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Abstract. This paper intuitively gives a justifiable approach to enriched-type Jungck contraction. In [11][Common fixed

points theorems for enriched Jungck contractions in Banach spaces. J. Fixed Point Theory Appl. 23(4) (2021) 76], we

have noted that there is a technical error in the proof of the main theorem as well as the example and so we argue with a

counter-example. Moreover, we correct and prove it under an enriched general class of Jungck contraction using weak

compatibility, and an example is given to validate our result. In addition, we obtain the fixed points under generalized

enriched Pres̆ić type contraction. Finally, we apply our result in proving the existence and uniqueness of globally

attractive equilibrium points for matrix difference equations.

1. Introduction and preliminaries

For each self-mapping f on a nonempty set X, a point ν ∈ X is called a fixed point of f if f (ν) = ν,

and we denote the set of all fixed points of T by Fix(T). The averaged mapping associated with

T is defined by Tλ(x) = (1 − λ)I + λT, where I is the identity mapping and λ ∈ (0, 1]. In 1922,

Banach [1] developed the important result in metric space theory to ensure the existence and

uniqueness of the fixed point of self-mapping on a metric space. The Banach contraction principle

effectively states that in a complete metric space (X, d) every contraction mapping f : X→ X, that

is, any mapping for which there exists k ∈ [0, 1) such that

d( f x, f y) ≤ kd(x, y), ∀ x, y ∈ X

has a unique fixed point. Moreover, for every ν0 ∈ X, the fixed point of f can be approximated by

the Picard iteration {νn}, defined by f (νn−1) = νn, for all n ∈ N. In the previous nine decades or

so, highly remarkable literature has been developed ( [31], [41], [42], [43], [44], [45]) using Banach
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contraction principle. Furthermore, some of its extensions have shown to be extremely helpful

and adaptable in handling a wide range of nonlinear problems, including differential equations,

integral equations, optimization problems, variational inequalities, economics and many others

(see [8], [23], [24], [25], [26], [27], [39] and references therein). Berinde and Păcurar [5] recently

improved the Banach contraction principle (in the case of Banach space) by proving the fixed point

result of enriched contraction mappings using Picard iteration of the averaged mapping. This

theorem is stated as follows:

Theorem 1.1. [5] Let T be a self-mapping on a Banach space X. If the mapping T is an enriched contraction,
that is, there exists b ∈ [0,∞) and θ ∈ [0, b + 1) such that

||b(x− y) + Tx− Ty|| ≤ θ||x− y||, ∀ x, y ∈ X.

Then T has a unique fixed point and there is λ ∈ (0, 1] such that for each x0 ∈ X, the Krasnoselskij iteration
{xn} given by

xn+1 = (1− λ)xn + λTxn, n ≥ 0,

converges to a unique fixed point of T.

The proof of Theorem 1.1 consists of three fundamental phases, which are as follows:

(i) to prove the existence of the fixed point of the averaged mapping;

(ii) to show the uniqueness of the fixed point of the averaged mapping;

(iii) to utilize the well known fact that Fix(T) = Fix(Tλ).

Because of these factors, the study of enriched mappings has nowadays become one of the most

important and active research fields in nonlinear analysis. Given the importance of the averaged

mapping in the construction of enriched mappings, recently, Păcurar [12] provided an analog of

the averaged mapping for the case of operators defined on product spaces.

Definition 1.1. [12] Let (X,+, ·) be a linear space, k be a positive integer, and T : Xk
→ X be an operator.

For λ0,λ1, . . . ,λk ≥ 0, with
∑k

i=0 λi = 1 and λk , 0, the operator Tλ : Xk
→ X defined by

Tλ(u0, u1, . . . , uk−1) = λ0u0 + λ1u1 + · · ·+ λk−1uk−1 + λkT(u0, u1, . . . , uk−1), (1.1)

u0, u1, . . . , uk−1 ∈ X, is called the averaged mapping corresponding to T.

Remark 1.1. For k = 1, the equation (1.1) simply reduced to Tλ(u0) = λ0u0 + λ1T(u0), u0 ∈ X, where
λ0 + λ1 = 1, which is the usual definition of averaged mapping.

Remark 1.2. In the case of averaged mapping, when T : Xk
→ X, it is easy to prove that ū ∈ X is a fixed

point of T if and only if it is a fixed point of the corresponding Tλ, where Tλ : Xk
→ X, for some λi ≥ 0,

with
∑k

i=0 λi = 1 and λk , 0.

Let ū ∈ X be such that Tλ(ū, ū, . . . , ū) = ū, so that

λ0ū + λ1ū + · · ·+ λk−1ū + λkT(ū, ū, . . . , ū) = ū.
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It follows that,

(1− λk)ū + λkT(ū, ū, . . . , ū) = ū.

Since λk , 0, we have T(ū, ū, . . . , ū) = ū. The converse is also immediate.

There are several approaches to studying the concept of enriched mappings. In [7], Berinde

initiated one of the outstanding works in this area, where he introduced the class of enriched non-

expansive mappings in Hilbert spaces by Krasnoselskij averaged mapping. He also employed the

Krasnoselskij iteration to approximate the fixed points of enriched nonexpansive mappings. After-

ward, Berinde and Păcurar [9] gave the concept of enriched Kannan mappings, which encompass

all Kannan mappings as well as certain nonexpansive mappings, and they investigated the set of

fixed points and showed a convergence theorem for enriched Kannan mappings using Krasnosel-

skij iteration in Banach spaces. Then they extend these mappings to the class of enriched Bianchini

mappings. In 2021, the same authors studied [10] the class of enriched Chatterjea contractions,

and subsequently provided some fixed point theorems for enriched Ćirić-Reich-Rus contractions

in Banach spaces and convex metric spaces in [6]. Păcurar recently presented [12] a general class of

enriched Pres̆ić-type operators and proved the convergence of two separate iterative approaches to

the fixed point by establishing some criteria under which enriched Pres̆ic̆ operators have a unique

fixed point. She also provided a data dependency finding, which is used to demonstrate the global

asymptotic stability of the equilibrium of the k-th order difference equation.

Difference equations are typically used to explain how particular circumstances change over time.

For instance, if a population is made up of discrete generations, then the m-th generation ν(m)

determines the size of the (m + 1)−st generation ν(m + 1) as a function of the m-th generation

ν(m). The difference equation expresses this relationship

ν(m + 1) = f (ν(m)).

The study of global random attractors was started by Rulle [47]. Later, In [48], global attraction

was considered for a particular type of higher order nonlinear difference equations. For additional

information, see ( [49], [50]). In 2016, Abbas et al. [46] derived global attractivity for the following

sequence {Un} ⊂ σ(N),

Un+k = Q1 +
1
k

k−1∑
i=0

A∗ξ(Un+i)A, n = 1, 2, . . . ,

where σ(N) is the set of all N ×N Hermitian positive definite matrices, Q is N ×N Hermitian

positive semidefinite matrix, A is an N ×N nonsingular matrix, A∗ is the conjugate transpose of A,

ψ : σ(N)→ σ(N). Now we shall see some basic definitions and concepts that will be needed in the

sequel.

Definition 1.2. [51] Let X be a non empty set, and f , g : X → X be two operators. An element u ∈ X is
said to be
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(i) a coincidence point of f and g if
f (u) = g(u).

The value p = f (u) = g(u) is a coincidence value of f and g;

(ii) a common coincidence point of f and g if

f (u) = g(u) = u.

Definition 1.3. Let (X, ||.||) be a normed linear space. The mappings f , g : X→ X are said to be

(i) commuting [2] if
f gx = g f x, ∀ x ∈ X,

(ii) weakly commuting [19] if

|| f gx− g f x|| = || f x− gx||, ∀ x ∈ X,

(iii) compatible [3] if
lim
n→∞
|| f gxn − g f xn|| = 0

whenever {xn} ∈ X such that lim
n→∞

f (xn) = lim
n→∞

g(xn) = t, for some t ∈ X,

(iv) weakly compatible [4] if they commute at their coincidence points. That is,

f (g(u)) = g( f (u)) = u,

where u is any coincidence point of f and g.

Remark 1.3. [33] Let f : Xk
→ X, k a positive integer, we define its associate operator F : X→ X by

F(u) = f (u, u, . . . , u), u ∈ X. (1.2)

Clearly, u ∈ X is a fixed point of f if and only if it is a fixed point of its associate operator F.

Definition 1.4. [33] Let X be a nonempty set, k a positive integer, and f : Xk
→ X, g : X → X be two

operators, where F is an associate operator of f .

(i) An element u ∈ X is said to be a coincidence point of f and g if it is a coincidence point of F and g.

(ii) The value p = f (u) = g(u) is a coincidence value of f and g if it is a coincidence point of F and g.

(iii) An element u ∈ X is said to be a common coincidence point of f and g if it is a common coincidence
point of F and g.

Definition 1.5. [33] Let X be a nonempty set, k a positive integer, and f : Xk
→ X, g : X → X be two

operators. Then f and g are said to be weakly compatible if F and g are weakly compatible.

Remark 1.4. The following relationship between commutativity and compatibility was discovered in [4],
[38], [40];

(i) commuting mappings⇒ weakly commuting mappings⇒ compatible mappings.
(ii) However, compatible mappings are not necessarily weakly commuting.

(iii) Also, compatible mappings ⇒ weakly compatible, but weakly compatible mappings need not be
compatible.
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For further information on these concepts, see ( [19], [20], [22], [28], [29], [30], [32], [34], [35], [36],

[37], [38], [40]).

In 1936, Jungck [3] used a constructive approach of sequence to prove a common fixed point

theorem for commuting mappings in metric spaces. This work served as a foundation for other

popular fixed point theorems that use commuting and noncommuting mappings that meet con-

tractive requirements. In [16] and [17], Pres̆ić proposed a new sort of generalization. Later on,

Ćirić and Pres̆ić [13] proved the following result.

Theorem 1.2. [13] Let (X, d) be a complete metric space, k a positive integer, and f : Xk
→ X be a mapping

satisfying

d( f (u1, u2, . . . , uk), f (u2, u3, . . . , uk+1))

≤ αmax{d(ui, ui+1) ; 1 ≤ i ≤ k},

where α ∈ (0, 1) and u1, u2, . . . , uk+1 ∈ X. Then

(a) f has a fixed point ū ∈ X;

(b) for any u1, u2, u3, . . . , uk ∈ X and for n ∈N,

un+k = f (un, un+1, . . . , un+k−1),

then the sequence {un}
∞

n=1 is convergence to ū and

lim un = f (lim un, lim un, lim un, . . . , lim un);

(b) in addition, if we suppose that

d( f (x, x, . . . , x), f (y, y, . . . , y)) < d(x, y),

for all x, y ∈ X, with x , y, then ū is the unique fixed point of f .

2. Erratum

In [11], Marchiş extended Jungck’s [3] work and proved common fixed point theorem for a pair

of single-valued enriched Banach contraction which satisfies weak commutativity condition in

Banach spaces. The theorem is given below.

Theorem 2.1. [11] Let f and g be self-mappings on a Banach space X. If the mappings f and g are enriched
Jungck contractions, that is, there exists b ∈ [0,∞) and θ ∈ [0, b + 1) such that

||b(x− y) + f x− f y|| ≤ θ||gx− gy||, ∀ x, y ∈ X, (2.1)

and the following conditions are satisfied:

(i) fλ and g are weakly commuting mappings, where

fλ(x) = (1− λ)xn + λ f xn, n ≥ 0;

(ii) fλ(X) ⊂ g(X), and both fλ and g are continuous.
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Then Fix( f ) = Fix(g) = {a}. Moreover, there exists λ ∈ (0, 1] such that the iterative method {gxn+1}
∞

n=0

converges to a.

Remark 2.1. (i) But indeed, in the proof of Theorem 2.1, page-5, line 31 in [11],
it is given that,

|| fλ fλxn − fλa1|| ≤ c · ||g fλxn − ga1|| < ||g fλxn − ga1||,

allowing n→∞ in the above inequality,

|| fλa− fλa1|| < ||ga− ga1||,

from this, we cannot conclude that fλa = fλa1 using the given hypothesis. However, the

author obtained incorrectly that fλa = fλa1 and used this key fact throughout the proof to

arrive at the conclusion.

(ii) Also, on page-7, line 17 in Example 3.3 of Theorem 2.1 in [11],

it is proven that, ∣∣∣(b− 1)(x− y)
∣∣∣ ≤ θ · ∣∣∣∣∣∣ (x− y)(4x + 4y− 1)

5

∣∣∣∣∣∣.
But if we take x = 0, y = 1/4 and b = 5/7 in the above inequality, we get

1
14
≤ 0,

which is absurd.

Now, we present a counter-example which satisfies all the requirements of Theorem 2.1 but not

its conclusion.

Example 2.1. Consider the Banach space X = R with the usual norm. Define two functions f , g : X→ X

by f (x) =
1
5

, g(x) = x + 1, for all x ∈ X. Also take b =
1
4

,λ =
2
3

and θ =
1
2

.

By given assumptions, fλ(x) =
5x + 12

15
, for all x ∈ X. First, we verify that f and g satisfy the

enriched Junck contraction. Indeed, we have∣∣∣∣∣∣b(x− y) +
1
5
−

1
5

∣∣∣∣∣∣ ≤ θ|x + 1− y− 1|

= θ|x− y|,

implies, |b(x− y)| ≤ θ|x− y|

b ≤ θ, for all x , y ∈ X.

Hence equation (2.1) is true, and so f and g satisfied enriched Junck’s contraction. Next, we prove

that fλ and g satisfy the weakly commuting condition.

| fλ(g(x)) − g( fλ(x))| =

∣∣∣∣∣∣ fλ(1 + x) − g
(

5x + 1
15

)∣∣∣∣∣∣
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=

∣∣∣∣∣∣5(1 + x) + 2
15

−

(
5x + 2

15
+ 1

)∣∣∣∣∣∣
=

∣∣∣∣∣∣7 + 5x
15

−

(
5x + 17

15

)∣∣∣∣∣∣
=

∣∣∣∣∣∣7 + 5x− 5x− 17
15

∣∣∣∣∣∣
=

10
15

.

Thus, | fλ(g(x)) − g( fλ(x))| =
2
3

for all x ∈ X.

Now,

| fλ(x) − g(x)| =

∣∣∣∣∣∣
(

5x + 2
15

)
− 1− x

∣∣∣∣∣∣
=

∣∣∣∣∣∣5x + 2− 15x− 15
15

∣∣∣∣∣∣
=

∣∣∣∣∣∣−10x− 13
15

∣∣∣∣∣∣
=

10x + 13
15

.

Hence, | fλ(x) − g(x)| =
10x + 13

15
for all x ∈ X. Therefore, it is clear that

10
15
≤

10x + 13
15

, for all x ∈ X.

So, fλ and g are weakly commuting mappings. Now, we note that all the conditions of Theorem

2.1 are satisfied, however, g does not have any fixed point, while f has a fixed point
1
5

.

Hence, Theorem 2.1 and further results use Theorem 2.1, they all turn out to be invalid.

Remark 2.2.

To address this issue, we use the notion of weak compatibility instead of weak commuting,

which beneficially helps us prove Theorem 2.1 with the same conclusions but with a different

proof technique. Undoubtedly, the support of an averaged mapping is also needed.

3. Main results

In this section, we first obtain a fixed point result for generalized enriched Pres̆ić-type contrac-

tions.

Theorem 3.1. Let (X, ||.||) be a Banach space, k a positive integer, and f : Xk
→ X be a mapping for which

there exist bi ≥ 0, i = 0, 1, . . . , k− 1 and (α−
∑k−1

i=0 bi) < 1 such that∣∣∣∣∣∣
∣∣∣∣∣∣ k∑

i=1

bi(ui − ui+1) + f (u0, u1, . . . , uk−1) − f (u1, u2, . . . , uk)

∣∣∣∣∣∣
∣∣∣∣∣∣
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≤ αmax{|| f ui − f ui+1|| ; 1 ≤ i ≤ k}, (3.1)

where u1, u2, . . . , uk+1 ∈ X. Then

(a) f has a fixed point ū ∈ X;

(b) for any u1, u2, u3, . . . , uk ∈ X and for n ∈N,

un+k = f (un, un+1, . . . , un+k−1),

then the sequence {un}
∞

n=1 is convergent to ū and

lim un = f (lim un, lim un, lim un, . . . , lim un);

(c) moreover, if we assume that

|| f (x, x, . . . , x) − f (y, y, . . . , y)|| < ||x− y||,

for all x, y ∈ X, with x , y, then ū is the unique fixed point of f .

Proof. For any u1, u2, . . . , uk ∈ X, define a sequence {un} as follows;

un+k = f (un, un+1, . . . , un+k−1), n = 1, 2, . . .

Denote

Sn =

∣∣∣∣∣∣
∣∣∣∣∣∣ n−1∑

i=0

bi(ui − ui+1) + un − un+1

∣∣∣∣∣∣
∣∣∣∣∣∣.

We shall prove by induction that for each n ∈N,

Sn ≤Mµn. (3.2)

Where M = max
{

S1

µ1
,

S2

µ2 , . . . ,
Sk

µk

}
and µ = α1/k. By the definition of M, it is easy to see that (3.2)

is true for n = 1, 2, 3, . . . , k. Thus by induction hypothesis, we have,

Sn ≤Mµn, Sn+1 ≤Mµn+1, . . . , Sn+k−1 ≤Mµn+k−1.

Now, we prove that Sn ≤Mµn+k.

Sn+k =

∣∣∣∣∣∣
∣∣∣∣∣∣ n+k−1∑

i=n

bi(ui − ui+1) + un+k − un+k+1

∣∣∣∣∣∣
∣∣∣∣∣∣

=

∣∣∣∣∣∣
∣∣∣∣∣∣ n+k−1∑

i=n

bi(ui − ui+1) + f (un, un+1, . . . , un+k−1) − f (un+1, un+2, . . . , un+k)

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ αmax{||un − un+1||, ||un+1 − un+2||, . . . , ||un+k−1 − un+k||}. (3.3)

We note that,

||un − un+1|| ≤

∣∣∣∣∣∣
∣∣∣∣∣∣ n−1∑

i=0

bi(ui − ui+1) + un − un+1

∣∣∣∣∣∣
∣∣∣∣∣∣,

||un+1 − un+2|| ≤

∣∣∣∣∣∣
∣∣∣∣∣∣ n∑

i=1

bi(ui − ui+1) + un+1 − un+2

∣∣∣∣∣∣
∣∣∣∣∣∣,
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...
...

...

||un+k−1 − un+k|| ≤

∣∣∣∣∣∣
∣∣∣∣∣∣ n+k−2∑

i=n−1

bi(ui − ui+1) + un+k−1 − un+k

∣∣∣∣∣∣
∣∣∣∣∣∣.

Now, (3.3) can be written as

Sn+k ≤ αmax
{∣∣∣∣∣∣

∣∣∣∣∣∣ n−1∑
i=0

bi(ui − ui+1) + un − un+1

∣∣∣∣∣∣
∣∣∣∣∣∣,
∣∣∣∣∣∣
∣∣∣∣∣∣ n∑

i=1

bi(ui − ui+1) + un+1 − un+2

∣∣∣∣∣∣
∣∣∣∣∣∣, . . . ,∣∣∣∣∣∣

∣∣∣∣∣∣ n+k−2∑
i=n−1

bi(ui − ui+1) + un+k−1 − un+k

∣∣∣∣∣∣
∣∣∣∣∣∣
}

≤ αmax{Mµn, Mµn+1, . . . , Mµn+k−1
}

= αMµn

= Mµn+k.

Hence, we have Sn+k ≤Mµn+k. Next we prove that {un} is Cauchy.

||un − un+p|| ≤ ||un − un+1||+ ||un+1 − un+2||+ · · ·+ ||un+p−1 − un+p||

≤

∣∣∣∣∣∣
∣∣∣∣∣∣ n−1∑

i=0

bi(ui − ui+1) + un − un+1

∣∣∣∣∣∣
∣∣∣∣∣∣+

∣∣∣∣∣∣
∣∣∣∣∣∣ n∑

i=1

bi(ui − ui+1) + un+1 − un+2

∣∣∣∣∣∣
∣∣∣∣∣∣+ . . .

+

∣∣∣∣∣∣
∣∣∣∣∣∣

n+p−2∑
i=n−1

bi(ui − ui+1) + un+p−1 − un+p

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ Mµn + Mµn+1 + · · ·+ Mµn+p−1

= Mµn(1 + µ+ µ2 + · · ·+ µp−1)

= Mµn/(1− µ).

Therefore, we conclude that {un} is Cauchy. Since (X, ||.||) is Banach space, there exists ū in X such

that lim
n→∞

un = ū. Then for each integer n, we have that

||ū− f (ū, ū, . . . , ū)|| ≤ ||ū− un+k||+ ||un+k − f (ū, ū, . . . , ū)||

= ||ū− un+k||+ || f (un, un+1, . . . , un+k−1) − f (ū, ū, . . . , ū)||

≤ ||ū− un+k||+ || f (ū, ū, . . . , ū) − f (ū, ū, . . . , un)||

+|| f (ū, ū, . . . , un) − f (ū, ū, . . . , un, un+1)||+ . . . . . .

+|| f (ū, un, un+1, . . . , un+k−2) − f (un, un+1, . . . , un+k−1)||

≤ ||ū− un+k||+

∣∣∣∣∣∣
∣∣∣∣∣∣ n−1∑

i=0

bi(ui − ui+1) + f (ū, ū, . . . , ū) − f (ū, , . . . , un)

∣∣∣∣∣∣
∣∣∣∣∣∣

+

∣∣∣∣∣∣
∣∣∣∣∣∣ n∑

i=1

bi(ui − ui+1) + f (ū, ū, . . . , un) − f (ū, ū, . . . , un, un+1)

∣∣∣∣∣∣
∣∣∣∣∣∣+ . . .
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+

∣∣∣∣∣∣
∣∣∣∣∣∣

n+p−2∑
i=n−1

bi(ui − ui+1) + f (ū, un, un+1, . . . , un+k−2)

− f (un, un+1, . . . , un+k−1)

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ ||ū− un+k||+ α||ū− un||+ αmax{||ū− un||, ||un − un+1||}

+ · · ·+ αmax{||ū− un||, ||un − un+1||, . . . , ||un+k−2 − un+k−1||}.

It is now immediate that

||ū− f (ū, ū, . . . , ū)|| ≤ 0 as n→∞.

Hence, we conclude that f (ū, ū, . . . , ū) = ū. Thus, lim un = f (lim un, lim un, . . . , lim un). Now,

we show that the fixed point of f is unique. Suppose to the contrary that v̄ and ū are two

distinct fixed points of f in X. Then f (v̄, v̄, . . . , v̄) = v̄ and f (ū, ū, . . . , ū) = ū. We have that

||ū − v̄|| = || f (ū, ū, . . . , ū) − f (v̄, v̄, . . . , v̄)|| < ||ū − v̄||, a contradiction. Hence, ū is the unique fixed

point of f . �

Next, we prove our main result which is the correct version of Theorem 2.1 in product spaces

using the concept of weak compatibility.

Theorem 3.2. Let (X, ||.||) be a Banach space and k a positive integer. Assume f : Xk
→ X and g : X→ X

are two mappings for which there exist bi ≥ 0, i = 0, 1, . . . , k− 1 and (α−
∑k−1

i=0 bi) < 1 such that∣∣∣∣∣∣
∣∣∣∣∣∣ k−1∑

i=0

bi(ui − ui+1) + f (u0, u1, . . . , uk−1) − f (u1, u2, . . . , uk)

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ αmax{||gui − gui+1|| ; 0 ≤ i ≤ k− 1}, (3.4)

where fλ is an averaged mapping corresponding to f . Then the following assertions holds;

(i) If fλ(Xk) ⊂ Y ⊆ g(X), then fλ and g have a unique coincidence point.
(ii) If fλ(x) and g(x) are weakly compatible, then f and g have a unique common coincidence point.

(iii) The sequence {zn} defined by {zn} = fλ(un, un, . . . , un) = g(un+1), n ∈N converges to the common
fixed point of f and g.

Proof. Let u0 ∈ X. Then fλ(u0, u0, . . . , u0) ∈ fλ(Xk) ⊂ g(X), thus there exists u1 ∈ X such that

fλ(u0, u0, . . . , u0) = g(u1).

Further, fλ(u1, u1, . . . , u1) ∈ fλ(Xk) ⊂ g(X), so there exists u2 ∈ X such that

fλ(u1, u1, . . . , u1) = g(u2).

In this way, we construct a sequence {g(un)}n≥0, u0 ∈ X and

fλ(un−1, un−1, . . . , un−1) = g(un), n ≥ 1.
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Now, let us denote ζ̂ =
∑k−1

i=0 bi > 0, and λk =
1

ζ̂+ 1
, k a positive integer. Take

λi = λkbi, i = 0, 1, 2, . . . , k− 1. (3.5)

On the other hand,
k∑

i=0

λi =
k−1∑
i=0

λi + λk =
k−1∑
i=0

λkbi + λk = λk(ζ̂+ 1).

Using (3.5) in (3.4), we obtain∣∣∣∣∣∣
∣∣∣∣∣∣ k−1∑

i=0

λi

λk
(ui − ui+1) + f (u0, u1, . . . , uk−1) − f (u1, u2, . . . , uk)

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ αmax{||gui − gui+1|| ; 0 ≤ i ≤ k− 1},

multiplying λk > 0, we have∣∣∣∣∣∣
∣∣∣∣∣∣ k−1∑

i=0

λi(ui − ui+1) + λk f (u0, u1, . . . , uk−1) − λk f (u1, u2, . . . , uk)

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ αλk max{||gui − gui+1|| ; 0 ≤ i ≤ k− 1},

implies, ∣∣∣∣∣∣
∣∣∣∣∣∣ k−1∑

i=0

λiui −

k−1∑
i=0

λiui+1 + λk f (u0, u1, . . . , uk−1) − λk f (u1, u2, . . . , uk)

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ κmax{||gui − gui+1|| ; 0 ≤ i ≤ k− 1},

where αλk = κ, for i = 0, 1, 2, . . . , k − 1. Now, by using the definition of averaged mapping, we

deduce that

|| fλ(u0, u1, . . . , uk−1) − fλ(u1, u2, . . . , uk)|| ≤ κmax{||gui − gui+1|| ; 0 ≤ i ≤ k− 1}. (3.6)

For any n ≥ 1, we have

||gun − gun+1|| = || fλ(un−1, un−1, . . . , un−1) − fλ(un, un, . . . , un)||

≤ || fλ(un−1, un−1, . . . , un−1) − fλ(un−1, un−1, . . . , un)||

+|| fλ(un−1, un−1, . . . , un) − fλ(un−1, un−1, . . . , un, un)||

+|| fλ(un−1, un−1, . . . , un, un) − fλ(un−1, un−1, . . . , un, un, un)||

+ · · ·+ || fλ(un−1, un, . . . , un) − fλ(un, un, . . . , un)||. (3.7)

Now by (3.6), we have the following observation,

|| fλ(un−1, un−1, . . . , un−1) − fλ(un−1, un−1, . . . , un)||

≤ κmax{0, 0, , . . . , 0, ||gun−1 − gun||},

|| fλ(un−1, un−1, . . . , un) − fλ(un−1, un−1, . . . , un, un)||

≤ κmax{0, 0, , . . . , ||gun−1 − gun||, 0},
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. . . ,

|| fλ(un−1, un, . . . , un) − fλ(un, un, . . . , un, un)||

≤ κmax{||gun−1 − gun||, 0, 0, , . . . , 0}.

Substituting all the inequalities above in (3.7), we get

||gun − gun+1|| ≤ κ(||gun−1 − gun||+ ||gun−1 − gun||+ · · ·+ ||gun−1 − gun||)

= κk(||gun−1 − gun||).

Take β = κk (choose suitable α such that κk < 1 ). Now by induction, we have

||gun − gun+1|| ≤ β
n(||gu0 − gu1||), n ≥ 0.

Hence, {gun} is a Cauchy sequence. Thus, by our assumption there exists ū in Y such that

lim
n→∞

g(un) = ū, and since Y ⊆ g(X), there exists p ∈ X such that g(p) = ū = lim
n→∞

g(un). Now,

we shall prove that g(p) = f (p, p, . . . , p) = ū.

||gun − fλ(p, p, . . . , p)|| = || fλ(un−1, un−1, . . . , un−1) − fλ(p, p, . . . , p)||

≤ || fλ(un−1, un−1, . . . , un−1) − fλ(un−1, un−1, . . . , p)||

+|| fλ(un−1, un−1, . . . , p) − fλ(un−1, un−1, . . . , p, p)||

+|| fλ(un−1, un−1, . . . , p, p) − fλ(un−1, un−1, . . . , p, p, p)||

+ · · ·+ || fλ(un−1, p, . . . , p) − fλ(p, p, . . . , p)||.

By the similar observation as above, we have

||gun − fλ(p, p, . . . , p)|| ≤ β||gun−1 − gp||

≤ β{||gun−1 − gun||+ |gun − gp||}.

By induction, we get

||gun − fλ(p, p, . . . , p)|| ≤ βn
{||gu0 − gu1||+ |gun − gp||}.

Since β < 1, we deduce that ||gun − fλ(p, p, . . . , p)|| ≤ 0 as n → ∞. Hence we have gun =

fλ(p, p, . . . , p) = gp = ū. Now we claim that p is the only coincidence point for fλ and g. As-

sume that there is some q in X such that gq = fλ(q, q, . . . , q) , ū.

||gp− gq|| = || fλ(p, p, . . . , p) − g(q, q, . . . , q)||

≤ ||| fλ(p, p, . . . , p) − fλ(p, p, . . . , p, q)||

+|| fλ(p, p, . . . , p, q) − fλ(p, p, . . . , q, q)||

+|| fλ(p, p, . . . , q, q) − fλ(p, p, . . . , q, q, q)||

+ · · ·+ || fλ(p, q, . . . , q, q) − g(q, q, . . . , q)||.

It follows that, ||gp − gq|| ≤ β|gp − gq||, which is a contradiction. Hence p is the only coincidence

point for fλ and g. Now, we show that ū is the unique common coincidence point of fλ and g.
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Since, ū is the coincidence value of fλ and g, and p is the coincidence point of fλ and g, we have

fλ(p, p, . . . , p, p) = g(p) = ū. Since F is the associated operator of fλ and by weak compatibility,

we get F(ū) = F(g(p)) = g(F(p)) = g(ū). That is F(ū) = g(ū), which shows ū is the point of

coincidence of both F and g. Therefore by definition, ū is the point of coincidence for fλ and g,

but we proved that p is the only coincidence point of fλ and g, which shows ū = p. Hence, ū is

the unique common coincidence point of fλ and g. Moreover, by remark 1.2, we conclude that ū is

the unique common coincidence point of f and g. As, we proved ū = lim
n→∞

g(un+1), the sequence

{zn} = fλ(un, un, . . . , un) = g(un+1), converges to ū. �

Remark 3.1.

(i) In the particular case when b = 0 and k = 1, Theorem 3.2 reduces to Jungck’s Theorem [3].

(ii) Similarly, if we take b = 0, k = 1 and g as identity mapping in Theorem 3.2, we get the

Banach contraction principle. Meanwhile, when we take k = 1 and g as identity mapping

in Theorem 3.2, we obtain the enriched Banach contraction principle.

Now, we see an example that validates Theorem 3.2.

Example 3.1. Consider the Banach space X = R with the usual norm. For k = 2, define the mappings
f : X2

→ X and g : X→ X by

f (x, y) =


x− y

12
+

1
2

, x + y < 2,

x− y
10

+
1
2

, x + y ≥ 2,

and

g(x) =
x
2
+

1
4

,

for all x, y ∈ X.

We first prove that,∣∣∣∣∣∣ 1∑
i=0

bi(ui − ui+1) + f (u0, u1) − f (u1, u2)

∣∣∣∣∣∣ ≤ αmax{|gu0 − gu1|, |gu1 − gu2|}, (3.8)

for any u0, u1, u2 ∈ R, by taking α =
3
4

, b0 = 0 and b1 =
1
20

. Since b0 = 0, the left-hand side of (3.8)

becomes ∣∣∣∣∣ 1
20

(u1 − u2) + f (u0, u1) − f (u1, u2)

∣∣∣∣∣ .
Now, the following 4 cases arise.

Case 1: u0 + u1 < 2 and u1 + u2 < 2.

Now,

f (u0, u1) =
(u0 − u1)

12
+

1
2

, f (u1, u2) =
(u1 − u2)

12
+

1
2

.
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Thus,

f (u0, u1) − f (u1, u2) =
u0 − u2

12
.

Now, by applying the properties of modulus,∣∣∣∣∣ 1
20

(u1 − u2) + f (u0, u1) − f (u1, u2)

∣∣∣∣∣ ≤ 1
12
|u0 − u1|+

2
15
|u1 − u2|.

On the other hand, |gu0 − gu1| =
1
2 |u0 − u1|, |gu1 − gu2| =

1
2 |u1 − u2|.

Thus,

αmax(|gu0 − gu1|, |gu1 − gu2|) =
3
8

max(|u0 − u1|, |u1 − u2|).

Let M = max(|u0 − u1|, |u1 − u2|), then |u0 − u1| ≤M and |u1 − u2| ≤M.

Therefore,
1

12
M +

2
15

M ≤
3
8

M

is true.

Case 2: u0 + u1 < 2 and u1 + u2 ≥ 2.

Now,

f (u0, u1) =
u0 − u1

12
+

1
2

, f (u1, u2) =
u1 − u2

10
+

1
2

.

Thus,

f (u0, u1) − f (u1, u2) =
(u0 − u1)

12
−
(u1 − u2)

10
.

Hence, ∣∣∣∣∣ 1
20

(u1 − u2) + f (u0, u1) − f (u1, u2)

∣∣∣∣∣ ≤ 1
12
|u0 − u1|+

1
20
|u1 − u2|.

Similarly, by taking M = max(|u0 − u1|, |u1 − u2|), the inequality

1
12

M +
1
20

M ≤
3
8

M

holds.

Also, it is easy to see that, for Case-3: u0 + u1 ≥ 2 and u1 + u2 < 2, the inequality (3.8) holds.

Case 4: u0 + u1 ≥ 2 and u1 + u2 ≥ 2.

f (u0, u1) =
u0 − u1

10
+

1
2

, f (u1, u2) =
u1 − u2

10
+

1
2

.

Thus

f (u0, u1) − f (u1, u2) =
u0 − u2

10
.

Hence ∣∣∣∣∣ 1
20

(u1 − u2) +
u0 − u2

10

∣∣∣∣∣ ≤ 1
10
|u0 − u1|+

3
20
|u1 − u2|.

So that in this case as well, the inequality

1
10

M +
3
20

M ≤
3
8

M
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holds. Thus, in all the cases, we see that∣∣∣∣∣∣ 1∑
i=0

bi(ui − ui+1) + f (u0, u1) − f (u1, u2)

∣∣∣∣∣∣ ≤ αmax{|gu0 − gu1|, |gu1 − gu2|},

for all u0, u1 and u2 ∈ X. We now consider the averaged mapping

fλ(u0, u1) = λ0u0 + λ1u1 + λ2 f (u0, u1),

where λ0 = 0, λ1 = 1
3 , λ2 = 2

3 .

Now, fλ

(
1
2

,
1
2

)
= 0 +

1
3

(
1
2

)
+

2
3

(
1
2

)
=

1
2

and g
(

1
2

)
=

1
2

. Thus,

fλ
(1
2

,
1
2

)
=

1
2
= g

(1
2

)
.

Hence, clearly, 1
2 is the unique coincidence point of fλ and g. Moreover, we notice that fλ and g are

weakly compatible. Thus, by applying Theorem 3.2, f and g have a unique common coincidence

point
1
2

.

4. Application to pair of matrix difference equations

Now, we shall study the global attractivity of the sequence {Un+k} ⊂ σ(N)k defined by

Un+k = Q1 +
k−1∑
i=0

A∗ξ(Un+i)A, n = 1, 2, . . . , (4.1)

and {Un+1} ⊂ σ(N) by

Un+1 = Q2 + A∗ψ(Un)A, n = 1, 2, . . . (4.2)

where σ(N) is the set of all N×N Hermitian positive definite matrices, Q1, Q2 are N×N Hermitian

positive semidefinite matrices, A is an N ×N nonsingular matrix, A∗ is the conjugate transpose of

A, ξ : σ(N)k
→ σ(N) and ψ : σ(N) → σ(N). First, we recall some basic definitions and important

results.

Definition 4.1. Let X be a non empty set, k a positive integer. Assume f : Xk
→ X is a mapping. For

given u1, u2, . . . , uk ∈ X, define the sequence {un} by

un+k = f (un, un+1, . . . , un+k−1), n = 0, 1, 2, . . . , (4.3)

The point ū is said to be equilibrium if it satisfies the condition:

ū = f (ū, ū, . . . , ū).

Moreover, on the metric space (X, d), the equilibrium point ū of the equation (4.3) is said to be global
attractor if for all u1, u2, . . . , uk ∈ X we have

d(un, ū)→ 0 as n→∞.
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For N ≥ 2, σ(N) denotes the open convex cone of all N ×N Hermitian positive definite matrices,

endowed with the Thompson metric defined by

d(C, D) = max{ln G(C/D), ln G(D/C)}, ∀ C, D ∈ σ(N),

where G(C/D) = inf{τ > 0 : C ≤ τD} = τ+(D−1/2CD−1/2) is the maximum eigenvalue of

D−1/2CD−1/2. Here R ≤ S(S−R ≥ 0) means that S−R is positive semidefinite and R < S(S−R > 0)

means that S−R is positive definite. Moreover, with respect to the Thompson metric d, (σ(N), d)
is complete [15] and

d(C, D) = || ln C−1/2DC−1/2
||,

where ||.|| denotes the spectral norm. From [18], we observe that the Thompson metric exists on any

open normal convex cones of real Banach spaces. We now see some of the important properties of

Thompson metric:

(i) For any nonsingular matrix P and C, D ∈ σ(N),

d(C, D) = d(C−1, D−1) = d(P∗CP, P∗DP).

(ii) d(Rl, Sl) ≤ ld(R, S), for all R, S ∈ σ(N) and l ∈ [0, 1].

(iii) For any nonsingular matrix P and R, S ∈ σ(N),

d(P∗RP, P∗SP) ≤ |l|d(R, S), l ∈ [1,−1].

(iv) For any C, D, E, F ∈ σ(N),

d(C + D, E + F) ≤ max{d(C, E), d(D, F)}.

Assume that the mappings ξ : σ(N)k
→ σ(N) and ψ : σ(N)→ σ(N) satisfy (3.4).

Theorem 4.1. The equations (4.1) and (4.2) have a unique common equilibrium point ρ̄ ∈ σ(N). Further-
more, ρ̄ is a global attractor.

Proof. Define the mappings f : σ(N)k
→ σ(N) by

f (ρ1,ρ2, . . . ,ρk) = Q1 +
1
k
[A∗ξ(ρ1,ρ2, . . . ,ρk)A],

for all ρ1,ρ2, . . . ,ρk ∈ σ(N), and g : σ(N)→ σ(N) by

g(ρ) = Q2 + A∗ψ(ρ)A, for any ρ ∈ σ(N).

For ρ0,ρ1,ρ2, . . . ,ρk ∈ σ(N),

d( f (ρ0,ρ1,ρ2, . . . ,ρk−1), f (ρ1,ρ2, . . . ,ρk))

= d
(
Q1 +

1
k
[A∗ξ(ρ0,ρ1, . . . ,ρk−1)A], Q1 +

1
k
[A∗ξ(ρ1,ρ2, . . . ,ρk)A]

)
= d

((
A
√

k

)∗
ξ(ρ0,ρ1, . . . ,ρk−1)

(
A
√

k

)
,
(

A
√

k

)∗
ξ(ρ1,ρ2, . . . ,ρk)

(
A
√

k

))
. (4.4)
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Denote H =
A
√

k
. Then H is also nonsingular. Using property (i) we have

d(H∗ξ(ρ0,ρ1, . . . ,ρk−1)H, H∗ξ(ρ1,ρ2, . . . ,ρk)H) = d(ξ(ρ0,ρ1, . . . ,ρk−1), ξ(ρ1,ρ2, . . . ,ρk.)

Thus, (4.4) becomes

d( f (ρ0,ρ1,ρ2, . . . ,ρk−1), f (ρ1,ρ2, . . . ,ρk)) = d(ξ(ρ0,ρ1,ρ2, . . . ,ρk−1), ξ(ρ1,ρ2, . . . ,ρk)).

Similarly, we obtain

d(gρi, gρi+1) = d(ψρi,ψρi+1).

Hence, ∣∣∣∣∣∣
∣∣∣∣∣∣ k−1∑

i=0

bi(ρi − ρi+1) + f (ρ0,ρ1, . . . ,ρk−1) − f (ρ1,ρ2, . . . ,ρk)

∣∣∣∣∣∣
∣∣∣∣∣∣

≤ αmax{||gρi − gρi+1|| ; 0 ≤ i ≤ k− 1}.

Now, utilizing Theorem 3.2, we conclude that both (4.1) and (4.2) have a unique common global

attractor equilibrium point ρ̄ ∈ σ(N). �

For a positive integer k, define the sequence {Un+k} ⊂ σ(N)k by

Un+k = Q1 +
k−1∑
i=0

A∗Uz
n+iA, n = 1, 2, . . . , (4.5)

and {Un+1} ⊂ σ(N) by

Un+1 = Q2 + A∗Uz
nA, n = 1, 2, . . . , (4.6)

where U1, U2, . . .Uk ∈ σ(N), Q1, Q2 are N ×N Hermitian positive semidefinite matrices, and |z| ∈
[0, 1).

Corollary 4.1. Both the equations (4.5) and (4.6) have a unique common equilibrium point ρ̄ ∈ σ(N).

Moreover, ρ̄ is a global attractor.

Our final objective is to emphasize the Theorem 4.1 by giving an example with a numerical

approximation of the convergence of iterated sequence.

Example 4.1. Take N = 3 and k = 2. Assume ξ : σ(3)2
→ σ(3), ψ : σ(3) → σ(3) and defined by

ξ(U1, U2) = U1/2
1 ,ψ(U) = U1/2, where U, U1, U2 ∈ σ(3). Consider the recursive sequence as follows:

Un+2 = Q1 +
1
2
[A∗U1/2

n A + A∗U1/2
n+1A], n = 1, 2, . . . (4.7)

Un+1 = Q2 + A∗U1/2
n A, n = 1, 2, . . . (4.8)

where A =


1 2 −1

2 1 0

−1 0 2

 , Q1 =


0.2 0 0

0 0.4 0

0 0 0.5

 ,
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Q2 =


0.1 0 0

0 0.3 0

0 0 0.7

 , U1 =


3 1 0

1 2 1

0 1 4

 and U2 =


7 3 2

3 7 3

2 3 11

 .

Then after 42 iterations, we get the unique equlibrium point

Ū ≈ U42 =


61.50 50.01 −41

50.01 45.65 −31.93

−41 −31.93 38.93

 .

5. Conclusion

We found an obvious error in the main theorem of [11], thus, in this paper, we proved it under

suitable mapping called weak compatibility. Moreover, using Krasnoselskij averaged mappings,

we obtained a common coincidence point for a pair of mappings. In addition, we have showed

a unique fixed point for generalized enriched Pres̆ić type contraction. A couple of examples are

given, one is to validate our main result and another as a counter-example to Theorem 2.1. In the

end, we used our findings to prove the existence and uniqueness of an equilibrium point in matrix

difference equations.
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[12] M. Păcurar, Asymptotic Stability of Equilibria for Difference Equations via Fixed Points of Enriched Prešić Opera-
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[13] L.B. Ćirić, S.B. Pres̆ić, On Pres̆ić Type Generalization of the Banach Contraction Mapping Principle, Acta Math.

Univ. Comenianae 76 (2007), 143–147.
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[17] S.B. Pres̆ić, Sur une Classe d’Inéquations aux Différences Finies et sur la Convergence de Certaines Suites, Publ.

Inst. Math. 5 (1965), 75–78.

[18] A.C. Thompson, On Certain Contraction Mappings in a Partially Ordered Vector Space., Proc. Am. Math. Soc. 14

(1963), 438–443. https://doi.org/10.1090/s0002-9939-1963-0149237-7.

[19] S. Sessa, On a Weak Commutativity Condition of Mappings in Fixed Point Considerations, Publ. Inst. Math. 32

(1982), 149–153.

[20] B.M.L. Tivari, S.L. Singh, A Note on Recent Generalizations of Jungck Contraction Principle, J. Uttar Pradesh Gov.

Coll. Acad. Soc. 3 (1986), 13–18.

[21] S.M. Kang, Y.J. Cho, G. Jungck, Common Fixed Points of Compatible Mappings, Int. J. Math. Math. Sci. 13 (1988),

61–66. https://doi.org/10.1155/s0161171290000096.

[22] G. Jungck, P.P. Murthy, Y.J. Cho, Compatible Mappings of Type (A) and Common Fixed Points, Math. Jpn. 38

(1993), 381–390.
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Operators, U.P.B. Sci. Bull. Ser. A 78 (2016), 147–160.

[47] D. Ruelle, Characteristic Exponents for a Viscous Fluid Subjected to Time Dependent Forces, Commun. Math.

Phys. 93 (1984), 285–300. https://doi.org/10.1007/bf01258529.

[48] X.X. Yan, W.T. Li, Global Attractivity for a Class of Higher Order Nonlinear Difference Equations, Appl. Math.

Comput. 149 (2004), 533–546. https://doi.org/10.1016/s0096-3003(03)00159-0.

[49] D.Y. Xu, H.Y. Zhao, Invariant and Attracting Sets of Hopfield Neural Networks with Delay, Int. J. Syst. Sci. 32

(2001), 863–866. https://doi.org/10.1080/002077201300306207.

[50] E.M. Elabbasy, E.M. Elsayed, On the Global Attractivity of Difference Equation of Higher Order, Carpathian J.

Math. 24 (2008), 45–53, http://www.jstor.org/stable/43996859.

[51] R. George, K. Reshma, R. Rajagopalan, A Generalised Fixed Point Theorem of Presic Type in Cone Metric

Spaces and Application to Markov Process, Fixed Point Theory Appl. 2011 (2011), 85. https://doi.org/10.1186/

1687-1812-2011-85.

https://doi.org/10.1090/s0002-9939-1995-1283555-5
https://doi.org/10.1090/s0002-9939-1995-1283555-5
https://doi.org/10.28924/2291-8639-23-2025-242
https://doi.org/10.21136/cmj.1995.128555
https://doi.org/10.5486/pmd.1995.1520
https://doi.org/10.1186/1687-1812-2014-38
https://doi.org/10.28924/2291-8639-23-2025-294
https://doi.org/10.1155/2008/418971
https://doi.org/10.37193/cmi.2015.02.10
https://doi.org/10.1007/bf01258529
https://doi.org/10.1016/s0096-3003(03)00159-0
https://doi.org/10.1080/002077201300306207
http://www.jstor.org/stable/43996859
https://doi.org/10.1186/1687-1812-2011-85
https://doi.org/10.1186/1687-1812-2011-85

	1. Introduction and preliminaries
	2. Erratum
	3.  Main results
	4. Application to pair of matrix difference equations
	5. Conclusion
	Acknowledgments
	Funding
	Conflicts of Interest

	References

