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Abstract. The Ambartsumian equation arises in astronomy and is used in the theory of surface brightness in the

Milky Way. In this manuscript, we consider a new category of Ambartsumian-type Mathieu fractional differential

systems involving the Φ-Hilfer fractional derivative. We study the existence and uniqueness of solutions of the above

system using the topological degree method for condensing maps and Banach’s contraction principle. Furthermore,

Ulam–Hyers and generalized Ulam–Hyers stability are investigated, by using the generalized Gronwall’s inequality

and nonlinear analysis issue. As an application, we provide an example to illustrate the validity of our results.

1. Introduction

Fractional differential systems arise in mathematical models associated with various physical

phenomena, such as synchronization of chaotic systems [1], BAM neural networks with time-

varying delays [2], HIV–immune system dynamics with memory effects [3], anomalous diffusion

[4], ecological processes [5], and co-infection of malaria and HIV/AIDS [6]. Several theoretical

results on fractional differential equations involving Riemann–Liouville, Caputo, Hadamard, and

Hilfer-type fractional derivative operators can be found in the literature [7–12] and the references

cited therein. For a comprehensive overview of fractional calculus, we refer the reader to the

monographs [13–16]. More recently, the concept of the ψ-Hilfer fractional derivative operator

was introduced in [17] and has attracted considerable attention, as it generalizes several known

fractional derivative operators under suitable choices of the parameters involved in its definition.

Researchers used fixed point techniques and topological degree method to prove the existence of
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solutions for a variety of types of nonlinear fractional differential equations with various fractional

operators, see [18–23]. In 2025, Lmou et al. [24], investigated the novel category of Ψ-Hilfer-

type fractional differential equation involving topological degree method. They considered the

following equation

HDω,σ,Ψw(τ) = f (τ, w(τ)), τ ∈ [ζ, ι],

w(ζ) = 0, w(ι) =
n∑

i=1

ωiw(ξi).

Where HDω,σ,Ψ(·) is the Ψ-Hilfer fractional derivative of order ω, 1 < ω ≤ 2 and parameter σ,

0 ≤ σ ≤ 1, ωi ∈ R, i = 1, 2, · · · , n, ζ < ξ1 < · < ξn < ι, f ∈ C([ζ, ι] ×R, R).

The Mathieu equation is an important equation in mathematical physics, as it has numerous

applications in several areas of the physical sciences [25]. Recently, motivated by [26], Amel Berhail

et al. [27] investigated the existence results for the fractional Mathieu equation associated with the

Hilfer–Katugampola fractional derivative, described by:

ρ
D
α,βy(t) + p(t)y(t) = w(t, y(t), ρDα,βy(t)), t ∈ [0, T],

ρ
I

1−γy(0) =
m∑

i=1

qiy(ei), ei ∈ (0, T],

where p(t) = a − 2b cos(2t), a, b are real constants, ρDα,β(·) is the Hilfer-Katugampola fractional

derivative of order α, type β ∈ [0, 1], and ρ
I

1−γ(·) is the Riemann-Liouville fractional integral of

order 1− γ, γ = α+ β− αβ, ρ > 0. Moreover, the function w : [0, T] ×R2
→ R is continuous, ei for

i = 0, 1, · · · , m are prefixed points satisfying 0 < e1 ≤ e2 ≤ · · · ≤ em < T, and qi are real numbers.

On the other hand, in the deterministic setting, Ambartsumian derived the standard Am-

bartsumian equation [28], which describes the absorption of light by interstellar matter. In the

deterministic setting of the theory of surface brightness in the Milky Way, the Ambartsumian

delay equation is widely used. We consider in this paper the fractional Ambartsumian equation

as in [29]:

d
dt
A(t) =

1
η
A(

t
η
) −A(t), η > 1,

A(0) = µ,

where η and µ are constants and the fluctuation of the surface brightness in the Milky Way

is denoted by A(t). Because of its importance in astronomy, considerable attention has been

devoted to obtaining accurate solutions of this equation. The Ambartsumian equation have

received attention from many researchers. In particular, the existence and stability results for the

Ambartsumian equation with Caputo fractional derivative was discussed in [30, 31].

Motivated by the above studies, we investigate the following equation, which represents an

Ambartsumian-type Mathieu fractional differential equation formulated in the Φ-Hilfer sense
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HD

ξ,ν,Φ
c+ A (t) + q(t)A (t) = G

(
t, A

(
t
η

)
, A (t)

)
, t ∈ J := [c, d], η > 1,

A (c) = 0, A (d) =
n∑

i=1

σiA (ρi),
(1.1)

where G

(
t, A

(
t
η

)
, A (t)

)
=

1
η
A

(
t
η

)
−A (t), q(t) = a − 2b cos(2t), a, b are constants, with order

ξ ∈ (1, 2] and type ν ∈ [0, 1], the Φ-Hilfer fractional derivative is represented by HD
ξ,ν,Φ
c+ (·). Here

G : J×R×R→ R is a continuous, σi ∈ R such that for i = 1, 2, · · · , n, c < ρ1 < ρ2 < · · · < ρn < d.

In what follows, we present the contributions and novelty of this work:

(i) The Ambartsumian-type Mathieu fractional differential system (1.1) is discussed under a

Φ-Hilfer fractional derivative, which can be reduced to a well-known fractional deriva-

tives (Riemann-Liouville, Caputo, Φ-Riemann-Liouville, Hilfer-Hadamard, Katugampola

derivative), for different values of function Φ and parameters ν, see [17];

(ii) The Ambartsumian-type Mathieu Φ-fractional differential system (1.1) is studied with

nonlocal boundary condition;

(iii) We establish the existence and uniqueness results for the new Ambartsumian-type Mathieu

Φ-fractional differential system (1.1), along the Ulam-Hyers and generalized Ulam-Hyers

stability, by applying topological degree method, Banach contraction principle, and the

generalized Gronwall inequality.

2. Preliminaries

Definition 2.1. [17] Let Φ
′

(t) > 0 and ξ > 0. Then the Φ-Riemann-Liouville fractional integral of order
ξ of the function G with respect to another function Φ on J is given by

I
ξ,Φ
c+ G(t) =

1
Γ(ξ)

∫ t

c
Φ
′

(s)(Φ(t) −Φ(s))ξ−1G(s)ds,

where Γ(·) indicates the Gamma function.

Definition 2.2. [17] Let Φ
′

(t) > 0 and ξ > 0, n ∈N. Then the Φ-Riemann-Liouville fractional derivative
of order ξ for an integrable function G with respect to another function Φ on J is given as follows:

RLD
ξ,Φ
c+ G(t) =

(
1

Φ′(t)
d
dt

)n

I
n−ξ,Φ
c+ G(t)

=
1

Γ(n− ξ)

(
1

Φ′(t)
d
dt

)n ∫ t

c
Φ
′

(s)(Φ(t) −Φ(s))n−ξ−1G(s)ds,

where n− 1 < ξ < n, n = [ξ] + 1, and [ξ] is an integer part of ξ.

Definition 2.3. [17] Let n − 1 < ξ < n with n ∈ N and G, Φ ∈ Cn(J, R) two functions such that
Φ
′

(t) > 0 for every t ∈ J. The Φ-Hilfer fractional derivative of a function G of order ξ and type ν ∈ [0, 1],
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is given as follows:

HD
ξ,ν,Φ
c+ G(t) = I

ν(n−ξ),Φ
c+

(
1

Φ′(t)
d
dt

)n

I
(1−ν)(n−ξ),Φ
c+ G(t)

= I
(ϑ−ξ),Φ
c+ D

ϑ,Φ
c+ G(t),

where n− 1 < ξ < n, n = [ξ] + 1, and ϑ = ξ+ ν(n− ξ).

Lemma 2.1. [17] Let ξ, ν > 0. Then we have

I
ξ,Φ
c+ I

ν,Φ
c+ G(t) = I

ξ+ν,Φ
c+ G(t), t > c.

Proposition 2.1. [17] Let c ≥ 0 and ω > c. Then, we have

(i) I
ξ,Φ
c+ (Φ(s) −Φ(c))ω−1(t) =

Γ(ω)
Γ(ω+ ξ)

(Φ(s) −Φ(c))ξ+ω−1(t).

(ii) D
ξ,Φ
c+ (Φ(s) −Φ(c))ω−1(t) =

Γ(ω)
Γ(ω− ξ)

(Φ(s) −Φ(c))ξ−ω−1(t).

Lemma 2.2. [17] If G ∈ Cn(J, R), n− 1 < ξ < n, 0 ≤ ν ≤ 1 and ϑ = ξ+ ν(n− ξ), then

I
ξ,Φ
c+ (HD

ξ,ν,Φ
c+ G)(t) = G(t) −

n∑
k=1

(Φ(t) −Φ(c))ϑ−k

Γ(ϑ− k + 1)
G

[n−k]
Φ I

(1−ν)(n−ξ),Φ
c+ G(t), t ∈ J,

where G
[n−k]
Φ G(t) :=

(
1

Φ′(t)
d
dt

)n−k

G(t).

Definition 2.4. [24] Let X be a Banach space and O a bounded subsets of X. The Kuratowski measure of
noncompactness is the map $ : O→ R+ given by

$(O) = inf{τ > 0 : O ⊆

n⋃
i=1

Oi and diam(Oi) ≤ τ}.

Proposition 2.2. [24] Let O, O1, O2 be bounded subsets of X. Then the Kuratowski measure of noncom-
pactness $ satisfies the following properties

(i) O is relatively compact ⇐⇒ $(O) = 0.
(ii) $(αO) = |α|$(O), α ∈ R.
(iii) $(O1 + O2) ≤ $(O1) +$(O2).

(iv) O1 ⊂ O2 =⇒ $(O1) ≤ $(O2).
(v) $(O1 ∪O2) = max{$(O1),$(O2)}.
(vi) $(O) = $(O) = $(convO), where O and convO indicates the closure and the convex hull of the

set O, respectively.

Definition 2.5. [24] Let P : W ⊂ X → X be a continuous bounded map. The operator P is said to be
$-Lipschitz if there exists m ≥ 0 such that

$(P(O)) < m$(O), for all O ⊂W.

Moreover, if m < 1, then P is a strict $-contraction.
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Definition 2.6. [24] P : W ⊂ X→ X is called $-condensing if

$(P(O)) < $(O),

for every bounded and non precompact subset O of W, with $(O) > 0.

Definition 2.7. [24] Let P : W ⊂ X→ X. The map P is called Lipschitz if there exists a constant m ≥ 0

such that

‖PA1 −PA2‖ ≤ m‖A1 −A2‖, A1, A2 ∈W.

Furthermore, P is called a strict contraction, if m < 1.

Proposition 2.3. [24] If P : W ⊂ X→ X is Lipschitz having constant m, then P is $-Lipschitz having
the same constant m.

Proposition 2.4. [24] If P, Q : W ⊂ X→ X are $-Lipschitz maps having constants m1, m2 respectively,
then P + Q : W→ X is $-Lipschitz map having constant m1 + m2.

Proposition 2.5. [24] If P : W ⊂ X→ X is compact, then P is $-Lipschitz having constant m = 0.

Theorem 2.1. [24] Let T : X→ X be $-condensing and

Πε = {A ∈ X : A = εTA , for all 0 ≤ ε ≤ 1}.

If Πε is a bounded set in X, then there exists r > 0 such that Πε ⊂ Br(0), then

deg(I − εT, Br(0), 0) = 1, for all ε ∈ [0, 1].

Consequently, the operator T has at least one fixed point and the set of fixed points of T is contained in
Br(0).

3. Main results

Lemma 3.1. Let c ≥ 0, ξ ∈ (1, 2], ν ∈ [0, 1], ϑ = ξ+ 2ν− ξν and g ∈ C(J, R). Then the function A is a
solution of the following boundary value problem:

HD
ξ,ν,Φ
c+ A (t) + q(t)A (t) = g(t), t ∈ J,

A (c) = 0, A (d) =
n∑

i=1

σiA (ρi), c < ρi < d,
(3.1)

if and only if

A (t) =I
ξ,Φ
c+ (g(t) − q(t)A (t)) +

(Φ(t) −Φ(c))ϑ−1

ΘΓ(ϑ)

[
I
ξ,Φ
c+ (g(t) − q(t)A (t))

−

n∑
i=1

σiI
ξ,Φ
c+ (g(t) − q(t)A (t)) (ρi)

]
, (3.2)

where

Θ =
n∑

i=1

σi
(Φ(ρi) −Φ(c))ϑ−1

Γ(ϑ)
−
(Φ(d) −Φ(c))ϑ−1

Γ(ϑ)
, 0. (3.3)
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Proof. The equation (3.1) can be expressed as

I
ϑ−ξ,Φ
c+ D

ϑ,Φ
c+ A (t) + q(t)A (t) = g(t), (3.4)

where ϑ = ξ+ 2ν− ξν, applying I
ξ,Φ
c+ to both sides of equation (3.4) and by employing Lemma 2.2

we get

A (t) = I
ξ,Φ
c+ g(t) +

e0

Γ(ϑ)
(Φ(t) −Φ(c))ϑ−1 +

e1

Γ(ϑ− 1)
(Φ(t) −Φ(c))ϑ−2

− I
ξ,Φ
c+ [qA ](t). (3.5)

Next, from using boundary condition A (0) = 0 in equation (3.5), we come to e1 = 0. Then, we

have

A (t) = I
ξ,Φ
c+ g(t) +

e0

Γ(ϑ)
(Φ(t) −Φ(c))ϑ−1

− I
ξ,Φ
c+ [qA ](t). (3.6)

Now, we exchange t by ρi and multiply by σi in equation (3.6), we get

σiA (ρi) = σiI
ξ,Φ
c+ g(ρi) +

e0σi

Γ(ϑ)
(Φ(ρi) −Φ(c))ϑ−1

− σiI
ξ,Φ
c+ [qA ](ρi).

From A (d) =
n∑

i=1

σiA (ρi), we write easily

n∑
i=1

σiA (ρi) =
n∑

i=1

σiI
ξ,Φ
c+ g(ρi) +

e0

Γ(ϑ)

n∑
i=1

σi(Φ(ρi) −Φ(c))ϑ−1
−

n∑
i=1

σiI
ξ,Φ
c+ [qA ](ρi). (3.7)

Also

A (d) =
e0

Γ(ϑ)
(Φ(d) −Φ(c))ϑ−1 + I

ξ,Φ
c+ [g(d) − q(d)A (d)]. (3.8)

With the help of boundary condition A (d) =
n∑

i=1

σiA (ρi) and considering equations (3.7) and

(3.8), we derive:

e0

Γ(ϑ)
(Φ(d) −Φ(c))ϑ−1 + I

ξ,Φ
c+ [g(t) − q(t)A (t)](d)

=
e0

Γ(ϑ)

n∑
i=1

σi(Φ(ρi) −Φ(c))ϑ−1 +
n∑

i=1

σiI
ξ,Φ
c+ g(ρi) −

n∑
i=1

σiI
ξ,Φ
c+ [qA ](ρi)

=
e0

Γ(ϑ)

n∑
i=1

σi(Φ(ρi) −Φ(c))ϑ−1 +
n∑

i=1

σiI
ξ,Φ
c+ [g(t) − q(t)A (t)](ρi),

which implies that

e0 =
1
Θ

Iξ,Φ
c+ [g(t) − q(t)A (t)](d) −

n∑
i=1

σiI
ξ,Φ
c+ [g(t) − q(t)A (t)](ρi)

 . (3.9)

Substituting the value of e0 in (3.6), we obtain (3.2). The converse follows by direct computation.

This completes the proof. �
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Let us introduce the operators P, Q : C(J, R)→ C(J, R) by

(PA )(t) = I
ξ,Φ
c+

[
G

(
t, A

(
t
η

)
, A (t)

)
− q(t)A (t)

]
, t ∈ J (3.10)

and

(QA )(t) =
(Φ(t) −Φ(c))ϑ−1

ΘΓ(ϑ)

[
I
ξ,Φ
c+

(
G

(
t, A

(
t
η

)
, A (t)

)
− q(t)A (t)

)
−

n∑
i=1

σiI
ξ,Φ
c+

(
G

(
t, A

(
t
η

)
, A (t)

)
− q(t)A (t)

)
(ρi)

]
. (3.11)

Then

TA (t) = PA (t) + QA (t), t ∈ J. (3.12)

We make the following growth and Lipschitz condition on G as

(C1) There exists a constant LG > 0 such that∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
≤ LG

{∣∣∣∣∣∣A
(

t
η

)
−A

(
t
η

)∣∣∣∣∣∣+ ∣∣∣A (t) −A (t)
∣∣∣}.

(C2) There exists HG > 0, MG > 0 and KG such that∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣ ≤HG

∣∣∣∣∣∣A
(

t
η

)∣∣∣∣∣∣+ MG|A (t)|+ KG.

To abbreviate, let us establish.

Ξ =
(Φ(d) −Φ(c))ϑ−1

|Θ|Γ(ϑ)

 (Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+

n∑
i=1

|σi|
(Φ(ρi) −Φ(c))ξ

Γ(ξ+ 1)

 . (3.13)

Lemma 3.2. The operator Q is$-Lipschitz with constant (LG + |a+ 2b|)Ξ. Moreover, fulfills the following
growth condition

‖QA ‖ ≤ Ξ((HG + MG + |a + 2b|)‖A ‖+ KG), (3.14)

where Ξ is mentioned by equation (3.13).

Proof. Let A , A ∈ C(J, R), then we have

|QA (t) −QA (t)|

≤
(Φ(t) −Φ(c))ϑ−1

|Θ|Γ(ϑ)

[
I
ξ,Φ
c+

( ∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
+ |q(t)||A (t) −A (t)|

)
+

n∑
i=1

|σi|I
ξ,Φ
c+

( ∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
+ |q(t)||A (t) −A (t)|

)
(ρi)

]
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≤
(Φ(d) −Φ(c))ϑ−1

|Θ|Γ(ϑ)

[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
(LG + |a + 2b|) +

n∑
i=1

|σi|
(Φ(ρi) −Φ(c))ξ

Γ(ξ+ 1)
(LG + |a + 2b|)

]
× ‖A −A ‖

≤
(LG + |a + 2b|)(Φ(d) −Φ(c))ϑ−1

|Θ|Γ(ϑ)

[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+

n∑
i=1

|σi|
(Φ(ρi) −Φ(c))ξ

Γ(ξ+ 1)

]
‖A −A ‖

≤ (LG + |a + 2b|)Ξ‖A −A ‖.

Taking supremum over t, we get

‖QA −QA ‖ ≤ (LG + |a + 2b|)Ξ‖A −A ‖.

Which implies that Q is Lipschitz having constant (LG + |a + 2b|)Ξ and by the Proposition 2.3, Q

is $-Lipschitz with the same constant (LG + |a + 2b|)Ξ. Further for A ∈ C(J, R) and by using (C2)

we get

|QA (t)|

≤
(Φ(t) −Φ(c))ϑ−1

|Θ|Γ(ϑ)

[
I
ξ,Φ
c+

(∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣+ |q(t)||A (t)|
)

+
n∑

i=1

|σi|I
ξ,Φ
c+

(∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣+ |q(t)||A (t)|
)
(ρi)

]

≤
(Φ(d) −Φ(c))ϑ−1

|Θ|Γ(ϑ)
(HG‖A ‖+ MG‖A ‖+ |a + 2b|‖A ‖+ KG)

×

[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+

n∑
i=1

|σi|
(Φ(ρi) −Φ(c))ξ

Γ(ξ+ 1)

]
≤ Ξ((HG + MG + |a + 2b|)‖A ‖+ KG),

which, on taking supremum over t, yields

‖QA ‖ ≤ Ξ((HG + MG + |a + 2b|)‖A ‖+ KG).

�

Lemma 3.3. The operator P is continuous. In addition, P fulfills the following growth condition

‖PA ‖ ≤
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
((HG + MG + |a + 2b|)‖A ‖+ KG), for all A ∈ C(J, R). (3.15)

Proof. Let An, A ∈ C(J, R) be such that An → A (n→ ∞) in C(J, R). Then there exists λ > 0 such

that ‖An‖ ≤ λ for all n ≥ 1, further by taking limits we get ‖A ‖ ≤ λ. By employing the fact that G

is continuous and (C2), ∀t ∈ J, we obtain that∣∣∣∣∣∣G
(
t, An

(
t
η

)
, An(t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
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≤

∣∣∣∣∣∣G
(
t, An

(
t
η

)
, An(t)

)∣∣∣∣∣∣+
∣∣∣∣∣∣G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
≤ 2((HG + MG)λ+ KG),

and

|q(t)||An(t) −A (t)| ≤ |q(t)|(|An|+ |A (t)|)

≤ 2λ|a + 2b|.

The functions s −→ 2((HG +MG)λ+KG) and s1 −→ 2λ|a+ 2b| are integrable for s, s1 ∈ [0, t], t ∈ J,

by helping Lebesgue Dominated Convergence theorem, we get

|PAn(t) −PA (t)| ≤ I
ξ,Φ
c+

[ ∣∣∣∣∣∣G
(
t, An

(
t
η

)
, An(t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
+ |q(t)||An(t) −A (t)|

]
−→ 0 as n −→ ∞.

Hence

‖PAn(t) −PA (t)‖ −→ 0 as n −→ ∞.

Consequently, P is continuous.

Also

|PA (t)| ≤ I
ξ,Φ
c+

[ ∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣+ |q(t)||A (t)|
]

≤ I
ξ,Φ
c+ [(HG + MG + |a + 2b|)‖A ‖+ KG]

≤
(Φ(t) −Φ(c))ξ

Γ(ξ+ 1)
[(HG + MG + |a + 2b|)‖A ‖+ KG].

Taking supremum over t, the above inequality becomes

‖PA ‖ ≤
(Φ(t) −Φ(c))ξ

Γ(ξ+ 1)
[(HG + MG + |a + 2b|)‖A ‖+ KG].

�

Lemma 3.4. The operator P is compact. Consequently P is $-Lipschitz with zero constant.

Proof. We claim that P is compact, we define a bounded set ∆1 such that ∆1 ⊂ Bp, it is enough to

prove that P(∆1) is relatively compact in C(J, R). Let A ∈ ∆1 ⊂ Bp and by using inequality (3.15),

we get

‖PA ‖ ≤
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
((HG + MG + |a + 2b|)‖p‖+ KG) = p. (3.16)

It follows that P(∆1) ⊂ Bp. So, we conclude that P(∆1) is bounded.

For the equicontinuity of P, let t1, t2 ∈ J with t1 < t2 and for A ∈ ∆1, we have

|PA (t2) −PA (t1)|
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≤
1

Γ(ξ)

∫ t1

c
Φ
′

(s)|(Φ(t2) −Φ(s))ξ−1
− (Φ(t1) −Φ(s))ξ−1

|

×

∣∣∣∣∣∣G
(
s, A

(
s
η

)
, A (s)

)
− q(s)A (s)

∣∣∣∣∣∣ ds +
1

Γ(ξ)

∫ t2

t1

Φ
′

(s)(Φ(t2) −Φ(s))ξ−1

×

∣∣∣∣∣∣G
(
s, A

(
s
η

)
, A (s)

)
− q(s)A (s)

∣∣∣∣∣∣ ds

≤
((HG + MG + |a + 2b|)‖A ‖+ KG)

Γ(ξ+ 1)
(Φ(t2) −Φ(t1))

ξ

−→ 0.

As t2 → t1, ‖PA (t2)−PA (t1)‖ → 0. This demonstrates the equicontinuity and compactness of the

operator P. According to the Arzela-Ascoli theorem, P is compact as a consequence of Proposition

2.5, P is $-Lipschitz with zero constant. �

Theorem 3.1. Assume that (C1) − (C2) hold. If

(LG + |a + 2b|)Ξ < 1. (3.17)

Then the equation (1.1) has at least one solution.

Proof. The operators P, Q and T are bounded and continuous. Also, P is $-Lipschitz having

constant (LG + |a + 2b|)Ξ and Q is $-Lipschitz having zero constant. With the aid of inequality

(3.17) and both proposition’s 2.4 and 2.3, we deduce that T is $-condensing.

Now, we define Πε = {A ∈ C(J, R) : A = εTA , for some ε ∈ [0, 1]}.

Let A ∈ Πε, then A = εTA = ε(PA + QA ), we come to

‖A ‖ = ε‖PA + QA ‖

≤ ‖PA ‖+ ‖QA ‖

≤
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
[(HG + MG + |a + 2b|)‖A ‖+ KG]

+ Ξ[(HG + MG + |a + 2b|)‖A ‖+ KG]

≤

(
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+ Ξ

)
[(HG + MG + |a + 2b|)‖A ‖+ KG].

Hence Πε is bounded in C(J, R). Suppose Πε is not bounded, then we assume that κ := ‖A ‖ −→ ∞

and from the preceding inequality, it follows that

1 ≤ lim
κ→+∞

(
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+ Ξ

)
[(HG + MG + |a + 2b|)‖κ‖+ KG]

κ
= 0,

which is a contradiction. Since all conditions of Theorem 2.1 hold. Then the operator T has at

least one fixed point which represents a solution to the equation (1.1). In addition, the set of the

equation (1.1) is bounded in C(J, R). �
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In the next result, dealing with the uniqueness of the solution for the equation (1.1), is analogous

to Banach’s contraction principle and stated below.

Theorem 3.2. Let (C1) be hold and if

(LG + |a + 2b|)
[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+ Ξ

]
< 1, (3.18)

then the equation (1.1) has a unique solution A ∈ C(J, R).

Proof. Let A , A ∈ C(J, R), then

|TA (t) −TA (t)|

≤ I
ξ,Φ
c+

[ ∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣+ |q(t)||A (t) −A (t)|
]

+
(Φ(d) −Φ(c))ϑ−1

|Θ|Γ(ϑ)

[
I
ξ,Φ
c+

( ∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
+ |q(t)||A (t) −A (t)|

)
+

n∑
i=1

|σi|I
ξ,Φ
c+

( ∣∣∣∣∣∣G
(
t, A

(
t
η

)
, A (t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
+ |q(t)||A (t) −A (t)|

)
(ρi)

]
.

Taking the supremum over t, we get

‖TA −TA ‖

≤
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
(LG + |a + 2b|)‖A −A ‖+

(Φ(d) −Φ(c))ϑ−1

|Θ|Γ(ϑ)

[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
(LG + |a + 2b|)

+
n∑

i=1

|σi|
(Φ(ρi) −Φ(c))ξ

Γ(ξ+ 1)
(LG + |a + 2b|)

]
‖A −A ‖

≤ (LG + |a + 2b|)
[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+ Ξ

]
‖A −A ‖.

Since (LG + |a+ 2b|)
[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+ Ξ

]
< 1, the operator T is a contraction. Hence we conclude

the proof by applying Banach’s contraction principle. �

4. Stability theory

We are ready to discuss the Ulam-Hyers (U-H) stability and generalized Ulam-Hyers (g-U-H)

stability for the equation (1.1) by this section.

Definition 4.1. Equation (1.1) is said to be U-H stable if there is a constant CG > 0 such that for each
ε > 0 and each solution A ∈ C(J, R) of the inequality∣∣∣∣∣∣HD

ξ,ν,Φ
c+ A (t) + q(t)A (t) −G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣ ≤ ε, t ∈ J, (4.1)
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there exists a solution A1 ∈ C(J, R) of equation (1.1) with

|A1(t) −A (t)| ≤ CGε, t ∈ J.

Definition 4.2. Equation (1.1) is said to be g-U-H stable if there exists a function Υ ∈ C(R+, R+)

with Υ(0) = 0 such that for each solution A ∈ C(J, R) of the inequality (4.1), there exists a solution
A1 ∈ C(J, R) of (1.1) with

|A (t) −A1(t)| ≤ Υ(ε), t ∈ J.

Remark 4.1. Definition 4.1 =⇒ Definition 4.2.

Remark 4.2. A function A ∈ C(J, R) is a solution of (4.1) if and only if there exists a function w ∈ C(J, R)

such that

(i) |w(t)| ≤ ε, t ∈ J,

(ii) HD
ξ,ν,Φ
c+ A (t) + q(t)A (t) = G

(
t, A

(
t
η

)
, A (t)

)
+ w(t), t ∈ J.

Theorem 4.1. Assume that (C1) is fulfilled. Then, the equation (1.1) will be U-H stable as well as g-U-H
stable.

Proof. Consider A1 to be a solution of the inequality (4.1) and A be a solution of (1.1). Then, there

exists w ∈ C(J, R) such that

HD
ξ,ν,Φ
c+ A1(t) + q(t)A1(t) = G

(
t, A1

(
t
η

)
, A1(t)

)
+ w(t), t ∈ J, (4.2)

and |w(t)| ≤ ε, t ∈ J. In view of Lemma 3.1, that the solution of (4.2) can be written as follows

A1(t) =
(Φ(t) −Φ(c))ϑ−1

ΘΓ(ϑ)

[
I
ξ,Φ
c+

(
G

(
t, A1

(
t
η

)
, A1(t)

)
− q(t)A1(t)

)
−

n∑
i=1

σiI
ξ,Φ
c+

(
G

(
t, A1

(
t
η

)
, A1(t)

)
− q(t)A1(t)

)
(ρi)

]
+ I

ξ,Φ
c+

(
G

(
t, A1

(
t
η

)
, A1(t)

)
− q(t)A1(t)

)
+ I

ξ,Φ
c+ w(t). (4.3)

If we take

BA1 =I
ξ,Φ
c+

(
G

(
t, A1

(
t
η

)
, A1(t)

)
− q(t)A1(t)

)
−

n∑
i=1

σiI
ξ,Φ
c+

(
G

(
t, A1

(
t
η

)
, A1(t)

)
− q(t)A1(t)

)
(ρi),

and

BA =I
ξ,Φ
c+

(
G

(
t, A

(
t
η

)
, A (t)

)
− q(t)A (t)

)
−

n∑
i=1

σiI
ξ,Φ
c+

(
G

(
t, A

(
t
η

)
, A (t)

)
− q(t)A (t)

)
(ρi).
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Which implies that

|A1(t) −A (t)|

=

∣∣∣∣∣∣ (Φ(t) −Φ(c))ϑ−1

ΘΓ(ϑ)
BA1 + I

ξ,Φ
c+

(
G

(
t, A1

(
t
η

)
, A1(t)

)
− q(t)A1(t)

)
+ I

ξ,Φ
c+ w(t)

−
(Φ(t) −Φ(c))ϑ−1

ΘΓ(ϑ)
BA − I

ξ,Φ
c+

(
G

(
t, A

(
t
η

)
, A (t)

)
− q(t)A (t)

) ∣∣∣∣∣∣
≤

(Φ(t) −Φ(c))ϑ−1

ΘΓ(ϑ)
|BA1 −BA |+ I

ξ,Φ
c+

[ ∣∣∣∣∣∣G
(
t, A1

(
t
η

)
, A1(t)

)
−G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣
+ |q(t)||A1(t) −A (t)|

]
+ I

ξ,Φ
c+ |w(t)|,

since A1(b) = A (b) = 0, we can see that |BA1 −BA | = 0. Then, by (C1) and remark 4.2, we obtain

|A1(t) −A (t)| ≤
(LG + |a + 2b|)

Γ(ξ)

∫ t

c
Φ
′

(s)(Φ(t) −Φ(s))ξ−1
|A1(s) −A (s)|ds

+
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
,

since
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
is a constant on J, the above inequality is converted into

|A1(t) −A (t)| ≤
ε(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
Eξ

(
(LG + |a + 2b|)(Φ(d) −Φ(c))ξ

)
,

by considering

CG :=
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
Eξ

(
(LG + |a + 2b|)(Φ(d) −Φ(c))ξ

)
,

so, we get

|A1(t) −A (t)| ≤ CGε.

It follows from Definition 4.1, clearly the equation (1.1) is U-H stable. �

Remark 4.3. choosing Υ(ε) = CG(ε); Υ(0) = 0, we can state that the equation (1.1) is g-U-H stable.

5. An illustrative example

Consider the following Ambartsumian-type Φ-Hilfer Mathieu fractional differential equation

with boundary condition:
HD

7
4 , 2

5 , et
6

0+ A (t) + q(t)A (t) = 1
7A

(
t
7

)
−A (t), t ∈ [0,π]

A (0) = 0, A (π) = 21
4 A

(
2π
13

)
+ 19

5 A
(

3π
7

)
,

(5.1)

where

q(t) =
115
83
−

2
√

329
15

cos(2t), t ∈ (0,π].
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Clearly, ξ = 7
4 ∈ (1, 2], ν = 2

5 ∈ [0, 1], Φ(t) = et

6 , σ1 = 21
4 , σ2 = 19

5 , ρ1 = 2π
13 , ρ2 = 3π

7 and a = 115
83 ,

b =
√

329
15 .

We define the map G : [0,π] ×R×R→ R by

G

(
t, A

(
t
η

)
, A (t)

)
=

1
7
A

( t
7

)
−A (t),

where η = 7. For A1, A2 ∈ R, we have∣∣∣∣∣∣G
(
t, A1

(
t
η

)
, A1(t)

)
−G

(
t, A2

(
t
η

)
, A2(t)

)∣∣∣∣∣∣
≤

1
7

{∣∣∣∣∣∣A1

(
t
η

)
−A2

(
t
η

)∣∣∣∣∣∣+ |A1(t) −A2(t)|
}

.

Thus, condition (C1) holds with LG = 1
7 > 0. In addition, for every t ∈ [0,π] and A ∈ R, we have∣∣∣∣∣∣G

(
t, A

(
t
η

)
, A (t)

)∣∣∣∣∣∣ ≤ 1
7

[∣∣∣∣∣∣A
(

t
η

)∣∣∣∣∣∣+ |A (t)|+ 1
]

.

Hence, condition (C2) with HG = MG = KG = 1
7 .

To deal with the uniqueness we use the data given above, we get

(LG + |a + 2b|)
[
(Φ(d) −Φ(c))ξ

Γ(ξ+ 1)
+ Ξ

]
≈ 0.79 < 1.

Accordingly, by Theorem 3.2, the equation (5.1) has a unique solution in C([0,π], R). Further, it

follows from Theorem 4.1 that the equation (5.1) is U-H stable and consequently it is also g-U-H

stable.

6. Conclusion

Using topological degree theory for condensing maps and Banach’s contraction principle, we

established the existence and uniqueness of solutions for an Ambartsumian-type Φ-Hilfer Math-

ieu fractional differential equation with boundary conditions. Moreover, the Ulam–Hyers and

generalized Ulam–Hyers stability of the considered problem were investigated. To the best of our

knowledge, this is the first work addressing an Ambartsumian-type Mathieu fractional differen-

tial equation with boundary conditions. Consequently, the obtained results extend and generalize

existing results in the literature and contribute to the qualitative analysis of Φ-Hilfer fractional

differential equations.
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