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ABSTRACT. Throughout the past few decades, the exploration of mathematical models associated with Earth systems 

has received substantial scholarly focus. The current paper aims to comprehensively explore a generalized Schrödinger 

equation involving the parabolic law of nonlinear refractive index under an external potential. Specifically, the 

governing equation for the sideband instability (SI) is examined in detail to distinguish the effects of cubic and quantic 

nonlinearities on stable and unstable zones. Further, the bifurcation analysis is theoretically and numerically conducted 

to locate equilibrium points of the generalized Schrödinger equation and identify its solitary and periodic waves. In 

the end, the impact of nonlinear effects on the propagation of shock and dark waves modeled by the generalized 

Schrödinger equation is thoroughly analyzed. In light of the results given in the present paper, an increase in the 

coefficient of the cubic (quantic) nonlinearity leads to an increase (decrease) in the amplitude of shock and dark waves.  
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1. Introduction 

There are many areas of applied sciences in which nonlinear evolution equations (NLEEs) are 

found. The Korteweg-de Vries (KdV) equation [1], a model of waves on shallow water surfaces, 

the Benjamin–Bona–Mahony (BBM) equation [2], a model for the unidirectional propagation of 

nonlinear dispersive long waves, the Boussinesq equation [3], a model of gravity waves in 

shallow water, and the nonlinear Schrödinger (NLS) equation [4] for the pulse propagation in 

optical media, all are well-known NLEEs that have attracted particular interest. In recent decades, 

extensive research has been conducted on the above NLEEs and their generalizations. Hosseini 

et al. [5] derived multi-soliton waves of a 3D generalized KdV equation using the simplified 

Hirota method. Estévez et al. [6] applied the factorization method to construct traveling waves of 

a generalized BBM equation. Alquran and Alhami [7] found bidirectional bell-shaped waves of a 

generalized Boussinesq equation using the Kudryashov method. Hosseini et al. [8] employed the 

ansatz method to establish the Gaussian solitary wave of a generalized NLS equation. 

Sideband instability is one of the most common phenomena that shows the features of the excited 

localized modes [9]. The SI is distinguished by a rapidly increasing amplitude of plane waves 

subject to tiny perturbations, where nonlinear and dispersion expressions interact [9]. The subject 

of a considerable number of recent studies is sideband instability. For example, Sharma et al. [10] 

explored the impact of the variation of different effects on the existence of the sideband instability 

in a nonlinear Schrödinger equation involving an external source. In another research, Xiong and 

Ren [11] investigated the sideband instability of a coupled Schrödinger equation and discovered 

that the gain spectrum increases by enhancing the total power 𝑃. 

In dealing with NLEEs, a main topic to investigate is the bifurcation analysis of their dynamical 

systems. The bifurcation analysis is crucial in determining equilibrium points of the dynamical 

system and proving that periodic and solitary waves exist for the governing equation. A great 

deal of research has been carried out in recent years on NLEEs and their bifurcation analysis. 

Almusawa et al. [12] conducted complete research on the bifurcation analysis of the modified 𝛼 

equation, confirming the existence of periodic and solitary waves. As a result of their bifurcation 

analysis for the generalized 𝑃-type equation, Jhangeer et al. [13] demonstrated the existence of 

traveling waves. In another investigation, Raza et al. [14] showed that periodic and solitary waves 

exist for the Landau–Ginzburg–Higgs equations through the bifurcation analysis. Additional 

research is found in [15–17].  

Solitary waves are wave packets that spread through space without a change in their shape. Such 

a great feature makes solitary waves an essential tool of data transmission through optical fibers. 

Due to the governing model, researchers deal with different types of solitary waves, such as 

shock, dark, and bright waves. In recent decades, a wide range of effective methods, such as the 

Kudryashov method [18–20], the exponential method [21–23], and the ansatz method [24–26], 

have been applied to construct solitary waves of NLEEs. Among these, the ansatz method is the 
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most straightforward and requires the least amount of computational work. Due to its ability to 

generate solitary waves of NLEEs, such a method has received a lot of interest. Hosseini et al. [27] 

found solitary waves (bright and dark waves) of a NLS equation of fourth order using the ansatz 

method. In another study, Alizadeh et al. [28] utilized the ansatz method to derive solitary waves 

(Shock and bright waves) of a 3D-modified nonlinear wave equation. 

The main aim of the current paper is to conduct a full investigation on a generalized Schrödinger 

equation, i.e. 

𝑖𝑢𝑦 +
1

2
(𝑢𝑥𝑥 − 𝑢𝑡𝑡) + 𝑐1|𝑢|

2𝑢 + 𝑐2|𝑢|
4𝑢 + 𝑢 = 0,       (1.1) 

which involves the parabolic law of nonlinear refractive index under an external potential. In Eq. 

(1.1), 𝑐1 and 𝑐2 are the coefficients of cubic and quantic nonlinearities, while the last term is an 

external potential. Over the last few years, several studies [29–35] have been conducted on 

different versions of Eq. (1.1). According to the paper, its motivation is as follows:  

• The generalized Schrödinger equation for the sideband instability is examined in depth to 

distinguish the influence of cubic and quantic expressions on stable and unstable zones; 

• To locate equilibrium points of the governing equation and identify its solitary and periodic 

waves, the bifurcation analysis is theoretically and numerically conducted; 

• The impact of nonlinear effects on the propagation of shock and dark waves modeled by the 

generalized Schrödinger equation is thoroughly analyzed.   

 

2. Model and its sideband instability 

Sideband instability can be started by perturbing the solution as follows 

𝑢(𝑥, 𝑦, 𝑡) = (√𝑃 + 𝑈(𝑥, 𝑦, 𝑡)) e𝑖𝑃𝑡 .        (2.1) 

Through considering Eqs. (1.1) and (2.1) and linearizing, we derive    

2 (𝑃
𝜕𝑈

𝜕𝑡
−

𝜕𝑈

𝜕𝑦
) + 𝑖 (

𝜕2𝑈

𝜕𝑥2
−

𝜕2𝑈

𝜕𝑡2
) + 𝑖(6𝑃2𝑐2 + 𝑃2 + 4𝑃𝑐1 + 2)𝑈 + 2𝑖𝑃(𝑐1 + 2𝑃𝑐2)𝑈̅ = 0,       (2.2) 

where the complex conjugate of 𝑈 is shown by 𝑈̅. Now, assume the trial expression    

𝑈 = 𝜆1e
𝑖(𝜇𝑥+𝜈𝑦−𝜔𝑡) + 𝜆2e

−𝑖(𝜇𝑥+𝜈𝑦−𝜔𝑡),   𝜇 and 𝜈 are wave numbers while 𝜔 is the frequency

 (2.3) 

for Eq. (2.2). Setting Eq. (2.3) in Eq. (2.2) along with simplifications yields the system 𝐴𝜆 = 0. For 

a nontrivial solution, it is essential to have   

|𝐴| = |
𝐴11 𝐴12
𝐴21 𝐴22

| = 0, 

where 

𝐴11 = −2𝑃2𝑐2 − 𝑃𝑐1,    

𝐴12 = −
1

2
(6𝑐2 + 1)𝑃2 − (𝜔 + 2𝑐1)𝑃 +

1

2
𝜇2 −

1

2
𝜔2 − 𝜈 − 1,    

𝐴21 = −3𝑃2𝑐2 −
1

2
𝑃2 + 𝑃𝜔 − 2𝑃𝑐1 +

1

2
𝜇2 −

1

2
𝜔2 + 𝜈 − 1,  

https://en.wikipedia.org/wiki/Angular_frequency
https://en.wikipedia.org/wiki/Angular_frequency
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𝐴22 = −2𝑃2𝑐2 − 𝑃𝑐1.   

Simplification yields 

−1 − 𝑃2 −
1

4
𝑃4 −

1

4
𝜇4 −

1

4
𝜔4 −𝜔2 + 𝜇2 − 5𝑃4𝑐2

2 − 3𝑃4𝑐2 − 2𝑃
3𝑐1 +

1

2
𝑃2𝜇2 +

1

2
𝑃2𝜔2 −

3𝑃2𝑐1
2 +

1

2
𝜇2𝜔2 + 𝜈2 + 3𝑃2𝑐2𝜇

2 − 8𝑃3𝑐1𝑐2 − 3𝑃2𝑐2𝜔
2 + 2𝜔𝑃𝜈 + 2𝑃𝑐1𝜇

2 − 2𝑃𝑐1𝜔
2 − 4𝑃𝑐1 −

6𝑃2𝑐2 = 0.  
 

Now, solving for 𝜇 gives    

𝜇1,2 = ±√6𝑃2𝑐2 + 𝑃2 + 4𝑃𝑐1 +𝜔2 + 2 + 2√4𝑃4𝑐2
2 + 4𝑃3𝑐1𝑐2 + 𝑃2𝜔2 + 𝑃2𝑐1

2 + 2𝜔𝑃𝜈 + 𝜈2,    

𝜇3,4 = ±√6𝑃2𝑐2 + 𝑃2 + 4𝑃𝑐1 +𝜔2 + 2 − 2√4𝑃4𝑐2
2 + 4𝑃3𝑐1𝑐2 + 𝑃

2𝜔2 + 𝑃2𝑐1
2 + 2𝜔𝑃𝜈 + 𝜈2. 

The steady-state solution becomes unstable when the wave number (𝜇) has an imaginary part. 

Accordingly, the condition for the existence of SI is either  

6𝑃2𝑐2 + 𝑃2 + 4𝑃𝑐1 + 𝜔2 + 2 + 2√4𝑃4𝑐2
2 + 4𝑃3𝑐1𝑐2 + 𝑃2𝜔2 + 𝑃2𝑐1

2 + 2𝜔𝑃𝜈 + 𝜈2 < 0, 

or 

6𝑃2𝑐2 + 𝑃2 + 4𝑃𝑐1 + 𝜔2 + 2 − 2√4𝑃4𝑐2
2 + 4𝑃3𝑐1𝑐2 + 𝑃2𝜔2 + 𝑃2𝑐1

2 + 2𝜔𝑃𝜈 + 𝜈2 < 0. 

Finally, the general expression of the SI gain is given by Gain = 2 Im(𝜇).   

 

In what follows, the impact of cubic and quantic nonlinearities on stable and unstable zones is 

highlighted by analyzing the gain. To this end, the authors analyze the effect of the cubic 

nonlinearity on the gain in Figure 1(a) when 𝜈 = −1, 𝜔 = −1, and 𝑃 = 1, and 𝑐1 varies from 1 to 

15. It is evident that with increased values of the cubic nonlinearity, stable zones increase. As 

another study, to assess the impact of the quantic nonlinearity on the gain, the authors plot the 

gain in Figure 1(b) for 𝜈 = −1, 𝜔 = −1, and 𝑃 = 1 when 𝑐2 changes from 1 to 15. Clearly, stable 

zones increase with the enhancement of the quantic nonlinearity. In both cases, the amplitude of 

the plane wave shows a decreasing trend with increasing nonlinear effects.  

(a)                                                                         (b) 

 

Figure 1: The gain for (a) 𝜈 = −1, 𝜔 = −1, and 𝑃 = 1, when 𝑐1 varies from 1 to 15; (b) 𝜈 = −1, 

𝜔 = −1, and 𝑃 = 1 when 𝑐2 changes from 1 to 15 



Int. J. Anal. Appl. (2026), 24:115 5 

 

To show the influence of cubic and quantic nonlinearities on stable and unstable zones through 

a density view, the authors plot the gain in Figure 2 for 𝜈 = −1, 𝜔 = −1, and 𝑃 = 1. As can be 

seen in Figure 2, nonlinear effects have a profound impact on stable and unstable zones. 

 

 
Figure 2: The gain for 𝜈 = −1, 𝜔 = −1, and 𝑃 = 1 

 

3. Model and its bifurcation analysis  

 

In the present section, the dynamical system corresponding to the governing equation is first 

presented, and then a bifurcation analysis is conducted to locate its equilibrium points. Such an 

analysis enables us to ensure the existence of solitary and periodic waves for the governing 

equation. Through applying the complex field 

𝑢(𝑥, 𝑦, 𝑡) = 𝑈(𝜖)e𝑖(𝜆1𝑥+𝜆2𝑦−𝜈2𝑡),   𝜖 = 𝜅1𝑥 + 𝜅2𝑦 − 𝜈1𝑡, 

involving 𝜈1 as the velocity and 𝜈2 as the frequency, we find 

1

2
(𝜅1

2 − 𝜈1
2)

𝑑2𝑈(𝜖)

𝑑𝜖2
+ 𝑖(𝜅1𝜆1 − 𝜈1𝜈2 + 𝜅2)

𝑑𝑈(𝜖)

𝑑𝜖
+ (−

1

2
𝜆1
2 +

1

2
𝜈2
2 − 𝜆2 + 1)𝑈(𝜖) + 𝑐1𝑈

3(𝜖) +

𝑐2𝑈
5(𝜖) = 0.   (3.1) 

From the imaginary part, it is found 

𝜅2 = 𝜈1𝜈2 − 𝜅1𝜆1. 
 

Accordingly, Eq. (3.1) can be reduced to 

1

2
(𝜅1

2 − 𝜈1
2)

𝑑2𝑈(𝜖)

𝑑𝜖2
+ (−

1

2
𝜆1
2 +

1

2
𝜈2
2 − 𝜆2 + 1)𝑈(𝜖) + 𝑐1𝑈

3(𝜖) + 𝑐2𝑈
5(𝜖) = 0.   (3.2) 

It should be mentioned that Eq. (3.2) can be rewritten as follows: 

𝑑2𝑈(𝜖)

𝑑𝜖2
+

2𝑐2

𝜅1
2−𝜈1

2𝑈
5(𝜖) +

2𝑐1

𝜅1
2−𝜈1

2𝑈
3(𝜖) +

(−𝜆1
2+𝜈2

2−2𝜆2+2)

𝜅1
2−𝜈1

2 𝑈(𝜖) = 0,  

 or 
𝑑2𝑈(𝜖)

𝑑𝜖2
= 𝛬1𝑈(𝜖)(𝑈

4(𝜖) + 𝛬2𝑈
2(𝜖) + 𝛬3),  (3.3) 

where 

𝛬1 = −
2𝑐2

𝜅1
2−𝜈1

2 ,   𝛬2 =
𝑐1

𝑐2
,   𝛬3 =

−𝜆1
2+𝜈2

2−2𝜆2+2

2𝑐2
.   
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The dynamical system corresponding to Eq. (3.3) is   

{

𝑑𝑈

𝑑𝜖
= Ω(𝑈, Ξ) = Ξ,                                                                                    

𝑑Ξ

𝑑𝜖
= Ψ(𝑈, Ξ) = 𝛬1𝑈(𝑈

4 + 𝛬2𝑈
2 + 𝛬3) = 𝐹(𝑈).                           

  (3.4) 

The above system is the Hamiltonian because   

𝜕Ω

𝜕𝑈
+
𝜕Ψ

𝜕Ξ
= 0, 

and its Hamiltonian function is given by  

𝐻(𝑈, Ξ) =
1

2
Ξ2 −

1

6
𝛬1𝑈

6 −
1

4
𝛬1𝛬2𝑈

4 −
1

2
𝛬1𝛬3𝑈

2 = ℎ. 

The Jacobian of (3.4) is 

𝐽 = [
0 1

𝛬1(5𝑈
4 + 3𝛬2𝑈

2 + 𝛬3) 0
], 

with 

|𝐽| = −𝛬1(5𝑈
4 + 3𝛬2𝑈

2 + 𝛬3) = −𝐹′(𝑈).  
 

Equilibrium points can be found as 

𝐸1 = (0,0),   𝐸2,3 = (±
1

2
√−2(𝛬2 −√𝛬2

2 − 4𝛬3) , 0),   𝐸4,5 = (±
1

2
√−2(𝛬2 +√𝛬2

2 − 4𝛬3) , 0).   

I. If Θ = (𝛬2
2 − 4𝛬3) < 0, then the only equilibrium point is 𝐸1 = (0,0), and we have   

|𝐽(0,0)| = −𝐹′(0) = −𝛬1𝛬3.  
 

Accordingly, 𝐸1 = (0,0) is a saddle point for 𝛬1𝛬3 > 0 and a center point for 𝛬1𝛬3 < 0. To see 

what exactly is happening, we consider the following cases:  
 

Case 1: For 𝜆1 = 1, 𝜅1 = 1, 𝜈1 = 2, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1, and 𝑐2 = 1, we find 

𝛬1 =
2

3
,   𝛬2 = 1,   𝛬3 =

3

2
,   Θ = −5 < 0. 

Since 𝛬1𝛬3 > 0, (0,0) represents a saddle point as shown in Figure 3(a). 
 

Case 2: For 𝜆1 = 1, 𝜅1 = 2, 𝜈1 = 1, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1, and 𝑐2 = 1, we discover 

𝛬1 = −
2

3
,   𝛬2 = 1,   𝛬3 =

3

2
,   Θ = −5 < 0. 

Since 𝛬1𝛬3 < 0, (0,0) signifies a center point as revealed in Figure 3(b). 

II. If Θ = (𝛬2
2 − 4𝛬3) > 0, then we must have 

𝛬2 − √Θ < 0 ⇒ 𝛬2 < √Θ,  

𝛬2 + √Θ < 0 ⇒ 𝛬2 < −√Θ. 

Therefore, the equilibrium points are  
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(a)                                                                  (b) 

 

Figure 3: Phase diagrams for (a) 𝜆1 = 1, 𝜅1 = 1, 𝜈1 = 2, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1, and 𝑐2 = 1; (b) 

𝜆1 = 1, 𝜅1 = 2, 𝜈1 = 1, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1, and 𝑐2 = 1 

 

𝐸1 = (0,0),    

𝐸2,3 = (±
1

2
√−2(𝛬2 − √Θ), 0),     

𝐸4,5 = (±
1

2
√−2(𝛬2 + √Θ), 0).     

It is found that  

|𝐽(0,0)| = −𝐹′(0) = −𝛬1𝛬3,  

|𝐽 (±
1

2
√−2(𝛬2 − √Θ), 0)| = −𝐹′ (±

1

2
√−2(𝛬2 − √𝛩)) = 𝛬1√𝛩(𝛬2 − √𝛩),   

|𝐽 (±
1

2
√−2(𝛬2 + √Θ), 0)| = −𝐹′ (±

1

2
√−2(𝛬2 + √Θ)) = −𝛬1√𝛩(𝛬2 +√𝛩).    

For example, if 𝜆1 = 2.1, 𝜅1 = 2, 𝜈1 = 1, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1.25, and 𝑐2 = −1, we find 

𝛬1 =
2

3
,   𝛬2 = −1.25,   𝛬3 = 0.205,   Θ = 0.7425 > 0, 

where 

𝛬2 = −1.25 < √Θ = 0.8616843970,   𝛬2 = −1.25 < −√Θ = −0.8616843970. 

These yield 

|𝐽(0,0)| = −0.1366666667,    

|𝐽(±0.4406334094,0)| = 0.2230703308,    

|𝐽(±1.027541823,0)| = −1.213070329.     

 

Thus, (0,0) and (±1.027541823,0) are saddle points, whereas (±0.4406334094,0) are center 

points (See Figure 4 (a)).  

As another example, for the values 𝜆1 = 2.1, 𝜅1 = 1, 𝜈1 = 2, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1.25, and 𝑐2 =

−1, we have 

𝛬1 = −
2

3
,   𝛬2 = −1.25,   𝛬3 = 0.205,   Θ = 0.7425 > 0, 
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where 

𝛬2 = −1.25 < √Θ = 0.8616843970,   𝛬2 = −1.25 < −√Θ = −0.8616843970. 

These yield 

|𝐽(0,0)| = 0.1366666667,    

|𝐽(±0.4406334094,0)| = −0.2230703308,    

|𝐽(±1.027541823,0)| = 1.213070329.     
 

Consequently, (0,0) and (±1.027541823,0) are center points, while (±0.4406334094,0) are 

saddle points (See Figure 4(b)).   

(a)                                                     (b) 

 

Figure 4: Phase diagrams for (a) 𝜆1 = 2.1, 𝜅1 = 2, 𝜈1 = 1, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1.25, and 𝑐2 = −1; 

(b) 𝜆1 = 2.1, 𝜅1 = 1, 𝜈1 = 2, 𝜆2 = 1, 𝜈2 = 2, 𝑐1 = 1.25, and 𝑐2 = −1 

 

III. If Θ = Λ2
2 − 4Λ3 = 0, then the equilibrium points are  

𝐸1 = (0,0),   𝐸2,3 = (±
1

2
√−2𝛬2, 0),  

where 𝛬2 < 0 and Λ3 =
1

4
Λ2
2 .  

For example, if 𝜆1 = 1, 𝜅1 = 1, 𝜈1 = 2, 𝜆2 = 2, 𝜈2 = 1, 𝑐1 = 2, and 𝑐2 = −1, we find 

𝛬1 = −
2

3
,   𝛬2 = −2,   𝛬3 = 1,   Θ = 0, 

where 

|𝐽(0,0)| = 0.6666666667,   |𝐽(±1,0)| = 0.   

Accordingly, (0,0) is a center point, while (±1,0) are cusp points (See Figure 5(a)).  

As another case study, if 𝜆1 = 1, 𝜅1 = 2, 𝜈1 = 1, 𝜆2 = 2, 𝜈2 = 1, 𝑐1 = 2, and 𝑐2 = −1, we find 

𝛬1 =
2

3
,   𝛬2 = −2,   𝛬3 = 1,   Θ = 0, 

and 

|𝐽(0,0)| = −0.6666666667,   |𝐽(±1,0)| = 0.   



Int. J. Anal. Appl. (2026), 24:115 9 

 

Therefore, (0,0) is a saddle point, whereas (±1,0) are cusp points (See Figure 5(b)).  
 

(a)                                                    (b) 

 

Figure 5: Phase diagrams for (a) 𝜆1 = 1, 𝜅1 = 1, 𝜈1 = 2, 𝜆2 = 2, 𝜈2 = 1, 𝑐1 = 2, and 𝑐2 = −1; (b) 

𝜆1 = 1, 𝜅1 = 2, 𝜈1 = 1, 𝜆2 = 2, 𝜈2 = 1, 𝑐1 = 2, and 𝑐2 = −1 

 

From the bifurcation analysis, it is understood that periodic and solitary waves exist in the 

governing equation. Accordingly, the next section discusses how to extract such families of 

waves, particularly shock and dark ones, for the generalized Schrödinger equation. To this end, 

the authors will employ different ansatzes to find shock and dark waves of the governing 

equation. Additionally, the impact of nonlinear effects on the propagation of shock and dark 

waves modeled by the generalized Schrödinger equation is thoroughly analyzed.   

 

4. Model and its solitary waves  

 

In the present section, different ansatzes are utilized to construct shock and dark waves of the 

generalized Schrödinger equation involving the parabolic law of nonlinear refractive index under 

an external potential. A thorough analysis is also conducted of the impact of nonlinear effects on 

the propagation of shock and dark waves modeled by the governing equation. 

As the balance number of Eq. (3.2) is not an integer, the authors apply the transformation 𝑈(𝜖) =

√𝜓(𝜖). This yields  

(2𝜅1
2 − 2𝜈1

2)𝜓(𝜖)
𝑑2𝜓(𝜖)

𝑑𝜖2
+ (−𝜅1

2 + 𝜈1
2) (

𝑑𝜓(𝜖)

𝑑𝜖
)
2
+ (−4𝜆1

2 + 4𝜈2
2 − 8𝜆2 + 8)𝜓2(𝜖) + 8𝑐1𝜓

3(𝜖) +

8𝑐2𝜓
4(𝜖) = 0,     (4.1) 

 

with 𝑁 = 1, which is an integer. The process of establishing the first type of solitary waves begins 

by considering 

𝜓(𝜖) = 𝐴 + 𝐵 tanh(𝜖),  



10  Int. J. Anal. Appl. (2026), 24:115 

 

which 𝐴 and 𝐵 are unknowns, and substituting it into the above equation to find the following 

algebraic system 
 

(−𝜅1
2 + 𝜈1

2)𝐵2 + 8𝐵4𝑐2 + 4(𝜅1
2 − 𝜈1

2)𝐵2 = 0, 

32𝐴𝐵3𝑐2 + 8𝐵3𝑐1 + 4𝐴(𝜅1
2 − 𝜈1

2)𝐵 = 0, 

−2(−𝜅1
2 + 𝜈1

2)𝐵2 + 48𝐴2𝐵2𝑐2 + 24𝐴𝐵2𝑐1 + 4(−𝜆1
2 + 𝜈2

2 − 2𝜆2 + 2)𝐵2 − 4(𝜅1
2 − 𝜈1

2)𝐵2 = 0, 

32𝐴3𝐵𝑐2 + 24𝐴2𝐵𝑐1 + 8(−𝜆1
2 + 𝜈2

2 − 2𝜆2 + 2)𝐴𝐵 − 4𝐴(𝜅1
2 − 𝜈1

2)𝐵 = 0, 

(−𝜅1
2 + 𝜈1

2)𝐵2 + 8𝐴4𝑐2 + 8𝐴3𝑐1 + 4(−𝜆1
2 + 𝜈2

2 − 2𝜆2 + 2)𝐴2 = 0. 

The solutions for the above system are: 
 

Set 1:  

𝐴 = −
3𝑐1

8𝑐2
,   𝐵 = −

3𝑐1

8𝑐2
,   𝜅1 = ±√−

−8𝑐2𝜈1
2+3𝑐1

2

8𝑐2
,   𝜆2 = −

8𝑐2𝜆1
2−8𝑐2𝜈2

2+3𝑐1
2−16𝑐2

16𝑐2
.  

  

Therefore, the following solitary waves to the governing equation are derived 
 

𝑢1,2(𝑥, 𝑡) = √−
3𝑐1

8𝑐2
(1 + tanh(±√−

−8𝑐2𝜈1
2+3𝑐1

2

8𝑐2
𝑥 + (𝜈1𝜈2 ∓√−

−8𝑐2𝜈1
2+3𝑐1

2

8𝑐2
𝜆1)𝑦 − 𝜈1𝑡))  

× e
𝑖(𝜆1𝑥−

8𝑐2𝜆1
2−8𝑐2𝜈2

2+3𝑐1
2−16𝑐2

16𝑐2
𝑦−𝜈2𝑡)

.   
 

Set 2:  

𝐴 = −
3𝑐1

8𝑐2
,   𝐵 =

3𝑐1

8𝑐2
,   𝜅1 = ±√−

−8𝑐2𝜈1
2+3𝑐1

2

8𝑐2
,   𝜆2 = −

8𝑐2𝜆1
2−8𝑐2𝜈2

2+3𝑐1
2−16𝑐2

16𝑐2
.  

 

Thus, the following solitary waves to the governing equation are acquired 
 

𝑢3,4(𝑥, 𝑡) = √−
3𝑐1

8𝑐2
(1 − tanh(±√−

−8𝑐2𝜈1
2+3𝑐1

2

8𝑐2
𝑥 + (𝜈1𝜈2 ∓√−

−8𝑐2𝜈1
2+3𝑐1

2

8𝑐2
𝜆1)𝑦 − 𝜈1𝑡))  

× e
𝑖(𝜆1𝑥−

8𝑐2𝜆1
2−8𝑐2𝜈2

2+3𝑐1
2−16𝑐2

16𝑐2
𝑦−𝜈2𝑡)

.  
 

Now, to analyze the impact of the cubic nonlinearity on the propagation of the first solitary wave, 

it is plotted in Figure 6 for 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐1 = 1,1.25. Obviously, the 

amplitude of the shock wave increases as the coefficient of cubic nonlinearity increases. 
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Figure 6: The shock wave in 3D posture for 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐1 =

1,1.25; In 2D posture for 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, 𝑡 = 0, and 𝑐1 = 1,1.25 
 

Figure 7 shows an analysis of the effect of quantic nonlinearity on the propagation of the first 

solitary wave when 𝑐1 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐2 = 1,1.25. The amplitude of the 

shock wave shows a decreasing trend with an increasing coefficient of quantic nonlinearity, as 

shown in Figure 7. 

 

 

Figure 7: The shock wave in 3D posture for 𝑐1 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐2 =

1,1.25; In 2D posture for 𝑐1 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, 𝑡 = 0, and 𝑐2 = 1,1.25 
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As the second step in establishing other solitary waves, let us consider 

𝜓(𝜖) = 𝐴 + 𝐵 sech(𝜖),  
  

which 𝐴 and 𝐵 are unknowns, and insert it into Eq. (4.1). This results in the following system of 

algebraic type 

8𝑐2𝐵
4 + 3(−𝜅1

2 + 𝜈1
2)𝐵2 = 0, 

8(4𝐴𝑐2 + 𝑐1)𝐵
3 + 4(−𝜅1

2 + 𝜈1
2)𝐴𝐵 = 0, 

 

𝐴2𝑐2 +
1

2
𝐴𝑐1 −

1

48
𝜈1
2 +

1

12
𝜈2
2 +

1

48
𝜅1
2 −

1

12
𝜆1
2 −

1

6
𝜆2 +

1

6
= 0, 

𝐴2𝑐2 +
3

4
𝐴𝑐1 −

1

16
𝜈1
2 +

1

4
𝜈2
2 +

1

16
𝜅1
2 −

1

4
𝜆1
2 −

1

2
𝜆2 +

1

2
= 0, 

𝐴2𝑐2 + 𝐴𝑐1 +
1

2
𝜈2
2 −

1

2
𝜆1
2 − 𝜆2 + 1 = 0, 

 

whose solution is 
 

Set 1: 

𝐴 = −
3𝑐1

8𝑐2
,   𝐵 =

3𝑐1

8𝑐2
,   𝜅1 = ±√−

−8𝑐2𝜈1
2−3𝑐1

2

8𝑐2
,   𝜆2 = −

32𝑐2𝜆1
2−32𝑐2𝜈2

2+15𝑐1
2−64𝑐2

64𝑐2
.  

 

Consequently, the following solitary waves to the governing equation are obtained  

𝑢5,6(𝑥, 𝑡) = √−
3𝑐1

8𝑐2
(1 −  sech(±√−

−8𝑐2𝜈1
2−3𝑐1

2

8𝑐2
𝑥 + (𝜈1𝜈2 ∓√−

−8𝑐2𝜈1
2−3𝑐1

2

8𝑐2
𝜆1)𝑦 − 𝜈1𝑡))  

× e
𝑖(𝜆1𝑥−

32𝑐2𝜆1
2−32𝑐2𝜈2

2+15𝑐1
2−64𝑐2

64𝑐2
𝑦−𝜈2𝑡)

.  

Set 2: 

𝐴 = −
3𝑐1

8𝑐2
,   𝐵 = −

3𝑐1

8𝑐2
,   𝜅1 = ±√−

−8𝑐2𝜈1
2−3𝑐1

2

8𝑐2
,   𝜆2 = −

32𝑐2𝜆1
2−32𝑐2𝜈2

2+15𝑐1
2−64𝑐2

64𝑐2
.  

 

Thus, the following solitary waves to the governing equation are constructed  

𝑢7,8(𝑥, 𝑡) = √−
3𝑐1

8𝑐2
(1 +  sech(±√−

−8𝑐2𝜈1
2−3𝑐1

2

8𝑐2
𝑥 + (𝜈1𝜈2 ∓√−

−8𝑐2𝜈1
2−3𝑐1

2

8𝑐2
𝜆1)𝑦 − 𝜈1𝑡))  

× e
𝑖(𝜆1𝑥−

32𝑐2𝜆1
2−32𝑐2𝜈2

2+15𝑐1
2−64𝑐2

64𝑐2
𝑦−𝜈2𝑡)

.  

Figure 8 illustrates how the cubic nonlinearity affects the propagation of the fifth solitary wave 

when 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐1 = 1,1.25. There is no doubt that the amplitude 

of the dark wave increases with increasing the coefficient of cubic nonlinearity. 

 



Int. J. Anal. Appl. (2026), 24:115 13 

 

 

 

Figure 8: The dark wave in 3D posture for  𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐1 =

1,1.25; In 2D posture for 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, 𝑡 = 0, and 𝑐1 = 1,1.25 

 

Figure 9 demonstrates an analysis of the impact of quantic nonlinearity on the propagation of the 

fifth solitary wave when 𝑐1 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐2 = 1,1.25. As depicted in 

Figure 9, the amplitude of the dark wave decreases as the coefficient of quantic nonlinearity 

increases. 

 

 

Figure 9: The dark wave in 3D posture for 𝑐1 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑡 = 0, and 𝑐2 = 1,1.25; 

In 2D posture for 𝑐1 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, 𝑡 = 0, and 𝑐2 = 1,1.25 
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The other solitary waves of the governing model can be derived by considering 

𝜓(𝜖) = 𝐴 (1 +
tanh(𝜖)

1+sech(𝜖)
),  

 which 𝐴 is an unknown, and substituting it into Eq. (9) to find the following algebraic system 
1

4
−

1

8
𝜆1
2 +

1

8
𝜈2
2 −

1

4
𝜆2 + 𝐴2𝑐2 +

1

2
𝐴𝑐1 = 0,  

1

4
−

1

8
𝜆1
2 +

1

8
𝜈2
2 −

1

4
𝜆2 −

1

32
𝜅1
2 +

1

32
𝜈1
2 +

1

4
𝐴𝑐1 = 0,  

1 −
1

2
𝜆1
2 +

1

2
𝜈2
2 − 𝜆2 −

1

8
𝜅1
2 +

1

8
𝜈1
2 + 𝐴𝑐1 = 0,  

−
1

64
𝜈1
2 +

1

64
𝜅1
2 −

1

2
𝐴2𝑐2 −

1

4
𝐴𝑐1 = 0.   

The solutions for the above system are: 

𝐴 = −
3𝑐1

8𝑐2
, 𝜅1 = ±√−

−2𝑐2𝜈1
2+3𝑐1

2

2𝑐2
, 𝜆2 = −

8𝑐2𝜆1
2−8𝑐2𝜈2

2+3𝑐1
2−16𝑐2

16𝑐2
.  

 

Therefore, the following solitary waves to the governing equation are derived 

𝑢9,10(𝑥, 𝑡) =

√
  
  
  
  
  

−
3𝑐1

8𝑐2

(

 
 
1 +

tanh(±√−
−2𝑐2𝜈1

2+3𝑐1
2

2𝑐2
𝑥+(𝜈1𝜈2∓√−

−2𝑐2𝜈1
2+3𝑐1

2

2𝑐2
𝜆1)𝑦−𝜈1𝑡)

1+sech(±√−
−2𝑐2𝜈1

2+3𝑐1
2

2𝑐2
𝑥+(𝜈1𝜈2∓√−

−2𝑐2𝜈1
2+3𝑐1

2

2𝑐2
𝜆1)𝑦−𝜈1𝑡)

)

 
 

  

× e
𝑖(𝜆1𝑥−

8𝑐2𝜆1
2−8𝑐2𝜈2

2+3𝑐1
2−16𝑐2

16𝑐2
𝑦−𝜈2𝑡)

.    

Figure 10 illustrates the evolutionary behavior of the ninth solitary wave for 𝑐1 = 1.25, 𝑐2 = 1, 

𝜆1 = 0.5, 𝜈1 = 1, and 𝜈2 = 1, when (a)  𝑡 = −4, (b)  𝑡 = 2, (c)  𝑡 = 2, (d)  𝑡 = 4.   
 

(a)                                           (b) 

 
(c)                                                 (d) 

 

Figure 10: The ninth solitary wave for 𝑐1 = 1.25, 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, and (a)  𝑡 = −4, 

(b)  𝑡 = 2, (c)  𝑡 = 2, (d)  𝑡 = 4 
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In addition, the authors have analyzed the effect of cubic and quantic nonlinearities on the 

dynamics of the ninth solitary wave in Figure 11 for  

(a): {𝑐1 = 1.25,1.45, 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, 𝑡 = 2},  

(b): {𝑐1 = 1.25, 𝑐2 = 1,1.2, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, 𝑡 = 2}.  

The amplitude of the shock-type wave shows an increasing trend with an increasing coefficient 

of cubic nonlinearity, as shown in Figure 11(a). From Figure 11(b), it is observed that the 

amplitude of the shock-type wave decreases with increasing the coefficient of quantic 

nonlinearity.   

(a)                                                                          (b) 

 
Figure 11: The shock-type wave for (a) 𝑐1 = 1.25,1.45, 𝑐2 = 1, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, and 

𝑡 = 2; (b) 𝑐1 = 1.25, 𝑐2 = 1,1.2, 𝜆1 = 0.5, 𝜈1 = 1, 𝜈2 = 1, 𝑥 = 0, and 𝑡 = 2 

 

5. Conclusion  

A generalized Schrödinger equation involving the parabolic law of nonlinear refractive index 

under an external potential was explored extensively in the present paper. A detailed 

examination of the governing equation for the sideband instability was performed to distinguish 

the impacts of cubic and quantic nonlinearities on stable and unstable zones. Furthermore, the 

bifurcation analysis was conducted theoretically and numerically to determine equilibrium 

points of the generalized Schrödinger equation and identify its periodic and solitary waves. A 

thorough analysis of the influences of nonlinear effects on the propagation of shock and dark 

waves modeled by the generalized Schrödinger equation was formally presented. According to 

the results presented in the present paper, it was observed that 1) The amplitude of shock and 

dark waves increases with increasing the coefficient of cubic nonlinearity; 2) The amplitude of 

shock and dark waves shows a decreasing trend with an increasing coefficient of quantic 

nonlinearity. The future study is to conduct another research on the governing equation and find 

its other wave patterns using some well-known methods [36–38].   
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