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Abstract. This research explores the intuitionistic fuzzification of hyper h-ideals in hyper BCK-algebras, including weak,
strong, and reflexive types. We demonstrate that every intuitionistic fuzzy weak, strong, or reflexive hyper h-ideal is an
intuitionistic fuzzy HBCK I, and investigate the relationships among these ideals, revealing key connections. Addi-
tionally, we examine the hyper homomorphic pre-image and product of intuitionistic fuzzy hyper h-ideals, showcasing
their preservation properties. These findings advance intuitionistic fuzzy algebraic structures in hyper BCK-algebras,

with potential applications in fuzzy logic and related fields.

1. INTRODUCTION

The fundamental set-theoretic operations—namely, union, intersection, and set differ-
ence—have far-reaching implications in algebra. The study of these operations has led to numerous
algebraic structures, including Boolean algebras, distributive lattices, semirings, and upper and

lower semilattices. Before 1966, algebraic structures were primarily studied through the properties
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of intersection and union, whereas set difference and its properties remained largely unexamined.
Imai and Iséki [7] introduced BCK-algebras, which generalize the characteristics of set difference,
and Iséki later extended the concept to BCl-algebras. BCK-algebras are rooted in BCK logic,
founded upon modus ponens and the axiomatic scheme outlined below:

AxiomB: (€2 6) > ((£2€) > (82 6))

Axiom C: (€5 (6> 2)) > (6> (€>Q))

Axiom K: € > (6 o €)

Similarly, BCI-algebras are grounded in BCI logic. The link between these algebras and their
logics is often deep, allowing well-formed formulas and theorems to be translated back and forth.
Although the inverse translation may not always exist, investigating algebras arising from known
logics remains a fertile research area, yielding valuable insights into the associated logics.

The concept of hyperstructure was first introduced by Marty [15] in 1934, during the 8th Congress
of Scandinavian Mathematicians. Nowadays, hyperstructures find extensive applications across
pure and applied mathematics. In 1966, Imai and Iséki [7] introduced a set of axioms, now
recognized as BCK-algebras, while exploring properties related to set differences. In 1999-2000,
Jun et al. [8,11] extended hyperstructures to BCK-algebras, presenting the concept of an HBCK A,
a broader version of BCK-algebras, and examining its associated properties. In 2000, Borzooei
et al. [3] extended this idea to K-algebras, introducing hyper K-algebras. In 2000, Jun et al. [10]
explored the characteristics of fuzzy strong HBCK I -structures. In 1965, Zadeh [20] pioneered
the highly applicable theory of fuzzy sets, a valuable tool for managing uncertainty. Later, in
2001, Jun and Xin [9] extended fuzzy set theory to hyper BCK-algebras. In 2005, Kondo and
Dudek [13] introduced the transfer principle in fuzzy theory. More recently, Touqgeer et al. [19] in
2016 proposed fuzzy hyper h-ideals in HBCK As, and Davvaz et al. [4] introduced the calculus of
meet-plus hyperalgebras, also known as tropical semihyperrings.

Subsequently, in 2021, Khademan et al. [12] introduced the novel concept of fuzzy soft pos-
itive implicative HBCK I -structures of several types. In 2023, Harikrishnan et al. [6] studied
2-absorbing hyperideals and homomorphisms in join hyperlattices. Earlier, Bhattacharya and
Mukherjee [2] introduced fuzzy relations and fuzzy groups, offering valuable insights into these
notions. Then, in 1986, Atanassov [1] introduced a new class of intuitionistic fuzzy sets that
generalize fuzzy sets by incorporating both a degree of truth membership and a degree of falsity
membership, with their sum lying between 0 and 1. Satyanarayana et al. explored various types
of ideals in BCK and Hyper BCK-algebras [5, 14, 16-18], providing new insights into the field.

This study examines the intuitionistic fuzzification of HHIs in HBCKAs, considering weak,
strong, and reflexive variants. It explores the interrelations among these ideals, uncovering key
links. Additionally, the hyper-homomorphic preimage and product of intuitionistic fuzzy hyper
h-ideals are analyzed, and it is shown that they retain essential preservation properties. These
findings advance intuitionistic fuzzy algebraic structures within hyper BCK-algebras, opening

avenues for applications in fuzzy logic and related domains.
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ACRONYMS

e hyper BCK-algebra : HBCKA or N

e hyper BCK-ideal : HBCKT

hyper h-ideal : HHT

e intuitionistic fuzzy set: 7S

e intuitionistic fuzzy hyper h-ideal : 7F HHIT

e intuitionistic fuzzy weak hyper h-ideal : 7F WHHIT
e intuitionistic fuzzy strong hyper h-ideal : 7 SHH T

e intuitionistic fuzzy reflexive hyper h-ideal : 7FRHH T
e intuitionistic fuzzy (weak, strong, reflexive) hyper BCK-ideal : NF (W, S, R)HBCKI

2. PRELIMINARIES

This section presents the fundamental concepts necessary to understand the article.
Let N be a nonempty set equipped with a hyper-operation x : N X N — Q*(N), where Q*(N)
denotes the set of all nonempty subsets of NV. For any subsets €, & C N, we define

Cx® = U T i
mel,ne®

The notation y * /1 will be used to represent y * {h), {x} % I, or {x} % {h}, depending on the context.

Definition 2.1 ([11]). An HBCK A is a nonempty set N together with a hyper-operation x and a constant
0 satisfying the given axioms.

(HBCKAL) x * (hxn) < x xh,

(HBCKA2) (x k) % = (x * n) xh,
(HBCKA3) x *x N < {x},
(HBCKAL) y <handh < x = x=h, VY x,h,x € N.

We define a relation < on N as: for y,i € N, x < h if and only if 0 € x x h. This extends to
subsets €, % C N as: € < & if for each 11 € §, there’s it € ® 3 1 < . This < is the hyperorder on
N.

A BCK-algebra (N, o,0) can be seen as an HBCKA (N, x,0), with x defined by x x h={xoh).

A notable example of an HBCKA is N = [0, =), the set of nonnegative real numbers, with a
suitably defined hyper-operation.

[0,x] ifx<h
x*h:={ [0,k ifx>h#0
) ifh=o.

Proposition 2.1 ( [11]). In any HBCKA N, the following properties are satisfied: (P1) x x h < {x},
(P2) x %0 < {x}, (P3) 0x0=1{0}, (P4) 0 < x, (P5) €< C, (Ps) EC 6 = C < G, (P7) 0% x = {0},
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(Pg) 0% € = 0, (Pg) € % {0} = {0} implies that € = {0}, (P10) h < x implies that x * x < x x h, ¥
X, h, % € N, and for any nonempty subsets €, ® of N.

For the fundamental concepts and properties of hyper BCK-subalgebras and HBCK I's (includ-
ing weak, strong, and reflexive types), we refer to [11]. Hereafter, N' denotes an HBCK A.

Lemma 2.1 ([10,11]).

(i) Every HBCK I of N is a weak HBCKI of N.

(ii) Every reflexive HBCK T of N is a strong HBCKIT of N.
(iii) Every strong HBCKI of N is an HBCKI of N.

Lemma 2.2 ([10]). For every reflexive HBCKI I of N, if x x iNJ # O implies x x h < IV x,h € N.
Proposition 2.2 ([8]). If € is a subset of N and 3 is any HBCKI of N such that € < 3, then € C 3.

Definition 2.2 ( [19]). For an HBCKA N, a nonempty subset I C N, containing 0 is referred to as
(i) a weak HHI of N if x % (hx») CJandh e 3= y x x C 3.

(i) an HHI of Nif x % (h* %) < Jandh € I = y * x C 3.

(iii) a strong HHI of Nif x x (h* %) NI #Qand h € I = x * x C I forany x,h,x € N.

Theorem 2.1 ( [19]). Every (weak, strong, reflexive) HH I is a (weak, strong, reflexive) HBCKI of N.

Theorem 2.2 ([19]). For any HBCKA,

(i) any HHI of N is a weak HHI of N.

(ii) any strong HHI N is an HHI of N.

(iii) any reflexive HHI of N is a strong HHI of N.

Remark. Generally, the converse of Theorem 2.2 isn’t hold (see, [19]).
For a detailed study of fuzzy (weak, strong, reflexive) HBCK s, one must consult [9].

Theorem 2.3 ([9]). For any HBCKAN,

(i) every fuzzy HBCKI of N is a fuzzy weak HBCKI of N.

(ii) every fuzzy strong HBCKIT of N is a fuzzy HBCKIT of N.

(iii) every fuzzy reflexive HBCKI of N is a fuzzy strong HBCKI of N.

Definition 2.3 ( [19]). For an HBCKA N, a fuzzy set o in N is called
(i) a fuzzy weak HHI of N if p(0) > o(x),

Vo € x * %, 0(vy) 2min{ inf (), o(h)},
mexx (hxx)

(i) a fuzzy HHI of N if x < h = o(x) = o(h), and

VYo; € x x %, 0(vy) > min{ inf o(w), o(h)},

e (k)
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(iii) a fuzzy strong HHI of N if inf o() > o(x) and

mex*x

Vo1 € x *x %, 0(v1) 2 min{ sup o(n),o(h)},
ey (k)
(iv) a fuzzy reflexive HHI of N if inf o() > o(h) and

ey

Vo1 € x *x %, 0(v1) =2 min{ sup o(n),o(h)},

fie* (frxex)

Y. hneN

Definition 2.4 ( [3]). Let (N1, %1,01) and (N2, *2,02) be HBCKAs and N = N1 X Np. We define a
hyperoperation * on N by (x,h) x (h, f) = (x xx,hx f) ¥ (x,h), (x, f) € N, where for x € Ny and
G C Na by (x, h) we mean (x,h) = {(x,h) : x € F,h € GYand 0 = (01,0,), and a hyperorder < on N by

(x,h) < (x,f) © x < xand h < f. Thus, (N, *,0) is an HBCKA.

Let ¢ and w be fuzzy sets in hyper BCK-algebras N1 and N, respectively. Then o X w, the product of ¢
and w of N = N1 x Ny is delineated as (o x w)((x,h)) = min{o(x), w(h)}

In the sequel, N1 and N> will be hyper BCK-algebras and N = N1 X N».

3. InTturtionistic Fuzzy HHH Is ixn Hyrer BCK-ALGEBRAS

This section introduces and explores the concepts of 7 HH Is, including weak, strong, and

reflexive types, along with their properties.

Definition 3.1. For an HBCKAN,an IFS M = (g, w) in N is called
(i) an intuitionistic fuzzy weak hyper h-ideal (briefly, IF WHHI) of N'if p(0) = o(x), and w(0) < w(x),

Vou1,02 € x * %, 0(v1) 2 min{ inf (i), o(h)},

mexx (hxx)

w(vy) <max{ sup w(x),w(h)}
xexx (xx)

(ii) an intuitionistic fuzzy hyper h-ideal (briefly, IF HHI) of N if x < h = o(x) = o(h), and w(x) <

w(h), and

Yo1,03 € x % %, 0(01) = min{ inf (i), o(h)},
mex* (hxx)
w(vz) <max{ sup w(x),w(h)}
xexx (ixx)
(iii) an intuitionistic fuzzy strong hyper h-ideal (briefly, IF SHHI) of N if inf () > o(x), and
mexxx
sup w(x) < w(x), and
XEX*X

You1,v2 € x * %, 0(v1) 2 min{ sup o(i), Q(ﬁ)},

nex* (k)

w(v) <max{ inf w(®),w(h)}
Dex*(hxx)
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(iv) an intuitionistic fuzzy reflexive hyper h-ideal (briefly, IF RHHI) of N if inf o(tnh) > o(h), and
MmeY*x

sup w(x) < w(h), and

XEX*X
Vo1,02 € x * %,0(v1) > min{ sup o(n),o(h)},
fieyk (fixx)
w(v) <max{ inf o)) wh))
Dexx (hxx)
Y x, hnueN.

Theorem 3.1. Every intuitionistic fuzzy (weak, strong, reflexive) HHI of N is an intuitionistic fuzzy
(weak, strong, reflexive) HBCKI of N.

Proof. Let M = (g, w) be an IFHHI of N. Then V y, i, x € N, we obtain

o(x) = min{ inf o(W),o(h)},

mexx (hkx)

w(x) < max{ sup w(x),w(h)}.

xexx (ixx)

Now, letting # = 0 we get

o(x) = min{ inf g(i),0(h)),
mey*(gx0)
w(x) < max{ sup w(x),w(h)},
xexx(gx0)
thus
o(x) = min{ inf o(i),o(h)},
me(x*h)
w(y) < max{ sup w(x),w(h)}.
xe(yxh)
The proof of the theorem is concluded. m]

Theorem 3.2. For any HBCKA,

(i) every IF HHI of N isan IF WHHI of N.
(ii) every TF SHHIT of N isan ITF HHI of N.
(iii) every ITF RHHI of N is an IF SHHI of N.

Proof. (i) Let M = (g,w) be an IFHHI of N. Since any IFHHI is an IF HBCKI by
Theorem 3.1 and every 7F HBCKI is an IF WHBCKI by Theorem 2.3(i), thus M is also an
ITFWHBCKI of N. Therefore, M = (o, w) fulfill p(0) > o(x) and w(0) < w(x) ¥ x € N. Also
being an IFHHIV y, e Nand vy,vp € x k x, M = (0, w) satisfies
o(vr) > min{ inf (), 0(h)},
ey * (hxx)

w(v2) < max{ sup w(x),w(h)}.
xexk (fixx)
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Therefore, M = (g, w) is an IF WHHIT of N.
(ii) Let M = (p,w) be an IFSHHI of N. Seeing that an 7F SHHIT is an IF SHBCKI
by Theorem 3.1 and any IF SHBCKI is an IF HBCKI by Theorem 2.3(ii), thus M is an

IFHBCKI of N. Therefore, ¥V x, i € N, if x < h, then g(x) > o(/), and w(x) < w(h). Also being
an IFSHHI, YV x,h,x € N and v1,v; € x * x M = (p, ) fulfills

o(v1) = min{ sup (), o(h)},

ey * (k)

IA

w(02) max{ inf w(x),w(l)).
xe Kk (hxn)
Since sup o(m)>p()and inf @(x) <w(D) VD Ex* (hxx), we get

tiey* (fixu) xexx (fixx)

o(v1) = min{ sup g(i), p(k)} = minfe(i), o(h)},
mey* (hxx)

w(v2) < max{ 1r(1hf )a)(x),a)(h)}Smax{a)(f)),a)(ﬁ)}
rexx (ixx

Vi, hexx (h*xn). Sincep(t) > inf p(i)and w(d) < sup w(x) Vi, H e x* (h*x),thus

mexk (hxx) sk (k)

o(v1) = minfo(R), o(h)} = min{ H}i )@(m),p(h)},
mexx (hxxn

w(v) < max{w(d),w(h)} <max|{ sup w(x),w(h)},
xexx (ixx)

that is,

o(v1) = min{ inf (), o(h)},

mex* (hxx)

IA

max{ sup w(x),w(h)}.
xex* (k)

w(v2)

Therefore, M = (g, w) isan IFHHI of N.
(iii) Let M = (0,w) be an ITFRHHI of N. Then M = (g,w) fulfills inf o(r) > o(h) ¥
mexxy

X, b, € N implies sup o(m) > o(x) ¥ x € N, and sup w(x) < w(h) ¥V x,h,x € N implies
MEX* X XEX KX

inf w(x) < w(x) ¥ x € N. Thus, the first condition for M = (g, w) to be an IFHHI of N is

XEX*)X

satisfied. Also being an JFRHHI V x, h,xe Nand vy, v0 € x % x, M = (0, w) fulfills

o(v1) = min{ sup o(n),o(h)},

e * (% x)
w(v) < max|{ inf w(d),w(h)).
DEX K (k)
Therefore, M = (g, w) is an IF SHH I of N. The proof is now complete. ]

Remark. Evidently, the converse of Theorem 3.2 is not valid (see the following example).
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TasLe 1. Hyper BCK-algebra

*| 0 X h

0] {0} {0} {0}
xt {0} {0}
ARy k) {0, x i)

Example 3.1. Let N = {0, x, h} be an HBCKA with the binary operation * as follows:
Define M = (g, w) in N by 0(0) = o(h) = 0.6, o(x) = 0.03, and w(0) = w(h) = 0.2, w(x) = 0.4.
Then M = (o, w) is an IF WHHI of N but not an IFHHI of N because: x < h imply o(x) =

0.03<0.6 = g(h), and w(x) = 0.4 > 0.2 = w(h).
The example below shows that being IF HH T doesn’t imply being IF SHHI .
Example 3.2. Let N = {0, x, h} be an HBCKA with the binary operation x as follows:
TasLe 2. Hyper BCK-algebra

* | 0 X h

01]{0} {0} {0}
x|t 0x1 {0 x}

bty ok {0, x, 1)

Define M = (g, w) in N by 0(0) = o(x) = 04, o(h) = 0.04, and w(0) = w(x) = 0.2, w(h) = 0.5.
Then M = (g, w) is an TF HHI of N but it is not an IF SHHI of N because:

o(h) =0.04 < 04=min{ sup o), o(x)}
el (yxh)

w(h) =05 > 02=max{ inf (), w(x)}
x€hx (xxh)

The given example illustrates that being an IF SHH I doesn’t necessarily imply being an ITFRHHI .

Example 3.3. Consider the hyper BCK-algebra N = {0, x, h} with the binary operation % defined as in
Table 2 of Example 3.2.

Define IFS M = (g,w) in N by 0(0) = 0.5, o(x) = o(h) = 0.03, and w(0) = 0, w(x) = w(h) =
0.6. Then M = (o,w) is an IF SHHI of N but is not an IFRHHI of N because for x, h € h* I,
o(x) = o(h) = 0.03 < 0.5 = 0(0), and w(x) = w(i) = 0.6 > 0 = w(0).

Theorem 3.3. An IFS M = (g, w) in N is an intuitionistic fuzzy (weak, strong, reflexive) HHI of N
if and only if V¥ s,v € [0, 1], the corresponding (s, v)-cuts, namely s, and w,, are nonempty (weak, strong,

reflexive) HHIs of N.
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Proof. Assume that M = (g, w) is an IF HHI of N. Since M, ,) = (g5, wy) is nonempty, so for
any x € Msy), 0(x) = s, and w(x) < v. Given that every IF HHI is an IF WHHI, Theorem
3.2(i) implies that M = (p, w) isan IF WHH T of N. Hence, 9(0) > o(x) > sand w(0) < w(x) < v
¥ x € Nimply 0 € M, ). Let x % (hxxn) < M) and he M) for some x,h, % € N. Then V

e xx (hkx),Ait€ g, 3m < it So (i) > o(it) > sV 1€ y * (h*x). Hence, inf p(m) > s.
mexx (hxx)

Also g(h) > s, as h € p.. Thus, ¥V v1,v; € x % x that satisfies

o(v1) =min{ inf g(m), o(h)} > min{s, s} = s implies x € gs,
mex* (hxx)

and now, Y x € y x (hxx),AD € wy,3x < . Sow(x) < w(d) <vVxe xyx(hxn) Hence,

sup (x) <v. Also w(h) < v, as it € w,. Therefore,
xexk (k)

w(v2) <max{ sup «(x),w(l)} < max{v,v} = vimplies x € w,.
xexk (k)

Y 01,02 € x * xand then y x x C M(s,n)- Thus, g, and w, are HH s of N. In contrast, assume that

0s and w, are nonempty HHI of NV 5,0 € [0,1]. Let x < h for some x,h € N and let o(h) = s.
Then /1 € gs. So x < h € g implies y < gs. As an HHI, os is necessarily an HBCKI of N by

Theorem 2.1 hence, by Proposition 2.2, x € gs. Thus, o(x) = s = o(h), i.e, x < himplies o(x) > o(h)

V x,h € N. Let x < h for some x,h € N and let (i) = v. Then h € w,. So x < h € w, implies
X < wy. As gqis an HH T, it is also an HBCK I of N by Theorem 2.1. Hence, by Proposition 2.2,

X € w, implying w(x) < v = w(h),ie, x < himply w(x) < w(h) V x,h € N. Notwithstanding, for
any X hneN, let
o =min{ inf o(f), o(h)).
fex* (hxx)
Then g(h) > t implies that /1 € gy, and YV r € x * (i x %), o(x) > inf (i) > o, implies 1 € gy.
jexx (hxx))

Hence, x * (/1 % %) C gp. By Proposition 2.1(P), x * (1 * %) C oy implies x * (1 * %) < gy, and
he Ow implies x € py. Let

d=max|{ sup w(d),w(h)}.

aexx (hx)
Then w(/1) < b yields i € wy. Moreover, ¥ ¢ € x x (hx %), w(¢) <  sup (&) < b implying
aex* (fixx))
¢ € wy. Hence, x x (h* %) C w;, which implies x x (1% %) < w; by Proposition 2.1(Py). Combined
with /i € w;, this yields x € wy. Therefore, V v1,v; € x * %, we obtain

o(v1) > w=min{ inf o(i) o(h)}, and
jex* (h*x)

w(vy) < d=max{ sup w(d),w(h)}.
agy Kk (xn)

Therefore, M = (g, w) isan IFHHIs of N. O
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Theorem 3.4. If M = (p,w) is an intuitionistic fuzzy (weak, strong, reflexive) HHI of N, then
K={xeNlolx)=0(0), and w(x) = w(0)} is a (weak, strong, reflexive) HHI of N.

Proof. Assume that M = (g, w) is an TFHHI of N. Clear, 0 € K. Let x x (% x) < K # 0,
and h € K for some x,h,x € N. Then ¥ m € y % (% ») A1t € K such that t < . Hence,
o(m) = o(t) = p(0), butbeing an 7F HHI, pis also an IF WHHI of N (by Theorem 3.2(i)), so o
fulfills (0) > p(n) ¥ 1t € N which implies that p(0) > p(1h) ¥ 1t € x * (/1 x %). Hence, o(i1) = 0(0)

Ve xx(hxn)ie inf p(i) = 0(0). Also o(h) = 0(0). Vxe xyx(hxx), D e K>
mexx (hxx)

¥ < ), yielding w(x) = w(h) = @(0). Since w is an IF WHHI of N (by Theorem 3.2(i)). It

holds that w(0) < w()) ¥V ) € N implying w(0) < w(x) ¥ x € x *x (hx x). Thus, w(x) = w(0) V¥

t€ x*x (h*x),andso sup w(x) = w(0). Additionally, w(h) = w(0). As M = (g,w) is an
xexx (xx)

TFHHI,V v,v5 € x *»nand i, ) € N, we have

o(v1) 2min{ inf g(Mm), o(h)} = min{g(0), 0(0)} = 0(0).

mexx (k)

Since p(0) > p(11), it follows that g(v1) = 0(0). Moreover,

w(vz) <max{ sup «(x),w(h)} =max{w(0),w(0)} = w(0).

xexx (ixx)

With w(0) < w(d), we get w(v2) = w(0) Y v1,v2 € x * % implying x * x C K. Therefore, K is an
ITFHHI of N. mi

Theorem 3.5. For any subset K of an HBCKA N, let M = (o, w) be an IF S in N defined by:

—51)[X€7(ana) _ v xeX
@(X)—{ : d (X)—{O i orex

¥ x € N, where s,0 € (0,1]. Then, K is a (weak, strong, reflexive) HHI of N if and only if M = (o, w)
is an intuitionistic fuzzy (weak, strong, reflexive) HHI of N.

Proof. Suppose that K is an HHI of N. Let x < h for some x,h € N and let g(i1) = 5. Then
he 0s. SO x < he 0s implies xy < gs. Since g is an HH I, it is also an HBCK I of N (by Theorem

2.1). Hence, by Proposition 2.2, x € g; implying o(x) > s = o(h). Thus, x < I implies o(x) > o(h)

VY x,heN. Let w(h) = v. Then i1 € wy, and ¥ < I € w, imply x < wy. As wy is an HBCKT

of N (by Theorem 2.1), Proposition 2.2 yields x € wy, and so w(x) < v = w(h). Hence, x < h
implies w(x) < w(h) ¥ x,h € N. Moreover, for any x,h, x € N,if x * (i x ») < K and /1 € K then
x * % € K. Since K is an HHI of N, so by Proposition 2.2 x % (i1 % x) € K. Hence, g(11) = 5V

meyx*(hixx)= inf p() = s. Also g(/) = s. Since x * x € K V 1 € x *x x, we have
mexk (hxx)

o() = s=min{ inf o(W),o(h)}.

ey (k)
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Now, w(x) =oVzxex* (h*x)= sup w(x)=0n. Alsow()=1.Since y *xx CKVYx€ yx*x,
xex* (k)
we have

w(x) =v=max{ sup w(x),w(h)).
xeyk (xn)
If x x (hx %) « K and h ¢ K, then
min { inf (), 0(h)} = 0 < p(1h),
ey * (hxx)
max { sup w(x),w(h)}=02>w(x)
xex* (ixx)
Vix e ywu If y x (ixn) « K and h € K (OR) If x % (i x %) < K and h ¢ K. In both cases,

we have

min { inf o(i), o(h)} = 0 < p(i),
mexk (hkx)
max { sup w(x),w(h)}=02>w(x)
xexk (k)
Vi, x € xy * #. Hence, M = (g, w) is an I7F HHI of N. Conversely, suppose M = (g, w) is an
TFHHI of N. Then, by Theorem 3.3, gs, w, are an HHI of NV s,v € (0,1]. O
For a family (M, = (0p, wy)|p € P} of IF Ss in N, define the join V M,, and meet A M, as

peP peP
follows:

(VMy)(x) = sup Mp(x),

pep pep
(AM)(x) = inf My(x)
peP peP

V x € N, where # is any indexing set.

Theorem 3.6. The family of intuitionistic fuzzy (weak, strong, reflexive) HHIs of N is a completely

distributive lattice with respect to join and meet.

Proof. Suppose that (M, = (gp,wy) | p € P} is a family of TFHHIs of N. Since [0,1] is a
completely distributive lattice with respect to the usual ordering in [0,1]. It is enough to verify

that v My, and A M, are IF HHIs of N. For any x,h € N, if x < I, then
peP peP

(v 0y)(x) = sup 0p(x) = sup op(l)( V. 0p)(h),
pep peP peP pep
(V. wp)(x) = sup wy(x) <sup wn(}i)( V\a)n)(h)
pep pep pep pep

thus, (V. op)(x) = (V gp)(h), and ( V wy)(x) < (V. wy) (k). Also, for any x,h,x € N and V

peP peP peP peP
U1,V € X * X, we have

(Vop)(v1) = supop(v1)
pep peP



12

Int. . Anal. Appl. (2026), 24:166

thus, ( V_gp)(v1) > min{
peP

(V. wy)(02)

peP

hence, ( V wy)(v2) < max
peP

ey * (k)

op(11), op(M)}]

v

sup [min{
peP

inf
mexx (hkx)

op(11)), sup(op) (1)}

pep

min{sup( inf
ped mexx (hxx)

__inf  (sup gp(M)), sup(ep(h)))
mex* (hxx) pep ped
op(M))

vV 0y) (1)}
peP

min{

(en(M)}

inf  (V

min{ f .
mexk (hxxn) peP

A
peP

—~

inf (v 0p)(10)), (
P

pe

sup wy(v2)
peP

sup  wp(x), wp(h)}]

xexk (k)

max{sup( sup  wy(x)), sup(wy) (1)}

peP xexx(fixn) peP

IA

sup [max({
pep

sup  (sup wp(x)), sup(wy(h))}

xexk(hxn) peP pep
sup (V. wy(x)), V (wy(h))}

rexx(iax) PEP pep

(A wn)(X)),(p

pe

max{

max{

{ Vv wp)(h)}.
P

sup
x€x* (k)

Therefore, V. My isan IFHHIT of N.

peP

thus, (A 0p)(X) = (A 0p)
peP pep

Y 01,72 € ¥ * %, we have

(A op)(x) = inf gp(x) > inf op(h) = (A 0p)(h),
peP peP peP peP

(A wp)(x) = inf wy(x) = inf wy(h) = (A wy)(h),
pep pef pef pef

(h),and ( A wp)(x) < ( A wy)(h). Furthermore, for any x, /1, x € N and
peP peP

(Agp)(o1) = infgy(v1)
peP peP
> inflmin{ inf gy(i), 0p(h)}]
pep mey* (hxx)
= minfinf(__inf gy (in)), inf(gy) ()
peP mex*(hxx) peP
= min{_inf (inf gy(in)), inf(gy()))
mexx (hxu) peP peP
= min{ inf (A gy()), A (gs(h))}
meyxx (hxu) peP pep
Hence, ( A 0p)(v1) 2min{ inf (( A gp)(1)), (A gn)(B)}
peP mexx(hxn) peP peP
(A wp)(v2) = infwy(va)
peP peP
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inf[max{ sup wp(x), wp ()]
pepP xex* (hkn)

IA

= max{inf( sup wy(x)), inf(w,)(h)}
PEP sexx (hxx) pep

— max( sup (inf wy(x), inf (wy(i)
rex* (k) PEP pep

= max{ sup (A wy(x)), A (wp(h))}
xex*(ixn) PEP pep

hence, ( A wp)(v2) <max{ sup (( A wp)(%)),( A wy)(h)}. Therefore, A M, isan IF HHI of
pep xexx (kx) pep pepP pepP

N. Therefore, the family of 77 HH s of N forms a completely distributive lattice under join and

meet operations. o

4. Propuct OreraTION IN HYPER BCK-ALGEBRAS

In this section, the product of various types of 77 HHIs is examined. Utilizing the transfer
principle for 77 Ss, it is demonstrated that the product of two 77 HH I's is likewise an 7 FHHI.

Definition 4.1. Let M = (p,w) be an IFS of N. Then IFSs My = (01, w1) and My = (g2, w2) on
Ni and Ny respectively, are defined My (x) = M((f,0)), Ma(h) = M((0,1)).

Theorem 4.1. Let M = (p,w) be an IFS in N. Then M = (g, w) is an intuitionistic fuzzy (weak,
strong, reflexive) HHI of N if and only if My = (01, w1) and My = (02, wy) are intuitionistic fuzzy
(weak, strong, reflexive) HHI's of N1 and N> respectively.

Proof. Suppose that M = (g, w) is an TF HHI of N and let y < « for some x,x € Nj7. Then

(x,0) < (x,0) imply o((x,0)) = 01(x) = o((x,0)) = a1(x), i-e, 01(x) = 01(x), and w((x,0)) =
w1(x) < w((x,0)) = w1(x), i.e, w1(x) < w1(x). Moreover, for any x,h, x € Ny, let

s=min{ inf ()0 (h)}

ey * (fikx)

Then V it € x * (h % x),

o1() > inf () >sand i (h) > s
mexk (hkx)

thus, o((11,0)) > s and o((h,0)) > sV (1,0) € (x,0) * ((,0) % (x,0)), (,0) € gs and (1,0) € gs
V (1,0) € (x,0) * ((h,0) * (x,0)), (x,0) » ((h,0) x (%,0)) C os and (h,0) € g;. By the transfer
principle for 7F Ss, os is a nonempty HHI of N and, consequently, a weak HH I of N (Theorem
2.2). Thus, (x,0) * ((h,0) % (%,0)) € o5 and (1,0) € g, implies (x,0) x (%,0) C o.. Hence,
o((w,0)) =sV (w,0) € (x,0) % (%,0) = (x * %,0). Thus
o1(w) >s=min{ inf g (W), 0 (h)},
ey (hxx)

now let

p=max{ sup w;(x),w1(h)}.
xexk (fixx)
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ThenVd € x x (h*x),w1()) < sup wi(x) < vandw;(h) < vhencew((d,0)) < vandw((h,0)) <
xexk (xn)

v Y (),0) € (x,0) x ((h,0) * (%,0)), (,0) € wy and (1,0) € wy ¥ (9,0) € (x,0) * ((1,0) % (%,0)),

(x,0) * ((h,0) % (x,0)) € wyand (i,0) € w,. Via the transfer principle for 7F Ss, ws is a nonempty

HHI of N, and thus a weak HH I of N (Theorem 2.2). Therefore, (x,0) % ((h,0) % (3,0)) € w,and

(h,0) € w, implies (x,0) * (%,0) C w,. Hence, w((c,0)) < vV (c,0) € (x,0) % (3,0) = (x * x,0).

Thus,

wi(c) <v=max{ sup w(x)wi(h)}
xexk (k)

¥V w,c € x x x. Therefore, Mj = (p,w) is an TFHHI of Ni. Similarly, we can prove that
My = (02, w7) is an TFHHIT of Ny. Conversely, assume that My and M, are 7F HHIs of Nq
and N, respectively. For any (x,«), (h, f) € N, where x,h € N1 and «, f € Na, suppose (x, k) <

(h, f), since (x,x) < (h,f) © x < hand x < f imply g1(x) = 01(h) and 02(x) > 02(f) then

min{g; (x), g2(x)} = min{gy (1), 02(f)} implies (01 X 02)((x, %)) = (01 X @2) ((h, f)) imply o((x, %)) =

o((h, f)). Hence, (x,x) < (h, f) implies o((x,x)) = o((h, f)). Now, wi(x) < w1(h) and wy(x) <

w2(f) then max{wi (x), w2(x)} < max{w (h), wa2(f)} implies (w1 X @2)((x,x)) < (w1 X w2)((h, f))
imply w((x,x)) < w((h, f)). Therefore, (x,x) < (h, f) implies w((x,x)) < w((h, f)). Moreover,
for any (x,«), (h, f), (%,1) € N, where x,l,x € Nyand x, f,] € Ny and ¥ (m,n) € (x,x) * (1),

o((, 1) = (o1 x02)((W, 1))
= min{g (), &2()}

min{min{_inf gi(i), @1(h)}, min{ inf (%), 02(f)}}
jex* (hxx) ek (fx])

= min{min{ inf Ql(i)/ inf _gx(w)}, min{gi(h), o2(f)}}
jexx (hxx) ek (f*l)

= min{ inf {min{g (1), g2(0)}}, min{g1 (1), 02 ()}

i€ (k) docicx (f*I)

= min{ inf % 3 ), (01 % i )
(i,m)e(x*(ﬁ*%),,{*(f-*z-))(01 02) (1, W), (01 X 02) (h, f)

= min{ inf i,m)),0((h, )
(i,m)e(x*(i'z*x),x*(fﬁ))p(( ) o1 £))

hence o((1, 1)) > min{ inf (i, w)), o((, f))}.
(100w Tk )« ex))

Now, ¥ (x,D) € (x,x) * (%,1),

w((x,9)) = (01xw2)((x,D))

= max{w(x), w2(D)}
max{max{ sup a)1(ﬁ),a)1(ﬁ)},max{ sup a)z(f)),wz(f)}}
aeyk (k) deick (fxl)
= max{max{ sup wi(d), sup wy(d)}, max{w; (1), w2(f)}}
aeyx (xn) derex (f*I)
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N . .

= max| sup {max{w1(a), w2(0)}}, max{wi (), w2 (f)}}
aexx (ko) derk (f*l)

= max{ sup (w1 X @2)(8,D), (w1 X(uﬁ(ﬁ,f)}
(8,0)e (X (ran), 1k (fx1))

= max{ sup w((a,0)),0((h )}
(a,0)e (X (xan), ik (fxl))

thus, w((x,1)) < max{ sup w((,0)), w((h, f))}.

(a,0)e(xxr)* ((ix f)* (xxl))
Therefore, M = (g, w) isan IFHHI of N. mi

Theorem 4.2. Let M = (o, w) be an IF S and let Y pq = (0y, wy) be the strongest intuitionistic fuzzy
relation on N. M = (g, w) is an IF SHHT if and only if Y py = (oy, wy) isan IF SHHI of N X N.

Proof. Let M = (g, w) be an IF SHHT of N. Consider

inf m, ) = inf min{o(tit), o(1)}
(m,f‘)e((xfk)*(xfk))m( ) (Tﬁ,fl)e((x*x)*((K*K)))[ o), e}
= min{ inf p(Mm), inf p(n)}
me(xxx) ne(xxK)
> min{g(x), o(x)}
= ov(xx)
imply inf oy (1, 1t) > oy (x, 1) V¥ (x, k) € KxK.
() e((xx)* (xx))
sup wy(x, D) = sup [max{w(x), w()}]
(xD)e((xx)*(xx)) (xD)e((xxx)* ((xkx)))
= max{ sup w(x), sup w(H)}
x€(xxx) DE(xk)

< max{w(x), w(x)}
= CUY(X/ K)

hence sup wy(x,D) <wy(x,x) Y (x,x) e K XK.
(®d)e((or)*(xx) )
Now, for any (x, x),(h, f),(%,1) € K x K, consider
ov(x,x) = minfo(x), o(x)}

> minfmin{ sup o(j),o(h),min{ sup o(w),e(f)}}

jie(xr(hxx)) e (icx (f*1))
= minfmin{ sup o(i),0(h), sup o(®),0(f)},
je(xk(hkx)) e (kx (f*l))
min{o (1), o(f)}}

= min{min{sup o(1), o(®)}, ov (1, f)},

where | € (x * (H*}t)) and € (k % (f*l))

implies gy (/1, f) > min{sup{min(o(3), o())}, oy (i, f)}, where i € (x * (h* %)), ® € (x* (f *I))
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implies gy (1, ) > min{sup(oy (i, w)), oy (h, f)}, where (j,w) € (x x (hx x),x *x (f %)) = ((x,x) *
((h, f) * (%,1))). Now, consider

wy(x,x) = max{w(x),w(x)}
< max{max{ inf @(d),w(h),max{ inf @(d),w(f)}}
ae(xx (ixx)) de (e (1))
= max{max{ inf (d),w(h), inf @(d),w(f)},
ae(xx(hxx)) de(rx(fxl))
max{w(h), w(f)}}

= max{max{inf(w(d), w(d))}, wy(h, f)},

where d € (x * (hx x)) and d € (x * (f % [)) imply wy(h, f) < max{{max(w(a),w(d))}, wy(h, f)},
where a € (x % (hx %)), d € (k% (f %)), thus wy(h, f) < max{infwy(a,d),wy(h, f)}, where
(0,0) € (xx (hxn),(kx (f*0D)) = ((x,x) * (I, f) * (%,1))). Thus, Yy = (oy,wy) is an
ITFSHHI of KxK. In contrast, let Yo = (gy,wy) be an TFSHHI of K x K. Then we
have inf oy (i, 1) > oy (x, x) ¥ (x, k) € K XK,
(mm)e((x)*(xx))
imply ~ ~ inf [min{o(it), o()}] = minfo(x), o(x)}
(M) e((xkx) * (kkx))

imply ~ min{ inf p(i), ing))@(ﬁ)}Zmin{@(x),@(K)}

e (xxx) fe((

imply  { inf o(i), inf o(R)}>{o(x),o(x)}

me(xyxx) fie((kxx))
if and only if inf p(m) >p(x), inf o(it) = o(x)
me(xxx) ne((kxx))

Y x,x € N. And sup wy (%)) <wy(x, k)Y (x,x) e KxK
(=D)e((xx)*(xx))

= sup [max{w(x), w(h)}] < max{w(x), w(x)}
(xD)e((rxx)* (10%x))

imply max{ sup w(x), sup «(d)}<max{w(x), w(x)}
xe(x*x) De((x*K))

imply { sup w(x), sup w(d)}<{w(x), w(x)}

*€(x*x) he((oxxc))
ifand only if sup w(x) <w(x), sup w(h) < w(x)
xe(xkx)x) De((kxx))

Y x,x € N. Therefore, the first condition for M = (g, w) to be an 7F SHHT is satisfied. Note
that Y = (oy, wy) isan IZF SHHIT of K x K, itis also an IF WHHI of K x K (Theorem 3.2).
Hence, Y = (0y, wy) satisfies Y ((0,0) = Yp(x, x) ¥V (0,0), (x, x) € K xK = min{p(0), 0(0)} >
min{o(x), 0(x)} = 0(0) > o(x) ¥ x € N. Now, for any (x,«),(h, f),(x,1)e KxK, Y = (0v, wy)
satisfies

oy (x, %) = min{sup(oy (¢0, 30)), v (1, f)}
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where (eo,30) € ((x,%) * ((h, f) * (1)) = (x* (h % ), (1 * (f 1)) = minfo(x), o)}

> min{sup{min(g(ey), 0(30))}, min{o(/1), o(f)}} where (eo,30) € (x * (h* %), (x x (f *[))). Putting
X =h=x=0,we get

min{g(0), o(x)} > min{sup{min{g(0), o(30)}}, min{o(0), o(f)}}

where (¢g,30) € (0, (k*x (f %)) = o(x) >2min{ sup 0(3),0(f)},
o 30€(rx (Fx1))
since 0(0) > o(x) Y x € N. With x = f = [ = 0, it follows that

o(x) >min{  sup o0(eo), o(h)}.
eo€(xk (hxx))
Furthermore, wy(x,x) < max{infwy(ey, 32),wy(ﬁ,f>}, where (e2,32) € ((x,x) % ((h,f) *x (%,1)))
= (x * (h* ), (x x (f *1))). This implies

max{w(x), w(x)} < max{{max{w(e2), w(32)}}, max{w(h), w(f)}},
where (¢2,32) € (x * (1% ), (kx % (f % 1))). Setting x = h = » = 0 yields

max{w(0), w(k)} < max{{max{w(0), w(32)}}, max{w(0), w(f)}},

where (e2,32) € (0, (x * (f *1))). Hence, w(x) < max{ (in(ff_ _l_))a)(sz),a)(f)}, given w(0) < w(x)
ne(kx(Fx

Y x € N. Similarly, setting x = f = [ = 0 gives w(x) < max{ inf w(ep),w(h)}. Therefore,
ere(xx(hkx))

M= (gw)isan IFSHHI of N. m|

Theorem 4.3. Let v : N — N’ be an onto HBCKAs from an HBCKA N to an HBCKA N’
p= (g, ") isan IF SHHI of N, then the hyper homomorphic pre-image M = (g, @) of p = (0", w*)
under p = (0¥, w¥) isan IF SHHI of N.

Proof. Let ¥ = (g%, ") be an IFSHHI of N'. Since M = (g, w) is a hyper homomorphic
pre-image of u = (¢, w") under ¥ = (g%, w?), so M = (p,w) is defined by M = ux ¢
that is, o(x) = 0"(¢¥(x)), and w(x) = w*(w¥(x)) ¥ x € K. Since u = (0", w") satisfies

inf o"(e% () 2 0(¥ (X)) ¥V x € N,and ¥ (x) € N implies  inf o(ih) 2 o(x)

0¥ (i)eg? (x)xa% (x) =" (x*x)
Y x € N. Now,

inf
te(xxx)

sup ot (¥ (¥)) < (@ (X))
w? (x)ew? (x)*w¥ (x)=w¥ (x*x)

V x e N,and o¥(x) € N implies sup w(x) < w(x) ¥ x € N. For any x,h,x € N, consider
xe(x*x)
o(x) = 0*(¢¥(x)) = min{ sup (¥ (), 0¥ (H)} where i', %" € N'. Since v : N = N’
¥ (Vg (0 (i %)) o
be an onto HBCKAs, for i, ' e N',Ah,x € N 3 o¥(h) =i, and oY (h) = % . Therefore,

o(x) > min{ sup o' (0 (), 0" (0% ()},

0¥ (We(g? (x)*(o¥ (h)xo¥ ()
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hence o(x) > min{ sup o(%t),0(h)}V x,h, % € N. Now consider

e * (%)

w(x) = 0" (0¥ (x)) < max{ inf  of(0¥(d)) (i)
¥ (D)e(? (x)* (i %))

where i, x" € N'. Since Y:N - N is an onto HBCK As, forh', ' e N',Ah,n e N > w¥(h) = i,
and w¥(h) = x. Therefore,

w(x) < max{ inf ot (¥ (D)), w? (0¥ (1))},

@¥ (D)€(@? (x)* (¥ () *aw¥ ()

thus, w(x) <max{ inf w(d),w(h)}Y x,h,xeN. O
Dexx (hxx)

5. CoNcCLUSION

This study has successfully expanded HBCK As to h-ideals in HBCK As, revealing new results
and relationships through HH T characterization. The incorporation of weak, strong, and reflexive
HBCKIs, hyper homomorphism, and product operations has enriched the understanding of
these structures. Notably, intuitionistic fuzzy HH s form a completely distributive lattice, and
the transfer principle enables a crucial equivalence. The product of intuitionistic fuzzy HHIs
preserves the intuitionistic fuzzy HH I property.

This research advances fuzzy mathematical structures, enhances decision-making, and provides
theoretical foundations for applications in computer science, engineering, and economics. Future
directions include exploring applications, theoretical extensions, algorithm development, and

interdisciplinary collaboration.
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