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Abstract. This work focuses on examining the properties of the co-local function set as defined in [1]. We define an
operator A using co-local function set and investigate its various fundamental properties. Also, we introduce the notion

of compatible kernel topology via ideal and obtain its characterizations along with several properties.

1. INTRODUCTION

In a topological space (B, T), given a subset A € B, a point x € P is contained in cl(A) precisely
when each neighborhood of x intersects A. Analogous characterizations have been established for
various generalized closure operators, each defined with respect to specific families of generalized
open sets. In a similar manner, the topological kernel ker(A), of a set A can also be characterized
in terms of neighborhood systems or related generalized open sets. The concept of the topological
kernel was first brought into focus by Maki [2], in 1986, who introduced the notion of a kernel set
(A-set) within a topological space. All kernel sets, together with their complementary co-kernel
sets (V-sets) have demonstrated significant utility in describing the T; separation property [2].
The study of generalized closed and open sets has seen significant developments over the past
decades. The concepts of A-closed and A-open sets, formulated via kernel sets and closed sets,
were presented by Arenas et al. [3], in 1997, with A-closed sets serving to characterize the T,
separation axiom. Khalimsky et al. [4], in 1990, analyzed the topological and geometric aspects of
digital images, providing a fundamental example the digital line, or Khalimskys line of a space
that satisfies the T/, axiom but fails to satisfy the T axiom. Subsequent studies expanded these
ideas in different contexts; for instance, in [5] and [6], the kernel of topological approximations
of fractals was determined based on their connecting points. Building on this, the authors in [7]
introduced two new classes of sets, namely A*-sets and V*-sets, defined via kernel sets and ideal
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topological spaces. This line of research was further extended in [8] to generalized topological
spaces, where the corresponding classes, Ay -sets and V -sets, were systematically investigated.
The study of topological structures in the presence of ideals has led to several important extensions
of classical notions. Jankovié¢ and Hamlett [1], in 1990, studied both the local and global aspects
of topological spaces involving ideals and defined a Kuratowski-type closure operator, CI*, giving
rise to a topology T* that is strictly finer than the original. Building on this line of research, Sanabria
et al. [9] recently developed a generalized form of the kernel of a set, motivated by the analogous
generalizations of the closure operator in [10], and defined the concept of the co-local function
set, thereby providing a broader framework for studying kernel-based structures in topology.
Building upon the foundational work on co-local function sets presented in [11], this paper aims
to further explore their structural properties. The notions of ideals and kernal has been introduced
in [12] and [13] and further investigated in [14] and [15]. We introduce a novel operator, denoted
by A, constructed via the co-local function set, and systematically investigate its fundamental
characteristics. Moreover, we propose the notion of a compatible kernel topology defined through
ideals, establishes its key characterizations, and analyze several related topological properties.
This study thus contributes to the broader understanding of kernel-based structures and their
interplay with ideal topologies.

2. PRELIMINARIES

In this section, we introduce the fundamental definitions and preliminary concepts that will be
used in the subsequent development of our work. Let (8, T) be a topological space, and let Ds
be a subset of B. We denote by c/(Ds) the closure of Ds and by Int(Ds) its interior. For any point

t € B, the collection of open sets containing ¢ is represented by:
I(t) ={Bse T:teVs).

A subset U C ‘B is said to be closed if it belongs to the family I¢, consisting of the complements of
open sets in T.

An ideal T on P is a nonempty collection of subsets of P satisfying two conditions: if Ds € Tand
§s C Ds, then s € i, and if Ds, Fs € i then DsU Fs € T. The triple (B, TL,]T) is called an ideal space,
representing a topological space (B, T) equipped with the ideal I.

For an ideal space (‘B,l,if) and a subset ©s C B, the local function of Ds relative to T and 3,

denoted Ds* (I, T) or simply Ds’, is defined by
D' (I, T) = {t € P : BsN Ds ¢ I for every Bs € T(¢)}.

From this definition, it is immediate that 0" = 0, since the intersection of the empty set with any
neighborhood is still empty and belongs to T Moreover, $* is always a subset of ¥ and, in general,
may not coincide with ‘P.

The operator CI'(Ds) [1], is introduced for any Ds C ‘P as

ClI'(Ds) = DsU Ds".
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In the special case where T = {0}, we have
CI'(Ds) = DsUcl(Ds) = cl(Ds).

Itis well established that C1" satisfies the axioms of a Kuratowski closure operator [1]. The topology

generated by CI*, denoted T (or T*(II)), is defined by
T = {BsCP: CH(P\ Bs) = P\ V).

The elements of T* are called T*-open sets, and their complements are referred to as T*-closed sets.
In what follows, we will consistently employ these notations and definitions.

Definition 2.1. [2,16] Consider a subset Ds of a topological space (B, T), denoted here by TS. The kernel
of Ds, written as ker(Ds) or sometimes A(Ds), is defined by the intersection of all open sets in T that
include Ds:

ker(Ds) = [ ](Vs € T| Ds C B,

A subset Ds is called a kernel set (or A-set) if it equals its kernel, that is,
Ds = ker(Ds) .

Definition 2.2. [16] Consider a subset Ds of a TS (B, T). The co-kernel of Ds, denoted co-ker(Ds) or
alternatively V(Ds), is constructed by taking the union of all closed subsets that are contained in Ds:

co-ker(Ds) = U{Tys C Ds: Fsis closed).
A subset Ds is referred to as a co-kernel set (or V-set) if it coincides with this union, meaning
Ds = co-ker(Ds).

Therefore, A C B is a kernel set precisely when its complement ¥ \ A is a co-kernel set where
appropriate, to characterize the T1 axiom (see [2]).

The collection of all kernel sets in a TS (8, ¥) is denoted by IX and constitutes a topology on
. Similarly, the set of all co-kernel sets in TS, denoted by T#, also forms a topology on .

Lemma 2.1. [2] Let Ds, §s C P be subsets of a TS (B, T). Then the following statements are valid:

(1) A point t € P belongs to ker(Ds) if and only if Ds intersects every closed set Fs containing t, i.e.,
DsNFs = 0.

(2) The subset s is always contained in its kernel, Ds C ker(Ds), and if Ds is open in B, then
Ds = ker(Ds).

Lemma 2.2. [2] The statement that follows holds for any subsets Vs and U of a TS (B, T):

(1) ker(ker(Bs)) = ker(Vs),

(2) ker(QVs) is itself a kernel set,

(3) Any open set Bs in the space is a kernel set,

(4) ker(Uier(Bs;)) = Ujerker(Vs;)

(5) ker(B\ Bs) = P \ co-ker(Vs),
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(6) ker(BsNU) C ker(Bs) Nker(U).

Lemma 2.3. [2] Considering a TS (B, T), we may see the subsequent characteristics:
(1) Both the empty set O and the entire space ‘B are kernel sets.
(2) The intersection of any collection of kernel sets is itself a kernel set.

(3) Similarly, the union of any collection of kernel sets also forms a kernel set.

It is well established that when the collection of open sets in (8, TX) and (P, T") are closed
under arbitrary intersections. Thus (8, TX) and (8, T") are Alexandroff spaces.

Velicko [17] introduced the concept of G-open sets in 1968. A subset A of a space is called
0-open [17] provided that each point of A admits an open neighborhood whose closure is entirely
contained in A. The 0-interior of A, denoted by Inty(A), is defined as the union of all 6-open subsets
contained in A. Consequently, the complement of a 0-open set is referred to as O-closed. In [18],
Al-Omari and Noiri introduced the local closure function as a generalization of the 0-closure and
the local function in an ideal topological space. An equivalent characterization of 0-closure is
given by

clo(A) ={xeP:c(U)NA+0, Ue T, xe U],
and a subset A is 6-closed precisely when A = clg(A). The collection of all 6-open sets forms a
topology on ‘B, denoted by 74, and this topology is always coarser than the original topology ¥,
i.e., Ty C T. Furthermore, a topological space (B, T) is regular if and only if T coincides with Tg.

3. IDEAL KERNEL SETS IN TS

This section presents and examines the notion of an ideal kernel, viewed as a natural extension
of the kernel of a set within a topological space.
Definition 3.1. [9] Consider an ITS (B, 1), hereafter referred toas ITS. Forany subset U C B, we present
the following definition for the co-local function set (ideal kernel) as: A(U)(P,T) = fx € P : UN Fs ¢ T
for every closed set Fs containing x}. To ensure there is no misunderstanding, A(U) (if, X) is briefly denoted
by A(U).

We observe that one way to interpret the co-local function (also known as the ideal kernel) is as
an operator A(.) : P(P) = P(P) defined by U C A(U). However, the co-local function cannot be
regarded as a Kuratowski closure operator, since it generally fails to meet the condition U C A(U)
for all subsets U C . When the inclusion U € A(U) does hold, we say that U is A-dense in itself.

Theorem 3.1. [9] Consider an ITS (B, T, I). The conditions listed below are mutually equivalent:
(1) B = A(P).
(2) TN = {0}, where T¢ = {Ds: P\ Ds € T}.
() If1 €T, ker(I) = 0.
(4) Ds C A(Ds) for each closed set Ds.

Remark 3.1. Let (B, T, 1) be an ITS. Considering an arbitrary subset Ds C B, one obtains:
(1) Ififz {0}, then A(Ds) = ker(Ds).
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(2) IfT = P(B), then A(Ds) =
Theorem 3.2. [9] Let (B, T, 1) be an ITS, then for all Bs C B the ideal kernel A(Bs) = {x € P :
c({x}) N Vs ¢ T).
Corollary 3.1. [9] Assume (B, T) is a TS, For any Vs C B, the kernel of Vs is ker(Vs) = {x € P :
cl({x}) N Vs # 0.
Lemma 3.1. [9] Consider a TS (¥, T) with ideals Tand T defined on B. Let U, Ds C B, then the

statements below are satisfied:

(1) If Ds C U, then A(Ds) € A(U).

@) If1 C I, then A(Ds)(I) 2 A(Ds)(T).

(3) A(Ds) = ker(A(Ds)) C ke ( 5) (ie. A(Ds)isa kernel set).

(4) If Ds C A(Ds), then A(Ds) = ker(Ds).

(5) If Ds € I, then A(Ds) = 0).

(6) A(A(Ds)) € A(Ds).

7) A(0) = 0.

(8) A(UUDs) = A(U)UA(Ds).

(9) For a closed set §s, Fs N A(U)
(10) A(U) \5\(96) A(U\Ds) \
(11) If Ds e I, then A(UU Ds) =

= FsNA(FsnU) C A(FsnU).
X( s)
A(U) = AU\ Ds).

Definition 3.2. Let (%, T, 1) be an ITS. For any Ds C B, then clx(Ds) = Ds U A(Ds).

Remark 3.2. Consider the ITS (B, T, ). For any subset Ds C B, one obtains:

(1) The operator cl defines a Kuratowski closure. The topology it generates is denoted by TN, which
can be expressed as TN = (DsC P cl(B\ Ds) = B\ Ds}. Members of the topology T2 are
referred to as A-open sets, while the complement of such a set is termed A-closed. Consequently, a
subset Ds C B is A-closed if and only if

A(Ds) C Ds.

(2) IfT = {0}, then cl(Ds) = A(Ds) U Ds = ker(Ds) U Ds = ker(Ds).

() IfT = P(P), then clx(Ds) = A(Ds)UDs = QU Ds = Dsand I is the discrete topology.

(4) Since A(Ds) = ker(X(Dﬁ) C ker(Ds), then cl(Ds) C ker(Ds) for each Ds C P. Ihus, if Ds
is kernel sets, then Ds is A-closed. From this, we deduce that each co-kernel sets is A-open that
is ITA € IA. Also we have Ty € TN and Ty € T C T Moreover, T and T are independent

topology.

Theorem 3.3. [9] Consider the ITS (B, ‘I,if). The collection 0 = {Fs\ 1 : §s is closed set and I € Tf} isa
base for the topology T".

The following diagram holds:
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==
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[ O-open: 19 |—— —>—[ kernel set : 7€ ]ﬁ-‘ A- closed

>l

A-open: 1 <~—| cokernelset: 7 |<———| closed |<———| 6-closed

7" -closed

Ficure 1. Schematic illustration of the K—operator showing its relation in an ideal

topological space (B, T1).

4. CHARACTERISTICS OF A-OPERATOR

Definition 4.1. Consider the ITS (B, X, T). An operator A(.) : P(B) — X is formulated as: for every
Ds C B, K(Ds) = {x € P : I aclosed set Fs containing x and Fs\ Ds e]f}.

The following theorem presents several fundamental properties regarding the behavior of the

operator A.

Theorem 4.1. For an ITS (B, Z,i) and subsets B, Ds C ‘B, the next assertions are true:
(1) A(Ds) =B \A(P\ Ds).
(2) If Ds C P, then A(Ds) is a co-kernel set.
(3) If Ds C B, then A(Ds) C A(B).
(4) If Ds, B C B, then A(DsN B) = A(Ds) N A(B).
(5) If Ds € TN, then Ds C A(Ds).
(6) If Ds is O-open, then Ds C X( Ds).
(7) If Ds C B, then necessarily A(Ds) € A(A(Ds)).
(8) Let Ds C B, implies that A(Ds) = A(A(Ds)) is equivalent to A(% \ Ds) = A(A(P \ Ds)).
9) If Ds € 1, then A(Ds) = B\ A(P).
(10) If Ds C B, then Ds N A(Ds) = Intz(Ds).
(1) If Ds C B, I € T, then A(Ds\l) (fbs)
(12) If s C P, I € I, then A(DsUI) = A(Ds).
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(13) If (Ds\ B) U (B\ Ds) € I, then A(Ds) = A(B).

Proof. (1) Let x € K(Ds). Then one can find a closed set §s containing x such that §s\ Ds =
FsN Ds € 1. This implies that x is not an element of K(‘B \ Ds), or equivalently, x € \X(‘B \ Ds).
Conversely, if x € P \K(‘B \ Ds), then a closed set &s containing x can be identified such that
FsNDst = Fs\ Ds € T. Thus, x € K(Ds). Therefore, we conclude that K(@s) =P \K(‘B \ Ds).

(2) This follows from (3) of Lemma 3.1.

(3) This follows from (1) of Lemma 3.1.

(4) It follows from (2) that A(DsN B) C A(Ds) and A(DsNB) € A(B). Hence A(DsNB) C
7\(@5) N K(B) Now letx € K(Ds) n K(B) There are two closed sets, &s and Ds, both containing x,
such that s\ Ds eTand Ds\ B el LetG = FsN Ds € T¢(x) and we have G \ Ds eTand G\B el
by heredity. Thus G\ (DsNB) = (G\ Ds) U (G) \B) € bey additivity, and hence x € A(DsNB).
Hence, A(Ds) N A(B) € A(Ds N B) and the proof is complete.

(5) If Ds € TA, then P\ Ds is A-closed which implies K(‘B \ Ds) € P\ Ds and hence Ds C
P\A(P\ Ds) = A(Ds).
(6) If Ds is O-open set, then P \ Ds is O-closed and hence it is A-closed which implies X(*B \ Ds) C
P\ Ds and hence Ds C P\ A(P \ Ds) = K(Ds).
(7) This follows from (2) and (5).
(8) This follows from the facts:

(1) A(Ds) =B\ A(B\ Ds).

(2) A(A(Ds)) = BVALB\ (B VA Ds))] = BVAACE\ Ds)).
(9) By item (11) of Lemma 3.1, we obtain that A( \ Ds) = A(P) if Ds € T.
(10) Letx € DsN X(Ds), then x € Ds and there exists closed set §s, containing x and s, \ Ds € L
According to Theorem 3.3, &s, \ (Fs, \ Ds) is a X—open neighborhood of x and x € IntX(Ds).
Alternatively, assuming that x € Int;(Ds), there exists a basic A-open neighborhood K; \ I of x,
where Kj is closed set containing x and I € E such that x € Ky \ I € Ds which implies K, \ Ds C I
and hence K, \ Ds el Hence, x € DsN K(Es).
(11) This follows from Lemma 3.1, and A(Ds\I) = P\A[B\ (Ds\ )] = B\ A[(B\ Ds) U] =
BAA(P\ Ds) = A(Ds). ~
(12) This follows from Lemma 3.1, and A(DsUI) = PAA[P\ (DsUI)] = PAA[(PB\ Ds) \[] =
BAA(P\ Ds) = A(Ds).
(13) Let (Ds\ B) U (B\ Ds) € I. If s\ B = I and B\ Ds = J. It is evident that I, ] € I by heredity.
Additionally, note that B = (Ds\ I) U J. Thus A(Ds) = A(Ds\I) = A[(Ds\I)U]J] = A(B) by (11)
and (12). ]

Theorem 4.2. Consider a subset Fs C B in the ITS (B, T, I). It follows that Int;(s) C A(Fs).

Proof. Consider a subset §s C P and take any point x €  such that x ¢ K(%s) By the definition
of K, this means

xe A(PB\Fs).
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Hence, every closed set Ds containing x satisfies
DN (P\Fs) ¢,
which implies Ds N (P \ Fs) # 0. Therefore,

cl=(Ds) N (B\ Fs) # 0,

and as a result, cl;(Ds) cannot be entirely contained in ¥s. Consequently, x ¢ Int;(Js).

Since x was arbitrary, we conclude that
Intx(Fs) € A(Fs)

for every subset s of . O
Corollary 4.1.
Consider an ITS (B, T, 1). For any A-open subset Fs C B, we have Fs € A(Fs).

Proof. We know that A(Fs) = B\ A(B\ Fs). Now A(P\ Fs) C clo(B\ Fs) = B\ Fs, since B\ Fs
is A-closed. Therefore, Fs = P\ (B \ Fs) C B\ A(B\ Fs) = A(Fs). O
Theorem 4.3. Let (‘B,i,ff) be an ITS and §s, W be a subsets of B. Then, co-ker(Fs) N X(W) = co-
ker(Fs) NA(FsNW) € A(FsnNW).

Proof. Let x € co-ker(§s) N A(W). So, x € co-ker(Fs) and x € A(W). Since x € co-ker(Fs), there
exists closed set Ds containing x and x € Ds C Fs. For any closed set H containing x, ©s N H
is closed set containing x. Since x € A(W), (DsNH)NW ¢ I. From the definition of ideal
and [HN (DsnW)] € [HN (FsNW)]. Hence, [HN (FsNW)] ¢ T and x € A(FsNW). That
is co-ker(Fs) N A(W) € A(FsNW). Since A(FsNW) C A(W), co-ker(Fs) N A(FsN W) C co-
ker(Fs) N A(W). Therefore, co-ker(Fs) N A(W) = co-ker(Fs) N A(FsNW) € A(FsNW). mi

Corollary 4.2. Let (B, T, 1) be an ITS, Fs € P and if W C Int(A(W)). Then, co-ker(Fs) N W C
Int(A(Fs N W)).

Proof. Using Theorem 4.3,

co-ker(Fs) N W Cco-ker(Fs) NInt(A(W))
=Int[co-ker(Fs) N A(W)]
Clnt(A(FsNW)).

Proposition 4.1. Consider an ITS (B, T, 1) and Fs C PB. Then the properties listed below are true:
(1) A(Fs) = U{U : U is closed set and U \ Fs € T}.
() K(%s) > U{U : U is closed set and (U \ Fs) U (Fs\ U) € I}

Proof. (1) It follows straightforwardly from the way the K—operator is defined.
() Since I is heredity, it is obvious that U{U : U is closed setand (U \ &s) U (Fs\ U) € i} cu{iu:u
is closed set and U \ §s ei} = A(Fs) for every Fs C P. m|
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Theorem 4.4. Consider an ITS (B, I,i) Ifo={FsCP:FsC /~\(i§s)}. Then ¢ is a topology for P and
o =3I

Proof. Let o = {Fs C P : Fs C K(‘&s)}.We begin by proving that o forms a topology. Note that
0c K(‘D) and P C K(‘B) = P, and thus 0 and X € 0. Now if Fs,K € o, then by Theorem 4.1(4),
FsNK C K(%s) N K(K) = K(‘E;SOK) which implies that FsNK € 0. If {§Fs, : a € A} C g, then
Fou C A(Fsa) € A(UFs,) for every a € A and hence UgFs, C A(UJs,). This shows that o is
a topology. Consider the case where s € A according to Theorem 4.1(5), ¥s C A(Fs) and it
has been demonstrated that T C o. Next, consider §s € o, then we have s C K(S’s), that is,
Ts C P \A(‘B \ &s) and A(‘B \ &s) € B\ Fs. This shows that CI-(B \ Fs) = (P \ Fs) UX(*B \&s) =
P\ Fs and hence P \ Fsis A-closed and hence §s € IA. Thus 0 € T and hence 0 = T4, O

Example 4.1. Suppose that B = {1,2,3} has topology T. The formula T = {0,B,{1,3}} and the ideal
I= {0, {3}}. Evidently, Tg = {0, B}. If Fs € B, then we have the following table:

&s ker(Fs) | co-ker(Fs) | A(Fs) X(?}s)
0 0 0 0 0

P P P P P

{1} {1,3} 0 {1,3} 0

{2} P {2} B {2

{3} {1,3} 0 0 0
{1,2) P {2} P P
{1,3} {1,3} 0 {1,3} 0
{2,3} P {2} P {2}

TasLE 1. Illustration of the relationship among the above concepts.
It is clear that T and T” are independent topology since A = {0,B, {2}, {1, 2}}.
Lemma 4.1. Let (B, Z,i) be an ITS. A set §s is closed in o = A iff A(Fs) C Fs.

Proof. This result follows from the observation that, &s is closed in (8, 0) iff P \ Fs is open in o;
implies B\ Fs € A(B\ Fs) = B\ A(A) iff A(Fs) C Fs. O

Theorem 4.5. Consider an ITS (8, T, 1). If for every §s € B we have A(A(Fs)) € A(Fs), then
clx(&s) = Fs U A(Fs), where clx(&s) is the closure of Fs in (P, iIA)

Proof. Since A(FsUA(Fs)) = A(Fs) UA(A(Fs)) = A(Fs) € FsUA(Fs), then by Lemma 4.1,
FsU K(Tys) is a closed set in (B, iA) that contains §s, and hence cl(§s) € §sU X(%s). Now to
show that §sU A(Fs) C cl(Fs), let x € A(Fs) U Fs. If x € Fs, then x € clx(Fs). If x € A(Fs),
then for every closed set ©s containing x, we have FsN Ds ¢ 1. Since Fs C cl(&s)], then

clx(&s) N Ds ¢ T and hence x € X(clx(‘&s)). Since cl(&Fs) is closed in (P, T*), then by Lemma
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41, K[clx(i’ys)] C clx(&s), and so we have x € cl1(Js). Therefore, cl(§s) = FsU A(§s) for every
&s C B, m

Theorem 4.6. Consider an ITS (‘B,Z,f) and Fs € P. If §s C X(?}s), then clp(Fs) = clx(§s) =
A (A(Fs)) = A(Fs).

Proof. Since I C *IK, then cl(§s) C cla(Fs) for every Fs € B. Now suppose x ¢ cl(Fs),
then there is closed set W and S € T with x € W \Sand (W\S)NFs = 0. It follows that
A[(W\ S)NFs] = 0 and hence A[(WN Fs)\S] = 0. Thus by Theorem 3.1 (11), A(WN Fs) = 0
and so by Theorem 3.1 (9), we get WN X(‘f\;s) =0and WNFs = 0 (as Fs C K(‘&s). Therefore,
x & clp(%Fs) and hence clp(§s) = clx(&s). Now, by Theorem 3.1 (4), A(Fs) is a kernel set (i.e.
A-closed), then A(Fs) = clz(A(Fs)). Now, to prove that A(Fs) C cla(Fs), let x & cl(Fs). Then a
closed set Ds exists that contains x with DsN Fs = 0 and so DsN Fs € T. Hence x ¢ K(?ys). Again
as A(Fs) C cla(Fs), so we have clr (A(Fs)) C cla(cla(Fs)) = cla(Fs). Also since Fs € A(Fs),
then clx (§s) C clp (A(Fs)). Therefore, clx (Fs) = cla (A(Fs)) = A(Fs). O

5. KERNEL COMPATIBLE TOPOLOGY VIA IDEAL

Definition 5.1. Let (B, l,i) be an ITS. We say that the topology T is kernel-compatible with the ideal 1,
and write T ~p 1, if for every subset Ds C B, the following condition is satisfied: If, for each point x € Ds,
there exists a closed set §s containing x such that s N Ds € E then it must be that Ds € 1.

Theorem 5.1. Consider an ITS (B, T, 1). The subsequent statements are mutually equivalent:
1) T~ T
(2) If a subset Ds of B has a cover of a closed set §s containing x each of whose intersection with Ds is
ini then Ds GE
(3) Forall Ds C B, the condition Ds N X(Ds) = 0 implies that Ds ei;
(4) Forall Ds C B, we have Ds \ X(Ds) el
(5) If Ds includes no nonempty subset B such that B C A(B), then Ds € ifor every Ds C °P.

Proof. (1) = (2): The result is straightforward.

(2)= (3): Let Ds C P and x € Ds. Then x ¢ X(fbs) and there is a closed set N"Vs, containing x and
NVBs, N Ds el Therefore, we have Ds C U{NBs, : x € Ds} and by (2) Ds el

(3) = (4): Forany Ds C P, Ds\ A(Ds) € Dsand (Ds\ A(Ds)) NA(Ds\ A(Ds)) € (Ds\ A(Ds)) N
A(Ds) = 0. By (3), Ds\ A(Ds) € L.

(4) = (5): By (4), for every Ds C B, Ds\ A(Ds) € I. Let Ds\ A(Ds) = J € I, then Ds = J U
(DsN A(Ds)) and by Lemma 3.1, A(Ds) = A(J) UA(DsN A(Ds)) = A(DsN A(Ds)). Therefore,
we have DsNA(Ds) = DsNA(DsNA(Ds)) € A(DsNA(Ds)) and DsN A(Ds) C Ds. By the
assumption Ds N A(Ds) = 0 and hence Ds = Ds\ A(Ds) € L.

(5) = (1): Let Ds C P and assume that for each x € Ds, there is a closed set U conataining x and
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UNDs €. Then DsN A(Ds) = 0. Since (Ds\ A(Ds)) NA(Ds\ A(Ds)) € (Ds\ A(Ds)) NA(Ds) =
0, hence B ¢ Ds\A(Bs) and B € A(B). By (5), D5\ A(Ds) € T and so Ds = Ds N (P \ A(Ds)) =
Ds\ A(Ds) € I. Hence, T ~ L.

O

Theorem 5.2. Consider an ITS (B, X,if). The subsequent statements are mutually equivalent:
() T~
(2) For every A-closed subset Ds, Ds\ A(Ds) € I

Proof. (1) = (2): It is clear by Theorem 5.1.

(2) = (1): Let Ds C P and assume that for every x € Ds, there is a closed set U containing x,
such that U N Ds € I. Then DsN A(Ds) = 0. Since clx(Ds) = DsU A(Ds) is A-closed, we have
(DsUA(Ds)) \ A(DsUA(Ds)) € I. Moreover, (Ds U A(Ds)) \ A(DsUA(Ds)) = (DsUA(Ds)) \
(A(Ds) UA(A(Ds))) = (DsUA(Ds)) \ A(Ds) = Ds. Therefore Ds € I. Hence, T ~4 1. O

Theorem 5.3. Let (B, il’,i) be an ITS, and assume that T ~x I. For all subsets Ds C ‘B, the statements
below are mutually equivalent:

(1) If DsNA(Ds) = 0, then A(Ds) = 0.
2) A(Ds\A(Ds)) = 0.
(B) A(DsNA(Ds)) = A(Ds).

Proof. We begin by proving that (1) is valid under the assumption T ~5 . Let Ds be any subset of
P and Ds N A(Ds) = 0. By Theorem 5.1, Ds € T and by Lemma 3.1(5), A(Ds) = 0.
(1) = (2): Assume that for every Ds C B, DsN A(Ds) = 0 implies that A(Ds) = 0. Let B =
s\ A(Ds), then
BNA(B) = (Ds\ A(Ds)) N A(Ds\ A(Ds))
= (DsN (PAA(Ds))) NA(Ds N (P A(Ds)))
C (D5 (B\VA(Ds))) N (A(Ds) VAP \A(Ds))) = 0.
By (1), we have A(B) = 0. Hence A(Ds\ A(Ds)) = 0.
(2) = (3): Assume for every Ds C P, A(Ds\ A(Ds)) = 0.

D= (Ds\A(Ds)) U (DsNA(Ds))
A(Ds) = ((Ds \ A(Ds)) U (Ds N A(Ds)))
A(Ds\ A(Ds)) UA(DsN A(Ds))

K(bsﬂX(Ds)).

(3)= (1): Let Ds C B such that DsN A(Ds) = 0. Thenby the assumption, A(DsNA(Ds)) = A(Ds).
This implies that @ = A(0) = A(DsN A(Ds)) = A(Ds). o
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Corollary 5.1. Consider an ITS (B, T, I). IfT ~p 1, then A(e) is an idempotent operator i.e. A(Ds) =
A(A(Ds)) for any Ds C P.

Proof. By Theorem 5.3 and Lemma 3.1, we obtain A(Ds) = A(DsNA(Ds)) € A(Ds) NA(A(Ds)) =
A(A(Ds)) and by Lemma 3.1, we have A(Ds) = A(A(Ds)) for any subset Ds of P. m]

Lemma 5.1. Let (‘B,E,Tf) be an ITS such that T ~, Tand H C P, then H is a A-closed iff H=KUI
such that K is a kernel set and I € I.

Proof. 1f His a A-closed set, then A(H) C H. Hence H = HUA(H) = (H\ A(H)) UA(H) = KUL
Then by Lemma 3.1 K = A(H) is a kernel set and by Theorem 521 = H\ A(H) € I. Conversely, if
H = KUIsuchthatKisa kernel setand I € I, then by Lemma 3.1, we get that A(H) = A(KUI) =

A(K)UA(I) = A(K) C ker(K) = K C H. Implies that H is a A-closed. O

Theorem 5.4. Consider an ITS (B, 1,f). Then T ~p fzﬁx(’bs) \ Ds € ffor every Ds C *P.

Proof. Necessity. Let T ~5 Tand Ds C . Consider the fact that x € K(fbs) \Ds € iby the definition
of the K—operator, this means that x does not belong to Ds and x ¢ A(% \ Ds) if and only if x ¢ Ds
and there exists a closed set s containing x such that Fs\ Ds € T if and only if there exists a
closed set §s containing x such that x € §s\ Ds € T. Since, for all x € K(Z)s) \ Ds there exists a
closed set §s containing x such that F N (A(Ds) \ Ds) € 1 by heredity and hence A(Ds) \ Ds € I by
assumption that T ~5 T

Sufficiency. Let Ds C P and assume that for each x € Ds there exists a closed set ¥s containing x
such that §s N Ds € I. Observe that K(‘B \ Ds) = {x : there is a closed set &s containing x such that
x € FsNDs € I}. Thus Ds € A(P\ Ds) \ (P \ Ds) € I and hence Ds € I by heredity of I. O

Proposition 5.1. Let (‘B,I,Flf) be an ITS with T ~x E and let Ds C B. Suppose O # §s is closed such
that Fs € A(Ds) N X(Ds), then Fs\ Ds € Land Fs N Ds ¢ L.

Proof. If s C A(Ds)N K(bs), then ¥s\ Ds C K(@s) \Ds e iby Theorem 5.4, and hence s\ Ds € I
by heredity. Since §s is a nonempty closed set and Fs C A(Ds), we have FsN Ds ¢ fby the
definition of A(Ds). m|

As a consequence of the above, We obtain the following results.
Corollary 5.2. Consider an ITS (%, T, T) such that T ~» 1. Forall Ds C B we have A(A(Ds)) = A(Ds).

Proof. A(Ds) € A(A(Ds)) follows from Theorem 4.1 (7). Since T ~4 1, as a consequence of
Theorem 5.4, we have that A(Ds)\ Ds € T implies A(Ds) € Ds U] for some I € T and hence
A(A(Ds)) = A(Ds) by Theorem 4.1 (12). o

Theorem 5.5. Let (‘B,‘I,if) be an ITS with T ~5 1. Then K(fbs) = U{K(Tys) : Fis a closed set and
A(Fs)\ Ds € T},
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Proof. Let 0(Ds) = U{A A(Fs) : Fsis a closed set and A(Fs)\ Ds € I}. Let x € o(Ds). so T a
closed set s such that A(Tys) \Ds € Tand x € K(C&S) Therefore, there exists a closed set Vs
containing x such that Vs \ Fs € T. Since &s is also X—open by Corollary 4.6, §s C K(%s) and
Fs\ Ds € A(Fs) \ Ds and hence Fs\ Ds € L. Therefore, Bs\ Ds C (Bs\ Fs) U (Fs\ Ds) € T
and hence Bs\ Ds € I. Since Bs is a closed set containing x and Vs \ Ds € T, thus x € A(Ds).
Hence, o(Ds) € A(Ds). Now let x € A(Ds). Next, 3 a closed set Fs that contains x in such a
way that s\ Ds € I. By Corollary 4.6, Fs € A(Fs) and A(Fs) \ Ds C [A(Fs) \ Fs] U [Fs\ Ds]. B

Theorem 5.4, A(Fs) \ §s € I and hence A(Fs) \ Ds € I. Hence x € o(Ds) and o(Ds) 2 A(Ds).
Consequently, we obtain o(Ds) = A(Ds). o

In [19], Newcomb defines §s = K [mod 1] if (Fs\K)U (K\ Fs) € T and observes that = [mod

Tf] is an equivalence relation. According to Theorem 4.1 (13), we have that if s = K [mod i], then

A(Fs) = A(K).

Definition 5.2. Consider the ITS (B, I,i). If A a closed set K such that F = K [mod 1], then FsCPisa
c-baire set with regard to T and 1, denoted &s € B:('B, 1,f).

Lemma 5.2. Let (B, TL,F]IV) be an ITS with T ~, T If s and K are closed sets and K(i}g) = K(K), then
&s = K [mod Tf].

Proof. Since §s is closed set, we have &s C K(Tys) and hence s\ K C K(Tys) \K = K(K) \ K eifby
Theorem 5.4. Therefore, Fs \ K € 1. Similarly K\ H € 1. Now (Fs\K)U (K\ Fs) € iby additivity.
Hence, &s = K [mod i] O

Theorem 5.6. Let (‘B,fZ,i) be an ITS with T ~5 L. If &s, K € BC(%,i,i), and K(%s) = K(K), then
F = K [mod 11].

Proof Let U, Bs be closed sets such that §s = U [mod I]and K = Bs [mod I]. Now A(E‘ ) = A(U)
and A( ) = (%5) by Theorem 4.1(13). Since A(i}s) ( ) implies that A(U) A(%s), U=93Bs
[mod ]I] by Lemma 5.3. Hence §s = K [mod l[] by transitivity. O

Definition 5.3. Consider the ITS (8, T, 1). If there is a nonempty closed set Ds with (Fs\ Ds) U (Ds \
&s) € 1, then a subset Fs of ‘B is a baire closed set with regard to T and T

Example 5.1. In Example 4.1 we have

(1) &s = {2,3}, is baire closed set because there exist closed set Ds = {2} such that (Fs\ Ds) U (Ds \
Fs) e IL.
(2) &s = {1,3}, is not baire closed set because for all closed sets Ds = {2}, Ds = 0 and Ds = P we
obtain that (Fs\ Ds) U (Ds\ Fs) ¢ L.
Lemma 5.3. Let (B, l,f) be an ITS with T ~ L. If §s and S are closed set and K(%s) = K(S), then s
and S are baire closed sets.
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Proof. Since §s is closed set then it is a coA-set, then by Theorem 4.1 s C /~\(i§s) and hence by
Theorem 5.4 A(Fs)\ S = A(S)\ S € L. Since §s\ S € A(S)\ S, then Fs\ S € L. Similarly, S\ &s € L.
Therefore, (Fs\S) U (S\ §s) € T by additivity. Hence, &s and S are baire closed sets m]

Theorem 5.7. Let (B, T, ]I) be an ITS with T ~4 1. If s and S are baire closed sets and K(%s) = K(S),
then (Fs\ S) U (S\ Fs) € L.

Proof. Since s and S are baire closed sets, then their are two closed sets Ds and W with ( Fs\ Ds) U
(Ds\ Fs) eTand (W\S)U (S W) el By part (13) of Theorem 4.1 we get A(Fs) = A(Ds) and
A(S) = A(W) Since A(%s) = (S) then A(Ds) = A(W) and hence by Lemma 5.3, (Ds\ W) U
(W\ Ds) €. It follows that (§s\ Ds) U (Ds\ Fs) U (W\S) U (S\ W) U (Ds\ W)U (W\Ds) e L.
Therefore, (Fs\ S) U (S\ &s) € 1. ]

Theorem 5.8. Let (%, T,1) be an ITS with T ~; Land S € B, then A(FsNS) = A(FsNA(S)) =
cIA(FsNA(S)) for every closed set Fs.

Proof. Assume that §s is closed set. First, we will show that A(FsNS) = A(FsN A(S)). By
Lemma 3.1 (9), §sNA(S) € A(FsNS) and thus by Lemma 3.1 (1) and by Corollary 5.1 we get
A(FsNA(S)) € A[A(FsNS)] = A(FsNS). Now by Lemma 3.1 (1), and by Theorem 5.3, we
get A[FsN (S\A(S))] € A(S\A(S)) = 0. Also, by Lemma 3.1 (10), A(FsN S) \ A(FsNA(S)) C
A[(Fsn8)\ (FsNA(S))] = A[FsN (S\A(S))] = 0. Hence, A(FsNS) C A(FsN A(S)) and so we
get A(FsnNS) = A(FsNA(S)).

Again A(FsNS) = A(FsNA(S)) € cx((FsNA(S)) C cla(FsNA(S)), since TA € TA. Now,
by using Lemma 3.1 (9), §s N A(S) € A(FsN'S), and hence clx (Fs N A(S)) C caA(A(FsNS)) =
A(FsNS) by Lemma 3.1 (3). Therefore, A(FsN S) = cla(FsN A(S)). m]

Corollary5.3. Let (B, I,f) bean ITS such that T ~p T If §sis closed set and §s € T, then Fs P \X(‘B).

Proof. Set S = P in Theorem 5.8, then A(Fs ) A(FsNP) = clr(FsNA(B)). Since Fs e T, then
A(Fs) = 0 and hence 0 = A(Fs) = A(FsNP) = clp(FsNA(B)). Thus, FsNA(P) = 0 and
hence &s C P \K(‘B). O

6. ON A-DENSE SETS AND TN 1T = {0}
Theorem 6.1. Let (B, i,f) denote an ITS. Then, the following conditions are equivalent:
(1) TNT= 10}
(2) A(0) =0,
() if Fs € T, then A(Fs) \ Fs =0, (ie. Fs € T¢, then Fs C A(Fs)),
(4) ifK €T, then A(K) = 0.

Proof. (1) = (2) Since ¢ NI = {0}, then by Proposition 4.1, K((Z)) = U{Ds : Ds is closed set and
Ds ef} = 0.
(2) = (3) Assume that x € K(?fs) \ &s. Consequently, one can find a closed set S that contains x
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and satisfies S\ s € Tand S \ &s is closed set containing x. But S\ s C U{Ds : Ds is closed set
and Ds € I} = A(0) which implies that A(0) # 0. Hence A(Fs) \ Fs = 0.

(3) = (4) Let K € I and since 0 open set, then A(K) = A(KU®) = A(0) = 0.

(4) = (1) Suppose that T¢ NT # {0). Then there is a nonempty closed set §s and §s € T by
item (4), K(Tys) = (. Since §s is closed set implies that §s is X—open, by Corollary 4.1, we have
Fs C /A{(C&s) = (. This is a contradiction. Hence, T¢ NI = {0}. O

Theorem 6.2. Assume (B, TL,Tf) is an ITS satisfying ¢ N = {0}, then for every subset Fs C B we have
A(Fs) € A(Fs).

Proof. Let x € A(Fs) and suppose that x ¢ A(Fs). Consequently, one can find a closed set Ds that
contains x and satisfies Ds N Fs € 1. Since x € K(%s), then by Proposition 4.1, x € U{Ds : Ds is
closed set and Ds \ s € i} and hence there is a closed set S containing x such that S\ §s € T It
follows that Ds N S is closed set containing x such that DsNSN Fs € T and (DsNS)\ Fs € fby
heredity. Now, by finite additivity [DsNS] = [DsN SN Fs| U [(DsNS)\TFs| € T this leads to a
contradiction because T¢ N T = {@}. Thus, x € A(Fs) and hence A(Fs) € A(Fs). mi

Corollary 6.1. Let (B, T, 1) denote an ITS. If T N1 = {0}, then A(Fs) C clp(A(Fs)) for every Fs C .

Theorem 6.3. Let (B, T, 1) denote an ITS. If TN 1T = {0}, then A(Fs) N A(B\ Fs) = 0 for every
&s C P,

Proof. Assume that x € A(Fs) N A(P \ Fs) for some x € B. Then there are are two closed sets S
and Ds containing x such that S\ s € Tand DsN Fs € irespectively. Thus, [(SN Ds) \ §s] € Tand
(SN Ds) N Fs € I and hence SN Ds € T such that S N Ds is closed set. Now, since T¢ N1 = {0}, then
SN s = 0, That is contradictory. Therefore, A(Fs) NA(B\ Fs) = 0. m]

Corollary 6.2. Let (B, 1,i) bean ITS. If T¢ NI = {0}, then X(i}s) U K(‘B \ &s) = P for every subset Fs
of *B.

A subset s in ITS (B, X,f) iscalled A-dense if X(S-s) = p.

Proposition 6.1. Consider an ITS (B, i,~). Then, for every x € B, the complement of {x} is A—dense if
and only if A({x}) is empty.

Proof. This outcome is an immediate consequence of the definition of A-dense sets, given that

A(lx)) = BAA(B\ fx)) = 0iff P = A(P\ {x}). O

Theorem 6.4. Let (B, E,if) denote an ITS with the property that T¢ NI = {0} and &s C P, then Fsis
A-dense iff Fs is dense in TN
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Proof. Suppose that §sis A-dense, then X(‘{ffs) = P and cl5(Fs) = FsU K(‘fﬂ;s) = B. Therefore, Fs
is dense in TA.

Conversely, let s is dense in IA. Then cl(&s) = FsU K(Tys) = P. To prove that K(C&s) =,
let x € P such that x ¢ X(C&s). Then 3 a closed set W containing x such that WN s € I
Since I°NT = {0}, then W ¢ T. Now we want to show W\ &s ¢ I Suppose W\ §s € Tf,
then [W N §s] U [W\ §s] = W € I, which is a contradiction. Therefore, WN s ¢ T and hence
WNFs® #0. Letx € WN Fs°. Then, x ¢ Fs and also x ¢ A(Fs). Because if x € A(Fs) implies that
WNgs ¢ T which is a contrary to WN §s € T. Thus, x ¢ FsU X(‘g;s) = cl5(%¥s) = P, This leads to
a contradiction. Thus, we get K(?}s) = . Hence, Fs is A-dense. O

Proposition 6.2. Let (8, T, 1) denote an ITS with the property that T N1 = {0}. Then, A(Fs) # 0 iff Fs
contains the nonempty A-interior.

Proof. Let A(Fs) # 0. By Proposition 4.1, A(Fs) = U(Ds : Ds is closed and Ds \ Fs € I}. Let
Ds\ Fs = K, then K € T. Now Ds \ K € §s and hence by Theorem 3.3, Ds\ K € T/ and so &s
contains the nonempty A-interior.

Conversely, let us assume that s contains a nonempty A-interior. It follows that there exists a
closed set Ds and K € T such that Ds \K C &s, then Ds\ §s C K. Since Ds\ s C K € T Hence,
U{Ds : Dsis closed set and Ds \ Fs ef} = K(%s) 0. O

Theorem 6.5. Let (B, T, 1) denote an ITS with the property that T ~x T and T N1 = {@). If W is
A-open set such that W = Ds \ Fs with Ds is closed set and Fs € 1, then clp (W) = (W) = A(W) =

A(Ds) = clp(Ds) = cl(Ds).

Proof. Let W = Ds\ §ssuch that Dsis closed setand §s € T. Since I NI = {0}, then by Theorem 6.1
Ds C A(Ds). Thus, by Theorem 4.6, A(Ds) = clp(Ds) = clx(Ds). Now, W is A-open. We claim
that W € A(W). Since cl(B \ W) = B\ W, then A(B \ W) C B\ W. By Theorem 3.1, A(}) = P,
then B\ A(W) = A(PB)\A(W) € A(P\ W) C B\ W. Thus, W C A(W) and hence by Theorem
4.6, A(W) = clpA(W) = cl(W).

Moreover, W C Ds and so we have A(W) € A(Ds). Also, using Theorem 3.1, we get A(W) =
A(Ds\ Fs) 2 A(Ds) \ A(Fs) = A(Ds) since Fs € I, A(Fs) = 0. Therefore, A(Ds) = A(W) and

hence cIp (W) = clx(W) = A(W) = A(Ds) = cla(Ds) = clx(Ds). m]

Proposition 6.3. Consider an ITS (¥, T, ). Then:
(1) If$S is baire closed and does not belong to I, a nonempty closed set §s exists with (Fs\ S) U (S\ Fs) €

I
(2) aset Sis a baire closed with S ¢ Tﬁ'ﬁ‘ﬂ a nonempty closed §s with (Fs\S) U (S\ Fs) € Tf, whenever
TN T = {0).

Proof. (1) Assume that S is a baire closed with S ¢ T. So, Ja closed set Fs with (Fs\S)U(S\Fs) € T
and hence S\ §s € T. Note that, if §s =0, then S € ihence, a contradiction is obtained.
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(2) Let us assume that a nonempty closed set s exists with (Fs\S) U (S\ &s) € T. Then Fs =
(S\L)UK, where L = S\ §s eTand K = Fs\S el Now, suppose that S eff, then S\ L e Tand
so s € bey additivity, which leads to a contradiction since T¢ NI = {0}. Therefore, S is a baire
closed setand S ¢ 1. ]

Proposition 6.4. Consider an ITS (B, T, 1) satisfying T¢ N1 = {}. If Ds is a Baire closed set and Ds lies
in I, then A(Ds) N A(Ds) # 0.

Proof. Let Ds be a baire closed set and Ds ¢ 1. Then by Proposition 6.3 item (1) there is a
nonempty closed set &s with (Fs\ Ds) U (Ds\ Fs) € T. Tt follows that by Theorem 3.1, §s C
A(Fs) = A((Ds\K)UL) = A(Ds), where K = Ds\§s € Tand L = §s\ Ds € 1 by using
Lemma 3.1. Hence, §s C X(TDS). Also, since §s is closed set imples that s is X—open, then
Fs € A(Fs) = A(Ds) by Corollary 4.1 and Theorem 4.1 item (13), we get Fs C A(Ds) N A(Ds).
Hence, A(Ds) N A(Ds) # 0. O

The converse of Proposition 6.4 is not true, as shown by the following remarks:
(1) In Example 4.1, if Ds = {2, 3}, then K(Ds) NA(Ds) # 0 and Ds = {2,3} is baire closed set
but Ds = {2,3} ¢ L.
(2) In Example 6.1, if Ds = [0, ), then A(Ds) N A(Ds) # 0 and Ds = [0, o) is baire closed set
but Ds = [0,0) ¢ L.

Example 6.1. Let T} = {(—o0,d) : d € R} U (R, 0} be the left ray topology on real numbers R. Let ff be
the ideal of all finite subsets of R. Then,
(1) if Ds be open set in left ray topology, then
(a) ker(Ds) = Ds.
(b) co-ker(Ds) = 0.
(c) A(Ds) = Ds.
d) A(Ds) = 0.
(2) if Ds be closed set in left ray topology, then
(a) ker(Ds) = R.
(b) co-ker(Ds) = Ds.
(@) A(Ds) =R.
(d) A(Ds) =R\ Ds.
(3) if Ds be a finite set, then

(a) A(Ds) = 0.
(b) A(Ds) = 0.
(4) if the complement of Ds is finite set, then
(a) A(Ds) =R.
(b) A(Ds) =R

(5) consider Ds as the set of all rational numbers; it follows that
(a) ker(Ds) = R.
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(b) co-ker(Ds) = 0.

(@ A(Ds) =R.

(d) A(Ds) = 0.
Notes:

(1) The set R\ {0} is X—open set but not co-ker set because
co-ker(R \ {0}) # R\ {0}.
(2) T is a compatible kernel with the idealf[}.

Example 6.2. Let R be a set of real numbers, equipped with the co-finite topology T, = {A CR: R\ Ais
finite } U {0}. Let ff be the ideal of all finite subsets of R. Then, for all A C R, we have

(1) A(A) =0
) A(A) =R.
Notes:

(1) Forall A C R, we have A is A-open set, hence TA s a discrete topology.
(2) T is not a compatible kernel with the idealff.
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