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Abstract. The Ambartsumian equation arises in astronomy and is used in the theory of surface brightness in the
Milky Way. In this manuscript, we consider a new category of Ambartsumian-type Mathieu fractional differential
systems involving the ®-Hilfer fractional derivative. We study the existence and uniqueness of solutions of the above
system using the topological degree method for condensing maps and Banach’s contraction principle. Furthermore,
Ulam-Hyers and generalized Ulam-Hyers stability are investigated, by using the generalized Gronwall’s inequality

and nonlinear analysis issue. As an application, we provide an example to illustrate the validity of our results.

1. INTRODUCTION

Fractional differential systems arise in mathematical models associated with various physical
phenomena, such as synchronization of chaotic systems [1], BAM neural networks with time-
varying delays [2], HIV-immune system dynamics with memory effects [3], anomalous diffusion
[4], ecological processes [5], and co-infection of malaria and HIV/AIDS [6]. Several theoretical
results on fractional differential equations involving Riemann-Liouville, Caputo, Hadamard, and
Hilfer-type fractional derivative operators can be found in the literature [7-12] and the references
cited therein. For a comprehensive overview of fractional calculus, we refer the reader to the
monographs [13-16]. More recently, the concept of the y-Hilfer fractional derivative operator
was introduced in [17] and has attracted considerable attention, as it generalizes several known
fractional derivative operators under suitable choices of the parameters involved in its definition.

Researchers used fixed point techniques and topological degree method to prove the existence of
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solutions for a variety of types of nonlinear fractional differential equations with various fractional
operators, see [18-23]. In 2025, Lmou et al. [24], investigated the novel category of ¥-Hilfer-
type fractional differential equation involving topological degree method. They considered the

following equation

Hovoty(t) = f(r,w(t)), Tl
w(Q) =0, w(t) =) ww(&).
i=1

Where HD®¥(.) is the Y-Hilfer fractional derivative of order w, 1 < @ < 2 and parameter o,
0<o<l,wieR,i=12-,n(<&<-<& <t feC((t]xXR,R).

The Mathieu equation is an important equation in mathematical physics, as it has numerous
applications in several areas of the physical sciences [25]. Recently, motivated by [26], Amel Berhail
et al. [27] investigated the existence results for the fractional Mathieu equation associated with the

Hilfer-Katugampola fractional derivative, described by:
PDy(t) +p(t)y(t) = w(t,y(t), " D*Py(t)), te(o,T],

m
PTy(0) = ) qiy(es), eie(0,T],
i=1

where p(t) = a —2bcos(2t), a, b are real constants, PD%F(-) is the Hilfer-Katugampola fractional
derivative of order a, type f € [0,1], and P77 (:) is the Riemann-Liouville fractional integral of
order 1 —y,y = a+f—ap, p > 0. Moreover, the function w : [0, T] x R? — R is continuous, e; for
i=0,1,--- ,m are prefixed points satisfying 0 < e; < e, <--- < e, < T, and ¢; are real numbers.

On the other hand, in the deterministic setting, Ambartsumian derived the standard Am-
bartsumian equation [28], which describes the absorption of light by interstellar matter. In the
deterministic setting of the theory of surface brightness in the Milky Way, the Ambartsumian
delay equation is widely used. We consider in this paper the fractional Ambartsumian equation
as in [29]:

d 1t
S A) = Eﬂ(ﬁ) -A(t), n>1,
A0) =y,

where 1 and u are constants and the fluctuation of the surface brightness in the Milky Way
is denoted by A(t). Because of its importance in astronomy, considerable attention has been
devoted to obtaining accurate solutions of this equation. The Ambartsumian equation have
received attention from many researchers. In particular, the existence and stability results for the
Ambartsumian equation with Caputo fractional derivative was discussed in [30,31].

Motivated by the above studies, we investigate the following equation, which represents an

Ambartsumian-type Mathieu fractional differential equation formulated in the ®-Hilfer sense
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MDY o/ (1) + q(H) /(1) = G (t,%(%),d(t)), tel:=[cd, n>1,

0 (1.1)

where G(t,%(%),%(t)) = %@%(%) -/ (t), q(t) = a—2bcos(2t), a,b are constants, with order

& € (1,2] and type v € [0,1], the ®-Hilfer fractional derivative is represented by HID*®(.). Here
C
G :J xR xR — Ris acontinuous, 0; € Rsuch thatfori=1,2,--- ,n,c<p1 <p2 <--- < p, <d.

In what follows, we present the contributions and novelty of this work:

(i) The Ambartsumian-type Mathieu fractional differential system (1.1) is discussed under a
&®-Hilfer fractional derivative, which can be reduced to a well-known fractional deriva-
tives (Riemann-Liouville, Caputo, ®-Riemann-Liouville, Hilfer-Hadamard, Katugampola
derivative), for different values of function ® and parameters v, see [17];

(ii) The Ambartsumian-type Mathieu ®-fractional differential system (1.1) is studied with
nonlocal boundary condition;

(iii) We establish the existence and uniqueness results for the new Ambartsumian-type Mathieu
d-fractional differential system (1.1), along the Ulam-Hyers and generalized Ulam-Hyers
stability, by applying topological degree method, Banach contraction principle, and the

generalized Gronwall inequality.

2. PRELIMINARIES

Definition 2.1. [17] Let & (t) > 0 and & > 0. Then the ®-Riemann-Liouville fractional integral of order
& of the function G with respect to another function ® on J is given by

G0 = g7 [ 96)(@() - () 'Gle)as

where I'(-) indicates the Gamma function.

Definition 2.2. [17] Let & (t) > 0and & > 0, n € IN. Then the ®-Riemann-Liouville fractional derivative
of order & for an integrable function G with respect to another function ® on J is given as follows:

DTGt = ((DL(L‘)%) I'E0G(t)
1 1 4\ ., .
T (<I>’(t)%) fcq’(s)(‘b(f)—@(S)) S1G(s)ds,

wheren —1 < & <n,n = [&] + 1, and [&] is an integer part of &.

Definition 2.3. [17] Let n—1 < & < nwith n € N and G, ® € C"(J,R) two functions such that
@' (t) > 0 for every t € J. The ®-Hilfer fractional derivative of a function G of order & and type v € [0,1],
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is given as follows:

DG ) = 1 (LAY e
=1079°D%PG (1),
wheren—1<&<nn=1[&+1,and 8 =&+ v(n-E&).
Lemma 2.1. [17] Let &,v > 0. Then we have
EPTPG(H = 152G, t>c.

Proposition 2.1. [17] Let ¢ > 0 and w > c. Then, we have

() 1E2(@(9) = () (1) = o (@9 = ()10,
(i) DE((5) = B(6)) (1) = 1o 2 (8(5) = 2(0)) 1),

Lemma22. [17]IfGeC"(J,R),n—-1<&<n 0<v<land 9 =E+v(n—E), then

" Sk
]Ifj:b(HijrV,‘bG)(t) _ G(t) _ (q)(t) B (D(C))
kZ{ TS —k+1)

Gy IRG(), tey,

n—K AN

Definition 2.4. [24] Let X be a Banach space and O a bounded subsets of X. The Kuratowski measure of
noncompactness is the map @ : O — R given by

®(0) =inflt>0:0¢c| JO; and diam(0;) < 7).
i=1

Proposition 2.2. [24] Let O, 01, O; be bounded subsets of X. Then the Kuratowski measure of noncom-
pactness @ satisfies the following properties

(i) O is relatively compact <= @(0O) = 0.

(ii) @(aO) = |a]o(0), @ € R.
(iiil) @(0O1 4+ 02) < @(01) + @(02).
(iv) 01 c 0O = @(01) < @(0y).
(v) @(01U02) = maxio(01), @(02)}.
(vi) @(0) = @(0) = @(convO), where O and convO indicates the closure and the convex hull of the

set O, respectively.

Definition 2.5. [24] Let P : W ¢ X — X be a continuous bounded map. The operator IP is said to be
@-Lipschitz if there exists m > 0 such that

@(P(O)) < mo(O), forall OcW.

Moreover, if m < 1, then IP is a strict @-contraction.
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Definition 2.6. [24]IP : W c X — X is called @-condensing if
o(P(0)) <(0),
for every bounded and non precompact subset O of W, with ®(O) > 0.

Definition 2.7. [24] Let P : W € X — X. The map P is called Lipschitz if there exists a constant m > 0
such that

P —Panr|| < m||l.eh — ah|l, h, o € W.
Furthermore, IP is called a strict contraction, if m < 1.

Proposition 2.3. [24] IfIP : W C X — X is Lipschitz having constant m, then IP is @-Lipschitz having

the same constant m.

Proposition 2.4. [24]IfIP,Q : W C X — X are @-Lipschitz maps having constants my, my respectively,
then IP 4+ Q : W — X is @-Lipschitz map having constant my + my.

Proposition 2.5. [24]IfIP : W c X — X is compact, then IP is @-Lipschitz having constant m = 0.
Theorem 2.1. [24] Let T : X — X be @-condensing and
I[I, ={eX: o =T/, forall 0<e<1}.
If 11, is a bounded set in X, then there exists r > 0 such that 1, C B,(0), then
deg(I-¢T,B,(0),0) =1, forall ¢€]0,1].

Consequently, the operator T has at least one fixed point and the set of fixed points of T is contained in
B,(0).

3. MAIN RESULTS

Lemma3.1. Letc >0, &€ (1,2, ve(0,1], 9 =& +2v—&vand g € C(J,R). Then the function < is a
solution of the following boundary value problem:

MDY e (1) +q(1) o (1) = g(t), te],

" 3.1
o (c) = Zmﬂ/pz c<pi<d, )

if and only if

- Yo (50 -0/ (1) (01| 62

where

# 0. (3.3)
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Proof. The equation (3.1) can be expressed as

I PDY® o (1) +q(t)e (1) = g(t), (34)
where 8 = £ 4 2v — &v, applying ]If’fp to both sides of equation (3.4) and by employing Lemma 2.2
we get
o (£) = I52g(F) + —e (D(£) = D(c)) ! + ——— (D (t) - ~ 152 g (¢ .
Next, from using boundary condition </ (0) = 0 in equation (3.5), we come to e; = 0. Then, we
have
(1) = X0g(8) + g5 (9(0) = 0(0) ™ ~1 g (1) 36)

Now, we exchange t by p; and multiply by o; in equation (3.6), we get

0ict (pi) = il g(pi) + (()l)( (pi) = @(c)*" = aili [q](pi).

n

From &/ (d) = Z oi (pi), we write easily

200/ (pi) = ) Lol ®g(pi) + £ V(@) — ()7 = } Lol g )(p). (3
i=1 =1 i=1 i=1
Also
) = 55 (@) = () + T[g(d) ~ 4(d)7 () (3.8)

With the help of boundary condition </ (d) = Z 0,9 (p;) and considering equations (3.7) and

i=1

(3.8), we derive:

%(@(d) = ®(c)* ! + T [g(1) —q(t) (1)](d)
= (57 L 0@ ~ @) + ) ol 0g(p0) - Y ol g ) )
i=1 i=1 i=1
e - &,
- o 3 )01+ $ )00,
which implies that
e = é 150 1g(t) — (1) (B)](d) - Y ol [g(t) - q(t) (D] (i) |- (39)

i=1
Substituting the value of ey in (3.6), we obtain (3.2). The converse follows by direct computation.

This completes the proof. m]
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Let us introduce the operators P, Q : C(J,R) — C(J,R) by

(Pr)(t) = 12 [G(t,,sz%(%),g/(t)) - q(t)sz%(t)], te] (3.10)
and
(o)) =22 aze (61,0 (L) rt)) -at0190)
:1 it (G (t,g{ (%),gf(t)) - q(t);z%(t)) (pi)]. (3.11)
Then
Tar () = P () + Qe (), teT. (3.12)

We make the following growth and Lipschitz condition on G as

(C1) There exists a constant Lg > 0 such that
G (t,d(f),d(t)) -G (t,E(f),E(t))
n n
< ]LG{ g%(f) —E(f) + | (1) —B(t)|}.
n n
(Cp) There exists Hg > 0, Mg > 0 and K such that

el

To abbreviate, let us establish.

(P(d) - ()™
©Ir(3)

< Hg

sz%(%)‘ + Mgl (1) + Kg.

[z

d(d) - ; ¢
(( £+1 +2|z| p5+1 ))). (3.13)

Lemma 3.2. The operator Q is @-Lipschitz with constant (ILg + |a + 2b|)E. Moreover, fulfills the following

growth condition
Q|| < E((Hg + Mg + la + 2b)) || + Kg), (3.14)

where E is mentioned by equation (3.13).

Proof. Let <7, </ € C(J,R), then we have
Q< (1) - Qe ()]
il o) <7 0)
swowety =70 S (§ )< 7(2) 70

B O ()
Bl 0 —Eun)(po]
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(®(4) —<I>(C))9‘1[(<I>(d) - ®(c))* (@(pi) = ®(c))*

(Lo +la+2b) + ¥ Ioi (Le+la+ 2b|)]
i=1

=T er) TE+1) rE+1)

x|l - |

(Lg +la+2b))(@(d) = @(c)* ' [ (@(d) =D(0)* v, (@) =@(c)*] , —
< RO [ TET) +Z;|al| Ty ]ud |

< (Lg + la + 2b) &l — .
Taking supremum over t, we get
IQe/ ~ Q|| < (Lg + la + 2b)Elle ~ /|-

Which implies that Q is Lipschitz having constant (Lg + |a 4 2b])E and by the Proposition 2.3, Q
is @-Lipschitz with the same constant (Lg + |a + 2b|)E. Further for &7 € C(J, R) and by using (C»)
we get
Qe (8)]
(<I>(t)—<1>(0))3‘1[ 5@( ( (t) )
< I (|Gt o | =, & (t
o) < 7)Y

+Z|ozn9¢(c( o (2 o0 + e ) o)

(D(d) - P(c))™!
) |®|r<>

(q> pl ®(c))*

< E((H—IG + Mg+ la+ 2b|)||$27|| + ]K(;)

; |q<t>umt>|)

(Hell#ll + Mgl | + la + 2blll./1| 4+ Kg)

which, on taking supremum over ¢, yields

Q| < E((Hg + Mg + la + 2b) || + Kg).

Lemma 3.3. The operator P is continuous. In addition, P fulfills the following growth condition
(P(d) - ®(c))*
rE+1)
Proof. Let o7, &/ € C(J,R) be such that <7, — &/ (n — o) in C(J, R). Then there exists A > 0 such
that [l.7,|| < A for all n > 1, further by taking limits we get ||<7|| < A. By employing the fact that G

is continuous and (Cy), Yt € J, we obtain that

el o)< )

IP.or|| < (Hg + Mg + la + 20|l + Kg), forall o €C(J,R).  (3.15)
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gt

< 2((]1‘1@ + MC,)A —+ IK(_;),

<

and

gl (t) — < ()] < lg(®)I(1] + 17 (£)])
< 2Ala + 2b].

The functions s — 2((Hg + Mg)A + Kg) and s; — 2A|a + 2b| are integrable fors,s; € [0,f],t €],

by helping Lebesgue Dominated Convergence theorem, we get
e} ol )

+Iq(t)ll%(t)—ﬂ(t)l]—>0 as n —> oo,

ot (1) - P (1)< 17|

Hence
P, (t) —Pes/ ()] — 0 as n — oco.

Consequently, IP is continuous.
Also

P/ (t)] < Ilff’[

G (t,;zi (%),%(t))‘ + Iq(t)llﬂ(t)l]

< I5®[(Hg + Mg + la + 2b))[l/1| + Kg]
_ (@) - ®(0))f
rE+1)
Taking supremum over ¢, the above inequality becomes
(P(t) = P())*
r(e+1)

[(Hg + Mg + la + 2b))|l.7|| + Kg].

P2 < [(Hg + Mg + la + 2b]) ||| + Kg].

Lemma 3.4. The operator IP is compact. Consequently IP is @-Lipschitz with zero constant.

Proof. We claim that IP is compact, we define a bounded set A; such that Ay C By, it is enough to

prove that IP(Ay) is relatively compact in C(J, R). Let &7 € A; C By, and by using inequality (3.15),

we get

(P(d) - ®(c))*
rE+1)

It follows that IP(Aq) C B,. So, we conclude that IP(A;) is bounded.

For the equicontinuity of IP, let t1,t, € J with t; < t; and for &/ € A1, we have

P27 < ((Hg + Mg + la + 2b))lIpll + Kg) = p. (3.16)

P () — Pt (1)l
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: % fl @' (5)|(D(t2) = D(5)) ™" = (D(tr) = D(s))" 7|
<ol ()9 -] g [ oo -0
X |G s,ﬂ(%),%(s))—q(s)%(s) ds

S ngﬁfl)”d” K (@ (ty) - d(t) ¢

— 0.

Asty — t, [P/ (t;) — P/ (t1)]] = 0. This demonstrates the equicontinuity and compactness of the
operator IP. According to the Arzela-Ascoli theorem, IP is compact as a consequence of Proposition

2.5, IP is @-Lipschitz with zero constant. ]

Theorem 3.1. Assume that (C1) — (Cz) hold. If
(LG + |a 4+ 2b)E < 1. (3.17)
Then the equation (1.1) has at least one solution.

Proof. The operators IP, Q and T are bounded and continuous. Also, IP is @-Lipschitz having
constant (ILg + |2 + 2b])E and Q is @-Lipschitz having zero constant. With the aid of inequality
(3.17) and both proposition’s 2.4 and 2.3, we deduce that T is @-condensing.

Now, we define IT, = {&/ € C(J,R) : & = ¢T«/, forsome ¢ € 0,1]}.

Let o €Il,, then o = ¢To/ = (P« + Q«), we come to

||| = ¢llPoZ + Q||
<|P| + Q|
(®(d) = @(c)*
rE+1)
+ E[(Hg + Mg + la + 2b]) || || + K]
- ((Cb(d) ~®(c))*
0 T(E+T)
HenceIl, isbounded in C(J, R). Suppose I'l; is not bounded, then we assume that k := ||.7|| — oo

[(Hg + Mg + |2 + 20b)) ||| + K¢]

+ E) [(Hg + Mg + la + 2b)) ||| + Kg]-

and from the preceding inequality, it follows that
(P(d) - 2(c))*
Zl(He+M 2b K

1< lim =0,
K— 400 K

which is a contradiction. Since all conditions of Theorem 2.1 hold. Then the operator T has at
least one fixed point which represents a solution to the equation (1.1). In addition, the set of the
equation (1.1) is bounded in C(J, R). m]
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In the next result, dealing with the uniqueness of the solution for the equation (1.1), is analogous

to Banach’s contraction principle and stated below.

Theorem 3.2. Let (Cy) be hold and if

(©(d) - ®(c))*
rE+1)

then the equation (1.1) has a unique solution <7 € C(J, R).

(Lg + la 4 2b]) [ + :] <1, (3.18)

Proof. Let of o €C (J,R), then
T (t) = T/ (1))
< ]Iff’[

(@(d) —@()" [ o
e Pﬁ(

+la(®)lle (t) - E(t)l) + Zn: Iailllff’(

i=1
Ol @) —E<t>|)<pi>].

Taking the supremum over ¢, we get

ITe/ - T
<0M®—®@ﬁ
(é+1>

(©(d) = 2(c))* [ ((d) — P(c))*
OIL(9) I(&+1)

(Lg + la+ 2b])|o — /1| + (Lg + la + 2b])

(pi) = ®(c))* —
+Z|al e (]LG+|a+2b|)]||,szf—,sz%||

(®(d) - P(c))°
T(E+1)

_®(c))E
Since (ILg + |a + 2b|) |<q>(1il()§ —:1)1() )

the proof by applying Banach’s contraction principle. m]

< (Lg + |a+2b)) [ E]W—Eu.

+ E] < 1, the operator T is a contraction. Hence we conclude

4. STABILITY THEORY

We are ready to discuss the Ulam-Hyers (U-H) stability and generalized Ulam-Hyers (g-U-H)
stability for the equation (1.1) by this section.

Definition 4.1. Equation (1.1) is said to be U-H stable if there is a constant Cg > 0 such that for each
€ > 0 and each solution <7 € C(J,R) of the inequality

D" o/ (t) + q(t) o/ (t) - G (t,,sz/ (%),W(t))

<e te], 4.1)
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there exists a solution </, € C(J,R) of equation (1.1) with
| A (t) — o/ (t)] < Cge, te].

Definition 4.2. Equation (1.1) is said to be g-U-H stable if there exists a function Y € C(R*,R™)
with Y(0) = 0 such that for each solution o/ € C(J,R) of the inequality (4.1), there exists a solution
1 € C(J,R) of (1.1) with

|7 (t) — oA (t) < Y(e), te].
Remark 4.1. Definition 4.1 = Definition 4.2.

Remark 4.2. A function o7 € C(J,R) is a solution of (4.1) if and only if there exists a functionw € C(J,R)
such that

(i) lw(t)| <€, te],
(i) BD" P/ (1) +q(t) o/ (t) = G (t,szf (%),d(t)) +w(t), teJ.

Theorem 4.1. Assume that (Cy) is fulfilled. Then, the equation (1.1) will be U-H stable as well as g-U-H
stable.

Proof. Consider <7 to be a solution of the inequality (4.1) and .7 be a solution of (1.1). Then, there
exists w € C(J, R) such that

D" o (1) + () 4 (t) = G (t,éz{l (%),m(t)) +w(t), te], (4.2)

and |w(t)| < €, t € J. In view of Lemma 3.1, that the solution of (4.2) can be written as follows

(1) 2O 120 6 et (£ o)) a0

or(9)
=Y (G (£). 40 a0 o)
+IE° (G (t, 4 (%) , M(t)) - q(t)szfl(t)) + T w(t). (4.3)
If we take
By =" (G (t,m (%),mm)—q(t)wt))
-yt (G (4 (5] 00 - a1 ) 0,
and
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Which implies that
oA (t) — o ()]
_ <q’(t)(;r‘f8(§))s_l B 10 (G (t, o (%),mu)) — gty (t)) 15w
ol -
o0 e sl <o)

+lq ()l (t) - %(t)l] + 15w ()],

since 7 (b) = <7/ (b) = 0, we can see that |8, — B,/ = 0. Then, by (C;) and remark 4.2, we obtain

gﬁ%%i@{f¢ﬁﬂﬂw—w@%%%@—wwms
(@(d) - (c))*

rE+1) 7

|1 (t) =/ (£)] <

(©(d) - ®(c))*
rE+1)

since is a constant on J, the above inequality is converted into

|1 () =/ ()] < (2@ ~0(0))

S VY E; ((ILg + la+2b)) (®(d) - (c))*),

by considering

(P(d) = ®(c))*

Cg = E; ((L 2b))(®(d) - @(c))°),
6= ey B (Lo + I+ 26D (@) - &(0))°)
so, we get
| (t) = o ()] < Cge.
It follows from Definition 4.1, clearly the equation (1.1) is U-H stable. m]

Remark 4.3. choosing Y(e) = Cg(€); Y(0) = 0, we can state that the equation (1.1) is g-U-H stable.

5. AN ILLUSTRATIVE EXAMPLE

Consider the following Ambartsumian-type ®-Hilfer Mathieu fractional differential equation
with boundary condition:

O I
SN

HDEEE o (1) + g(0) 7 (1) = bt (§) -/ (1), telo,m 61
0 ; l

d(0)=0, o(n)=4a(%)+L (%),

where

0 = 115 2329
=% " 715

cos(2t), te(0,m.
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Clearly, & = % € (1,2],v= % €[0,1], d(t) =%, 01 = 24—1, oy = %, p1 = %, p2 = 3—;7 and a = %,

p_ V3D

5
We define the map G : [0, 7] X RXR — R by

G(t,d(%),d(t)) - ;d(;)—%(t),

where 1 = 7. For @4, o € R, we have

et ol ) )
< ;{m(%)—%(%) +|~<271(f)—£/2(t)|}-

Thus, condition (C7) holds with Lg = % > 0. In addition, for every t € [0, 1] and 7 € R, we have

ol [} ol<#ll ()

Hence, condition (C;) with Hg = Mg = Kg = %

To deal with the uniqueness we use the data given above, we get
(P(d) = ®(c))*
rE+1)
Accordingly, by Theorem 3.2, the equation (5.1) has a unique solution in C([0, 7t],R). Further, it

F e (1) + 1] .

(ILg + la + 2b)) [ + :] ~0.79 < 1.

follows from Theorem 4.1 that the equation (5.1) is U-H stable and consequently it is also g-U-H
stable.

6. CONCLUSION

Using topological degree theory for condensing maps and Banach’s contraction principle, we
established the existence and uniqueness of solutions for an Ambartsumian-type ®-Hilfer Math-
ieu fractional differential equation with boundary conditions. Moreover, the Ulam-Hyers and
generalized Ulam-Hyers stability of the considered problem were investigated. To the best of our
knowledge, this is the first work addressing an Ambartsumian-type Mathieu fractional differen-
tial equation with boundary conditions. Consequently, the obtained results extend and generalize
existing results in the literature and contribute to the qualitative analysis of ®-Hilfer fractional

differential equations.
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