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Abstract. In investigating various problems related to the theory of approximate integration, partial differential equa-
tions, and other areas of analysis, the functional approach has proven to be highly effective. This approach involves
treating the differential equation with boundary conditions as an operator acting in a specifically chosen functional
space. The necessary information is derived from the properties of this operator. When addressing problems in ap-
proximate integration and differential equations, the appropriate selection of functional spaces is crucial for success.

S.L. Sobolev exemplified this method clearly in his well-known study of polyharmonic equations. In our research, we
(m)
P

sphere S. This issue requires careful attention when developing the most efficient formulas. In this paper, we discussed

examined cubature formulas within the Sobolev functional space L, (S;) for functions defined on n-dimensional unit

formulas that fulfill this criterion and refered to them as “practical” in accordance with N.S. Bakhvalov’s terminology.

1. INTRODUCTION

Currently, many mathematical and physical models require the calculation of integrals in prob-
lems. In such cases, optimal quadrature formulas are needed to calculate the approximate value
of the integral with high accuracy. Quadrature formulas are used to estimate definite integrals
and are essential for solving differential and integral equations numerically. Many scientists have
worked on the problems of approximate calculation of integrals and minimization of the norm of

the error function, for example [10-21].
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These sources study optimality problems concerning specific spaces, with many focusing on
Sobolev spaces [1]. L.V.Voitishek and N.I.Blinov developed algorithms and cubature formulas for
certain polyhedral using their proposed methods [7].

This paper examines formulas known as practical asymptotic optimal cubature formulas. These
formulas are considered the most efficient in the Sobolev space concerning the function’s norm.

We extend functions f (0) € B to the entire space R", considering them constant on the rays
going out of the center of sphere S and denote them by f (x).

Consider the error of the cubature formula:
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The norm of the error functional in the space B* is determined using the following formula [1,2]:

|< fN/f>|
oIB| = el
et s AE]

Definition 1.1. By the space LY (S), we denote the Sobolev space of functions defined on the n-dimensional
unit sphere S. The elements of this space are functions possessing square-integrable generalized derivatives
up to order m, inclusive, with the norm defined by the equality:
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here 2m > n.

In the space L} (S) the norm of the error functional £y has the following form:
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1< 0<0(nk),age = [ Yie (0)f (0)d0, 0 (n,k) = T2 (n+2k-2),
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Yy ¢(0) is the spherical harmonic of order k of form ¢.
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2. STATEMENT OF THE PROBLEM

7(m)
P
considered. To solve the problem posed, first, we give the definition of the space L( m) (Sn)-

In this paper, practical asymptotic optimal cubature formulas in the Sobolev space L, * (S,) are

Definition 2.1. The space L;,m) (Sy) consists of functions specified on the n-dimensional unit sphere Sy,
that have p-th power integrable generalized derivatives of order m. The norm of the element f in this space
is respectively defined by the following formula[1,9]:
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in this formula

Al = ay + a2+ aty, 4O = d01d0,..d0,, Df () = ~afO1s00)

207190,2..005""
On the n-dimensional unit sphere S;, the cubature formula (1.1) becomes:

N
f f(0)do =} Crf(6'M). (22)
A=1

Sn

The error functional of the cubature formula (2.2) has the following form:

N
In(0) = &5,(0) = ) Cad(0 - OY)), (23)
A=1
where 6(0) is Dirac’s delta-function.
The space L} (S,,) coincides with the similar Sobolev space Lgm) (Sy) by the norm [3-5]:
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2
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This means that norms (1.3) and (2.4) are equivalent.
Now instead of space Lém) (Sn), we will consider the space i;m) (S;), and define the norm as

follows.

Definition 2.2. Spaces I:](gm) (Sn)- are defined as, which norm of functions is determined by the following
equality:

_ o) V|
N f ((991"“862”12...89”"1'1)) 0 (2.5)
S

n

wheremy +mp +...+my=m, m;>0, i=1,2,.,n, dO =d61d0,...d0,,.

Letin (2.1) p = 2, n = 2 and m = 2, then we obtain:
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For n = 2 and m = 2, equality (2.5) takes the following form:
_(2) p o a f(@)
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It is evident that evaluating the right-hand side of (2.7) requires fewer computations than (2.6),

since only mixed derivatives are involved in the norm (2.7).

3. METHOD OF SOLVING PROBLEMS

We will prove the following theorem.

Theorem 3.1. If for the cubature formula (2.2) over the space ilf,’”)(sn), the error functional (2.3) the
following holds [8]
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The proof is obtained by the method of mathematical induction.
Letn = 2, then
0=(61,02), lal=a1+ay m=m+my, dO=d01d0,, f(0)=f(61,62) and {n(O)=
le (91) ®[N2 (92).
If we assume n = 1 in (2.5), then, we obtain
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f[(T:"’]) dei} , (i=1,2,..,n).
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Thus, we have
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where 6 = (01,0,) and m = my + my.
Thus, from (3.5) and (3.6), we obtain:
|< tn(61,0), £(61,00) >| < Hsz (6,) " )(a)i)'~
(3.7)
[ i @[ @) s
With (2.5), from (3.7) we obtain
vy ()| < [|ew, @IES™" (@n)|-[|ew, (02) LS (i) (3.38)

Considering (3.1), from (3.8) we obtain
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i.e.,

whered = dq - dp.

For n = k we have
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From (3.10), taking into account (2.5), we obtain:
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Then, keeping in mind (3.1), from (3.11) we get:
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k
where d = [] d;.
i=1

We use the assumption that the theorem is true for n = k to establish the result forn = k+ 1.

for n = k + 1 with account for (2.5), from (3.10), we have
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Thus,

(3.13)
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Jew @™ (Se)]| = [, (O2) L™ ()
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where w; =
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Using (3.1), from (3.14) we obtain:
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| st
and with (3.2) and (3.15), we have
lew () 1Ly (Sicin)| <d-0 () o (),
k+1
where d = [] d;.
=1
Thus, we o];tain inequalities (3.3) and (3.4), i.e.:
() 1 .
“fN (0) ILISM) (Sy)|| < dN,;11 NN d - is a constant. (3.16)
Or taking into account (3.2), from (3.16) we have
||5N O) L™ (50| < d-o (™) o (™), (3.17)
n
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Since o (™) ..o (W) = o (W™ TM2t-+1) — o (h™), from (3.17), we obtain
ew (@)L (5,)]| < -0 (n), (3.18)

which is what was to be proven.
It follows that the norm of the error functional (2.3) of the cubature formula (2.2) in the space

I:]E,m)*(Sn) admits an upper bound.

()
p
(2.3) is asymptotic optimal. According to N.S.Bakhvalov’s expression, such formulas are called

Thus, the cubature formula (2.2) over Sobolev factor space L, '~ (S,) with the error functional
practical [6].

For illustration, we take one specific example for n = 2.
Let

3
1 3
f(61,0,2) = eael(5 - b@%)z, where a#0 and b =#0.

I"1£(61,62) 9f(01,02) P £(01,02)
ser1 - and =55 762

singularity on Sy. Therefore, it is clear from condition m = my + my that my = m -1, my = 1, since

- 2
m—141= m. Hence, f (01,6,) € L]E,m) (Sp), formy = m—1, mp = 1. Thus, it is clear that %
2

It is obvious that derivatives are continuous on S;, but has a

is not continuous on Sy, since for m; = m—2and my = 2, f(601,6,) ¢ L;(,m) (Sy), but conditions

m = mq + mp are satisfied, i.e., m —2 +2 = m.
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4. CONCLUSION

The challenge of accurately approximating definite integrals emerges because numerous scien-
tific and technological problems are expressed through integral and differential equations. The
solutions to these equations are frequently given in the form of definite integrals, which are not
always amenable to exact evaluation. Numerous mathematicians have investigated these prob-
lems, leading to the development of various methods for deriving optimal quadrature formulas.
One notable approach is the method introduced by S.L.Sobolev, which utilizes the concept of an
extremal function for the error functional.

In our research, we examined cubature formulas within the Sobolev functional space I:r(,m) (Sn)
for functions defined on n-dimensional unit sphere S.

Thus, based on the N.S.Bakhvalov theorem, we proved that the cubature formula in question
is asymptotically optimal within this space. However, a major drawback of multidimensional
cubature is the rapid increase in the number of integration nodes as the dimension rises, leading to
high computational costs. This issue requires careful attention when developing the most efficient
formulas. In this paper, we discussed formulas that fulfill this criterion and refered to them as
"practical” in accordance with N.S. Bakhvalov’s terminology [6].
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