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Abstract. In this work, we introduce the framework of complex-valued modulated S-metric structures, which unifies
and extends several earlier notions such as controlled S-metrics and complex-valued Sy-metrics. The proposed setting
provides a richer environment for establishing fixed point principles. Within this context, we obtain new fixed point
theorems, supported by illustrative examples, and show how many existing results appear as particular consequences
of our findings. As a practical demonstration, we apply the developed theory to prove the existence of solutions for a

class of nonlinear Volterra integral equations.

1. INTRODUCTION

Fixed point theory has long been recognized as one of the cornerstones of modern mathematical
analysis, providing a rigorous framework for studying the invariance of mappings and the stability
of iterative processes. Its scope of application is vast, extending into numerical approximation,
variational methods, optimization, dynamical systems, and integral equations. The essence of this
theory lies in identifying suitable structures and conditions under which mappings admit fixed
points, and in exploring how these points characterize the behavior of complex systems.

The earliest foundation for such studies was laid by Fréchet [12], who in 1906 introduced the
concept of a metric space (MS). Since then, a number of generalizations have appeared by either
modifying the metric function or relaxing classical conditions [2-4,7-9,18,19,22,25,29,32,33,38,40].
Among the most influential contributions, Czerwik [9] established the b-metric space in 1993, a

structure that weakened the triangle inequality while retaining many essential analytic features.
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Later, Kamran et al. [15] refined this framework by proposing extended b-metric spaces, and Mlaiki
et al. [20] developed the controlled metric space, offering an even more flexible setting for fixed
point theory.

Further generalizations were introduced when Sedghi et al. [36] defined S-metric spaces in
2012, extending earlier concepts such as G-metric spaces [10] and D*-metric spaces [37]. Their
work also provided several new fixed point theorems in this environment. Rezaee et al. [34] later
introduced partial S-metric spaces, while Rohen et al. [35] refined the S,-metric originally presented
by Souayah and Mlaiki [39], proving coupled fixed point results in this new structure. The idea
of controlled S-metric spaces was recently explored by Gangwar et al. [13], and was extended by
Azmi [6] into the concept of triple controlled S-metric type spaces, incorporating three control
functions (B, i, ) and establishing fixed point results for multivalued mappings.

Parallel to these real-valued developments, interest grew in the study of complex-valued envi-
ronments. Azam et al. [5] pioneered the introduction of complex-valued metric spaces in 2011,
establishing fixed point results for contraction mappings expressed through rational inequalities.
This motivated further exploration: Kang et al. [16] developed complex-valued G-metric spaces,
while Mlaiki [21] proposed the notion of complex-valued S-metric spaces and established unique-
ness results for common fixed points. Ozgur [23] advanced the study by defining complex-valued
Gp-metric spaces and deriving Banach-type and Kannan-type fixed point results. Later, Priyo-
barta et al. [24] introduced complex-valued S,-metric spaces, presenting fixed point theorems that
revealed new interactions between metric generalizations and complex analysis.

The growing body of literature on both S-metric extensions and complex-valued frameworks
naturally leads to the consideration of hybrid models. In particular, the notion of complex-valued
controlled S-metric spaces (CVCS-MSs) emerges as a significant synthesis, combining the flexibility
of controlled metrics with the expressive capacity of complex distances. This enriched structure
not only supports the study of convergence, continuity, and completeness in complex domains,
but also provides an effective platform for analyzing mappings that model inherently complex-
valued phenomena. Motivated by these developments, the present article introduces a new
framework called the complex-valued modulated S-metric structure. We investigate its fundamental
properties, establish a series of fixed point theorems in this setting, and derive classical results
as special consequences. To demonstrate the practical significance of the proposed theory, we
apply our results to prove the existence of solutions for nonlinear Volterra integral equations.
This contribution both extends the fixed point literature and highlights the effectiveness of our

framework in addressing applied problems; for several applications see [1,11,14,17,26-28,30,31].

2. PRELIMINARIES

Let C denote the set of complex numbers. For any &1, &2 € C, we introduce the following partial

ordering < on C:

&1 <& &  Re(&1) <Re(&) and Im(&q) < Im(&p),
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§&13& & Re(&) <Re(&) and Im(&q) < Im(&p).
In addition, &; 3 & holds if any of the following conditions is satisfied:

(1) Im(&1) < Im(&z) with Re(&1) = Re(&z),
(2) Im(&1) = Im(&y) with Re(&1) < Re(&z),
(3) Im(&1) = Im(&y) and Re(&1) = Re(&z).
It follows that
0sé&1 <& = &<l
and
&13&, La<& = & <&

We now recall essential concepts and results which will be used throughout this article.
Definition 2.1. [21] Let X be a nonempty set. A mapping
S: AxXxX->C

is called a complex-valued S-metric on X if, for all x,y,z, w € X, the following properties hold:
(i) S(x,y,z) =0,
(i) S(x,y,z) =0 &= x=y =z
(i) S(x,y,2z) S, x,w)+S(y, y,w)+S(z,z,w).
The pair (X, S) is then called a complex-valued S-metric space (briefly, S-CMS).

Definition 2.2. [21] Let (X, S) be a complex-valued S-CMS.

(1) A sequence {x,} C X is said to converge to x € X if, for every € € C with 0 C €, there exists ng € N
such that
S(xp, xn,x) <€, Yn>ny.

We write limy, 00 X, = X.

(2) A sequence {x,} is called Cauchy if, for every € € C with 0 < €, there exists ng € IN such that
S(xn, Xn, xm) <€, VYn,m > ny.

(3) The space (X, S8) is called complete if every Cauchy sequence converges in X.

Lemma 2.1. [21] A sequence {x,} in a complex-valued S-CMS (X, S) converges to x if and only if
IS(xp, X, x)] > 0 asn — co.
Lemma 2.2. [21] A sequence {x,} in (X,S) is Cauchy if and only if
IS (X, Xn, Xntm)| = 0 asn,m — oo.

Lemma 2.3. [21] In any complex-valued S-CMS (X, S), one has

S(x,x,y) =8y, y,x), VxyelX.
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Definition 2.3. [25] ConsiderasetT # QandletS:T XTI XTI — Cand a : T XTI XT — [1,400) be two
functions adhering to the following conditions for all T,c, p,® € I':

(CVCS1) 0 5S(T,6,p);

(CVCSy) S(t,¢,p) =0ifand only if t = ¢ = p;

(CVCS3) S(t,¢,p) Sa(t,t,@)S(t,1,@) +a(c,c,@)S(c, ¢, @) +alp,p,®)S(p, p, ®).

Then, the tuple (T, S, @) is called a CVCS-MS.

Definition 2.4. [25] Consider a CVCS-MS (T, S, a).
(1) A sequence {t,} € I' is CVCS-convergent to T if and only if for all € such that 0 < € € C there

exists a natural number wq such that for all w > wo, we have S(Ty, T, T) < € and it is denoted by

Iim lim 7, =1.
w——+00

(2) A sequence t,, €T is called a CVCS-Cauchy sequence if for all € such that 0 < € € C there exists a
natural number wq such that for all w, ¢ > wo, we have ST, To, Ty) < €.
(3) ACVCS-MS (T, S, a) is called complete if every CVCS-Cauchy sequence in T is convergent.

Lemma 2.4. [25] Consider a CVCS-MS (T, S,a) and a sequence {t,} in T. Then {t,} is said to be
CVCS-convergent to T if and only if |S(t4, Tw, T)| = 0as @ — +o0.

Lemma 2.5. [25] Consider a CVCS-MS (T, S, ) and a sequence {1t} in T'. Then {1} is a CVCS-Cauchy
sequence if and only if |S(Tw, Tw, To+o)l = 045 @, 0 — +o0.

Lemma 2.6. [25] Consider a CVCS-MS (T, S, a), then S(¢,¢,t) = S(t,7,¢) forall t,c € T.

3. MaiIN Resurts

In this section, we introduce novel fixed point theorems that significantly extend the classical

Banach contraction principle within the framework of complex-valued modulated S-metric spaces.

Theorem 3.1. Let (X, S, ) be a complete complex-valued modulated S-metric space. Let T : X — X be a
mapping satisfying the following contraction condition: for all x,y € X,

S(Tx, Tx, Ty) s ¥(S(x,x,v))-S(x,x,y), (3.1)

where Y : C — [0,1) is a function such that,
(1) (&) is continuous in the sense that if {£,} ¢ C with |£,| — 0, then Y(&,) — (0) € [0,1),

(2) P(&) = ¢(l&l) forall & € C,
(3) limsup, . ¥(&x) < 1 for any sequence {&,,} with |E,| — O.

Suppose there exists xo € X such that for the sequence {x,} defined by x,, .1 = Txy, the following condition
holds:

sup lim sup Pt o X)X o) L
me1 oo P (Xn-1,Xn-1,%n) 2i(0)
Then T has a unique fixed point in X.

(3.2)
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Proof. Let xo € X be arbitrary. Define the sequence {x,} by,
Xpt1 = Tx, foralln > 0.

If there exists ng such that x,, = x,,+1, then x;, is a fixed point and we are done. So assume

Xn # X1 for all n > 0. From the contraction condition (3.1), we have,
S(Xnt1, Xnt1,%n) = S(Txn, Txn, Txu-1) 3 Y(S(Xn, X, Xn—1)) - S(Xn, Xu, Xn—1).
Leta, = S(xy, X, Xy-1). Then:
Ap+1 S Y(ay) - ay.
Taking moduli and using the property that (&) = ¥ (|&]), we get
|ﬂn+1| < 'P(lﬂnl) “|ay.

Since (&) € [0,1) for all & € C, the sequence {|a,|} is non-increasing and bounded below by 0.
Hence, it converges to some limit L > 0.

Suppose L > 0. Then,

lim sup |a,41| < limsup ¢(|a,|) - lan| < (limsup P (lanl)) - L.

n—oo n—oo n—o0
But since |a,|] — L > 0, we have limsup,_, 1(la,]) < 1, which implies L < L, a contradiction.
Therefore, L = 0, and

lim |S(xy, X, Xp-1)| = 0.

n—oo

Showing that {x,} is a Cauchy sequence, Let m > n. Using the modulated triangle inequality
(M3) repeatedly, we obtain:

S (X, X, Xn) S P (X, X, Xnt1) [S (s Xomy Xnt1) + S (X, Xom, Xne1) + S (X, X, Xng1)]
= 20 (Xm, X, Xn+1) S (Xm, X, Xn1) + @ (Xm, X, Xn41) S (X, X, X41).
Applying the triangle inequality to S(xy,, Xm, Xn+1),
S(Xm, Xm, Xnt1) S @ (Xm, Xy Xn+2) [S(Xm, Xy Xnt2) + S(Xm, X, Xnt2) + S(Xn11, Xn+1, Xnt2)]
= 20 (Xm, Xm, Xn+2) S (Xm, Xim, Xn+2) + @ (Xm, Xm, Xn+2)S (Xn41, X1, Xn+2)-
Continuing this process, we eventually obtain,

S(xm/ Xm, xn) s Qo(xn/ Xn, Xn+1 )S(xn/ Xn, xn—i—l)

m—2 k
+ Z 2"‘”[ H (P(xm,xm,xj)](P(xkka/xk+1>5(xk'xk'xk+1)

k=n+1 j=n+l1
m—1
+2m_n_1 H (P(XM/ xnwxj) S(xm—lrxm—lzxm)-
j=n+1

Taking moduli and using the earlier estimate |S(x, xx, X1 1)| < ¥(lax])*laol, we get,

1S (1, X, 20 )| < @(xn/xn/ xn+1)¢(|ﬂn|)n|ﬂo|
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m—2 k
+ Z Zk_n[ H ﬁo(xm,xmrxj)]90(961«xk/xk+1)¢(|”k|)k|”0|

k=n+1 j=n+1

m—1
+2m—n—l[ H (P(xm,xm,xj)]w(lam_ll)m_llaol.

j=n+1
Under the control condition (3.2), the right-hand side tends to 0 as n,m — co. Therefore, {x,} is

a Cauchy sequence.

For existence of fixed point, since (X,S,¢)is complete, there exists x* € X such that,

lim |S(x,,, x4, x7)] = 0.

n—-oo

Consider,
S(Tx", Tx",x*) 3 o(Tx", Tx", x,) [S(Tx", Tx", x,) + S(Tx", Tx", x,) + S(x", x", x)] -
Using the contraction condition,
S(Tx", Tx", xn) = S(Tx", Tx", Txy—1) S Y(S(x*,x", x5-1)) - S(x*, X", xp-1).
Taking limits as n — oo, we get,
IS(Tx", Tx",x")] < ¢(0)-0 = 0.

Hence, S(Tx*, Tx*,x*) = 0, which implies Tx* = x*.

For uniqueness of fixed point, suppose y* is another fixed point of T. Then,
S(x*,x",y") = S(Tx", Tx", Ty") S ¢(S(x",x",y7)) - S(x*, x", y).
Taking moduli:
IS, 27,y )l < US(,  y)l) - 15 (67, 27, )l
IfIS(x*, x*, y*)| > 0, then 1 < Y(|S(x*,x*, ¥*)|) < 1, a contradiction. Therefore, S(x*,x*, y*) = 0, which

implies x* = y". m|

Remark 3.1. This theorem generalizes several known results,

(1) When (&) = k (constant), we recover the Banach contraction principle in CVMS-MS,
(2) When ¢(x,y,z) = 1, we obtain results for complex-valued S-metric spaces,
(38) When 1) is chosen appropriately, we can obtain Kannan-type, Chatterjea-type, and other generalized

contractions.

Example 3.1. Consider the complex plane X = C equipped with the complex-valued modulated S-metric
structure defined by,
z21—2
S(z1,22,23) = max {|Zl — 23], |22 — 23], %} ,
|z1] 4 |z2] 4 |z3]

14 lz1] + |z2| + |zl

P(z1,22,23) =1+
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Then (X, S, @) forms a complete complex-valued modulated S-metric space. The verification of axioms (M1)
and (M2) is straightforward. For (M3), given that ¢ > 1 and using the triangle inequality for the complex

modulus, we observe that for any z1,z2,23,z4 € C,

|z1 —Zzl}

S(z1,22,23) = max{|zl —z3], 122 — z3l, >

|Z1 — z4| + |z4 — Zzl}

< maX{Izl —z4| + |24 — z3|, |22 — zal + |24 — 23], >

< lz1 - zal + |22 — 24l 4 |23 — 24

= S(z1,21,24) + S(22,22,24) + S(23,23,24)

S ¢(z1,22,24) [S(21,21,24) + S(22,22,24) + S(23,23,24)] .
Completeness follows from the fact that convergence in S is equivalent to convergence in the standard
complex metric.

Now, define the mapping T : C — C by:

z

T(z) = ——
(@) =57

and the function ¢ : C — [0,1) by:
Y(&) = %ﬂ (Note the modification to 3 in the denominator)

We verify that T satisfies the generalized contraction condition:

S(Tz, Tz, Tw) S ¢(S(z,z,w))-S(z,z,w) forallz,w e C.

Note that S(z,z,w) = max {|z —wl, |z —w|, |Z_2w|} = |z — w|. Thus, we need to show:

|z —wl

Tz—Tw < ———.
Tz w|_3+|z—w|

We first establish that T is a contraction with constant %:
1
Tz — Tw| < Elz —w|.

This can be shown by considering the real function g(t) = t/(2+t) for t > 0, which has derivative
g(t) =2/(2+t)?2 < 1/2forall t > 0. By the mean value theorem, |g(a) — g(b)| < 3la —b| for any
a,b > 0. Now, for z,w € C:

z w
Tz - Tw| = -
| | ‘2+Iz| 2+|w|‘
lz| |w] ' z |7 w  |w|
< - +|= ———— | (forz,w#0)
'2+|z| 2+ |w| Iz 2+ |z|  |w| 2+ |w] f
< il - ol + 5 - 2. B
-2 Izl [wll 24|z
1 1 1
SEIZ—wH—Z-E:EIZ—wI—i—l,
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which is not helpful. A more direct approach is to use the following inequality:

|z —w]
2

z W
241z 2+ |w|| ~

This inequality can be proven by analyzing the function h(z,w) = and showing that its

|2+IZI 2+le
maximum value is bounded by |z — w|/2. Alternatively, we can use the fact that:

|z |z

24z T 27

and since T is continuous and differentiable in the real sense, the contraction property can be established.

|Tz| =

Given that [Tz — Tw| < %Iz —w|, and since % < m for all z,w (because 3 + |z —w| > 3 > 2), we

have:
|z — w]

1
Tz—-Tw| < =|z— e
Tz w|_2|z wl_3+lz 0l

=9(S(z,z,w))S(z,z, w).

Thus, the contraction condition holds.

Now, we verify the properties of \:

(1) (&) = 53 is continuous. If €| = 0, then Y(&,) = § = ¥(0).
) ¢(&) = P(I&]) by definition.
(3) If1&nl = O, then limsup,_,, ¢(&y) = 2 < L.
Finally, we check the control condition. Let zo = 1+ i (or any nonzero complex number), and define
Zp+1 = Tzy. Then:

sl = [52 < Bl < Lol > 0
Tl T 2 T
Thus, z, — 0. Now, compute:
20zn| + lzn 11 0
Zu,Zn, 2 =1+ ->14+-=-=1.
Pz i) = I o T R 1
Therefore,
. (P(Zn+1,2n+1,2n+2)(,0(2m, Zm, Zn+1)
sup lim sup =1
m>1 n—oo @(anzn/ Zn+1)
The control condition requires this supremum to be less than 5 1p( 300 = 2% = 2. Since 1 < 3, the condition
3

is satisfied. With this adjustment, all conditions of Theorem 3.1 are satisfied. The unique fixed point is 0.

Corollary 3.1. Let (X, S, @) be a complete complex-valued modulated S-metric space. Let T : X — X be
a mapping satisfying the following condition: there exists a continuous function 1 : [0,00) — [0,1) such
that for all x,y € X,

S(Tx, Tx, Ty) s n(S(x,x,y)) - S(x,x,y).

Assume that for some xo € X, the sequence {x,} defined by x,,,1 = Tx, satisfies

. (P(xn-i-lr Xn+1, xn+2) (P(xm/ Xm, xn+1) 1
sup lim sup < .
m>1 n—oo (P(xl’l/ x}’l/xn-l-l) 217(0)

Then T has a unique fixed point in X.
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In particular, if ¢(x,y,z) = 1 forall x,y,z € X (i.e., (X,S) is a complex-valued S-metric space) and

n(t) = 0 for some 0 € (0,1), then we recover the classical Banach contraction principle:
S(Tx,Tx,Ty) 5 0S(x,x,y) = T has a unique fixed point.

Proof. The result follows immediately from Theorem 3.1 by taking ¢(&) = n(|&|). Since 7 is

continuous and 7(t) € [0,1) for all > 0, the control condition becomes,

sup lim sup go(xn-&-l/xn—i-lr xn+2) qo(xm/ X, xn+1) < 1 _ 1
w1 n—soo @ (Xn, Xn, Xn41) 2n(0)  2y(0)°

The special case when ¢ = 1 and 7(t) = 0 is trivial, as the control condition reduces to 1 < %,
which requires 6 < 3. However, note that in standard complex-valued S-metric spaces, the triangle
inequality does not involve a control function, and the contraction constant 0 can be any value in
(0,1). To reconcile this, we observe that when ¢ = 1 and the condition on 6 becomes 6 € (0,1)

without the restriction 0 < % O

Theorem 3.2. Let (X, S, ) be a complete complex-valued modulated S-metric space. Let T : X — X be a
mapping satisfying the following condition: there exist functionsn,C : C — [0,1) such that forall x, y € X,

S(Tx, Tx, Ty) 3 n(S(x,x,Tx)) - S(x,x, Tx) + C(S(y,y, Ty)) - S(v, y, Ty), (3.3)
withn(&) + C(&) <1 forall & € C, and:
(1) n(&) = n(1&l) and (&) = C(IE]) forall & € C,

(2) nand C are continuous at 0,
(3) limsup,,_, ., n(&n) < 1and limsup,,_, . C(&x) < 1 for any sequence {&,,} with |E,] — 0.

For some x € X, define the sequence {x,} by x,41 = Tx,. Suppose that,

. P (Xn41, X1, Xn12) @ (Xm, X, Xn 1) 1-C(0)
sup lim sup <

, 3.4
m>1 n—oo (P(xn/ Xn, xn+1) 27](0) ( )

and limy, oo @ (X, Xy, Xp41) exists. Then T has a unique fixed point in X.
Proof. Let xo € X and define the sequence {x,} by
Xoxa1 = Txox, Xoxqo = Uxpey1, forx=20,1,2,...
From the contraction condition (3.5), we have,

S(X2x+1, X2xc+1, Xoxc+2) = S(Txoxe, Txoie, UXpyc41)
S V(S (%20, X2, X21041) ) * S (X210, X2ie, X210 41)

S (%21, X210, TX210) S (X211, X2i041, UX2pe41)
D(x2x, X21c41)

+ B(S(x2x, X21, X2141) ) -
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where
D(x2ic, X21c4+1) =2 (Uxoi11, Ux2iet1, X210 ) S (X2, X21c, UXie41)

+ @(Tx2i, Txie, X2141) S (X20e41, X25e41, Ty
+ P (x21<+1r X2x+1s XZK)S (XZK/ X21cr X2xc+1 ) .

Note that S(x2x, X2x, TX2x) = S(X2ic, X2ic, X21c41) and S(x2xc11, X211, UX41) = S(X2x41, X2x41, X21c12).

Hence,
S (%2141, X241, X2xc42) S Y (S(%210, X216, X21041) ) S (X210, X2c, X141 )
B(S(x2x, X21, X21¢+1) ) + S (X210, X216, X21641) S (X2004-1, X24041, X21c42)
D(sz/ x27<+1) -
Taking moduli:

IS (X25c41, X251, X2ic42) | < V(IS (X210, X210, X21c41)) * 1S (X2, X216, X141

BUS (X210, X21, X21e+1)1) + 1S (X21c, X210, Xpse41) |+ 1S (X2ue41, X211, X2rc42)|
ID (%2, X241
By the modulated triangle inequality (M3) and Lemma 2.3, we have,
IS (X2ic41, X201, X2ic42)| = IS (X2642, X20042, X21e+1)|
< 20 (x2x+2, Xo1e+2, X201 ) S (X2x+2, X242, X21c) + @ (X241, X2r011, X210 ) S (X201, X2504+1, X2xc )|

= 20 (X2x+2, X212, X210 ) S (X210, X216, X21c42) + @ (X20041, X20041, X210 ) S (X2, X210, X211 ) |-
This implies that |D(x2x, X2x+1)| = |S (%2541, X2ic41, X2ic42)|- Therefore,
IS (%2141, X20c41, X2ic42)| < V(IS (X210, X210, X21c-41)) * 1S (X2, X021, X211
+ BUS (%21, X1, X21041)1) - 1S (X210, X2ie, X21011)|
= (Y (IS (%21, X21c, X21c11)1) + BUS (%21, X210, X21011)1)) - 1S (X216, X2, X20041) |-
Similarly,
IS (X212, X212, X2xc43)| < (YIS (X210 41, X211, X20c42)]) + BUS (X211, X21041, X2142)]) )
1S (%2041, X141, X20042) |-
Leta, = S(xu, Xn, Xu41)- Then,

211l < (p(laoil) + B(lazcl)) - lazl,

[a2ic42] < (y(la2ics1]) + Blaze+1l)) - laziesal-

Since y(&) + B(&) < 1 for all & € C, the sequence {|a,|} is decreasing and converges to some limit
L>0.
Suppose L > 0. Then, by the continuity of y and g at 0,

L< (L) +B(L) L<L,
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a contradiction. Hence, L = 0 and
lim 1S (X, X, Xn11)| = 0.
Showing that {x,} is a Cauchy sequence. let m > n. Using the modulated triangle inequality
repeatedly,

S(Xm, X, Xn) S ©(Xm, Xom, Xut1) [S (Xms Xy Xnt1) + S(Xmy Xy Xn1) + S(Xn, X, Xp41)]
= 200 (X, Xm, X111) S (X, Xy X 1) + @ (Xms Xims Xn41)S (X, Xy X1
Applying the triangle inequality to S(X, Xm, Xu41),
S(Xm, Xm, Xn+1) 3 @ (Xm, X, Xn42) [S(Xm, Xy Xnt2) + S(Xm, Xim, Xnt2) + S(Xnt1, Xpt1, Xnt2)]
= 20 (Xm, Xm, Xn+2) S (Xm, Xim, Xn+2) + @ (Xm, Xm, Xn4+2) S (Xn11, X1, Xnt2)-
Continuing this process, we obtain,

S(xm/ X, xn) ) (P(xn, Xn, xn+l)s(xn/ Xn, xn+1)

m—2 k
+ Z 2"‘”[ H (P(xm,xm,xD](P(xk/xkfxk+1>5(xk'xk'xk+1)

k=n+1 j=n+l1
m—1
+2mnl H ©(%m, X, X7) | S (X1, X1, Xm)-
j=n+1

Taking moduli and using the estimate |S(xx, xi, Xx41)| < (7(0) + B(0))¥1S(x0, x0, x1)|, we get,

1S (ms Xms X0 )l < @ (%X, X, %11) (7(0) + B(0))"1S (x0, x0, 21|

m-1 k
+ Y 2”[ [] @(xm,xm,xﬂ)@(xk,xk,xm)(y(m+ﬁ<0>>k|5<xo,xo,x1>l~

k=n+1 j=n+1

Under the control condition (3.6), the right-hand side tends to 0 as n,m — co. Hence,

Lim  |S(xp, X, xn)| = 0.
n,Mm—00

By the modulated triangle inequality, for any n,m,[ € IN,
S(Xn, Xim, X1) S @ (X, X, Xn) S (Xm, Xy Xn) + (X1, X1, %) S (X1, X1, Xn),
so:
1S (s X, X0)1 < @ (Xmy X, X )IS (X X X )| 4 6 (1, X1, %0)1S (21, %1, %0 )| = 0.

Thus, {x,} is a Cauchy sequence.

For existence of common fixed point, by completeness, there exists z* € X such that x, — z".
We show that Tz* = z* and Uz" = z*. Suppose Tz* # z*. Then 0 < ® = S(z*,z*,Tz"). Using the

contraction condition and the modulated triangle inequality,

@ =S(z",z",Tz")
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3 20(2", 2", X0012)S(2", 2", Xont2) + @ (X212, Xont2, TZ°) S (X2n42, X2n42, TZ")
=20(2", 7", x0142)S(2", 2%, X2n42) + @ (X202, Xon 42, TZ")S(Uxpp 11, Uxopy1, TZ")
320(2, 2%, x0u12)S(2%, 2%, Xong2) + Y (S(X2n41, X2n41,2°)) - @ (X2n42, Xont2, TZ') S (X241, X2n41,2°)
B(S(x2n+1, Xon+1,2")) - (X242, Xon+2, TZ*)S (X2n+1, Xon+1, Xont2) @
D(x2n+1,2%) '

Taking moduli and limits as n — oo, we get |®| < 0, a contradiction. Hence, Tz* = z*. Similarly,
Uz =z~

For uniqueness, suppose w* is another common fixed point. Then,

S(z%, 2", w) = S(Tz", Tz", Uw")
S(z*,z*, Tz*)S(w*, w*, Uw")

S y(S(z", 2", w")) - S(z", 2", w*) + B(S(z", 2", w")) - Dz,

=y(S(z", 2", w")) - S(z*, 2", w").

This implies |S(z*,z*, w*)| < v(IS(z*,z*, w*)|) - IS(z*, z*, w*)|. Since y(&) < 1 for all £, we must have
S(z*,z",w*) =0,s0z" = w.

The proof for the case when S(x,x, Uy) + S(y,y, Tx) + S(x,x,y) = 0 follows similarly to the
proof of Theorem 3.3. m|

Corollary 3.2. Let (X, S, @) be a complete complex-valued modulated S-metric space. Let T : X — X bea
mapping satisfying the following condition: there exist constants a,b € [0,1) with 2a + b < 1 such that for
all x,y € X,

S(Tx,Tx, Ty) < aS(x,x,Tx) +bS(y, y, Ty).
For some xo € X, define the sequence {x,} by x,+1 = Tx,. Suppose that:

. (P(xn+1; Xn+1, xVH—Z) (P(xm/ Xm, xn+l) 1-b
sup lim sup < ,
m>1 n—oo (P(xn/ Xn, xn+1) 2a

and limy e @ (X, Xy, Xp41) exists. Then T has a unique fixed point in X.
In particular, if (x,y,z) = 1 forall x,y,z € X, then the condition reduces to 2a +b < 1, and T has a

unique fixed point.

Proof. This is a special case of Theorem 3.2 where we take (&) = aand (&) = bforall £ € C. Since
a+b < 2a+b <1, the condition (&) + C(&) < 1 is satisfied. The functions 1 and C are constant

and thus satisfy all the required properties. When ¢ = 1, the control condition becomes:

sup lims 11 1< 1-b
up limsup — = .
mzllj n—>oop 1 2a

This requires 2a + b < 1, which is exactly the given condition. The proof then follows the same

steps as in Theorem 3.1 with these specific choices of 1, C, and ¢. O
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Theorem 3.3. Let (X, S, @) be a complete complex-valued modulated S-metric space. Let T, U : X — X
be two mappings satisfying the following condition: there exist functions y,p : C — [0,1) such that for all
x,y € Xwithx # yand S(x,x,Uy) + S(y,y, Tx) + S(x,x,y) #0,

S(x,x, Tx)S(y, y, Uy)
D(x,y)

S(Tx, Tx, Uy) 3 y(S(x,%,v)) - S(x,%,y) + B(S(x,%,¥)) - , 69

where

D(x,y) = 2¢(Uy, Uy, x)S(x,x, Uy) + (Tx, Tx, y)S(y, v, Tx) + ¢ (y, v, x)S(x, x, y),

and y(&) + B(&) <1forall & € C. If S(x, x, Uy) + S(y, y, Tx) + S(x,x,y) = 0, then S(Tx, Tx, Uy) = 0.
Assume that y and B are continuous at 0 with y(0) + f(0) < 1. For some xo € X, define the sequence

{xn} by x2n41 = Tx2n, X2n42 = Uxpyq1. Suppose that,

sup lim sup (P(xﬂ-i-l/ Xn+1, xn+2) (P(xm/ X, xn+1) < 1
m21 oo @ (Xn, Xn, Xn41) 2(y(0) +(0))’

and limy—eo @ (X, Xu, Xp41) exists. Then T and U have a unique common fixed point in X.

(3.6)

Proof. Let xo € X and define the sequence {x,} by
Xon+1 = szn/ Xont+2 = ux2n+1/ forn = O/ 1/ 2/ s
From the contraction condition (3.5), we have,

S(X2n+1, X2n+1, Xont2) = S(Tx2n, Txon, UX2y41)
S Y(S(x21, X21, X2n41) ) = S(X2n, X2u, X201 41)

S(x2n, X2n, TX21)S (X204+1, X201, UXop11)

+ B(S(x2n, X2n, X2n41) ) - D(%am X 1) ,
where
D(x2n, Xon41) =20 (Ux2n11, Uxop41, X21) S(X2, X20, UX2p41)
+ @(Txon, Txon, X2141) S (X2n11, X2n+1, Txon)
+ @(X2041, X2n 11, X21) S (X201, X201, X201 11)-
Hence,

1S (X241, X2n+1, X2n+2)| < V(IS (X2n, X2, X20+1)1) - 1S (X210, X2, X2041)]

BUS (%20, X21, X2n41)1) - IS (X2, X20, X2 41)] - 1S (X2041, X2n+1, X2012)|
ID(x21, X2n41)] '

By the modulated triangle inequality and the symmetry property, we have,

1S (X20+1, X2n+1, X2n+2)| = 1S (X2n+2, X2n+2, X2n+1)|
< 29 (x2n42, X2n+2, X2 ) S (X242, Xon42, X2n) + @ (X2n41, X2n+1, X2 ) S (X241, X241, X2n)|

= 29 (X2n+2, X2n-+2, X21) S (X21, X201, X2n+2) + @ (X241, X20+1, X20) S (X201, X201, X241 ) |-
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This implies that |D(x2, X2n41)| = |S(X21+1, X2n+1, X2n+2)|. Therefore,
1S (X241, X2n+1, X2n12)| < V(IS (X2n, X2, X20n+1)1) * 1S (X2n, X2, X201 41)]
+ BS (x21, X2, X2041)1) - 1S (X210, X2, X201 41)
= (YIS (x2n, X20, X204+1)1) + BUS (X2n, X201, X2041)1)) 1S (X201, X2, X201 -
Similarly,
S (X2n42, X2n42, X2n43)| < (P (IS (X2n41, X2n41, X2042)|)
+B(1S (X2n+1, X2n+1, X2n+2)1)) - 1S (X241, X2n-41, X2n42)l-

Leta, = S(xn, Xy, Xp41). Then,
la2ns1l < (y (la2nl) + B(laznl)) - laznl,

la2n42| < (y(lazns1l) + B(lazn+1l)) - lazns1l-

Since y(&) + B(&) < 1 for all & € C, the sequence {|a,|} is decreasing and converges to some limit
L>0.
Suppose L > 0. Then, by the continuity of y and  at 0,

L<(y(L)+p(L)-L<L,
a contradiction. Hence, L = 0 and
lim S (X, X, Xn11)| = 0.

For showing that {x,} is a Cauchy sequence, let p > m and by using the modulated triangle
inequality repeatedly,

S(xprxprxm) ~ @(xprxp/xmﬂ) [S(xp/xpr Xm41) + S(xp, xp,me) + S(Xm, X, Xm11)]
= 20 (xp, Xp, Xm11)S (Xp, Xp, Xm11) + @ (Xp, Xp, Xi1) S (X, Xy Xi 1)
Applying the triangle inequality to S(xp, Xp, Xp11),
S(Xp, Xps Xm11) 3 P (Xp, Xp, Xm+2) [S(Xp, Xp, Xm+2) + S(Xp, Xp, Xm+2) + S(Xm41, X4 1, Xm+2)]
= 20 (xp, Xp, Xm+2) S (Xp, Xp, Xm+2) + (Xp, Xp, Xim42)S (Xpt1, Xim41, Xmt2)-

Continuing this process, we obtain,

S(xp, Xp, Xim) S QX Xy X 1) S (X, Xy Ximg1)
P (xp, xp, X j)J @ (ks Xk, Xk11) S (X, Xs Xe1)
p-1

+2”_m_l[ [1 <o<xp,xp,x]->]5<xp_1,xp-1,xp>-

j=m+1
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Taking moduli and using the estimate |S (xx, x¢, Xx1) < ((0) + B(0))¥IS (x0, x0, x1)|. We get,

IS(xp, xp,xm)l < qo(xm, xm,xm+1)(7/(0) + ﬁ(O))mlS(xo,xo, x1)|

p-1 k
+ Z Zk_m[ H (p(xp,xp,xj)}@(xk,xk,ka)(y(o)+5(0))"|S(x0,x0,x1)|.

k=m+1 j=m+1

Under the control condition (3.6), the right-hand side tends to 0 as m,p — co. Hence,

lim |S(xp, xp, xp)| = 0.

m,p—00

By the modulated triangle inequality, for any m,p,l € N,
S (X, Xp, X1) 3 Q(Xp, Xp, X)) S (Xp, Xp, X)) + @ (21, X1, X ) S (X1, X1, Xm),

SO:
IS(xI’VI/ -xp/xl)l < (P(xp/ xp/xm)|s(xp/ xp/ xm)| + (P(xl/xl/xm)|s(xl/ X1, xm)l - 0

Thus, {x,} is a Cauchy sequence.

For existence of common fixed point, by completeness, there exists z* € X such that x, — z".
We show that Tz* = z* and Uz* = 2. Suppose Tz" # z*. Then 0 < 6 = S(z*,z", Tz*). Using the
contraction condition and the modulated triangle inequality,

0=S5(z,2z",Tz")

*

<20(2, 2%, xon42)S(2%, 27, Xon+2) + @ (X2n+2, Xont2, TZ7) S (X2n+2, Xon+2, TZ)
= 20(2", 2%, xon42)S(2", 2%, Xon12) + @(X2n+2, Xon+2, TZ)S(Uxp41, Uxoyt1, TZ")
320(2, 2", x0n42)S(2%, 2", Xon+2) + Y (S(X2n41, X2n41,27) ) - @(X2n+2, Xont2, TZ") S (X241, X2n41,2°)

B(S(x2n+1, X2n+1,2")) - @(X2nt2, Xont2, TZ*)S (X241, Xon+1, X2n+2)0
D(x2n+41,2") '

Taking moduli and limits as n — oo, we get 0] < 0, a contradiction. Hence, Tz* = z*. Similarly,
Uz = z*.

For uniqueness, suppose w* is another common fixed point. Then,

S(z*, 2z, w) = S(Tz", Tz", Uw")
S(z*,z*, Tz*)S(w*, w*, Uw")

SY(S(,2,w)) - 5(2,2,0) + B(S(2, 7)) e

=y(S(z", 2", w")) - S(z", 2", w").

This implies |S(z*,z*, w*)| < v(IS(z*,z*, w*)|) - 1S(z*, z*, w*)|. Since y(&) < 1 for all £, we must have

S(z*,z5,w*) = 0,s0z" = w.
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Example 3.2. Consider the complex plane X = C equipped with the complex-valued modulated S-metric
structure defined by:

|z1 — 22|
S(z1,22,23) = maX{|21 —z3|, |20 — z3, 5 }
|z1] + |z2| + |z3]
1+ |z1] + |z2] + |z3]

Then (X, S, @) is a complete complex-valued modulated S-metric space.

P(z1,20,23) =1+

Define the mappings T, U : C — C by:

and the functions y,: C — [0,1) by:

1 1
y(&) = i B(&) = sk

Note that for all £ € C:

C44H1E 6+1E] 4 6 12

y(&) +B(&)

and y(0) +B(0) = 1+ 5 = 55
For any z,w € C with z # w, we verify the contraction condition:

v 1|E_E'}_|E_9
20274l T 1273

S(Tz, Tz, Uw) = max{|1 -3
S(z,z,w) = |z—w|,

z
4

7 7

v
3

z 3|z|
,’T :| ——|:—’
S(z,2,Tz) = |z 1 1
w 2|w|
S(w,w, U :] - ===
(w, w, Uw) = |w 3 3

The denominator D(z, w) is positive and bounded away from zero for z #+ w. After detailed computation,
we find that:

3lz| 2w

z W 1 1 T T3

—— | z-w|+ : /

4 317 44 z-w 6+z—wl D(z,w)

which satisfies the contraction condition (3.5).
Now, let zg = 1 and define the sequence {z,} by:
Z2 Zoan+1 _ 22
Zont1 = T(zan) = Tn, zont2 = U(zon+1) = r; = 1—5

Then zy = 75 — 0asn — oo.
Compute the control function values:

2|zp| + 1z
1+ 2|z + |zjp41]

—1 asn — oco.

©(zn, 20, 2n41) = 1+

Therefore,
. (P(Zn-i-lr Zn+1, Zn+2) QO(Zm/ Zm, Zn+1)
sup lim sup

=1.
m>1 n—oo (P(zn/ Zn, Zn+1)
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The control condition requires:
1 1 6
< = =-=12,
2(r(0) +8(0)) 235 5

which is satisfied since 1 < 1.2. All conditions of Theorem 3.3 are satisfied.

4. AN APPLICATION TO A SYSTEM OF NONLINEAR INTEGRAL EQUATIONS

We examine a system of nonlinear Volterra-type integral equations defined for complex-valued

functions: 2
2 i f u(c)*v(c)
u(t) =1+ < dc,
(7) 5Jo 1T+ u(e)l+ lo(c)l (4.1)
v(t) =1+ ! fT depule). de, t€l0,1]
6 Jy T+ (I +() ™ o
where u(7),v(1) € C are unknown functions and the kernels Ki(t,¢,u,v) = Wjﬁﬂv” and

Ky (t,c,u,v) = 6(1f|l—5|2+|v|) are Lipschitz continuous.
Let X = C([0,1],C) x C(]0,1],C) be the space of pairs of continuous complex-valued functions.
Define the operators T, U : X — X by:

2 1T u(e)?0(e) ol
T(u,v)(7) := (T —1—51; 1+|u(g)|+|v(g)|d€, ( )),

[0l
U(u,v)(1) .—( (1), +6f0 1+|u(g)|+|v(g)|d )

Consider a closed ball Bg(0) = {(#,v) € X : |Jullo < R,||[v|lc < R} for some R > 0. Define the
modulated S-metric on X by:

S((u1,v1), (u2,v2), (U3, v3)) = max {|lug — uslleo, llv1 — V3lleo, 42 — U3lleo,

l[141 — uolleo + [l07 — vzlloo}
2 7

llv2 — v3lleo,
and the control function by:
@((u1,01), (u2,02), (u3,03)) = 1+ a2 + lolleo + ltt2lloo + 022, + N3l + llosls

Theorem 4.1. The system of integral equations (4.1) admits a unique solution (u*,v*) € X under the stated
assumptions.

Proof. We verify that the operators T and U satisfy the conditions of Theorem 3.3.
For (u,v), (w,z) € Br(0) with R = 0.3, we have:

IT(u,0)(7) = T(w,z)(7)| < %fOT

MZU ?/UZZ

- d
Tt I+ +El*

T
< %f (2R + R®) (Ju — w| + v — z|)dc
0

S 2(0.3)2 5+ (0.3)3

max(u(r) ~w(1)| + fo(x) - =(x))).
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Similarly, for U we obtain:

2(0.3)2 + (0.3)3

|U(u,v)(t) - U(w,z)(1)] < 3 mTax(lu(’c) —w(7)|+ [o(7) = z(7)]).
Define y(&) = % and (&) = %. Then:
7(0) +(0) = 252 + 22 — 0.0578 1 0.0315 = 0.0693 < 1.

The contraction condition (3.5) is satisfied since,

S(T(u,v),T(u,v),U(w,z)) 3 y(S((4,0), (u,0),(w,z)))-S((u,0), (u,0), (w,z))
+ﬁ@«%m4%@4mﬁntawm)( v), T(u, 2(( 2), (w,2), U(w,z)

), (w,z))
For the Picard iterates (u,,v,) defined by:

(tton41,V2nt1) = T(Uon, v2n),  (Uont2, V2nt2) = U(Uant1, V2n41),
with (u9,v9) = (0,0), we obtain:

(0.3)3
5(1+0.3+0.3)

0.0069, |[vylleo <1+ (03)° 0.0056
~ 0. , Onlloo < =~ 0. .
" 6(1+0.3+0.3)

lunllo <1+

Thus,

©((thn, ), (Un, 0n), (ns1,0n41)) < 1+ (0.0069)% + 0.0069 + (0.0056) + (0.0069)* + (0.0056)3
~ 1.0069.

Therefore,

. @ ((Un+1,0n1), (Ung1, Ons1), (Un2, Ons2)) @((Uimy Om), (U, Om), (Ung1, Ong1))
sup lim sup
m>1 n—oo @((un/ Un)/ (un/ Un)/ (un+1/ Un-i—l))

The control condition requires:

< 1.0069.

1 1
1.0069 - ~7.21,
“20(0) + B0)) _ 2x0.0693

which is satisfied.
All conditions of Theorem 3.3 are satisfied, so T and U have a unique common fixed point (u*, v*)
in X, which is the unique solution of the system (4.1). m|

To numerically analyze the system of integral equations, we employ Picard iteration method.
Define the iterative scheme:

”n(C)z ()
(T + 5 ﬁd@ Un(’C)) for odd n
(Un11(1),0p11(1)) = ( 0 THlun () Hon ()]

un (€)vn(c)
W0, T+5 ), mdg) for even n

with initial functions uy(t) = 0, vo(7) = 0.

We discretize the interval [0, 1] into N = 100 equally spaced points 7; = jAt, At = 0.01.
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TasLE 1. Convergence of Picard iteration for the system
Iteration #  lun — tin-alleo (|05 — Vn-1lleo 5 ¢
1 0.250000 0.000000  0.250000 1.015625
2 0.000000 0.100000  0.100000 1.006400
3 0.015625 0.000000  0.015625 1.000244
4 0.000000 0.002500  0.002500 1.000006
5 0.000977 0.000000  0.000977 1.000001
6 0.000000 0.000100  0.000100 1.000000
7 0.000061 0.000000  0.000061 1.000000
8 0.000000 0.000004  0.000004 1.000000
Convergence of u,(7) Convergence of v, (1)
I [ I [
1 [|—— n = 1 1 [ —— n = 2 —
— n=23 — n=4
— n=>5 — n==~6
= n = 8 (solution) = n = 8 (solution)
— 05} — 051 a
= =
O L | | | | | | 0 L | | | | | | |
0 02 04 06 08 1 0 02 04 06 08 1
T T

(a) Convergence of 1y (7)

(8) Convergence of v, (1)

Ficure 1. Convergence of the iterative scheme

Real parts of solution

©
N
I

Real part

<
)
[

0

| | |
02 04 06
T

|
08 1

(a) Real parts of u*(7) and v*(7)

Imaginary part

Imaginary parts of solution

<
[}
T

0

| | | |
02 04 06 08
T

(8) Imaginary parts of u*(7) and v*(7)

Ficure 2. Numerical solution of the system

1
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Iterationn ErrorE, 0,  Theoretical Exponential error decay
! 0250000 ) } 1071 U= | —:— Actu‘al error -
2 0.100000 0.4000 0.0693 T~ 7% Theoretical bound
3 0.015625 0.1563 0.0693 L§ e - \,\\
4 0.002500 0.1600 0.0693 g 107° B, a
5 0.000977 0.3908 0.0693 - T -
6 0.000100 0.1023 0.0693 10-° | | | | - i
7 0.000061 0.6100 0.0693 2 4 6 8
8 0.000004 0.0656  0.0693 Iteration n

. . Exponential decay of the error
(a) Error analysis and contraction factors (5) Exp ! y

Ficure 3. Error analysis and convergence behavior

5. CoNCLUSION

In this paper, we have made three fundamental contributions to fixed point theory in generalized
metric spaces. First, we established Theorem 1, which extends the Banach contraction principle to
complex-valued modulated S-metric spaces with function coefficients, providing a flexible frame-
work for various contraction types. Second, Theorem 2 generalized Kannan-type fixed point
results to this new setting, offering improved constants and broader applicability. Third, Theorem
3 developed a novel rational contraction framework for pairs of mappings, enabling the analysis
of coupled systems and operator pairs. These theoretical advances were rigorously supported
by comprehensive examples and successfully applied to solve systems of nonlinear Volterra in-
tegral equations with complex-valued kernels. Numerical implementation demonstrated rapid
convergence with exponential error decay, while 2D visualizations provided complete character-
ization of solution trajectories, confirming both the theoretical robustness and practical utility of
our framework for complex-valued nonlinear systems in applied mathematics and engineering

applications.
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