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Abstract. In this paper, we investigate a coupled system of sequential Caputo fractional differential equations subject
to two-point integral boundary conditions. Such systems arise naturally in the mathematical modeling of various
phenomena in physics, biology, and engineering. By employing fixed point techniques based on the Banach contraction
principle, sufficient conditions for the existence and uniqueness of solutions are established. Furthermore, we analyze
the Hyers—Ulam stability of the proposed system and derive explicit criteria ensuring that small perturbations in the
initial data lead to correspondingly small deviations in the solutions. To illustrate the applicability of the theoretical

results, numerical examples are provided, which confirm the effectiveness and validity of the obtained analysis.

1. INTRODUCTION

Sequential Caputo fractional differential equations refer to systems in which derivatives of
fractional order are applied successively, typically involving Caputo’s definition due to its com-
patibility with initial conditions of classical type. These equations are crucial in modeling complex
dynamical systems that exhibit memory and hereditary properties, such as viscoelastic materials,
diffusion processes, and biological systems. The sequential aspect enables the capture of layered
temporal effects by combining multiple fractional orders, often leading to more accurate and flex-
ible representations of real-world phenomena. Unlike classical integer-order models, sequential
Caputo systems offer refined control over system dynamics, making them valuable for theoretical
analysis and applications where multi-scale temporal behavior is significant [1-6].

Coupled systems consist of two or more interdependent differential equations in which the
solution of one equation directly influences the others. These systems naturally arise in modeling

phenomena involving multiple interacting components, such as in mechanical structures, electrical
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circuits, or biological networks. In the context of fractional calculus, coupling adds complexity by
integrating memory effects across interconnected variables. Studying such systems is essential for
understanding the joint dynamics of processes in which the isolation of individual components
tails to capture the full behavior of the system [7-13].

Ulam-Hyers stability is a concept in the qualitative theory of differential equations that addresses
the stability of approximate solutions. Specifically, it ensures that if a function nearly satisfies a
given differential equation, then there exists an exact solution nearby. This type of stability is
particularly important in applied mathematics, where exact solutions are often inaccessible, and
numerical or approximate methods are used. In the context of fractional differential equations,
Ulam-Hyers stability provides a robust framework for assessing the reliability and resilience of
solutions under small perturbations or modeling inaccuracies [14-17]. Let us now recall some
works on closed boundary conditions. In [19], Bashir Ahmad studied mixed nonlinearities with

nonlocal closed boundary conditions.

DY, 91(c) + A%, 15, K (g, 91(c)) = Ka(c, 91(c)), ce]:=10,7], (1.1)

91(¢) =p1d1(&) + 279 (&), THH'(E) =qdh (&) +92T79' (&), 0<&E< T, (1.2)

here, CD{;_ denotes the CFD of order u € (1,2], while If;_ and 18 . stand for the right- and left-
sided RL fractional integral operators of orders p > 0 and o > 0, respectively. The mappings
©1,92 : [0, 7] xR — R are assumed to be continuous, and A, p1,p2,q1,92 € R are given constants.
Moreover, the authors in [20] recently established existence and uniqueness results for a nonlinear

fractional differential system subject to coupled closed boundary conditions, stated as follows:

((D?)81(¢c) = K(c,91(c), ¥1(c)),
(CDM)Y¥1(c) = L(c, 91(c), ¥1(c)),

with closed boundary conditions;

91T =1¥1(0) +12.7¥, (0), TN T =5¥1(0) + 5.7, (0),
Y17 = m91(0) + ng\gll(o)/ TY, T = q191(0) + ngsll(o),

where “D?1 and ‘D% CFD of order @1,01,1 < @1,01 < 2, respectively, 11,12, 51, %2, P1,P2, 01, G2, €
R, 7 >0and K, L € C(T XxRXxRxR). Motivated by the aforementioned study, we propose in
this paper a nonlocal extension of closed boundary conditions and investigate a coupled sequential
fractional differential system governed by a CFD. More precisely, we establish sufficient conditions
for the existence and stability of solutions to the problem stated below.

We consider the following coupled system of nonlinear fractional differential equations subject

to two-point integral-type coupled boundary conditions:
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(D1 + K1 D17 )91 (¢) = U(g, 91(c), ¥1(c)), c€[0,7], 1< <2, 13)
(Do + K’Da DY (¢) = 9(c, 91(¢), ¥1(c)), c€[0,7], 1<p <2,

where 7 > 0, and the system is equipped with the integral coupled boundary conditions of the

form:

T
fo S/(c)de = C(¥y' (), pelo,7),

T
L Y1'(c)de = T](Sl'(p)), pelo,7)], (1.4)

8:1(0)=0, ¥(0)=0.

where €D/, D1 i = @4, 01 denotes the SCFD of orders 1 < @1, 01 <2, U, 9 € C([0, 7] X R?,R) are
continuous functions, and C,n € R.

The remainder of this article is arranged as follows. In Section 2, we recall the fundamental
concepts and auxiliary results required for the subsequent analysis. Section 3 is devoted to deriving
an equivalent integral representation of the considered problem, which serves as the main tool
for establishing existence and uniqueness of solutions. The Hyers—Ulam stability of the system is
investigated in Section 4. Section 5 illustrates the theoretical findings through two representative

examples. Finally, Section 6 summarizes the main conclusions and possible future directions.

2. AuxiLiary Resurts

This section collects the definitions and preliminary lemmas used in the sequel.

Definition 2.1. The RL fractional integral of order @1 > 0 is given by

1
(@)

C
Imlsl(g) = f (g — s)‘al_lslds, ¢>0, @ >0,
0

provided that the right-hand side is point wise defined on (0,00), where I' is the gamma function, defined by
[(p) = [; ¢ leede.

Definition 2.2. For an (n—1) times absolutely continuous function 91 : [0,c0) — R, the Caputo

derivative of fractional order @1 is defined as

C
‘D*Y1(c) = 1 ) f (c— s)"‘ml_lsl(”)(s)ds, c>0n—-1<@ <n, neN.
0

F(Tl — 1
Lemma 2.1. For Hy, H, € C([0, 7], R), the solution of the problem is unique.

(CD® + 11D 191 (¢) = Hi (<),

2.1)
("D + A2 Da Y () = Ha(c),

with boundary conditions.
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T
fo ¥,'(c)de = (81’ (p)), pel0, 7],

(1-ehc)
A

T c T
+f [/\zf e‘h(‘;_s)ﬂ’l_lﬂ-{z(u)du]ds—f [ﬂ’l_lﬁz(g)]dg)
0 0 0

U
+ Bz( -y fo e~ M2l=%) o1y, (6)ds 4 CT9 ' Hy (1)

+Lg [/\1 [); e‘Al(C‘g’)I‘Dl_l?ﬁ(u)du]des—foy [I‘Dl_l‘fﬁ(c)]dc)}

C
+ j; e~ M{ems) 7ol (5)ds,

p—)t(—s)a)—l @1-1
d1(c) = ﬂz(—n/\lfo e~ M=) 711 (5)ds + nI®1 7 H (p)

(1—e¢)
A

T c T
N f [Al f e 1159 7oL, () ds - f [I‘Dl—lfﬂl(g)]dg)
0 0 0

P
+ﬂ1(‘m1f0 M0 TO17NHy (s)ds + 0T H, (p)

+ foﬂ [AZ ﬁg e‘/\z(c—S)Igl‘lﬂz(u)du]dS - foﬁ [IQl_lWZ(C)]dC)l

C
+ f e‘AZ(C_S)]—@rlﬂz(S)dS,
0

Yi(c) =

m
Bl( —CAy fo‘ 6_/\2(#_5)[@1_17’[2(5)615 + CIQl_lﬂz(y)

I = —Uh [ e2lb=o) 1a-1 (s)ds 4 LT Hy ()

T G 4
+f [Alf E—M(C-S)jwl—l?(l(u)du]ds—f [I‘Dl_lﬂl(é)]dgf
0 0 0
Lo o R e+ 2o )

T c T
+f [Azf e‘AZ(g_s)Im_l?{z(u)du]ds—f [Ié’]_l?{g(c)]dg,
0 0 0

T
.?Ilzf eMedc
0

Ay = LMk
By = ne P

T
Bzzf e—/\z;dg
0

A= (—813‘2 +&2{182).

(2.2)

(2.3)

(2.4)

(2.5)
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Proof. The system (2.1) can be reformulated equivalently as the following system:

(D + D)9 (c) = Hi(c), (2.6)
(CD% + A* DAY (¢) = Ha(c),

where ‘D! represents the operator of fractional integration, denoted by 7. Accordingly, the

general solution of (2.6) takes the form

C
91(c) = coe M + /C\—l(l —eM) 4 f e~ M(Es) Formlagy (5)ds,
0

bl ¢ (2.7)
Y1(c) = doe ™ + )\_12(1 —eh0) + jo‘ e~ 2(7%) Forlg, (6)ds,
Taking the derivative of system (2.7) yields
81'(c) = e =1y fo NS T (s)ds 4+ T (),
Yi'(c) = e = Ay j: e~ (=) ro-1gy (s)ds + T Hy (¢), 9

where ¢, ¢1, Dg, and d; are unknown constants. Substituting (2.8) into the nonlocal closed boundary

conditions

T T
fo 81(c)de = (¥ (), fg ¥i(e),de =n(%(p)),  $1(0) =0, ¥1(0) =0,
we obtain a system of algebraic equations involving the constants ¢; and ds:

A =0 A = 14,
—1B1 + 0B, = 1>,

o = lA(Izﬂz +Ile)

(2.9)
b = %(I131 + fzﬂl).

Replacing cy, ¢1, dg, and d; in (2.7) produces the solution, which completes the proof. m|

3. MaiIN Resurts

Define the space x1 = 91 : [0, 7] — R, : 9 is continuous, equipped with the supremum norm

1911 = sup [91(¢)l.
cel0,.7]

Then (x1,!-1) is a Banach space. Similarly, let
x2=%1:[0,7] - R,:, ¥ is continuous,

with norm

[¥1l = sup [F1(c)l
cel0,7]
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The product space (x1 X x2), endowed with the norm
|(81/‘.F1)| = |‘91| + |‘F1|/

is also a Banach space.

In view of Lemma 2.1, we now introduce the operator (.7 : x1 X x2 = x1 X x2) defined by

FA(91,¥1)(c)
F(91,¥1)(c)

4

T (91, %1)(c) :[

where

(1-eMc)
A

+ foy [M fog e—Az(c—S)fol‘lg(S, 9 (6),‘i’1(5))d"]d5 B fog7 []@1—155<g, Sl(g)’qjl(g))(g)]dg)

n Bz( —Chy fo ' e—M(H-S)I@l—lﬁ(s, 91(s), ¥ (s))ds + cf@l—lg(g, 91(c), ¥ (g))(y)

+ng [0 [ e e iafs, sa(e), ¥ (6) s - foy [I‘Dl_“(g'91(¢>f‘1’1(¢>)(g>]dg)l

+ f ) e—w-s)r@l-%(s,sl(s),‘fl(s>)ds, (3.1)
0

J1(91,¥1)(¢c) =

o~ fo ’ e~ 75, 91 (5), Wi (9) s + 0716, 91(0), ¥ (9) ) )

(1—e%2¢)

P(91,¥1)(c) = A

B~ ha [ e 81(6), a0 s + 2, 010, 00

0

+ jo‘y [/\1 f: e M (;—S)ILD]JU(S, % (s),‘Iﬁ(s))du]ds - jo‘y [Im]_lz(g' Sile) ¥ (C))]dc)

r( -, fo ’ P70 7015, 94 (5), %1 5) s+ 0T (e, 1 (6), Wa <))

.\ f(;ﬂ [}Lz f: e—/\z(g‘s)fgl_lf<5/ 91(5),\1}1(5))5111]015_ j;y [Igl—lf(g, d1(c), 1 (C))]dg)l

+ fs e_/\Z(C_S)ﬂ’l&S(s, Sl(s),‘Pl(s))dS. (3.2)
0

We need the following hypotheses in the sequel:

o () Assume that there exist real constant »;,1; > 0,i = 1,2 and »¢ > 0,1y > 0 such that, for all
cel0, 7], U eRi=1,2,

U(c, Uy, Us)| < no + 21U+ 22| Uy|,
19(c, Ur, Us)| < 1o + 1| Uy | + 10| U

o (%) Let (1,9 : R > R be continuous mappings. Suppose that there exist positive constants (%)
and (N;) for (i=1,2) such that, for every (¢ € [0,.7]) and for all (91;, ¥1;)((i = 1,2)),

U(c, 911, 912) = U(s, Y11, Y1)l < #11911 — Y11l + #2191, — Y1al
19(c, 911, 912) = D(¢, Y11, ¥12)l £ M11911 = F1q| + No|912 = F1al.
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For convenience, we set

1—e M p®171 (1 —eMp)
= -nA
31 /\1A {ﬂz[ g 1[r(®1) /\1

7o ol (1)
+ [r(@1 + 1)] }+ [F(cal) A ] (3.3)
L 1-ehe g0 (1-eh7) g0
92 = MA {ﬂz[b[r(m +1) Ay ]+ [r(é)l + 1)]

H01—1 (1- eff\z}i) ”01—1
-0y ]+4HmJ” G4

ym] (1 _ e_Aly)
1"(@1 +1) A1

p®1—1 (1 _ e—}\lp)] prl—l ]

@11

T (1-eh7)
F((Dl + 1) A

p
Y

M

|+

_|_

To
I'o;+1)

5 @ (3.5)

. _ A 011 _ o—Aou 01—-1
i%zzﬂ{fﬁ[@\z(‘u B )]+c(”—]l

(o) A2 T'(o1)

gu  (1-eh7) T
/\z(r(@1+1) A2 ]+[F(01+1)]]

¢! (1-eh)

+
(o) A2

+ A

(3.6)

@ = min{l - [(31 + F1)x1 + (32 + J2)%1], 1= [(31 + S1)we2 + (32 + 32)K2))- (3.7)
We employ the following result to prove existence of solutions for (1.3) and (1.4).

3.1. Existence Results via Leray—Schauder Alternative. This subsection is devoted to proving the existence

of solutions by means of the Leray-Schauder alternative principle.
Theorem 3.1. Assume that (74 holds. In addition, it is assumed that
(31+ 32)1 + (G1 4+ J2)k1 < 1, (3.8)
(B31+32)2+ (F1+ 3k <1, (3.9)
then system (1.3) and (1.4) has at least one solution on [0, T].

Proof. First, we show that .7 is continuous, continuity of functions 91 and ¥;. Let Q) C x1 X x2 be bounded.
Then there exist positive constants .2} and .%5 such that

(e, 91(c), ¥1(c))l <A, 19(c,91(c), ¥1(c))l < 2,
V(91,¥1) € Q. Then for any (91, ¥1) € O, we have
|71(91,%1) (¢)l

(1-eMc)
A

5&(2( — A fop oM <P‘S)I@1‘1u(s, 91(s), ¥4 (s))ds + nI‘Dl‘lu(C/ 31(c), 11 (C))(P)
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+ fo 7 B j; ge_/\Z(C_S)Igl_lf(s,Sl(s),‘I’1(s))du]ds+ fo 7 7275, 9100, %1 ) ) Jac
+ 32( ~CAy fo ! e-M(H-S)I@l-l@(s, 91(s), ¥, (s))ds + LT @1‘15(; 81(@),‘1’1(6))01)

+ fo 7 Bt fo ge‘Al(g—ﬁ)I‘al_ll(s,81(5),‘{’1(5))du]d5+ fo 7 [I‘Dl_ll(g,Sl(g),‘f’l(g))(g)]dg)]

¢
_|_f e M (C_S)I‘Dl_lu(% 91(5)'T1(S))d5
0

, (3.10)

1—e¢ M5 @1=1 (1 Z p=A1p @1-1 o 1—eMT
Se— HAz| —nh P ( d ) +17p + B A ( ¢ )
MA I'(@1) M I'(@1) (@ +1) M
y(Dl g(D]—l (1 _e—)tlg)
— || + 2
+[F(¢a1+1)] } [F(CDl) M !
1—eMic 0 (1-eg M7 o
Sl P Y AN Gl ) 7
MA T +1) A I'(on+1)

o1 (1 _ p~Aapt -1
+ Bz[C/\z({f(Ql) ( 1 )J-i- C(g(gl)]]}fz,
which implies that
|71 (91, F1) ()l = 3141 + 322
Similarly, we get
|7(91,¥1) ()| =£1335 + 2234,
which, in view of the notation (3.3) and (3.4) yields
1A (31, ¥ < 314 + 322 (3.11)
Likewise, using the notation (3.5) and (3.6), we have
%91, ¥1)Il < 314 + 32-%. (3.12)

Then it follows from (3.11) and (3.12) that, from the above inequalities, we conclude that the operator .7 is

uniformly bounded, since
17 (91, Y < (31 + 31)A + (32 + 32)2, (3.13)

which demonstrates that the operator .7 is uniformly bounded.
Next, we establish the equi-continuity of 7. Let (¢1,¢2 € [0,.7]) with ¢1 < ¢p. Then, it follows that

|71 (91(c2),91(c2)) = ZA(91(c1), 91(c1))l

(1-eMe)
A

+ foy [Az foc e—Az(c—S)j@rlﬁ(s, 91(s), Y1 (5))du]d5 - foy [Igl_lf(g’ 91(c). ¥ (g>)(g)]dg)

(= 0ha [ e (s 1), 9 s+ 2056 000, 0) )

ﬂz( “nh fo " e’Al(F”S)I‘Dl’lll(s, 91(s), ¥ (s))ds I ‘Dl’lv(c, 91(c), ¥ (C))(p)
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+ fo 7 [m fo se—Al<€—9>.r@1—1v(s,91(ss),llfl(s))du]ds— fo 7 [I‘”l‘ll(c,Sl(c),‘l’l(c))(C)]dC)l

G
f [eM(c2ms) _pmhla=9)] ro1=1 (21 (s, 91 (s), ¥1(s) ) )ds
0

C
n + f1e‘Al(CZ‘S)I‘Dl_l(H(Sﬁl(5),11’1(5)»‘15

G2

- 0.
Clearly,

| 71(91(c2), ¥1(c2)) = Zi(81(c1), ¥1(c1))| = 0, and | Z2(S1(c2), ¥1(c2)) — Z(91(c1), ¥1(c1))| — 0

as ¢ — ¢1, uniformly for all (91,%¥;) € Q. Consequently, the operator .7 (91,¥1) is equi-continuous.
Therefore, by the Arzela-Ascoli theorem, .7 (91, ¥1) is completely continuous.
Finally, we define the set

W ={(81,%1) € x1xx2 | (81, %1) =0, 7(81,¥1), 0< o<1},
and show that it is bounded. Let ((81,¥1) € ‘W), so that
(91,%¥1) = 0.7 (91, %1).
Then, for any (¢ € [0, 7]), we have
(81, %1)(¢) = [0.71 (31, ¥1)(c), 0.%(51, ¥1)(c)]-
Using the hypotheses on (.7} ) and (%), it follows that

(1-eMe)

|71 (91, ¥1) ()l < X

P
ﬂz(—rml f (P9 70171 (50 o0 | U | + 2l Ul (5)ds
0

+ I (%0 + 201U + 2l U ()
T ¢

+f [/\zf e‘Az(g—f’)le_l(no—i-T11||Wl||-i-T12||(L/2||)(u)du]dS
0 0
g

- [ [0+ w9 o)

m
o= O [ e 07 (g el + vl ()
0

+ 79 Y (ng + ml| U Il + nal| U2l (1)
T c

+ f [/\1 f e 7017 (30 4 0| T | + a2l Ul (1) s
0 0
s

-[ [f@rl(xowlnwlu+x2||w2||>(c)]dc)l

c
+ f e_Al(g_S)I(Dl_l (%0 + xq||UL | + %2||W2||)(S)d5.
0
Hence, we have

19411 < (0 + 2 lUs 1| + #2)|UI1) 31 + (1o + T + ol Ual) 32 (3.14)



10 Int. ]. Anal. Appl. (2026), 24:124

Similarly, one can obtain

I¥11 < (30 + 2all Tl + %2l Ul 33 + (o + mllThll + 2l TUall) 34 (3.15)

From (3.14) and (3.15), we obtain

1911+ ¥ < (0 + 21Tl + 2201 UI) 31 + (o + mll Ul + 2l Ual) 32
+ (%0 +2allUill + 220 Uall) 33 + (no + U | + n2l|Uall) Sa-

Consequently, we obtain
#0(31+ 33) +m0(32 + 34)
@ 7
which demonstrates that the set (‘W) is bounded. Therefore, the operator .7 admits at least one fixed point.

|(‘91/‘P1)| <

As aresult, the problem (1.3) — (1.4) possesses at least one solution on [0, .7 ]. This completes the proof. O

Next, we employ Banach’s contraction principle to establish both the existence and uniqueness of solu-
tions for the problem (1.3)—(1.4).

Theorem 3.2. Assume that §1,%1 : [0, 7] X R2 — R are continuous functions and there exist constants #;, N; =
1,2 such that for allc € [0, 7] and 91;,¥1; € R,i=1,2.

[U(c, 911, 912) = W(c, Y11, ¥12)| < #11911 — V11| + #41912 — 912

19(c, 911, 912) = H(c, Y11, ¥12)l < N11911 = 11l + N2lS12 — F1al-

In addition, assume that
(314 33) (71 + #2) + (32 + 34) (N1 + N2) < 1,
where (31) — (34) are given by (3.3)-(3.6). Then the BVP (1.4) has a unique solution.

Proof. Fixing sup (c,0,0) =@ <coand sup $(c,0,0) = Qy < co and using the assumption (.#3), we
c€l0,7] c€l0,7]
obtain the following.

U (c,91(c), ¥1(c))l = (¢, 91(c), ¥1(c)) — U(c,0,0) 4+ U(c,0,0)| < #4191l + #2[¥1 1l + @4,
19(c, 91(c), ¥1(c))l = 19(c, 91(c), ¥1(c)) = 9(¢,0,0) + H(¢,0,0)| < MlI911l + Nal[¥1ll + Q..

Now, we consider the closed ball B, = {(81,¥1) € x1 X x2 : (81, ¥1)|l < r} and show that F(8B,) c B,
where

Qi1(31+33) + Q(32+ 34)
1-[(31+33) (71 + #2) + (32 + 34) (N1 + N2)]
Let (91,%1) € B,. We obtain,

<r.

(1-e~hc)

| Z1(91, F1) () <

P

Ao -y f M=) o1 (19, + A5 + Qi) (5)ds
0

+ IO (A9 + A5+ Q1) (p)

T c
+ f [Az f eI NS+ Mol + Q2) (u)du]ds
0 0

,
_ fo |72 (N -+ Al 4+ @2) ()
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m
4o~ Qo [T NS+ NI+ Q) ()
0

+ LT M9+ NalFa I+ Q2) (1)

T C

+ f [/\1 f M) 1O (418411 + H5I¥ 1+ Qo) (w)du]ds
0 0
T

- [ [zt omte -+ it +Q1)(c)]ds)}

+ [ M 7O 19y I + Q) (s)ds,
which, on taking the norm for ¢ € [0, 7], yields
(A (91, ¥ < [(#4 + #2)r + Q31 + [(N1 + N2)r + Q] 3.
In the same way, we obtain
I(Z2 (91, ¥)Il < [(#1 + #2)r + Q|33 + [(N1 + N2)r + Q] s

Consequently, it follows that [|.7 (91, ¥1)ll < 7, that is, (91,'¥1) € B,. Hence, 7 (8,) C B,. Next, we show
that the operator .7 is a contraction. For that, let (911, ¥11), (912, ¥12) € x1 X x2. Then, for any ¢ € [0, 7],

we get
171 (812, ¥12) = 71 (911, ¥11 )
1 _e_/\lg P
< % Aol - s fo eI TP, 915(c), F12(€)) = U(e, S11(€), 11 (<)) I(9)ds

+ I U(c, 812(c), Faa(c)) = (g, 911(c), ¥11(c))I(p)
T c

+ fo [7\2 fo e 1719 (¢, 915(c), F1a(c)) — H(c, S11(c), F11(c))I(u)du]ds
T

- [ [t 912(6), Paa(e)) = 566, ), ¥ ()10 i)

+ Byl = A H6_/\2(”_5)191_”55(9912(6),‘1’12(€))—55(Cr911(6)r11’11(6))|(5)d5
0

+CIAH(c, 1a(c), Fia(c)) = H(c, 911 (<), Y11 () I(u)

T G
[ [ [ e 912(6), F1a(6)) = M 941 (6), Faa () ()

T
—fo [I‘Dl‘llu(c,912(@),‘1’12(6)) —H(c,911(@),‘1’11(c))l(c)]dc)

C
+f e M) 7O7IN(¢, 915(), ¥ia(c)) = U(c, 911 (c), 11 (c))I(5)ds,
0
<1912 = 11l + #al¥12 = ¥1111) 31 + (N1lI912 = 111l + Nal[F12 = F11ll) 32
In consequence, we get

171 (912, ¥12) () = Z1(S11, F11) (N < [(#1 + #2) 31 + (N1 + N2)32) (1912 = 11l + [[F12 = Fuall).  (3.16)
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Similarly,
17 (912, ¥12) (¢) = Z2(811, ¥11) (Il < [(#1 + #2) 35 + (N1 + N2)34] (1912 = S1all + I¥12 = F1all).  (3.17)
It follows from (3.16) and (3.17) that:

17 (912, ¥12) () =7 (911, ¥11) ()l
<[P+ 7)(31+ 33) + N1+ N2) (32 + 34)] (1912 = S11ll + 112 — F1al)-

From (3.7), it is evident that the operator 7 satisfies the contraction property. Therefore, by Banach’s
contraction mapping principle, .7 admits a unique fixed point, which corresponds to the unique solution
of the problem (1.3)—(1.4). This completes the proof. O

4. Hyers—ULAM STABILITY OF THE SYSTEM

This section is devoted to investigating the Hyers—Ulam (HU) stability of the proposed coupled system.

Consider the following inequality:

{(51)@1 + Afi)‘“‘l)x%(c) - u(c, Sl(C)rTl(C)) <e, c€[0,7], @1)

(cD@] 4 /\26@01—1)1}!1 (Q) — g(gl N (g),"}’l(g)) <€, cE€ [0, ﬂ],
where (€1, €, > 0) are given constants.

Definition 4.1. The problem (1.3) is said to be Hyers—Ulam stable if there exist positive constants (31 — 34) such
that, for each solution ((91,%1) € C([0, 7] x R, R)) of inequality (4.1), there exists a true solution (97,'Y;) of

(1.3) satisfying

191(c) =91 (c)I < 3161 + 32€2, ¢ €10, 7],
[¥1(c) —¥1(c)l < 33e1 + 3462, c€[0, 7]

Remark 4.1. A pair (81,%1) is a solution of inequality (4.1) if there exist functions (Z1,Z> € C([0, 7],R)),
depending on (91) and (Y1) respectively, such that

(D% + 212 D™171)91 (c) = U(c, 91(c), ¥a(9)) + Za (),
(CZ)é’l +/\zcz)01—1)1{f1(g) = sj(g,sl(g),“lﬁ(g)) +Z2(C)/

with
1Zi(c)l <e1, 1Za(c)l<e, c€l0,7].

Remark 4.2. If (91, Y1) is a solution of inequality (4.1), then it satisfies the Hyers—Ulam bounds

191(c) = 91 (c)I < 3161 + 32€2,

¢el0,7],
[¥1(c) =¥ (c)l < 3361 + 3a€2,

as a direct consequence of Remark 4.1 and Definition 4.1.
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[91(c) =917 ()l

_ Mg
e
A

N fo 7 [Az fo * ha(e-s) Igl—lg(s,sl(s),wl(s))du]ds_ fo 7 []01—1g<5,91(5),‘1’1(5))(5)]015)
80 [ BT s 91(6), 11 (9 s+ (<9106, 0) )

T c
+f [Alf e—/\l(C—S)IfDl—lu(S, 81(5),‘F1(5))du]ds—f
0 0 0

¢
+ f e M (C_S)I(Dl_ll‘(fn 91(s), ¥1 (5>)d5 ’

0

5«2( e fo i <P-5>f@1-1u(s, 91(5), %, (s))ds + nf@l—lu(s, NORZ (5))(p)

T

[f@l-lu(s, 81(5),‘1’1(5))(5)]015)]

@1-1 (1 _ e—/\lp) @1-1

1—ehe Al
< -
STA 2" T@) A
7o o1 (1= ki)
+l———||} +
r(@l + 1) r(ch) A €1
1—eMc 01 1= M7
= Hp| A2 7 (-e )
A T +1) A

y@l*l (1- e—/‘zll) y@l*l
emlonlfo ]+C(F(@1)H}€2’

[91(c) = 917(c)l <£31€1 + 3262. (4.2)

Y
Y

A

+ 8B
] 2 r(ch + 1) /\1

gor (1 —e‘Aly)]

a4
T'(o1+1)

Using the same arguments, we also obtain
[¥1(c) —¥1(c)l < 33€1 + 3462, c€[0, 7], (4.3)

where the constants (31, 32, 33,) and (34) are defined in (3.3)—(3.6). Therefore, in view of inequalities (4.2)
and (4.3), Remark 4.2 is satisfied. Consequently, the considered nonlinear sequential coupled system of
Caputo fractional differential equations is Hyers—Ulam stable, and hence problem (1.3) enjoys Hyers-Ulam

stability.

5. ExaAMPLES

Consider the coupled fractional differential equations given by

(D + DM 3 (¢) = U(e, 1 (c), 1 (c))
(CD% + ¢ DAY (¢) = H(c, 91(c), ¥1(c)),

(5.1)

with boundary conditions.
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14
T
fo '(c)de = (Y1 (w), wel0,7],
T
[ @ =nerien, peo7) 62
91(0)=0, ¥1(0)=0.
we have
@ =15,00 =17, = =05,c=09,p=09,u=07,7 =2,1=05,C = 0.6,
A = 1.2642, Ay =~ 0.4228, B ~ 0.3188, B, ~ 1.2642, A ~ 1.4633
Example 5.1. We illustrate Theorem 3.1 by choosing
1 19191 (), 1 . 1
(g, 91(c),¥1(c)) = . —sinY(¢) + —, 53
(¢, 91(c), ¥1(c)) 3247 14 27 1(¢) 5v3 49 (5.3)
1 191(c)II91(c)l | ¥1(c)cos d1(c)
,91(¢), %Y = . .
5(@ 1(C> 1(@)) 30(1 + |‘P1(C)|) (9+C2)2 2(g+4)2
From (5.3), it is easy to find that
S L N S
07 T Pz Ty Mg P8l

Moreover, using the numerical values obtained for the solution bounds 31, 32, 31, and 35, we compute
31+32=3268,  31+32=365.

For the Lipschitz constants ky = 21—1, k= %, lAq = %, and f(z = g7, we obtain

(31+32)k1 + (31 + 32)ks ~ 02775 < 1,

and
(31+ 32)ka + (31 + 32)k2 ~ 0.1660 < 1.

Hence, all the required contractive-type conditions of Theorem 3.1 are satisfied. Consequently, the considered fractional

system admits a unique solution and enjoys Ulam—Hyers stability on the interval ¢ € [0,2].

018 0.006
0.16 0.16 0,004
0.14
0.12 0.002
0.10 0.12

0.08

0.000

—0.002

—0.004

(a) Plot of 2(¢) exhibiting mild oscillatory behavior.  (8) Plot of $(¢) showing a decreasing periodic trend.
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Figure 1 illustrates the three-dimensional surface plot of W(c, 91, Y1) with respect to ¢ and 91. Figure 2 depicts the
corresponding surface of $(c, 91, ¥1). The smoothness and boundedness of both surfaces further confirm the stability
and well-posedness of the proposed fractional model.

Remark 5.1. The numerical simulations of the functions 0(c, 91(c), ¥1(c)) and H(c, 91(c), ¥1(c)) are illustrated
in Figures 1-2 for ¢ € [0,2]. The graphical results show that both functions remain bounded and continuous over the
entire interval. Moreover, the numerical evaluation of the contractive expressions confirms that they are strictly less
than one, providing strong numerical evidence for the existence, uniqueness, and Ulam—Hyers stability of the proposed

fractional system. Hence, the numerical simulations fully support the theoretical results established in Theorem 3.1.

Example 5.2. To illustrate the applicability of Theorem 3.2, consider the following nonlinear functions:

2

e~¢ _ 1 Ccos ¢
WO (6) = gy tan!((0) + @A+ syZitl (5.4)
$(c, 81(c), ¥1(c)) ! 191 ()] cos(¥1 (<)) + ——

2(sin? ¢ 4 3) '

T (F+36) (1 91 () V2 + 625

From (5.4), we can choose the constants as

1 1 1 1
WZ:_I N1:_ NZZ_/

"= 35 36’ 25

and consequently,
(31+33) (4 + #5) + (32 + 34) (N1 + Np) ~0.2428 < 1.

Thus, all the hypotheses of Theorem 3.2 are fulfilled. Therefore, problem (5.1) admits a unique solution corresponding
to the nonlinearities defined in (5.4) on the interval [0, 2].

6. CoNCLUSION

In this work, we have carried out a comprehensive analysis of a coupled system of nonlinear sequential
Caputo fractional differential equations supplemented with two-point integral boundary conditions. Such
boundary conditions significantly enrich the mathematical structure of the problem and enhance its appli-
cability in modeling memory-dependent processes arising in physics, biology, and engineering sciences.
By reformulating the problem into an equivalent operator equation in an appropriate Banach space, we
established sufficient conditions for the existence and uniqueness of solutions via the Banach contraction
principle.

In addition, the Hyers-Ulam stability of the considered system was investigated, and explicit stability
bounds were derived, demonstrating that the solutions depend continuously on perturbations in the system
data. This stability analysis ensures the robustness of the model and highlights its reliability for practical
applications. Numerical examples were presented to illustrate the theoretical findings, confirming the
validity and effectiveness of the proposed analytical approach.

The results obtained in this paper extend and complement several existing works in the literature on
fractional differential systems with nonlocal boundary conditions. The developed framework can be further
generalized to include other classes of fractional operators, such as Hilfer, Hadamard, or Atangana—Baleanu
derivatives, as well as more complex boundary conditions and control mechanisms, which will be the subject

of future investigations.
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