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Abstract. This paper investigates an operator equation of the form x = (Ax*)1/* + xy, where A is a linear operator
defined in continuous function spaces, s > 1 is a real number and xy is a positive continuous function. We transform it
into a fixed point problem and establish the existence and uniqueness of solutions by using some results for increasing
concave operators in the interior of cones. Moreover, we give several applications in Caputo fractional differential

problems, recursive preferences and wealth-consumption ratio.

1. INTRODUCTION
In this paper, we consider an operator equation of the following form
x = (Ax)YS + xq, (1.1)

where A is a linear operator, xo represents a positive continuous function and s is a nonzero real
value. In recent years, the Equation 1.1 has emerged in a wide range of economic and financial
applications, including but not limited to recursive utility models, state-dependent discounting
in an optimal savings problem used in macroeconomic modeling, wealth-consumption ratio, see
reference [1] and the references therein. Author et al. [1] investigated Equation 1.1 and gave some
conditions to guarantee the existence and uniqueness of positive solutions under the important
condition7(A)¢ < 1, where r(A) is the spectral radius of operator A. They transformed the problem
into a fixed point problem of operator G by

Gy = ((Ap)"* + ) -
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By combining the partial order theory in Banach lattices with positive cones, they obtained the
existence and uniqueness of positive solutions with the operator G is concave or convex, respec-
tively. In literature, the existence and uniqueness of solutions to Equation 1.1 has been seldom
seen. However, if we write Equation 1.1 as x = Bx 4 b (where B is allowed to be nonlinear), then
we get a generalization of operator equations discussed by [2], [3], [4], [5]. In these results, B is
typically assumed to be a -concave (an operator B is a-concave if for t € (0,1), thereis @ € (0,1)
such that B(fx) > t*Bx), but it is evident that such a condition cannot hold under our hypotheses.

In this paper, we continue to investigate Equation 1.1 and obtain the existence and uniqueness
of positive solutions under different conditions. Unlike prior works, we do not consider the
spectral radius of mapping A. Instead, the solution problem of Equation 1.1 is transformed into a

tixed-point problem for the operator F by
Fx = (Ax*)'* + xq.

We also discuss the operator G and obtain its properties. Based upon these, we give some new
results for the operator F. In the rest of this paper, Section 2 gives some necessary definitions to
support subsequent theoretical analysis, Section 3 presents the main theorems characterizing the
existence and uniqueness of solutions to the Equation 1.1. In Section 4, we present several concrete
applications to demonstrate the applicability and validity of our main results, which include ones

in Caputo fractional differential problems, recursive preferences and wealth-consumption ratio.

2. PRELIMINARIES

In this section, we list some concepts and known results which can be seen in [6], [7], [8], [9].

Let (E, || - ||) be a real Banach space, P C E is a cone. The space E is partly ordered by P, that is,
x<yifandonlyif y—x € P. f x < yand x # y, we write x < y. If P = {x € P | x is an interior
point of P } is non-empty, then the cone P is called be solid. If y — x € P, we write x < y or y > x.
Moreover, if there exists a constant N > 0 such that for x, y € E with 0 < x < y implies ||x|| < N]|yll,

then P is said to be a normal cone.

Definition 2.1. Let D be a convex set in E, and the operator A : D — E.

(D) IfA(tx+ (1-t)y) > tAx+ (1 -t)Ay forx,y € D, x <y, 0 <t < 1. Then A is said to be a concave
operator on D;

(i) If A(tx+ (1 - t)y) <tAx+ (1 -t)Ay forx,y e D, x <y, 0 <t < 1. Then A is said to be a convex

operator on D.

Lemma 2.1. ([6],[7]) Let P be a normal solid coneand T : P — P be a concave operator satisfying TO > 0.
Then there exists 0 < A* < oo such that when 0 < A < A*, the equation

u=ATu (2.1)
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has a unique solution u(A) in P; moreover, u(0) = 0 and u(A) € P for all 0 < A < A*, where
A" =sup{A > 0| Ju € P such that u = ATuj.

Lemma 2.2. ([6],[7]) Let P be a normal cone, v > 6 and the operator A : [6,v] — E is a concave increasing
operator. If there exists a constant € with 0 < € < 1 such that AO > €v, Av < v, then A has a minimal fixed
point u* in [0, v] with u* > 0.

3. MAIN RESULTS

In this part, we discuss the correlation properties of the solutions for the operator Equation
1.1 in the space E = C[a,b] (a < b < +00). Apparently, E is a Banach space with the norm
Ifll = max,<i<p |f(t)], where f € C[a,b]. The standard cone P is

P={feE: f(t)>0,teab]},
and then P is a normal cone, the interior of P is

P={feE:f(t)>0,teab]
Firstly, we define two maps F, G on E by

Fx = (Ax)Y* + xo, (3.1)

Gx = ((Ax)"* +x0), (3.2)

where x,x9 € E,A : E — E is a linear operator. Thus, we solve the Equation 1.1 by converting it
into a fixed point problem associated with the map F.

It is noting that we suppose H to be the homeomorphism from P to itself defined by Hx = x°,
then F and G are topologically conjugate under H, in the sense that Ho F = Go H. As a result, F
has a unique fixed point in P if and only if the same is true for G, and fixed points of F and G have

the same stability properties.

Lemma 3.1. If x is the fixed point of G, then u = xi(s>1)is the fixed point of F.

Proof. Let x be a fixed point of G ,that is Gx = x. From Equation 3.2, we have
[(Ax)% + xo]s = x.

Taking the %-th power of both sides of the above equation, we can obtain
(Ax)% +xp = x5,

Let u = x+, then x = u°. Substituting x = u° into the above equation, we get
(Aus)% +x0 = U

This implies that u is a fixed point of F. The proof is completed.
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Lemma 3.2. Suppose that A : P — P is a continuous and positive linear operator, xo € P. Then, G : P — P

is a concave operator when s > 1.
Proof. Let t € [a,b] and we define
S
Pe(r) = (r% +x0) , r>0.

Then, forany y € P, (Gy)(t) can be expressed as ;[(Ay)(t)]. Evidently, i} is an increasing function
for all t € [a,b]. This follows from the fact that

s—1 1_1

Pi(r) = (r +x0(h) 1

Combining with xo(t) > 0,s > 1 and r > 0, we know 1;(r) > 0. Then, the second derivative of

Yy(r) is calculated as follows

so ¢’ (r) <0whens < 0ors > 1, that is to say, {; is concave on t € [a, b].
Next we fix y,z € Pand A € [0,1] and let h := Ay + (1 — A)z. Hence, fixing t € C[a,b], lets > 1
and combining the definition of the concave operator and the linearity of operator A, we will get
Pe[(AR)(D)] = p:[A(Ay) (1) + (1= 1)(Az) (1)]
= Api(Ay) ()] + (1= V)i [(Az) (1)),
accordingly, (Gh)(t) > A(Gy)(t) + (1 —A)(Gz)(t) is valid. So G is a concave operator on P when

s> 1.

Theorem 3.1. Suppose that A : P — P is a continuous and positive linear operator, xo € P and s > 1.
Then, there exists 0 < A* < oo such that when 0 < A < A*, the equation

u = AGu,
has a unique solution u(A) in P; moreover, u(0) = 0 and u(A) € P forall 0 < A < A",

Poof. From Lemma 3.2, G : P — P is a concave operator when s > 1, and combining with Equation

3.2, we have
GO = ((A0)F +x0)° = x5 > 0.
Therefore, it follows immediately from Lemma 2.1 that the conclusion is valid.

Corollary 3.1. If u(A) is a solution of the equation u = AGu in P, then x(A) = (u(A))* is a solution of
the following Equation

x = A+Fx. (3.3)
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Proof. Let u(A) be a solution of u = AGu. Then, according to Equation 3.2, we can obtain
us = As[(Au)* + xq).
Letx = u+,and combining with Equation 3.1, then
x = A* [(Ax') +x0| = ATFx.
which means that Equation 3.3 has a unique solution x(A) in P.

Lemma 3.3. Suppose that
(i) A is a continuous and positive linear operator, s > 1 and xg € p;
(ii) there exists vy € P such that Avy < ((vg)* — xo)°.

Then G has a unique fixed point % in P.

Proof. From Lemma 3.2, we know that G : P — P is a concave operator, so G is an increasing
operator on P. According to (ii),
1 S
[(Avo)* +x0| <0,
that is, Gvg < vg. So G : [0, v9] — P is a concave operator. Furthermore, we have vy > Gvg > G6 >
0, and we can take 0 < ¢ < 1 sufficiently small such that GO > €vg . For any given 0 < A <1, we
can obtain
AGO > Aevy, AGyy £ Gug < vp.

By Lemma 2.2, the equation u = AGu has a minimal solution u(A) in [0, vo], and u(A) > 6. From
Lemma 2.1, we get A* > 1. Therefore, G has a unique solution in P, that means, GX = X. It is worth
noting that, given xp € Pand s > 1, we have Gx > 0O for all x € P. As a direct consequence, the

operator G admits a unique fixed point ¥ in P.

Theorem 3.2. Suppose that
(i) A is a continuous and positive linear operator, s > 1 and xg € p:
(ii) there exists vy € P such that Avy < ((vg)* — xo)°.

Then F has a unique fixed point X in P.
Proof. It is obvious from Lemma 3.1 that the conclusion holds.

Remark 3.1. Evidently, the conditions in our main results is not involved the spectral radius of the linear

operator A.

4. SEVERAL APPLICATIONS

In this section, we present several applications to illustrate our main results.
4.1. Caputo fractional differential equations

Fractional differential equations, particularly those defined using the Caputo derivative, have
become key mathematical models for describing complex dynamic systems with memory and

hereditary properties, owing to the fact that their derivative definition inherently incorporates
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classical initial value conditions from integer-order calculus. Based on the theory of fixed-point
theorems in functional analysis, systematic research has been established on the existence and
uniqueness of solutions to such equations. Current research has expanded from standard forms to
complex cases involving time delay, impulses, and nonlocal boundary conditions, while theoretical
analyses of solution positivity, stability, for example [10], [11], [12], [13], [14], [15], [16], [17], [18],
[19], [20], [21] [22], [23], [24], [25], [26], [27], [28]. Here, we investigate a different problem of Caputo

fractional differential Problem:
D% ((u(t) —up(t))*) = u(t), a<t<b,
w'(a) = ug(a), BEDI((u(t) —uo(t))*)],_, = uo(n) —u(n),

where ¢D4 denotes the a-order Caputo fractional derivative, 1 <a <2,8>0anda<n<b,s> 1.

(4.1)

Here, we use Theorem 3.2 to investigate the existence and uniqueness of positive solutions for the
Problem 4.1.
In [29], the authors concerned with the problem of finding some Lyapunov-type inequalities for

the following fractional Problem:

_Cpa _
Diu(t) = y(t), a<t<pb, 42)
u'(a) =0, BCDI u(b) +u(n) =0,

where D¢ denotes the Caputo fractional derivative of order &, 1 < @ <2, >0anda < 1 < b.
By constructing the Green’s function and systematically analyzing its monotonicity and extremal
properties, they established a Lyapunov-type inequality for this problem and proved the existence
of solutions for the Problem 4.2.

Definition 4.1. ( [30]) For f : [a,b] — (=00, +0), the Riemann-liouville fractional integral I f of order

p > 01is defined by : _—
810 =57 ), o

where T'(p) is the Gamma function.

Definition 4.2. ([30]) For f : [a,b] = (=00, +00) and n—1 < a < n(n € IN), the Caputo derivative of
order a is defined as

. 1 (M)
CDaf(t) = r(n —0() fa (t_s)a—n-i-lds’
where ") (s) is the n - th derivative of f(s).

Lemma 4.1. ([29]) Suppose y € Cla,b]. A function u € Cla, b] is a solution of the Problem 4.2 if and only
if it satisfies the integral equation

b
u(t):f G(t,s)y(s)ds,

where G(t, s) is the Green’s function given by

G(t,s) = B+ Hy(s) — Hy(s),
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where for r € [a,b], H, : [a,b] — R is the function defined as

(r—s)®1

Hy(s) = Ta)
0, fora<r<s<b.

fora<s<r<b,

Lemma4.2. ([29]) Let BT (a) > (b—n)*"'. Then the Green’s function in Lemma 4.1 satisfies the following
properties:

(i) G(t,s) =2 0,t,s € [a,b];

(i) max{G(t,s) : t,s € [a,b]} = B+
(iii) min{G(t,s) : t,s € [a,b]} = B —

-1

_a)a
(@) 7
)"
(a)

(1 .
T

(b— a-1
T .

Theorem 4.1. Let pT(a) > (b-n)*"'. Suppose ug € P and there exists vy € P such that

b
[ Gt T)vo(7) d < [(vo(1))*
it satisfies the integral equation

—uo(t)]°, t € [a,b]. Then the Problem 4.1 has a unique solution u € P, and

b 3
u(t) = ( f G(t,7) 15 (1) dT) +uo(t),

where G(t,s) is the Green’s function given by Lemma 4.1.

Proof. Let w(t) = u(t) —up(t) (where u is a solution of the Problem 4.1), then Problem 4.1 can be

transformed into the following form
-CD¥(w(t))* = u(t), a<t<b,
w'(a) =0, Dy (w(t))’],_, +w(n) =0.

According to Lemma 4.1, we can get

b
(w(t))” = (u(t) —uo(t))” = fa G(t, 1) w(r)dr.

Taking the 1-th power of both sides for above equation and rearranging terms, we can obtain

b s
u(t) = [ f G(t,7) uS(T)dT) up(h),

where G(t,s) is the Green'’s function given by Lemma 4.1. Next, we define an operator A in the

following form

Au(t) = fb G(t,t) u(t)dt, ueP.

According to Lemma 4.2, G(t,s) > 0. It is evident that A : P — P is a continuous and positive

linear operator. Meanwhile, we can obtain

1

b
Avy(t) = f G(t,t) vo(t) dt < [(vo(t))s —uo(t)]°.

Therefore, the Problem 4.1 have a unique solution in p by Theorem 3.2.
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Example 4.1. We consider a different fractional Problem in C[1, 3]:

—CD3 ((u(t) -2)?) = u(t), 1<t<3,

/ cph? 2 5 (43)
w' (1) =0, "Dy (u(t) =2)"|—s = 2-u(3),
where up(t) =2, a = %, s=2,n= %,,B = 1. Thus, we have
u(l) = uy(1) =0,
3, _Vn
pra) =I(3) =—
3
3 5\ 1
_a-1 —_(=Z_= P
plb=n) (2 4) 2
Hence, BT’ (a) > (b—n)*"'. Further, we can obtain
1
1\2
3 - () 1
max{G(t,s) :t,se[l,z]{ =B+ ——=1+—"— =14+ —.
| o N TR
Taking vo(t) = ct, where t € [1,3] and ¢ > 2 is a positive constant satisfying
1 5 1
-z (1+ )| 22 44
-5 ﬁ) (@4

Then, we can get

3

ff G(t, 7)oo(7) dt = cff Gt t)rdr < C(l i %)fl = gc(l " %)

Based on Equation 4.4, we can conclude that

2 -2>c2 %(1—1—%)_
So
[(00(t) —uo(®)] = (cht} —2) > (¢} -2)2 > gc(l N %)

The above derivation demonstrates that

1
s

fl Gt myao(n) dr < [(e0(8) - uo(t)]

Therefore, it follows from Theorem 4.1 that the Problem 4.3 has a unique positive solution in P and satisfies
the following integral equation

u(t) = Ul G(t,T)MZ(T)dT]Z +o,

where G(t,s) is the Green’s function given by Lemma 4.1.
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4.2. Recursive preferences
Epstein - Zin preferences play an important role in studying mainstream asset pricing models in

finance (for example [31], [32], [33]). In [34], a universal specification is adopted in macroeconomics

v=((1-p)c" +p(R0)")""", (4.5)
where ¢ € P ¢ C(T) stands for consumption in every state, p, § > 0 are parameters. The operator
Ractsonv e PasRo = (Qu*)V/, where a is a nonzero parameter and Q is an irreducible Markov
operator. The unknown function v represents the lifetime utility in each state of the world. The
authors took w = v*, s = a/p, then the above formula is transformed into

a/p_

w={(1-p)c? + p(Qu)”*}"" = {(1-B)c” + (B°Qu)"/*}

They have already established that Equation 4.5 has a solution when g < 1. Meanwhile, by defining

S
’

the linear operator A := °Q in [1], the authors proved the existence and uniqueness of a positive
solution to Equation 4.5 under the condition that the spectral radius of A satisfies r(A)!/* < 1.
In this paper, if there exists vg € P such that

1 1
s

(BQuo)* <05 = (1-p)cf,

1 S
which means Avy < (05 - (1-B)c? ) . By Theorem 3.2, the Equation 4.5 has a unique positive

solution in P. Here, we do not involve the spectral radius of the operator A.

4.3. Wealth-consumption ratio

In asset pricing, the wealth-consumption ratio of the representative agent is an important object.
In the above 4.2, let w, the equilibrium wealth-consumption ratio under Epstein-Zin preferences,
be satisfied with

FQu = (w-1)°, (4.6)
where Q is an irreducible and power compact linear operator. By defining A := p°Q, we can
rephrase Equation 4.6 as

w = (Aw*)V* +1,
which is the same form of the Equation 1.1. In [1], the authors demonstrate that a unique strictly

positive wealth-consumption ratio exists if and only if the linear operator A satisfies r(A)'/* < 1.

Here, if there exists vy € P satisfying

1 S
that is Avy < (05 - 1) , then the Equation 4.6 has a unique positive solution in P. Also, we do not

consider the spectral radius of the operator A.
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