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Abstract. In this paper, we obtain some upper bounds for numerical radius of operators which generalize some well-
known inequalities for classical numerical radius and refine some recent inequalities concerning the numerical radius

inequalities of Hilbert space operators.

1. INTRODUCTION

Let B(IH) be the C*—algebra of all bounded linear operators on a complex Hilbert space (IH, (-, -)) .
The numerical range W(A) of a bounded operator A € B(IH) is defined by W(A) = {[{Ax, x)| : x €
H, ||x|| = 1}. The numerical radius w(A), is defined by

w(A) = sup{(Ax,x)| : x € H, [lx]| = 1}. (1.1)
The usual operator norm of an operator A is defined to be
lAll = sup{l|Ax]| : x € H, |lx]| = 1}.

It is known that w(-) defines a norm on B(IH) which is equivalent to the usual operator norm
|Il-ll . Moreover, for every A € B(IH), we have

1
5 Al < w(4) < Al 12)
In 2003, Kittaneh [15] proved a refinement of the second inequality of the inequality (1.2) by
obtaining that
1 .
w(A) < 5 A+ 1A (1.3)
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Many refinements of the second inequality of the inequality (1.2) has been obtained. One of the

most important improvements was given by Kittaneh [16] as follows:

1 .
w*(A) < 5 1A + 1477 - (1.4)
In [11], Dragomir established the following inequality
w’(B*A) < %|||A|2” +|B|| forp > 1. (1.5)

In [20], Sababheh and Moradi used the well-known Hermite-Hadamard inequality to perform

the following numerical radius inequality

1
f(w(A)) < Hf f((1=5)|Al+s]|A]) ds (1.6)
0
1 "
< sllFaan +£aanll, (17)
for every A € B(IH), and for every increasing operator convex function f : [0,c0) — [0, c0).
Moradi and Sababheh (see [17]) proved the following refinement of the inequality (1.7):
3|A| + 1A% Al + 3147
flata) < 5 )+ £ I (1.9
2 4
for all increasing convex function f : [0,00) — [0, c0). In particular, they proved
1 *
w?(A) < 5 [BIAI+ 14D + (141 + 3147)° (19)

where the constant 3% is the best possible.
For all increasing and operator convex function f : [0,00) — [0, ), the authors in [19] proved

the following inequalities:

f(w(B'A))
1 e e I I
L % ‘ f(2|A|23+ |B|2) N f(|A|2+32|B|2) , (1.11)
and
f(w(A))
g fol f(( 1_5)(2|A| 3+|A*|) +s(|A| +32|A*|)) ds” 112)
< %‘f(—zlA@lA*l)Jrf(—lAl +32|A*|)‘. (1.13)
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The inequalities (1.10) and (1.11) refine the inequality (1.5). Also, the inequalities (1.12) and
(1.13) refine the inequalities (1.6) and (1.7), respectively. In particular, they proved the following
refinement of the inequality (1.9)

1

2 < L
wi(4) < 75

2141+ 147)% + (1A +2147))

) (1.14)

where the constant % is the best possible.

For more generalizations, counterparts, and recent related results, the reader may refer to [2],
[3], [4], [5], [6], [7], [8], [18], and [21].

It should be mentioned that operators and the numerical radius play a central role in functional
analysis and operator theory, forming foundational tools for studying bounded linear transforma-
tions on Hilbert spaces in many areas (see, e.g., [22] and [23]). The numerical radius, in particular,
offers a refined measure of operator size that often provides sharper bounds than the operator
norm. These concepts are vital in perturbation theory [10], stability of dynamical systems [9], and
quantum mechanics [14].

In this paper, we give refinements of the inequalities (1.3), (1.4), and (1.5). Also, generalizations
of the inequalities (1.3), (1.8), (1.10), (1.11), (1.12), and (1.13) will be given.

2. MAIN RESULTS

To achieve our goal, we need the following three lemmas. The first lemma is known as the
generalized mixed Schwarz inequality (see [12]). For the second and the third lemmas we refer
to [1] and [13], respectively.

Lemma 2.1. Let A € B(H), and let x,y € H. Then
(Ax, y)|2 < <|A|2a x,x> <|A*|2(1—o¢) i, y),
for a €[0,1].
Lemma 2.2. Let A € B(IH) be any positive operator, and let x € H be a unit vector. Then
(Ax, x)* < (A%, x),

for a € [1,00),and

(A%, x) < (Ax, x)*,
fora € (0,1].

Lemma 2.3. Let A € B(IH) be a self adjoint operator whose spectrum ¢ C [m, M| for some scalars m < M,

and let x € H be a unit vector. Then

f(Ax,x)) < (f (A) x,x),

for every convex function f on [m, M].
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Our first main result can be seen in the following theorem. This result gives an interesting
interpolating inequality involving numerical radii and spectral norms of operators in which the

particular cases of this result give the inequalities (1.8) and (1.13).
Theorem 2.1. Let A € B(H) and let f : [0,00) — [0, o) be an increasing convex function. Then

F(@(A)) < 3|If (@Al + 1A + £ (BIAI+ alA')

where a, p € [0,1) witha + p = 1.

, (2.1)

Proof. Let x € H. Then, we have

f (KAx, x)1)

IA

f(V(IAIx, ) (A x,x)) (by Lemma 2.1 witha = =)

N~

IA

f (<(M) X, x>) (by AM-GM inequality)

= (5 K@+ 1A xx) + ((B1AI+ k) 3, 0)) 22)

IA

U (@Al BIAT) % ) + £ (((BIAL + alA) )]

2 F (@IAL+ BIATD x,x) + (F (BIAI + @lAT) . 2)]
(by Lemma 2.3)

IA

— L(F @l BIAD + £ (1AL + el 5,

Now, we get our result by taking supremum over [|x|| = 1 on both sides. m]

Note that Theorem 2.1 gives a generalization of the inequalities (1.8) and (1.13). In fact, the
inequality (1.8) can be retained from Theorem 2.1 by letting @ = 2 and g = 1, while the inequality
(1.13) can be retained from Theorem 2.1 by letting @ = % and § = 3.

Applications of Theorem 2.1 are given in the following corollaries. In the first corollary we give
a generalization of the first inequality of the inequality (1.3) which refines the second inequality of

the inequality (1.2).
Corollary 2.1. Let A € B(H). Then, for o, € [0,1] with a +f = 1 and p € [1,2], we have
1 . .
w'(A) < 5 [[(@lAl+ BIATY + (B1A] + a A’ (2.3)

In particular,

1 :
w(A4) < 5 1141+ A7l

Proof. The result follows from Theorem 2.1 by taking f(t) = #,t > 0 and p € [1,2]. The particular
case follows directly either by taking p = 1, or by taking a = . m|
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Corollary 2.2. Let A € B(H) and p € [1,2]. Then, for k > 1, we have

w? (A) ..2H7H ((k=1)JA +1ATD" + (Al + (k= 1) JA7)) (24)
where the constant 5 is the best posszble. In particular, when p = 2, we have
w?(A) < e || k=1) A+ 1A")* + (JAl+ (k= 1) 1A")?|. (2.5)

Proof. The inequality (2.4) follows from the inequality (2.3) by taking a = ’%1 To prove the
sharpness of the inequality (2.4), assume that the inequality (2.4) holds with another constant
¢ > 0, that is

W (A) < c||((k=1) 1Al +1A47)" + (1Al + (k= 1) 1A . (2.6)
Let A be any normal operator, then we have w”(A) = ||A|, then by the inequality (2.6), we deduce

that 51 < ¢, and this shows that the constant 5 is the best possible and thus the inequality (2.5) is
sharp. m]

The inequalities (1.9) and (1.14) can be obtained from the inequality (2.5) by taking k = 4 and
k = 3, respectively.

Another related result can be seen in the following theorem.

Theorem 2.2. Let A € B(H) and let f : [0, 00) — [0, 00) be an increasing operator convex function. Then

1
F@) < | [ 7@-9 @A pan st amn) 27)
< LF(@lai+pIAD + £ (81l +ala)) @8)
< Slran+ £ aan, 29)

where a, p € [0,1) witha + f = 1.
Proof. Let x € H. We have

f (KAx, x)1)

IA

£ (5 KA+ B1a) % )+ ((B1Al + 2l 1,0
(by the inequality (2.2))

1
fo F((1=s){(alAl+ BIA*]) x,x) + s {(BIAl + alA*|) x, x)) ds

IA

1
= f F (A =5) (alAl+ BIA*]) x,x) + (s (BIAl + a|A"]) x, x)) ds

:‘ff ) (@Al +BIAT]) +s (BIAI + alA"])] x,x)) ds

IA

L<ﬂa—®ww+MNWmewawmnw%
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1
< ([ ca-s tanmrs pran) o7 (i aiat) s
(2.10)
< %<[f(a|A|+ﬁ|A*|)+f(ﬁ|A|—|—0z|A*|)]x,x) (2.11)
< 2 (L AD + £ (147 2). 212)

Now, by taking supremum over ||x|| = 1 on both sides of the inequalities (2.10), (2.11), and (2.12),
we get the inequalities (2.7), (2.8), and (2.9), respectively. O

Corollary 2.3. Let A € B(H). Then, for p € [1, 2], we have

w’ (A)

IA

1
fo ((1-5) (@Al + BIA"]) +s (BIAl + a|A*]))! ds

< sll@lai+gIaty + @141+ A

| 7

1 :
< S[lar+iay

where a, B € [0, 1] witha + = 1.
Proof. The result follows from Theorem 2.2 by taking f(t) = t*, p € [1,2]. o

Corollary 2.4. Let A € B(H). Then, for p € [1,2], we have

w'(A) < fol ((1 —s) ((k‘ D) 'kA| + |A*|) +S(|AI + (kk— 1) |A*|))” dSH
= zlﬁ [(Ce= 1) AT+ 1A + (1AL + (k= 1) 14|
< sl +iar],
where k > 1.
Proof. The result follows from Corollary 2.3 by taking a = ’%1 5

To illustrate our work, we give the following example.

0 2
Example 2.1. Let A = [ 1 0 l Then w(A) = 1.5. Applying the inequalities in Corollary 2.4 when

k=18andp = 2, we get

1 * *\\ 2
0.8]A .
w?(A) < f((l—s)( |1|;|A|)+s(|A|+1088|A|)) ds“zz.251
0 . .
(2.13)
1 )2 2|
< W||(0.8|A|+|A )? + (JAl + 0.8]A")?|| ~ 2.253 (2.14)
1 .
< [P +1ar| =25.
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Using the inequalities (1.12), (1.9), and (1.14), the upper bound of w? (A) will be 2.259,2.277, and 2.3125,
respectively. This shows that the inequality (2.13) gives a stronger upper bound of w?(A) than that given
in the inequality (1.12), and the upper bound of w?(A) obtained from the inequality (2.14) is better than
those given in the inequalities (1.9) and (1.14).

It should be mentioned here that for every A € B(IH), many other stronger upper bounds of
w?(A) can be obtained from Corollary 2.4 according to the choice of the value of k.

The following result gives a refinement and a generalization of the inequality (1.5) whenp € [1,2].

Theorem 2.3. Let A € B(H) and let f : [0, 00) — [0, o) be an increasing operator convex function. Then

f(w(B'A))

IA

1
fo F((=s)(alAP + BIBP) + s (BIAP + a|BP)) ds

< % | (4P + B 1BP) + £ (147 + a1BP)| (2.15)

< 3 lr0ar)+ £ (82
where a, p € [0,1) witha + f = 1.

(2.16)

Proof. Let x € IH with ||x|| = 1. Then by the Cauchy-Schwarz inequality, we have

f(KB*Ax,x)) = f(KAx, Bx)|)
< (IIAXIIIIBxII)
= (<|A| X, X IBIZx,x>%)
<

2

<|A|2 x,x) + (1B x,x>].

The rest of the proof follows similarly to that given in Theorem 2.2 by replacing |A| and |A*| by |A?
and |B|2 in the inequality (2.2), respectively. ]

Corollary 2.5. Let A € B(H) and a,p € [0, 1] with a + B = 1. Then, for p € [1,2], we have

W (BA) < f 1 ((1=5) (alAP + BIBP) + s (BIAP + a|BP)) ds
0
< 5 |(arar+piBR) + (142 + a B | (2.17)
< 3 lar + B, (218)
In particular,
wma) < | [ ((1=5) (wlAP + 15E) + 5 (BIAF +a 15)
0
< 5 |(@iar+p BE) + (BIAP + alBP)'|
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1
< S lhart+1se-
Proof. The result follows from Theorem 2.3 by taking f(t) = t*,p € [1,2]. o

Corollary 2.6. Let A € B(H). Then, for p € [1,2], we have

! k—1) AP + |BP AP+ (k—1) B\
0 k k
L _ 2 2\ 2 _ 2\P
< 5 (=182 +1BRY + (142 + (e= 1) 1BRY |
1
< Lpare e,
where k > 1.
Proof. The result follows from the inequalities (2.17) and (2.18) by taking a = ’%1 O
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