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ABSTRACT. Many generalizations have been presented in modules theory in order to present some new results in this 

direction. In this article, we introduced the concepts of PT-essential submodules and PST-essential submodules as a 

generalization to the concept of P-essential submodules. In particular, let ₳ be an  R-module with Τ ≤ ₳. A submodule 

𝔄 of ₳ is called PT-essential in ₳ (𝔄 ≤𝑃𝑇𝐸 ₳) in case there exist a submodule 𝔇 of prime submodule 𝑃 of ₳   in which 

𝔄 ≰ Τ, 𝔄 ∩ 𝔇 ≤ Τ implies 𝔇 ≤ Τ. Furthermore, let ₳ be an R-module and Τ ≤ ₳. The submodule 𝔄 of ₳ is said to be P-

Small T-essential in ₳ (𝔄 ≤𝑃𝑆𝑇 ₳) in condition that any small submodule 𝔇 of prime submodule 𝑃 of ₳  in which 𝔄 ≰

Τ, 𝔄 ∩ 𝔇 ≤ Τ implies 𝔇 ≤ Τ. Besides that, the concept of PT-complement submodule has been introduced with some 

properties about it. Finally, some basic properties of these concepts have been established. Then, several examples are 

given to illustrate the mentioned concepts.   

 

1. Introduction 

Let ₳ be an R-module and 𝔄 be a submodule of ₳. Then, 𝔄 is called small in ₳, if for any 

submodule 𝔇 of ₳ in which 𝔄 + 𝔇 ≠ ₳ and abbreviated as 𝔄 ≪ ₳. This definition was given by T. 

Y. Lam [1]. Furthermore, F. Kasch [2] given the definition of essential submodule as follows. A 

submodule  𝔄 of ₳ is called essential in ₳, if for any submodule 𝔇 of ₳ for which 𝔄 ∩ 𝔇 = 0 implies 

𝔇 = 0 and denoted by 𝔄 ≤𝑒 ₳ [2]. The concept of T-essential submodule was given by Safaeeyan 

and Shirazi [3] as a generalization of essential submodules. The authors studied many basic 

properties of the mentioned concept. Beside that, the concept of T-small submodule has been 

presented by Beyranvand and Moradi [4] as a generalization to the concept of small submodules. 
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Many properties of this concept have been discussed such as the sum, the image and the pre-

image of given T-small submodules. By following these two definitions, many new 

generalizations have been provided. For instance, Elewi [5] generalized the results of [4] by 

introducing the concept of Semi-T-small submodules with some basic properties about it have 

been investigated. Mohammad and Yassin generalized the results of [3] by providing the concept 

of Small T-essential submodules with some properties about it [6]. Recently, Shahad and Al-

Mothafar presented the concept of P-essential submodules as another generalization of essential 

submodules where P is prime submodule [7]. Very recently, Baanoon and Khalid provided 

another generalization of essential submodule was named as e*-essential submodule [8]. While, 

in [9] they introduced the concept of e*-essential small submodule as a generalization of small 

submodule. Finally, Shahoodh and Ali [10] presented some new types of submodules and studied  

some basic properties about them.  Motivated by these works, we introduced in this paper the 

concepts of PT-essential submodule and PST-essential submodule as a generalization to the 

concepts of essential and small submodules. The structure of this paper is presented as follows. 

Section two deals with some important results that are needed in the next section. The main 

results of this work are given in section three. The conclusions of the current study are given in 

section four. 

2. Preliminaries  

This section includes some basics results that are important in completing the results of this work. 

Definition 2.1 [3] Let ₳ be an R-module and Τ ≤ ₳. A submodule 𝔄 of ₳ is called T-essential in 

case that any submodule 𝔇 of ₳ in which 𝔄 ≰ Τ and 𝔄 ∩ 𝔇 ≤ Τ implies 𝔇 ≤ Τ. 

Definition 2.2 [7] Let ₳ be an R-module and 𝑃 is a prime submodule of ₳. A submodule 𝔄 of ₳ 

is called P-essential in case that any submodule 𝔇 of 𝑃 in which 𝔄 ≰ Τ and 𝔄 ∩ 𝔇 = 0 implies 

𝔇 = 0. 

Definition 2.3 [11] Let ₳ be an R-module and 𝔄 is a submodule of ₳. Then, 𝔄 is called prime 

submodule if 𝑥𝑟 ∈ 𝔄 where 𝑥 ∈ ₳ and 𝑟 ∈ R, implies 𝑥 ∈ 𝔄 or 𝑟 ∈ [𝔄 ∶ ₳]. 

Proposition 2.1 [7] Let 𝔈 ≤ 𝔉 ≤ 𝔊 are submodules of ₳. If 𝔈 ≤𝑝𝑒 𝔉 and 𝔉 ≤𝑝𝑒 𝔊 then 𝔈 ≤𝑝𝑒 𝔊. 

Proposition 2.2 [12] Let ℎ: ₳ ⟶ ₳′ be an epimorphism. If 𝑃 is prime submodule of ₳′ then ℎ−1(𝑃) 

is prime submodule of ₳. 

3. Main Results  

      This section presents the main results of this work. We started as follows. 

Definition 3.1 Suppose ₳ be an R-module and Τ ≤ ₳. The submodule 𝔄 of ₳ is said to be PT-

essential in ₳ (𝔄 ≤𝑃𝑇𝐸 ₳) in case there exist proper submodule 𝔇 of prime submodule 𝑃 of ₳   in 

which 𝔄 ≰ Τ, 𝔄 ∩ 𝔇 ≤ Τ implies 𝔇 ≤ Τ. 

Remarks and Examples 
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1. Consider 𝑍24 as Z-module and let 𝑃 =< 3 >, 𝔇 =< 12 >, Τ =< 6 > with 𝔄 =< 2 >. Then, 𝔄 ≰

Τ and 𝔄 ∩ 𝔇 ≤ Τ which implies 𝔇 ≤ Τ. Thus, 𝔄 ≤𝑃𝑇𝐸 𝑍24. 

2.  Consider 𝑍36 as Z-module and let 𝑃 =< 2 >, 𝔇 =< 12 >, < 18 >  and Τ =< 6 > with 𝔄 =<

3 >. Then, 𝔄 ≤𝑃𝑇𝐸 𝑍36. Since  𝔄 ≰ Τ and 𝔄 ∩ 𝔇 ≤ Τ implies 𝔇 ≤ Τ. 

3. Consider 𝑍12 as Z-module and let 𝑃 =< 3 >, 𝔇 =< 6 >, Τ =< 4 > with 𝔄 =< 2 >. 

Then, 𝔄 ≰𝑃𝑇𝐸 𝑍12. Since  𝔄 ∩ 𝔇 ≰ Τ. 

 4. Any PT-essential submodule is P-essential but not conversely. For example, consider 𝑍24 as 

Z-module and let 𝑃 =< 2 >, 𝔇 = {< 12 >, < 6 >, < 18 >}, Τ =< 4 > with 𝔄 =< 6 >. Then, 𝔄 

is P-essential but not PT-essential because < 6 >∩< 6 >=< 6 >≰ Τ and  < 6 >∩< 18 >=<

18 >≰ Τ. 

 5. Any  ST-essential submodule is PT-essential but not conversely. For example, consider 𝑍24 as 

Z-module and let 𝔄 =< 2 >, Τ =< 6 >, and 𝑃 =< 3 > with 𝔇 = {< 0 >, < 6 >, < 12 >, <

18 >}. Thus, 𝔄 ≰ Τ and 𝔄 ∩ 𝔇 ≤ Τ ⟹ 𝔇 ≤ Τ. Thus, 𝔄 is PT-essential but not ST-essential in 

𝑍24. Because < 18 > is not small in  𝑍24. 

  6. Any T-essential submodule is PT-essential but not conversely. For example, consider 𝑍24 as 

Z-module and let 𝑃 =< 3 >, Τ =< 6 > , 𝔄 =< 2 >and 𝔇 = {< 6 >, < 12 >, < 18 >}. Then, 𝔄 

is PT-essential but not T-essential in 𝑍24. Since, if 𝔇 =< 4 >, < 8 >, then < 2 >∩< 4 >≰ Τ 

and < 2 >∩< 8 >≰ Τ. 

  7. Any PT-essential submodule is P-essential iff Τ={0}. 

Proposition 3.1 The intersection of two PT-essential submodules is not necessary PT-essential 

submodule. 

Example 3.1 By remarks and examples (5),(6) we have < 2 >≤𝑃𝑇𝐸 𝑍24, < 3 >≤𝑃𝑇𝐸 𝑍24. But < 2 >

∩< 3 >=< 6 >≰𝑃𝑇𝐸 𝑍24. 

Proposition 3.2 Suppose ₳ be an R-module and 𝔄, Τ are submodules of ₳ for which Τ ≰ 𝔄. Then, 

𝔄 is PT-essential submodule iff there exist a submodule 𝔇 of prime submodule 𝑃 of ₳ s.t 𝔄 ∩ 𝔇 ≰

Τ implies 𝔇 ≰ Τ. 

Proof: Let 𝔄 ≤𝑃𝑇𝐸 ₳ and 𝔄 ∩ 𝔇 ≰ Τ for some submodule 𝔇 of prime submodule 𝑃 of ₳. Assume 

𝔇 ≤ Τ then since 𝔄 ≤𝑃𝑇𝐸 ₳   we get 𝔄 ∩ 𝔇 ≤ Τ which is contradiction. Conversely, let 𝔄 ∩ 𝔇 ≤ Τ 

for some 𝔇 ≤ 𝑃 to prove 𝔇 ≤ Τ. Assume 𝔇 ≰ Τ then 𝔄 ∩ 𝔇 ≰ Τ which is contradiction. Thus, 

𝔄 ≤𝑃𝑇𝐸 ₳. ∎ 

Proposition 3.3 Let ℎ: ₳ ⟶ ₳′ be a module epimorphism. Moreover, let 𝔄, Τ are submodules of ₳   

in which 𝔄 ≤𝑃𝑇𝐸 ₳. Then, ℎ(𝔄) ≤𝑃ℎ(𝑇)𝐸 ₳′. 

Proof: Let ℎ(𝔄) ∩ 𝔇 ≤ ℎ(Τ) for some 𝔇 ≤ 𝑃 of ₳′. Our claim that 𝔇 ≤ ℎ(Τ). Now, 𝔄 ∩ ℎ−1(𝔇) ≤

Τ. Since 𝔄 ≤𝑃𝑇𝐸 ₳ then ℎ−1(𝔇) ≤ Τ. By Proposition 2.2,  ℎ−1(𝑃) is prime submodule of ₳ which 

gives that ℎ−1(𝔇) ≤ ℎ−1(𝑃). That is 𝔇 ≤ ℎ(Τ). Therefore, ℎ(𝔄) ≤𝑃ℎ(𝑇)𝐸 ₳′. 
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Corollary 3.1 If ℎ: ₳ ⟶ ₳′ be a module epimorphism. Moreover, let 𝔄, Τ are submodules of ₳  in 

which 𝔄 ≤𝑃𝑇𝐸 ₳′. Then, ℎ−1(𝔄) ≤𝑃ℎ−1(𝑇)𝐸 ₳. 

Proof: Let ℎ−1(𝔄) ∩ 𝔇 ≤ ℎ−1(Τ) for some 𝔇 ≤ 𝑃 of ₳. We claim that 𝔇 ≤ ℎ−1(Τ). This gives that 

𝔄 ∩ ℎ(𝔇) ≤ Τ. Since 𝔄 ≤𝑃𝑇𝐸 ₳′ then ℎ(𝔇) ≤ Τ. By Proposition 2.2,  ℎ(𝑃) is prime submodule of ₳′ 

which gives that ℎ(𝔇) ⊆ ℎ(𝑃). That is 𝔇 ≤ ℎ−1(Τ). Thus, ℎ−1(𝔄) ≤𝑃ℎ−1(𝑇)𝐸 ₳.∎  

Proposition 3.4 The submodule of PT-essential submodule is not necessary PT-essential. For 

example, in remarks and example point (3) < 6 >≤𝑃𝑇𝐸 𝑍24 and < 12 >≤< 6 > but < 12 >

≰𝑃𝑇𝐸 𝑍24. Since < 12 >∩< 8 >=< 0 >≤ Τ but < 8 >≰ Τ where Τ =< 3 >.  

Proposition 3.5 Let 𝔈 ≤ 𝔉 ≤ 𝔊 with Τ are submodules of ₳. If 𝔈 ≤𝑃𝑇𝐸 𝔉 and 𝔉 ≤𝑃𝑇𝐸 𝔊 then 

𝔈 ≤𝑃𝑇𝐸 𝔊. 

Proof: Assume 𝔈 ≰𝑃𝑇𝐸 𝔉 then by Definition 3.1, 𝔇 ≰ Τ and 𝔈 ∩ 𝔇 ≰ Τ for some proper submodule 

𝔇 of prime submodule 𝑃 of ₳. Since any PT-essential submodule is P-essential and 𝔈 ≤ 𝔉, then 

we get 𝔉 ≰𝑃𝑇𝐸 𝔊 and will be contradiction by Proposition 2.1. ∎ 

Definition 3.2 The R-homomorphism modules ℎ: ₳ ⟶ ₳′ is called PT-essential iff 𝐼𝑚(ℎ) is PT-

essential. 

Proposition 3.6 Let ℎ1: ₳ ⟶ ₳′, ℎ2: ₳′ ⟶ ₳′′ are PT-essential R-homomorphisms. Then, 

(ℎ2 ∘ ℎ1): ₳ ⟶ ₳′′ is PT-essential R-homomorphism. 

Proof: Assume (ℎ2 ∘ ℎ1): ₳ ⟶ ₳′′ is not PT-essential R-homomorphism. Then, By Definition 3.2, 

for some submodule 𝔇 of prime submodule 𝑃 of ₳′′  we have 𝐼𝑚((ℎ2 ∘ ℎ1)) ∩ 𝔇 ≰ Τ and 𝔇 ≰ Τ. 

Then, since 𝐼𝑚((ℎ2 ∘ ℎ1)) ⊆ 𝐼𝑚(ℎ2) implies 𝐼𝑚(ℎ2) ∩ 𝔇 ≰ Τ which contradict the assumption. 

Therefore, as required. ∎ 

Definition 3.3 Suppose ₳ be an R-module and 𝔄, Τ ≤ ₳. The submodule 𝔇 of a prime submodule 

𝑃 of ₳ said to be PT-complement of 𝔄 in ₳ (𝔇 PT-c of 𝔄 in ₳ ), in case  𝔇 is maximal and  𝔄 ∩ 𝔇 ≤

Τ. 

Remarks and Examples 

1. Consider 𝑍12 as Z-module and let 𝑃 =< 3 >, 𝔇 =< 6 >, Τ =< 6 > with 𝔄 =< 2 >. Then, 

𝔇 is maximal and  𝔄 ∩ 𝔇 ≤ Τ. Thus, 𝔇 is PT-c of 𝔄 in 𝑍12. 

2. Consider 𝑍24 as Z-module and let 𝔄 =< 6 >, Τ =< 3 > and 𝑃 =< 2 >. Then, 𝔈 =< 12 >

, 𝔉 =< 4 >, 𝔊 =< 8 > are PT-c of 𝔄 in 𝑍24. 

3. If 𝔄, Τ ≤ ₳  and 𝑃 is prime submodule of ₳.Then, the PT-c of 𝔄 is not unique. 

4. If 𝔈, 𝔉 are PT-comlements of 𝔄. Then, 𝔈 ∩ 𝔉 is not necessary too. For example, by point 

(2), 𝔈, 𝔊 are PT-c of 𝔄 but 𝔈 ∩ 𝔊 = {0} which is not PT-c of 𝔄 because it is not maximal. 

 

Theorem 3.1 Suppose ₳ be R-module and 𝔄, Τ ≤ ₳ with 𝑃 is prime submodule of  ₳. Then, 𝔄 has 

PT-c in ₳.  
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Proof: Let 𝔄, Τ ≤ ₳ with 𝑃 is prime submodule of ₳ and 𝔇 ≤ 𝑃. Furthermore, let Γ = {𝔇 ≤ 𝑃: 𝔄 ∩

𝔇 ≤ Τ}. Then, when 0 ∈ Γ implies Γ ≠ 𝛷. Now, let {ℭ𝛾}𝛾∈𝐼 be a chain in Γ, then ⋃ ℭ𝛾 ≤ ₳𝛾∈𝐼 . Since 

𝔄 ∩ (⋃ ℭ𝛾𝛾∈𝐼 ) = ⋃ (𝔄 ∩ ℭ𝛾) ≤ Τ𝛾∈𝐼 , then ⋃ ℭ𝛾 ∈ Γ𝛾∈𝐼 . According to Zoren's lemma Γ has a 

maximal element say 𝔈. Thus, 𝔈 must be PT-c of 𝔄 in ₳. If 𝔉 ≤ 𝑃 in which 𝔈 ⊈ 𝔉 and 𝔄 ∩ 𝔉 ≤ Τ 

then 𝔉 ∈ Γ which is contradiction. Therefore, 𝔈 = 𝔉 and 𝔄 has PT-c in ₳. ∎ 

Definition 3.4 Suppose ₳ be an R-module and Τ ≤ ₳. The submodule 𝔄 of ₳ is said to be P-Small 

T-essential in ₳ (𝔄 ≤𝑃𝑆𝑇 ₳) in case any small submodule 𝔇 of prime submodule 𝑃 of ₳   in which 

𝔄 ≰ Τ, 𝔄 ∩ 𝔇 ≤ Τ implies 𝔇 ≤ Τ. 

Remarks and Examples 

1. Consider 𝑍24 as Z-module and let 𝔄 =< 8 >, Τ =< 3 > and 𝑃 =< 2 > with  𝔇 =< 12 >, <

6 > are small submodules of 𝑃 in ₳. Then, 𝔄 is PST-essential in 𝑍24. 

2. Consider 𝑍12 as Z-module and let 𝑃 =< 3 >, Τ =< 4 >, 𝔇 =< 0 >< 6 > are small 

submodules in 𝑍12. Let 𝔄 =< 2 >. Then, 𝔄 is not PST-essential in 𝑍12. Since < 2 >∩< 6 >

=< 6 >≰ Τ and < 6 >≰ Τ. 

3. Consider 𝑍36 as Z-module and let 𝔄 =< 4 >, Τ =< 3 > and 𝑃 =< 2 > with  𝔇 =< 12 >, <

6 >, < 18 > are small submodules of 𝑃 in 𝑍36. Then, 𝔄 is PST-essential in 𝑍24. 

4. The concepts of PST-essential and ST-essential are equivalent.  

5. Any PST-essential submodule is PT-essenial submodule but not conversely. This is clear 

by definitions. 

 

Proposition 3.7 Suppose ₳ be an R-module and 𝔄, Τ are submodules of ₳ for which Τ ≰ 𝔄. Then, 

𝔄 is PST-essential submodule iff for any small submodule 𝔇 of prime submodule 𝑃 of ₳ s.t 𝔄 ∩

𝔇 ≰ Τ implies 𝔇 ≰ Τ.  

Proof: Let 𝔄 ≤𝑃𝑆𝑇 ₳ then for any small submodule 𝔇 of prime submodule 𝑃 of ₳ we have 𝔄 ∩ 𝔇 ≤

Τ and 𝔇 ≤ Τ. Assume 𝔄 ∩ 𝔇 ≰ Τ then we get contradiction. Conversely, to show that 𝔄 ≤𝑃𝑆𝑇 ₳, 

let 𝔄 ∩ 𝔇 ≤ Τ for any small submodule 𝔇 of prime submodule 𝑃 of ₳ to prove 𝔇 ≤ Τ. Assume 

𝔇 ≰ Τ then we have 𝔄 ∩ 𝔇 ≰ Τ which is contradiction. Thus, 𝔄 ≤𝑃𝑆𝑇 ₳. ∎ 

Proposition 3.8 Let ℎ: ₳ ⟶ ₳′ be modules epimorphism. Moreover, let 𝔄, Τ are submodules of ₳′ 

in which 𝔄 ≤𝑃𝑆𝑇 ₳′. Then, ℎ−1(𝔄) ≤𝑃𝑆𝑇 ₳. 

Proof: Suppose ℎ−1(𝔄) ∩ 𝔇 ≤ ℎ−1(Τ) for any small submodule 𝔇 of 𝑃 of ₳. We claim that 𝔇 ≤

ℎ−1(Τ). From this we get 𝔄 ∩ ℎ(𝔇) ≤ Τ and 𝔄 ≤ ₳. By Proposition 2.2,  ℎ(𝑃) is prime submodule 

of ₳′ which gives that ℎ(𝔇) ⊆ ℎ(𝑃). Since 𝔄 ≤𝑃𝑆𝑇 ₳′ then ℎ(𝔇) ≤ Τ which gives that  𝔇 ≤ ℎ−1(Τ). 

Thus, ℎ−1(𝔄) ≤𝑃𝑆ℎ−1(𝑇) ₳. ∎ 

Corollary 3.2 Let ℎ: ₳ ⟶ ₳′ be modules epimorphism. Moreover, let 𝔄, Τ are submodules of ₳ in 

which 𝔄 ≤𝑃𝑆𝑇 ₳. Then, ℎ(𝔄) ≰𝑃𝑆ℎ (𝑇) ₳. 
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Example 3.2 [4] Let ℎ: 𝑍10 ⟶ 𝑍20 be a function such that ℎ(𝑥) = 2𝑥, ∀𝑥 ∈ 𝑍10. Then, < 10 > is 

small submodule in 𝑍20 but ℎ−1(< 10 >) =< 5 > is not small submodule in 𝑍10.  

Definition 3.5 The R-homomorphism modules ℎ: ₳ ⟶ ₳′ is called PST-essential iff 𝐼𝑚(ℎ) is PST-

essential.  

Proposition 3.9 Let ℎ1: ₳ ⟶ ₳′, ℎ2: ₳′ ⟶ ₳′′ are PST-essential R-homomorphisms. Then, 

(ℎ2 ∘ ℎ1): ₳ ⟶ ₳′′ is not PST-essential R-homomorphism.  

Proof: Assume (ℎ2 ∘ ℎ1): ₳ ⟶ ₳′′ is a PST-essential R-homomorphism. Then, 𝐼𝑚((ℎ2 ∘

ℎ1)) ≤𝑃𝑆𝑇 ₳′′. By Definition 3.3 we have Τ ≤ ₳′′ with prime submodule 𝑃 ≤ ₳′′ contains a small 

submodule 𝔇 for which (𝐼𝑚(ℎ2 ∘ ℎ1)) ∩ 𝔇 ≤ Τ and 𝔇 ≤ Τ. Since 𝐼𝑚(ℎ2 ∘ ℎ1) ⊆ 𝐼𝑚(ℎ2), then 

𝐼𝑚(ℎ2) ∩ 𝔇 ≤ Τ. Since ℎ2: ₳′ ⟶ ₳′′ is R-homomorphism and 𝔇 ≪ ₳′′, then ℎ2
−1(𝔇) is small in ₳′. 

But Corollary 3.2. make this way is not true which gives a contradiction with the assumption that 

ℎ1: ₳ ⟶ ₳′ is PST-essential. Therefore, as desired. ∎  

 

4. Conclusion  

This work presented the concepts of PT-essential and PST-essential submodules. The 

obtained results showed that the image (pre-image) of PT-essential submodule is also PT-

essential submodule. Also, the image of PST-essential submodule is PST-essential. While, the 

inverse image is not PST-essential because the inverse image of small submodule is not 

necessarily small as shown in example 3.1. Based on this work, many results can be extended. 
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