Int. J. Anal. Appl. (2026), 24:69

International Journal of Analysis and Applications

New Results of K-g-Frames for Hilbert C*-Modules

Mohamed Derouich!'*, Hamid Faraj 1 Rachid Echarghaouil, Mohamed Rossafi?

Laboratory Analysis, Geometry and Applications, University of Ibn Tofail, Kenitra, Morocco
2Laboratory Analysis, Geometry and Applications, Higher School of Education and Training, University
of Ibn Tofail, P. O. Box 242, Kenitra 14000, Morocco

*Corresponding author: derouich.mohamed2018@gmail.com

Abstract. In this paper, we will probe into new constructions of K-g-frames for Hilbert C*-module, and we characterize
them through some properties of K-g-orthonormal bases. Finally, some results concerning the K-g-dual of a K-g-frame

are obtained.

1. INTRODUCTION

After it was first launched in 1952 by Duffin and Schaefer [1] in the attempt of studying the
nonharmonic Fourier series, frames emerged as a significant tool in signal and image processing,
data compression, sampling theory, wavelet analysis, irregular sampling theory, and many other
fields. The frames theory has been generalized so fast from Hilbert spaces to Hilbert C*-modules,
and valuable results that enrich the theory were obtained.

The organization of the paper will be as follows: in section 2, we are going to recall briefly the
definitions and basic properties of K-g-frames in Hilbert C* modules. In section 3, we will construct
new K-g-frames from a g-frame. We will also define K-g-orthonormal bases for Hilbert C* modules.
Then, we will characterize g-Bessel sequences and K-g-frames by using K-g-orthonormal bases.
After that, we will provide sufficient conditions for two g-Bessel sequences to be K g frames. By

the end, we will have obtained results about the K-g-dual of a g-frame.

2. PRELIMINARIES

Let I and J be two finite or countable sets. This section will be a brief reminder of the definitions
and basic properties of C* algebra, Hilbert C*-modules, and K-g-frames in Hilbert C* modules.

Received: Dec. 9, 2025.
2020 Mathematics Subject Classification. Primary 42C15; Secondary 46L06.
Key words and phrases. g-frame; K-g-frame; Hilbert C*-modules.

https://doi.org/10.28924/2291-8639-24-2026-69 © 2026 the author(s).
ISSN: 2291-8639


https://doi.org/10.28924/2291-8639-24-2026-69

2 Int. ]. Anal. Appl. (2026), 24:69

Anelementaina C* algebra A, is said to be positive (2 > 0) ifa = a* and sp(a) € R*. A" denotes
the set of all positive elements of A.

Definition 2.1. [4]. Let A be a unital C* algebra and H be a left A-module, such that the linear structures
of A and H are compatible. H is a pre-Hilbert A-module if H is equipped with an A-valued inner product
(o oa : HXH — A sesquilinear, positive definite and respects the module action. In other words,
(i) (x,x)a = 0forall x € H and (x,x)o = 0 ifand only if x = 0.

(i) (ax+y,z)a = a{x,z)a +(y,2)a foralla € Aand x,y,z € ‘H.

(iii) (x, y)a = (y,x), forallx,y € H.
For x € H, we define ||x|| = ||{x, x)A||%. If H is complete with ||.||, it is called a Hilbert A-module or a
Hilbert C*-module over A. For every a in C*-algebra A, we have |a| = (a*a)% and the A-valued norm on H
is defined by |x| = (x, x)i forx € H.

Example 2.1. [5] If {Hi}xen is a set of Hilbert A modules, then we define their direct sum: @enHy.
On the A-module &enHy, of all sequences x = (xy)keN : Xk € Hy, such that the series ) en{Xk, Xk)A 1S
convergent at norm in A, Let us define the inner product:
(x,y) = Z(xk/ yooa  forx,y € SrenHi
kelN
Then &renHj is a Hilbert A-module.
The notation 12(H) refers to the direct sum of a countable copies of the Hilbert C* module H.

Consider two Hilbert A modules,H and K. Amap T : ‘H — K is called adjointable whenever
there exists a map T* : K — H such that (Tx, y)o = (x, T*y)a for every x € H and y € K.

We also adopt the notation End’, (H,K) for the set consisting of all adjointable operators from
H to K and End, (H, H ) is abbreviated to End’, (H).

Definition 2.2. [6] Let K € End’, (H), The sequence {Aj}ier is called a K-g frame for H relative to {H;}ie
if there are positive constants A and B satisfying:
AKF,Kf) <Y (Nf N SBL P, feH.
i€l
The constants A and B are called the lower and upper frame bounds, respectively. When only

the upper bound exists, {A;}icr is called a g Bessel sequence.

Theorem 2.1. [3] Consider K € End’, (U), a family {A\; € End, (U,V;),i € I} is a K g frame if and only
if, for every f € U:

CIKK'f, K" f)ll < ||Z<Aif/ Aif)ll < DIKS, Ol
iel
for some 0 < C; D < oo.

One advantage of this equivalent definition of K g frames lies in the fact that comparing the

norms of elements is much easier to compare elements in a C*-algebras.
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Lemma 2.1. [2] Let U,V € End, (H). The following assertions are equivalent :
1) R(U) c R(V).
2) There exists A > 0 such that: UU* < AVV",
3) U = VC for some C € End;(H).
If 1), 2) et 3) hold, then there exists a unique operator C satisfying:
1) ICI? = Infla: UU* < aVV*}
2) N(U) = N(C).
3) R(C) c R(V*).

Throughout the paper, H denotes a Hilbert A module, and {H;}ie; a collection of Hilbert A

modules and I and J two countable index sets.

3. MAIN RESULTS

Theorem 3.1. Suppose K € End, (H). The following statments hold:
i) If {\j € End,(H,H;) : j € 1} is a g frame for H relative to {Hj}jc; with bounds A, B , then
{AjK* : j € 1} is a K-g frame for H relative to {H} je; and with the same bounds if |[K*|| < 1.
i) If {Ailier is a K g frame for H relative to {H;} ey with bounds A, B, then {\iK"}icr is a K g frame for

H relative to {H} je; wenever K* is an idempotent operator.

Proof. If {AjK"}jc; a K g frame for H relative to {#j} c;, then there exists two constants 0 < A < B <
oo such that, for every f € H
AKF,K Y < Y AN A < B ),
j€l
We replace f by K*f,
AK2f,K2f) < Y (NKf, K f) < BKf, K ),
j€d
As K is idempotent, we obtain:
AK K f) < Y (NKf, AK f) < BKf,K°f) < BIKCI, £,
j€J

This shows that {AjK"}jc; is a K g frame for H relative to {Hj} jc;. O

Theorem 3.2. If {A}je; is a g frame for H relative to {H}} jes, with bounds A and B, and K € End, (H)
so that ||K*|| <1, then {Aj}je; is a K g frame for H relative to {H} jej, and with the same bounds.

Proof. Since {A}}je; is a g frame for H relative to {Hj};c;, then
AU ) < Y (N A S B P,
j€l
Conversely:

AKKf, K fy < AKX, f) < AL )
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So
AKf,K ) < Y (Af, A < BUE, f),
el
O

Theorem 3.3. Let Ky and K5 in End?, ( ), if {A\i}ier is a Ky g frame and a Ky g frame, and a,B are a scalars.
Then {Aj}ier is a K1Ky g frame and a (aK; + BKz) g frame .

Proof. As {Aj}icr is a K; g frame and a K, g frame. Then there exists positives constants A, B,, >
0 (n = 1,2) satisfying:

AKLE KD < Y (NFND SBWS f),  feH (3.1)
i€l
forn € {1,2}.
Since
nlm2|PMKm2
1 * * *
~ R I(aK] + BKS) f = BEG I
1
>|PHaK+ﬁK)ﬂF |¢w&ﬂﬁ
Then,
1(aK; + BK3) fI? < aPIIK; £IP + BRI £11
1 . . Ay . Ay .
< 5 (aPIKLAP + BEIG AP + PG AIP + 2P A1F)
 AdlaP+AdBR o
= W(!‘h”@fﬂ + A2lIKS£117)
Hence,
LY A, A S (AP + Al AIP) = 52 (K + GG fIP).
L AslaP + Aqlp|
From inequalities (3.1), we get :
B1+ B
1} (A, APl < Z5=2UfP, feH.

i€l
Therefore, {A}ie1 is an (aK; + BKy) g frame.
Now for each f € H:

I(KiKa)* fII* = KK 12
< IKIPIKS £II?
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Hence {Aj}icr is a K; g frame, we have
A * *
Tl (Kake) I < A AIP < 1Y (A, AL < BallfIR, f € H.
2 iel
It follows that {A;}ic1 is a K1K; g frame. O

Theorem 3.4. Let K € Endg(ﬂ), {Aj}iey and {Q)j} e two g Bessel sequences with bounds By and By and
the analysis operators T n and T, respectively, suppose that TaT), = K*.
Then {Aj}je; and {Qj} jey are two K g frames for H relative to {Hj} je;. .

Proof.
IKK* £, K* A = IKTa T4 f, K HIF
= KT\ f, ToK OIIF
< IKTf, TAPOINKTLK £, To K Ol
< BolKT3 f, T ONIKK £, K £l
then

2
B—1II<K*f,K*f>II < IKTAS, TANI-

It follows that {Aj}jc; is a K g frames for H relative to {#};c;. In the same way we show that
{Qj} ey is a K g frames for H relative to {H;}c; with lower bound B% O

Definition 3.1. {A; € End’, (H,H;) : j € 1} is said to be a K g orthonormal basis for H relative to {H;} je;
if it fulfills the following:

1) (Alfi, A;fj) = 0, (fi, fi). foralli, j € 1, f; € H;and f; € H;.

2) YierlAifi, Aifi) =K' f,K*f), forall f € H.

In the following results, we will characterize the g Bessel sequences and K g frames for H via K
g orthonormal bases in H.

Theorem 3.5. Let K € End, (H). If {Aj}je; is a K g orthonormal basis for H relative to {H}jey. ,then
{Qj}jey is a g-Bessel sequence for H relative to {H} jey ,if and only if there exists an operator ¥ € End’, (H)
satisfying: Qj = A", Vj€J.

Proof. Let {Aj}c; be a K g orthonormal basis for H and {Q)}}e; a g-Bessel sequence for H relative
to {H}jes, let ¥ : H — H the operator defined by:
¥(f) =) A VfeH.
j€d
then

FAL(f) = ) AN ()
= Z ;5 (f)

= ().
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So Q; = ‘FA; thatis Q; = A;¥".
For the converce, if there exists an operator ¥ € Endl(?—() such that ) i=NY, then:

DY (T TP = 1Y (A A

j€ j€l
=) (K'Y f,K¥E P
jel
< IKYIPICE, Ol

O

Theorem 3.6. Let the operator Y be as defined in Thm(3.1), suppose that {\;}ic1 is a K g orthonormal basis
for H relative to {Hi}ic1, and (Ti}icr is a g Bessel sequence for H relative to {H;}icr and S is the K g frame
operator related to {T';}icz which has closed image. If K € End®, (H) is an onto operator, then the following
statements are satisfied:

i- If {T'j}ie1 is a K g frame for H with respect to {H;}icr , then ¥ is onto.
ii- If¥ is onto and KY = KY, then {T'j}jc1 is a K-g-frame for H relative to {H;}icr
iii- {[;}ie1 is a normalized tight K g frame if and only if ¥ is an isometry.

Proof. i- Suppose that {I';}ic1 is a K g frame for H relative to {H;}ic1, by definition of the frame
operator:
Sf=).TiTif =Y TIAYf=Y¥'f.
i€l iel
since K is onto, i.e Range(K) = H, then S is surjective. It follows that 1) is surjective.
ii- If {T';}ies is a g-Bessel sequence for H relative to {H;}ic;, and ¢ commute with K and onto (

has closed imagge) then it admits a Moore-Penrose inverse 1" such that ¢™i* = I, then
KK £, K Y = Ky ™9 K f, g™ K P
— MK,y Ry Pl
< YT IPIKKT Y £, Ky Pl

Therefore,
Y (T TPl = 1) (A, AP
i€l i€l
=) (K¥f,K¥ P

i€l

1
> ——|KK*f, K* )l
> KK KD

This means that {I';};c1 has a lower frame bound
iii- {I';}ier is a normalized tight K g frame for H relative to {H};c; if and only if its K g frame
operator S = YY" = Iy if and only if ¢* is an isometry.

Before statingthe the next result, we require a the following lemma.
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Lemma 3.1. Let K € End, (H) ba an onto operator. Suppose that {A;}icr is a K-g-frame for H relative to
{Hi}ier with bounds A and B . Foranyi€ I, K; € End;(%) an invertible operator such that:

0 <m < infie < supjer|lKill = M < o0

Tl
IfT; = KiAiK, for any i € 1, then (Ti}ier is a g frame for H relative to {Hi}iez.

Proof.
1Y (A AP = 1Y (KK f, KTk P
i€l i€l
> infierl K720 Y IKCKF, TiK A
i€l
> mPA|l Y (KK f, KK )l
i€l

> mPAJ|[(KK*) (KK THIENEY (O

i€l
1Y (A, Al = 11 Y (KK f, KTl
i€l i€l
< M| Y (TiKf, TKf)
i€l

< MBIKIPI Y (f Ol

i€l

For the other side

O

Theorem 3.7. With the data of the previous lemma and if K is moreover self-adjoint , then Q) :=
{K;KiAiKS;lKZ}Z‘d isa Kg dual Of{Ai}ieI

Proof.
1) (KKAKSE KA f, KEKAKST R A < MUY (AKSTT R f, AKST R
i€l i€l

< MPBIKI? ) IKST K3 f, ST K2 )

i€l
MCBJIK|[®

<=5 DKl

i€l

That is {);}ic1 is a g Bessel sequence for H relative to {H;}ier

Z QA f = Z K2SIKAIK KA f

i€l i€l
= K271 Y (KihiKs) (KiAK)K ' f
i€l
— K2S715rK ™ f
= Kf.
That is {Q);}ies is a K g dual of {A;}ier. O
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