with ν1 + ν2 = 1. Similarly, we establish the following theorems

Theorem 3.6. If (S1) − (S2) hold. If there exist m1, m3 > 0 such that

f(r,$1,$2,$3) ≥ φσ1

[
m1($1 +$2 +$3)

]
h(r,$1,$2,$3) ≥ φσ3

[
m3($1 +$2 +$3)

]
, r ∈ I,$1,$2,$3 ≥ 0,

(3.7)

then there exist positive constants λ ≥ λ0

′

,µ > 0 and υ ≥ υ0
′

the BVP (1.1)-(1.2) has no positive solution
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Theorem 3.7. Assume that (S1) − (S2) hold. If there exist m2, m3 > 0 such that

g(r,$1,$2,$3) ≥ φσ2

[
m2($1 +$2 +$3)

]
h(r,$1,$2,$3) ≥ φσ3

[
m3($1 +$2 +$3)

]
, r ∈ I,$1,$2,$3 ≥ 0,

(3.8)

then there exist positive constants λ > 0,µ ≥ µ0
′′

and υ ≥ υ0
′′

the BVP (1.1)-(1.2) has no positive solution

Remark 3.4:

(i) If fi0, fi∞, gi
0, gi
∞ > 0 and f(r,$1,$2,$3) > 0, g(r,$1,$2,$3) > 0 for all r ∈ I and $1,$2,$3 > 0,

thus, relation (3.6) is satisfied, leading to the conclusion of theorem 3.5.

(ii) If fi0, fi∞, hi
0, hi
∞ > 0 and f(r,$1,$2,$3) > 0, h(r,$1,$2,$3) > 0 for all r ∈ I and $1,$2,$3 > 0,

then relation (3.7) is true, and we get the result of theorem 3.6.

(iii) If gi
0, gi
∞, hi

0, hi
∞ > 0 and g(r,$1,$2,$3) > 0, h(r,$1,$2,$3) > 0 for all r ∈ I and $1,$2,$3 >

0, then the relation (3.8) is valid, and the conclusion of theorem 3.7 is reached.

Theorem 3.8. If (S1) − (S2) hold. If there exist m1, m2, m3 > 0 such that

f(r,$1,$2,$3) ≥ φσ1

[
m1($1 +$2 +$3)

]
,

g(r,$1,$2,$3) ≥ φσ2

[
m2($1 +$2 +$3)

]
,

h(r,$1,$2,$3) ≥ φσ3

[
m3($1 +$2 +$3)

]
, ∀ r ∈ I, $1,$2,$3 ≥ 0,

(3.9)

then there exist positive constants λ0,µ0 and υ0 such that, for every λ > λ0,µ > µ0 and υ > υ0, the BVP
(1.1)-(1.2) has no positive solution.

Proof. Define

λ0 =
1

3m2m1A
, µ0 =

1
3m2m2C

, υ0 =
1

3m2m3E
.

Let λ > λ0,µ > µ0 and υ > υ0. Suppose, for contradiction, that the problem (1.1)-(1.2) admits

a positive solution ($1,$2,$3) ∈ P. Using the lower bounds of the Green’s functions given in

Lemma 2.3, together with condition (3.9), and arguing as in the proofs of Theorems 3.2-3.4, we

obtain the following estimates:

‖$1‖ ≥ λm2m1A‖($1,$2,$3)‖,

‖$2‖ ≥ µm2m2C‖($1,$2,$3)‖,

‖$3‖ ≥ υm2m3E‖($1,$2,$3)‖.

Summing these inequalities, we obtain

‖($1,$2,$3)‖ = ‖$1‖+ ‖$2‖+ ‖$3‖

≥

[
λm2m1A + µm2m2C + υm2m3E

]
‖($1,$2,$3)‖

≥

[
λ0m2m1A + µ0m2m2C + υ0m2m3E

]
‖($1,$2,$3)‖

=
(1
3
+

1
3
+

1
3

)
‖($1,$2,$3)‖

= ‖($1,$2,$3)‖.
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Since λ > λ0,µ > µ0 and υ > υ0, the above inequality is in fact strict, which yields

‖($1,$2,$3)‖ > ‖($1,$2,$3)‖,

a contradiction. Therefore, the boundary value problem (1.1)-(1.2) admits no positive solution. �

Remark 3.5: In the proof of Theorem 3.8, one may alternatively define

λ0 =
ν′1

m2m1A
, µ0 =

ν′2
m2m2C

, υ0 =
ν′3

m2m3E
,

where ν′1, ν′2, ν′3 > 0 with ν′1 + ν′2 + ν′3 = 1.

4. Conclusion and FutureWork

In this paper, we investigated a system of nonlinear Hadamard fractional differential equations

involving (p1, p2, p3)-Laplacian operators subject to three-point boundary conditions. By construct-

ing suitable Green’s functions and establishing their fundamental properties, the boundary value

problem was reduced to an equivalent system of nonlinear integral equations in a cone of a Banach

space. Using fixed point arguments together with appropriate growth conditions on the nonlinear

terms, we derived several sufficient criteria ensuring the nonexistence of positive solutions. In

particular, explicit parameter thresholds were obtained that guarantee the absence of fixed points

of the associated operator. The results cover both upper growth conditions leading to nonex-

istence for sufficiently small parameters, and lower growth conditions leading to nonexistence

for sufficiently large parameters. The analysis presented here contributes to the qualitative the-

ory of fractional boundary value problems, especially for systems involving Hadamard fractional

derivatives, where the logarithmic kernel introduces additional analytical complexity.

Future Work. The present study can be extended in several directions:

(i) Investigating the existence and multiplicity of positive solutions under complementary

growth conditions, in order to obtain sharper bifurcation-type results.

(ii) Extending the analysis to more general boundary conditions, such as multi-point, integral,

or nonlocal boundary conditions, which frequently arise in applications.

(iii) Studying similar systems involving other types of fractional derivatives, such as Caputo or

Riemann–Liouville operators, and comparing the qualitative behavior of solutions.

(iv) Considering sign-changing solutions or weakening the cone conditions, which may lead

to a broader class of admissible solutions.

(v) Developing numerical methods and approximation schemes for Hadamard fractional sys-

tems, which remain relatively less explored compared to other fractional models.
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