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Abstract. In this article, we present a new class of asymptotic contractions in the context of the usual metric spaces. We
establish a few fixed point theorems related to our newly introduced weakly asymptotic Ciric type contractions. Also,
we provide a constructive numerical example to support our main results. Moreover, we use our results to establish the

existence of solutions for a specific kind of cantilever beam problem: a fourth-order two-point boundary value problem.

1. INTRODUCTION

The classical Banach contraction principle stands out as a highly valuable discovery in nonlinear
analysis. Over the past century, a great deal of work has been done by mathematicians to obtain
plenty of contractions, which they have used to discover a number of significant fixed points.
One of the earliest versions of Banach’s principle, credited to Caccioppoli [8], suggests the idea of
“asymptotic contractions”.

In 2003, Kirk [13] further developed this concept by introducing asymptotic contraction map-
pings, proving that such a mapping () on a complete metric space Z has a unique fixed point,
provided that () has a bounded orbit, thereby broadening the scope of Banach contraction map-
ping.

Following this, Xu [17] introduced the notion of weak asymptotic contraction, demonstrating
that such contractions, when operating on a complete metric space with a bounded orbit, ensure the
existence of a unique fixed point using the ultra product technique. Numerous concepts associated
with such types of contractions have been studied by renowned mathematicians in various ways,
and consequently, many interesting results are provided in the literature (see [1,2,5,6,11,14-16]).

Later, Goyal [10] generalized Xu's result [17] by relaxing the continuity requirement. He demon-

strated that the result remains valid when continuity is replaced by upper semicontinuity. A few
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years ago, Bera et al. [7] established the notion of asymptotic contraction in pairs, both for two
mappings and for a finite family of mappings. Recently, Karmakar et al. [12] proposed two distinct
forms of asymptotic contractions, referred to as Reich type and Chatterjea type weak asymptotic
contractions.

Based on these motivations, we introduce a generalized type of asymptotic contraction: weakly
asymptotic Ciric type contraction, which is more generalised version of other existing asymptotic
type of contractions. We also establish the existence of a fixed point for this new contraction,
supported by a relevant example. Finally, we apply our result to solve a special case of a cantilever

beam problem, along with a numerical illustration.

2. PRELIMINARIES

To present our findings, we need the following essential definitions and results.

Let (Z,d) be a metric space, where d : Zx Z — [0, 00) is a metric on the nonempty set Z. Let
¥ denote the collection of functions comprising all functions ¢ : [0, c0) — [0, o) which are upper
semi-continuous and satisfying 1(w) < w for w > 0, and (0) = 0.

Consider any function 1 € ¥, the function IIJ is defined as

P(t) = max{l,b(w) cw e 0, ﬂ@},

where R(d) = {d(i, ) : i, j € Z} denotes the range of d, and R(d) denotes its closure.
Following three properties of ¢ are due to Goyal [10]:

(1) ¢ is upper semi-continuous;
() P(t) <tVt>0;

(3) 1 is increasing.

Definition 2.1. [9] In a metric space (Z,d), consider a mapping Q) from Z to itself. The orbit of Q) at a
specific point o € Z is denoted as O,(Q) and defined as O,(Q)) = {0, 0o, %0,0%, - - } If the set O,(Q})
is bounded within the metric space (Z,d), then we say that Q) has a bounded orbit at 0 € Z.

Definition 2.2. [9] Suppose Q) : Z — Z is a self-mapping on the metric space (Z,d). If for any o € Z and
for every sequence {p,} in the orbit O,(Q2), such that p, — s implies Qp, — Qp as r approaches to infinity,
then Q) is known as orbitally continuous.

Definition 2.3. Consider a metric space (Z,d) that is complete. A map Q) : Z — Z is called a contraction
if
d(Qo, Qp) < Ad(o,p), forallo,p e Z, (2.1)

where A € [0,1) is a constant.

Banach [3] established that every contraction on a complete metric space has a unique fixed point.
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Definition 2.4. [13] Suppose a metric space (Z,d) that is complete. A self-mapping Q) : Z — Z is called
an asymptotic contraction if there exists a family of functions {i,},>1 where each V, : [0, 00) — [0, o0) for
allo,pe Zandallr > 1

d(Qo, 'p) < ¢y (d(o,p)), (22)
oi Y, < o0 and if Y, — P € Y uniformly on the range of d.
r=1

Kirk [13] showed that an asymptotic contraction on a complete metric space has a unique fixed

point, provided some orbit of (2 is bounded.

Definition 2.5. [17] Consider a complete metric space (Z,d). A continuous mapping Q) : Z — Z is said
to be a weakly asymptotic contraction provided that, for any given 6 > 0, there exists an integer r5 > 1 such
that

(% (0), 0" (p)) < (d(o,p)) +0 23)
forallo,p € Z, where ¢ € Y.

Xu [17] proved that in a complete metric space, a weakly asymptotic contraction has unique

fixed point if it has a bounded orbit.

Definition 2.6. [4] A self-map Q) is called asymptotically regular if for each r € (),
lim d(Q1r, Qr) = 0.

r—00

Definition 2.7. [17] Let (Z,d) be a complete metric space. A self-map Q) : Z — Z is called a limiting
asymptotic contraction if
limsupd(Q'r, (V's) < y(d(r,s)), (2.4)
r—o0

forallr,s € Z, where Y € Y is given function.

3. Resurrt DiscussioN

In this section, we first introduce the concept of weakly asymptotic Ciric type contraction.

Definition 3.1. Consider a metric space (Z,d) that is complete. A continuous map Q) : Z — Z is termed

a weakly asymptotic Ciric type contraction if for a given 6 > 0, there exists an integer rs > 1 such that
d(Q)0,O)0p) < gb[md(o,p) + axd(0,Q0) + azd(p, Qp) + asd(o, Qp) + asd(p, Qo)] +0 (3.1)
forall o,p € Z, where the constants satisfy ay,a,a3,a4,a5 > 0 and a; 4+ ap + az + 2a4 +as < 1.

(1) If a1 = 1 and all other coefficients are zero, then () reduces to the weakly asymptotic
contraction.

(2) If ay = as = 0, then Q) is a Reich type weakly asymptotic contraction (see [12]).

(3) If ap = a3 = 0, then Q) is a Chatterjea type weakly asymptotic contraction (see [12]).
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Before proving the main theorem, we establish the connection between the limiting asymptotic

contraction and asymptotically regular properties.

Theorem 3.1. Assume the metric space (Z,d) is complete. If a continuous map Q) : Z — Z is a limiting
asymptotic contraction, then ) is asymptotically regular.
Proof. Let o € Z be an arbitrary element. Since () is a limiting asymptotic contraction by Theorem
4in [17], we get
lim d(Q)Y0,Op) =0 (3.2)
r—00

forallo,p € Z. Now, we have,
d(QYo, Vo) = d((Vo, OV (Qo)).
Taking the limit as » — oo and by (3.2) we get
lim d(Q'0, " 10) = 0.

r—00

Since o is chosen arbitrarily, () is asymptotically regular. m]

The following result establishes the existence and uniqueness of a fixed point for weakly as-

ymptotic Ciric contractions.

Theorem 3.2. Assume (Z,d) is a complete metric space. If a continuous map Q) : Z — Z is a weakly

asymptotic Ciric contraction and C) is orbitally bounded, then it has exactly one fixed point.

Proof. Let o be a arbitrary but fixed element of Z and let us consider the Picard sequence 0; =
0o, 02 = Qo; continuing in this way the " term of the sequence is 0, = (o,_1 = (V0.

Since () is orbitally bounded we get the following:

A =limsupd(oy,0,41) < 0. (3.3)

r—00

Since () is a weakly asymptotic Ciric type contraction we have
d(Q'o,,0%0,,1) < w[ald(or,o,H) + apd(oy, Qoy) + azd(0y41, Qopy1) + agd(or, Q0y11) + asd(0r41, Qor)] +06
= J[md(0r,0r11) +2d(0r,0741) + a3d(0r-+1,0742) + a3 (0r, 0r1.2) + a5 (0741, 0r1.1)] + 6.
By applying the triangle inequality and the increasing property of i) we get the following
(%0, 0%0,,1) < lﬁ[ald(or, 0r41) + axd(0r,0r11) + a3d(0441,0r12) + a4(d(or, 0r41) +d(0p41, or+2))] + 6.

In the previous equation, if we take lim sup on both sides, we obtain

r—00

limsup d(Q"%0,, V?0,41) < limsup gﬁ[ald(or, 0r4+1) + a2d(0r,0r41) + a3d(0y41,0r4+2)

r—00 r—00

+ a4(d(or, 0r+1) +d(0,41, oﬁLz))] + 0.
Thus,

A< &[(ﬂl +ay +as —|—2(14)A] + 0.
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But 0 > 0 is arbitrary, therefore
A< yﬁ[(al +ap +az+ 2a4)A].
Since a1 + az +az +2a4 < 1 —as < 1 and by the property of  we have
lim sup d(Q"0,, V%0,41) = 0. (3.4)

r—00

Now, for all r,s > 1, let us define
drs :=d(0YVo, Vo).
Define,
doo = hfrsl _s)gp drs = 1<h_>r£10 s.up{alr,S 11,8 > k} < oo, (3.5)

Since () is a weakly asymptotic Ciric type contraction, therefore for a given 6 > 0 there exists a
rs € IN such that

drs =d(YVo,0%) = d(QV* (Y 0), 0" (O "0))
< gb{md(Q’_’bo, O°70) 4+ axd(QY %0, A(OV"%0)) + azd (00, (O "00))
+ a4d(Q) 00, (O 70)) + asd (00, Q(Qr_“o))} +0.
From the above equation we get,
d(Q"(Q"0), V(¥ 0)) < gﬂ{ald(ﬂr'réo, QF720) + ad(Q 00, V" 0) 4 azd(QF 00, Q0T o)
+ agd(QY 00, Q0T L) + asd (O "0, Qr_rﬁlo)} + 6.
By triangle inequality and the property of i
d(Q" (O 0), V(O "00)) < gﬂ{ald(ﬂr‘réo, QF700) + axd(Q) 00, V"0 0) 4 azd (O 00, 0T o)
+ay [d(Qr_’l‘o, Qo) 4 d(Q e, QS_"‘“O)]
+asd (¥ o, Qr_ré“o)} +0.

Applying lim sup on both sides, we have

r,8—00

limsup d(QY? (Y "°0), V(¥ "0)) < lim sup 175{51161(0?_"’0, Q5 700) 4 apd(Q' 00, ) o)

r,§—00 7,5—00

+ agd(Qs_r‘SO, Qs—r5+10) + a4(d(0r—r50, Qr—r5+10)
+d(Q et Qs_rb“o)) +asd (¥ "o, Qr_"’“o)} + 6.
Using (3.4) we get

lim sup d(Q"° () 0), Q" (Q°"0)) < limsup lﬁ{éﬁd ("0, (¥ "00) 4 a4(d (O o0, (Y0 o)

7,8—>00 7,8—00
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(o, o 0)) 4 asd (O oo, Qr—f6+1o)} Lo
Therefore, by (3.5)
doo < 1/7{(11 +ay + a5)doo} + 6.
Since 0 is arbitrary and ay +a + a3 + 2a4 +as < 1, we have

limsupd(Q’o, O%0) = 0. (3.6)

r—00
From the above, we can conclude that the sequence {()0} is a Cauchy. Given that (Z,d) is a
complete metric space, the sequence {{)'0} — p in Z. By the continuity of (), it implies that p is a

tixed point of (). The uniqueness is easily follows from the contraction. m|

Theorem 3.3. Consider a metric space (Z,d) that is complete and 1 is a contractive gauge function.
Assuming Q) : Z — Z has an orbitally bounded at o € Z and orbitally continuous. Moreover, for each
0 > 0, there exists a rs € IN satisfying

d(QY%0,O0%p) < ¢ max{d(o,p),d(o, 0o),d(p, Qp),d (o, Qp),d(p, Qo)} +0, (3.7)
forallo,p € Z, then () has exactly one fixed point and sequence {{) o} converges to it.

Proof. Consider an arbitrary fixed element o € Z and generate a sequence {o,} defined as o, = (Yo
for all ¥ € IN. Given that () is orbitally bounded, we get A = limsup d(oy,0,11) < . Let 6 > 0 be

r—00

arbitrary. According to (3.7), for all o, p € Z there exists a 75 € IN such that
d(QY%0,, O0%0,11) < Y maX{d(or, 0r41),d(0r, Q0;),d(0441, Q0r41),d(0r, Qor+1)/d(0r+1z007)} +0
<y maX{d(or, 0r+1)rd(or/07+2)zd(0r+1/0r+2)} + 0.

Now, we discuss the following cases:

Case 1: If max{d(or, 0r+1),d(0y,0042),d(0r41, or+2)} = d(oy,0r+1), then we have
d(QY?0,, V%0,11) < Yd(0r,0r41) + 0.
By increasing property of i we get,
d(Qe0,, Q%0,11) < Pd(0y,0r41) + 0.

Taking lim sup on both sides, we obtain

r—00

lim sup d(Q)%0,, V'%0,,1) < Plimsupd(oy,0,41) + 0,

r—00 r—00

which implies, A < (A) + 6. As 6 > 0, we have A = 0.

Case 2: If max{d(or, 0r+1),d(0y,0042),d(0r41, or+2)} = d(or,0r42), then we have

d(QY%0,, O0%0,11) < d(0r,0r42) + 0.
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By triangular inequality,

d(Q%0,,0%0,11) < Y(d(oy,0r41) + d(0441,0042)) + 0.
By increasing property of  we get,

d(Q0,, %0, 1) < ¥(d(0y,0,41) +d(0r41,0,12)) + 6.

Taking lim sup on both sides, we obtain

r—00

lim sup d(QY%0,, V'%0,,1) < Plimsup(d(oy,0,41) +d(0y41,0,12)) + 0,

r—00 r—00

which implies, A < ¢(2A) + 6. As 6 > 0, we have A = 0.

Case 3: If max{d(or, 0r41),d(0y,0r42),d(0r11, 0,+2)} = d(0y41,0r42), then we have
d(Q%0,, O%0r11) < Yd(0r41,0r42) + 0.
By increasing property of i we get,
d(Q"%o,,0V%0,.1) < Pd(0y41,0r42) + 0.

By taking lim sup in both sides we get

r—00

lim sup d(Q)%0,, V'%0,,1) < P limsupd(o,41,0,42) + 0,

r—00 r—00

which implies, A < ¢(A) + 6. As 6 > 0, we have A = 0. From all the above cases, we get,
lim sup d(Q"%0,, Y%0,41) = 0.

r—00

Now, we assume d, s = d(()'o,(Y0) Y r,5s >1and

dew = limsupd,s = lim sup{dns 11,8 > k}.

r,5—00 k—o00

If 6 > 0 is arbitrarily chosen, then for all 7, s € IN there exists a 75 € IN such that

dys = d(Qo, (%0) = d(Q° (O "0), (U (7))

(3.8)

< gbmax{d(ﬂr_“o, Or’0),d(QY 0, (O 0)),d( 00, A 0)),d(OY 00, A 0)),

4(QF "0, Q(Q’—foo))} 4o

= 17[) max{d(or—rb/ Os—r; )/ d(or—rbz Or—rs+1 )/ d(os—rbr Os—rs5+1 )/ d(or—rbr Os—rs+1 )/ d(os—rbr Or—rs+1 )} +6

< I;E max{d<0r—r5/ Os—rs )/ d(Or—r5/ Or—rs+1 )/ d(os—r(s/ Os—rs+1 )/ d(or—r5/ Os—rs+1 )/ d(os—r(s/ Or—rs+1 )} +0

dys < Y max{dr—ro,s—rb/ dr—ré,r—ré-i-lr ds—m,s—rﬁ—lr d7—75,5—7’5+1l ds—ré,r—r(s—&-l} +0.

Consider,

lim sup ¢ max{dr—rg,s—rér dr—ro,r—rb+1/ ds—rb,s—rb +1/ dr—rh,s—rmtll ds—rb,r—errl}

r,8—00
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< IP(hm sup max{dr—r(;,s—r(s/ dr—r(;,r—r(s-i-l/ ds—ré,s—ré +1s d7—75,5—75+1/ ds—ré,r—r(; +1 })

7,500

which implies,

lim sup Eb max{dr—ré,s—ré 7 dr—ré,r—ré +1/s ds—r(;,s—réJrl/ dr—ré,s—rtg +1, ds—r‘s,r—rmtl}

7,5—00
dr—ra,S—rér dr—fa,T—TzHrl’ ds_rb's_yf’Jrl'
dr—r5,r—r5+1 -+ dr—7‘5+1,5_7'6+1’

< ¢ limsup max
k—o0 ds—ré,s—r(s—H + ds—r5+1,r—r§+l :

r—rs+1,s—rs+1>k

Let lim sup max{dr—ré,s—r(s/ dr—rb-,r—ré +1, ds—ré,s—r5+1/ dr—ré,r—r5+1 + dr—rb- +1,5—r5+1s

r,5—00
ds—rb,s—errl + ds—rh+1,r—ra+1} =5,
then
dr—ré,s—réz dr—rb,r—rb +1s ds—rb,s—roJrl/
df—mr—hwl + dr—r5+1,s—ré+1/

lim sup max =S. (3.9)
k—oo ds—ré,s—ré—H + ds—r5+1,r—r5+1 :

r—rs+1,s—rs+1>k
Since ¢ is upper semi-continuous, we get
kh—>n;> &(SUP max{dr—rg;,s—rbz dr—ré,r—r§+l/ ds—ré,s—r5+1/ dr—ré,s—r5+1/ ds—ré,r—r(ﬁl}
cm—rs+1,r—71s zk)s P(S).
Obviously,
Sup{lﬁ( max{dr—ré,s—ry dr—ré,r—r(5+1/ ds—ré,s—r‘erl/ dr—ré,s—rb-Jrl/ ds—r‘s,r—r5+l tm—rs+ 1/ r—7rs 2 k})}
< J}( Sup{max{dr—ré,s—rg,/ dr—r(;,r—ré—&-l/ ds—76,5—75+1/ dr—ré,s—r(s +1/ ds—ré,r—r(s—&-l

:m—ré—f—l,r—rézk}})

Hence, lim sup 1;[1( max{dr—ré,s—ry dr—rb,r—rb—i—l/ dS—T’g,,S—Tb +1s dr—ré,s—r(s—&-l/ dS—Vg),I’—Vg)-i-l

k—o0
:m—r5+1,r—r52k})§1,5(5)

which implies,

lim sup ED( max{dr—n;,s—ré/ dr—rb,r—errlz ds—rb,s—errl/ dr—rb,s—errl/ ds—rb,r—rg, +1 }) < I]B(S) . (3.10)

7,8—00
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Substituting (3.9) in (3.10),

lim sup Qb(max{dr—rb,s—rb/ dr—ré,r—ré-i-lr ds—ré,s—rb—&-l/ dr—ré,s—ré-i-l/ ds—ré,r—ré +1 })

7,5—00

< HD( lim sup max{dr—r5,5—75/ dr—ré,r—r‘erlr ds—ré,s—rb' +1/ dr—r(;,s—errl/ ds—ré,r—rb- +1})

7,8—00
Now, we discuss the following subcases:
Subcase 1:
dr—ré,s—rty dr—rb,r—rb +1s dS—I’b,S—Tg)+1/
dr—ré,r—rﬁJrl + dr—r(5+1,s—rb+1/

If max - dr—ré,s—ré
ds—ré,s—rls-i-l + ds—m—&-l,r—m—&—l :

r—rs+1,s—rs+1>k

then we get

lim sup max{dr—ré,s—ry dr—r(;,r—rb+1/ ds—r@,s—errl/ dr—rb,s—rb +1s ds—rb,r—rg,Jrl} = deo.

7,500

Hence, we obtain

limsupd, s < l/j(doo) +06

7,8—00
implies do, < J}(doo) + 0itis applicable to all 6 > 0, so we get dos = 0. Therefore,

lim d(Or,Os) - 0.

r,8—00
Subcase 2:
dr—raxs—ns/ dr—mr—rﬁl/ ds—rb,s—rg,+1/
d"—fo‘/r—r(erl + dr—r5+1,s—rb~+1/

If max = dV—Tb,V—Vgri’l
ds—rl;,s—ré-i-l + ds—r5+1,r—r5+l :

r—rs+1,s—rs+1>k

then from (3.8) we get

lim sup max{dr—ré,s—réz dr—rb,r—r3,+1/ ds—rb,s—rbqtlz dr—rb,s—rb +1s ds—ré,r—rmtl} = 0.

7,5—00

Hence, we obtain

limsupd,s < l/j(doo) +06

7,8—00
implies doo < gﬁ(dm) + 0, it is applicable to all 6 > 0, so we get d, = 0. Therefore,

lim d(o,,05) = 0.

7,8—00
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Subcase 3:
dr—ré,s—r(s/ dr—rb-,r—ré +1, ds—ré,s—ré+1/
dr—rg,r—ré-i-l + dr—r5+1,s—r5+1/

Similarly if max = ds_ry 5-rs+1
As—rss—rs+1 T Asry+1,r-r5+1 :

r—rs+1,s—rs+1>k
then from (3.8) we get

lim sup max{dr—rg;,s—rbr dr—ré,r—r[5+1/ dS—rﬁ,S—ré‘l’ll dr—ré,s—réJrl/ ds—ré,r—réJrl} = 0.

7,8—00

Hence, we obtain

limsupd,s < I,E(doo) +0

7,8—00
implies do, < I,B(doo) + 0, it is applicable to all 6 > 0, so we get d, = 0. Therefore,
lim d(Or, Os) - 0‘

7,5—00
Subcase 4:
dr—r(s,s—ry dr—ré,r—errl/ ds—ré,s—r(wrlz
dr—ré,r—ré—H + dr—r(s-i-l,s—ra-i-lr

If max . = dr—rtg,r—r5+1 + dr—r[5+1,s—r(5+1
d5—75,5—76+1 + ds—m-ﬁ-l,r—m—i—l .

r—rs+1,s—rs+1>k

then we get

lim sup max{dr—rg,,s—réz dr—ré,r—ré+1/ ds—ré,s—r5+1r dr—ré,s—rg, +1s ds—ré,r—r5+1} = deo.

7,8—00

Hence, we obtain

limsupd,s < lﬁ(dm) +0

7,5—00
implies do, < I,B(doo) + 0, it is applicable to all 6 > 0, so we get do, = 0. Therefore,
lim d(o,,05) = 0.

7,5—00
Subcase 5:
dr—ré,s—rg,/ dr—r@,r—errl/ ds—rb,s—errl;
dr—ré,r—ré—&-l + dr—r5+l,s—r5+1/

If max = ds—rb,s—r@Jrl + ds—ro+1,r—rg,+1
d5—75,5—7’5+1 + ds—r(s-i-l,r—n;-i-l :

r—rs+1,s—rs+1>k

then we get

lim sup max{dr—ré,s—ro ’ dr—ré,r—ré—&-l/ ds—m,s—m-i—lr dr—rg,,s—ré +1s ds—ra,r—ré-i-l} = de.

7,500
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Hence, we obtain that

limsupd,s < I,B(doo) +0

7,500

which implies that d., < xﬁ(doo) + 06, for all 6 > 0,. So we get dos = 0. Therefore,

lim d(Or,Os) - 0.

7,86—00

After discussing all possible cases, we obtain that lim d(o,,05) = 0. Hence the sequence {o,}

7,500

is a Cauchy and as metric space (Z,d) is a complete, {0,} — p in Z. Given that, Q) is orbitally
continuous, we get ()p = p. m]

4. NuMEeRICAL EXAMPLE

This section presents an example that illustrates our main result.

Example 4.1. Suppose Z = [51—0, 1] provided with the usual metric d. A self-map Q) : Z — Z is defined by

o0+2

5 Zf510§03%
Qo = )

0 1

3 if 5<0<1

Furthermore, for all t € [0, 00) we choose Y (t) = L. The possible three cases are discussed as follows:

Casel: Ifo € [%, %) andp € (%, 1], then we have the following:

Since 3 — oo, for given & = 1, there exists s € N such that for all s < r

l<1imlies£<l<1
or S PSS 5y S5 sy
In general, for any s < r, we have,
0+3@-1) o+} 2@-2)
Yo= % = Ty
o B+ p+3 L2 (2 2
p= r—s - or=s .38 7 or=s .7 2r=s.35.7
Consider,
0+3 202'-2) p+E 2 2 2
Vo-Opl =175+ %7 =3 7 =7 7537
CJe+F 202-2  p 5 2 (2 7
- or + .7 2r=s .38 2r=s .38 7+ 2r—s.7+2r—s.3s
CJo+3 2(27-2) p 2(2r5 - 1)
- or + or.7 _zr—s,3s_ or=s .7

o+ 2 p 2(2—2_2’—5—1)‘

or  Dr-s.3s + 7\ or or—s

Jo+3 p 2(1 1)

T A P T
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By adding and subtracting some terms we get,

o+? o o _p _p p p p
Oo- Qrp| = 2r - 2r—1 + 2r—1 - 2r—1 2r—l - s . 35—1 + or=s . 35—1 - or=s.3s
u 0 3 1 2
+ 2r—s+1 - 2r—s+1 + 2r=s .7 - or=s.7 - 2r—1 .7
P
_0+7_o+o_r) [ N N
- 2r 2r—1 2r—1 2r—1 2r—l 2r=s. 35—1 or=s . 35—1 or=s ., 35—1
0 0 2 3 2
T or—s+1 B 2r—s+1 - or-s+1.7 - 2r=s .7 B or=1.7
P
t7_ o o P P __ P P 5
- or 2r—1 2r—1 2r—1 Zr—l 2r=s. 35—1 or=s . 35—1 or=s ., 35—1
0 0 2 p p 3 2
+ 2r—s+1 - 2r—s+1 - 27—5+1 .7 2r=s - 2r=s + 2r=s.7 - 2r—1 .7
P
S SRR Y S S
| oor or=1 " or-1  9r-1 = or-1  9Jr-s.3s-1 = 2r-s.3s-1  Jr—s.3s-1
5
0 0 gy 3 2
+ or—s+1 - r—s+1 - F + or=s.7 - or-1.7
By triangular inequality,
o+3 5y P
2 0 0 p P p B3 p 3
Qro - Qrp| = 2r—1 - 2r—1 + 2r—1 - 2r—1 + 2r—1 - 2r=s ,35—1 - 2r=s + 2r=s ,35—1 - 2r=s. 35—1
0 3 p 5 3 2
2r—s+1 - 2r—s+1 2r=s - 2r=s + 2r=s .7 - or-1.7
2
3 AL A o 1 1 1 5
~ |2r-1 - 2r-1 2r-1 - 2r-1 + |]9| 2r-1 - or—s .35—1 - 215 .6
4 p o+2
P 5 e 5 N I I
2r=s. 35—1 or=s . 35—1 2r—s+1 2r—s+l or—s or—s 2r=s .7 2r—1 .7
From this,
40, 0p) < d(Qo,0) dlop) |1 1 5 d(p,Qp)  d(o,Qp) d(p, o)
0,25P) = or-1 or-1 2r-1  Jr-s.3s-1 2Jr-s.gq 2r—s.3s-1 2r=s+1 or=s
1] 3 2
T7z= T
4o, arp) < NoP) | 40, 0)  dlpOp) | dlo.Gp)  d(p Lo)
4 p)= or-1 or-1 or—s . 3s-1 or—s+1 r=s
1 1 5 1] 3 2 (1)
+ 2r-1 a or—s . 3s-1 - 2r=s -6‘ ; 2r=s a 2r-1
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Assume,

1 1 5
21—1 - 2r=s. 35—1 2r 5.6

13 2

2rs F

Oy =

As 0, — 0 when r — oo, there exists a natural number k such that |lo/|| < 0 for all r > k. Take
kK = maxik, s + 5} and therefore, for all v > k’, by (4.1), we have

ey o lop) d(o,Qo) d(p,Qp) d(o,Qp) d(p,Qo)
d(Q 0,02 p) < r-1 or-1 or—s . 3s-1 r—s+1 r=s
[d(o,p) +d(0,Q0) +d(p, Qp) +d(o, Qp) +d(p, Qo)]
2
< 2¥]d(o,p) +d(o, ) + d(p, p) + 0, Op) + (p, )| + 6

<

@I)—\

Case 2: Ifo,p € [%, %), then we have the following:

o+2(2 -1 +2(2r -1
|QrO—Qrp|: 7( )_p 7( )‘

Thus,

Thus, we get

2
(Yo, O'p) < %b[d(o,p) +d(o,Q0) +d(p, Qp) +d(o, Qp) +d(p, Qo)] +0. (4.2)
Case 3: Ifo,p € (%, 1], then we have the following:

(27’ S 1) 3S _|_ (21’ S 1)

IQ 0— pr| 2r—s or—s

-0 P 0 w7 (Zr S—1) 2 3g + £ (Zr *—1)
27—5 + ZT—S 21’—5 + 27—5 + 27‘_5 27’_5
o p  #rIEToY Eideeo
Dr—s  Dr-s or—s B or—s
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This implies,

d(Qo,O'p) < 23_5 [d(o,p) +d(0,Q0) +d(p, Qp) +d(o, Qp) +d(p, Qo)]

O | —=

< —[d(o,p) +d(o,Q0) +d(p, Qp) +d(o, Qp) +d(p, Qo)]

Thus, we get

d(Qo, O'p) < % [d(o,p) +d(0,Q0) +d(p, Qp) +d(o,Qp) +d(p,Q0)] +6 (4.3)

for all o,p € Z. Finally, from all the 3 cases we can conclude that, () is a weakly asymptotic Ciric type

contraction on Z.

5. APPLICATION

In this section, we use our result into cantilever beam problem. Let us consider the following

two-point boundary value problem (BVP):
a® (1) = AK(ta(t), x<t<y; }
a(x) =a'(x) =a”(y) =a”(y) =0

where K : [x,y] xR — R is a continuous function, and A > 0. The above-mentioned BVP

(5.1)

represents a beam problem with a uniform load distribution, commonly referred to as a cantilever

beam problem. Equation (5.1) can be expressed equivalently as the subsequent integral equation:

a(t) = /\fy G(t,0)K(0, a(0))do, (5.2)

for t € [x, y], where Green’s function, G : [x,y] X [x, y] = R is defined by

02(t2—§—§)+o3(%—§+§), ifx<o<t<y;
G(t,0) = . i
t2(02—g—%)+t3(%—%+%), ifx<t<o<y.

Now we demonstrate that the boundary value problem (5.1) has a unique solution.

w

Theorem 5.1. Let us assume the following for each a, B € Clx, y|:

Y
sup |K(o,0z(o)) — K(o,B(0 | < max{ sup |« | ) —B(0)|, sup |a(t) —/\f G(t,0)K(0,a(o ))do’,
0€[x,y] 0€[x,y] 0€[x,y]
Y
sup |B )\f G(t B(o))do|,
0€[x,y]
Y
sup |« /\f G(t B(o))do|,
0€[x,y]

Y
sup |B(t) —A f G(t ))do|}
0€[x,y]
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If the function K is bounded and

Y 1
sup f G(t,0)do < T A >0,
]

0€x,y

then the boundary value problem (5.1) has exactly one solution in C|x, y].

Proof. Let (C[x,y],d) be the complete metric space, with a sup metric d on C[x, y|. Initially, we
define Q) on C[x, y] by

Qa)(t) = /\fy G(t,0)K(0, a(0))do,

forall o € C[x,y] and t € [x, y]. Then it becomes clear that ) is a self-map on C[x, y] which is also
continuous. Given that K is bounded, () has bounded orbits atall o € C|x, y]. For every a, € Cx, y]
and any x < t <y, we have:

|(Qa)(t) - (Q,B)(t)| = ’A f;y G(t,0)K(o,a(0))do — ij*y G(t,0)K(o,B(0))do

y
=A f G(t,0){K(o,a(0)) = K(o, B(0))}do

X

< /\ij(t,o)|K(o,a(o)) —K(o,ﬁ(o))|do

Y
<A sup |K(o,a(0)) —K(o,ﬁ(o))|f G(t,0)do. (5.3)
0€[x,y] x

Now, we discuss the following three possible cases:

Case 1: Suppose,

max{ sup |a(o) - B(o)],

o€[xy]

sup a(t)—/\fyG(t,o)K(o,a(o))do

0€[x,y]

y
sup ﬁ(t)—)\f G(t,0)K(o,B(0))do
0€[x,y] x

y
sup a(t)—/\f G(t,0)K(o,B(0))do
o€[xy] x

sup ﬁ(t)—)\ﬁy G(t,0)K(o,a(0))do

0€[xy]

}: sup |a(0) - B(0)|

oelx,y]

by applying the given condition and (5.3), we can obtain

|(Qa)(t) | <A sup |a |f (t,0)do = Ad(a,ﬁ)f G(t,0)do. (5.4)

0€x,y|
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Case 2: Suppose,

7

max { sup |a(o) —B(o)

o€lxy]

sup |a(t) —/\fyG(t,o)K(o,a(o))do

o€[xy]

sup ﬁ(t)—/\fyG(t,o)K(o,ﬁ(o))do

o€[xy]

sup |a(t) —AlyG(t,o)K(o,ﬁ(o))do

o€[xy]

sup ﬁ(t)—AﬁyG(t,o)K(o,a(o))do

0€[xy]

7

4

4

Yy
= sup |a(t)—A G(t,0)K(o,a d
} sup oty f (t,0)K(0, a(0))do

by applying the given condition and (5.3), we can obtain

|(Qa)(t) - (QB) (1) < A sup f yG(t,o)do
oelxy] x

= Ad(a,Qa) fy G(t,0)do. (5.5)

alt) —/\fyG(t,o)K(o,a(o))do

Case 3: Suppose,

max { sup |a(0) - B(o)],
0€[x,]

7

sup |a(t) —/\fyG(t,o)K(o,a(o))do

o€[xy]

sup ﬁ(t)—/\fyG(t,o)K(o,ﬁ(o))do

o€[xy]

sup |a(t) —/\j;yG(t,o)K(o,,B(o))do

o€[xy]

sup ﬁ(t)—/\LyG(t,o)K(o,a(o))do

o€lxy]

4

4

a(t) —A]j G(t,0)K(0,a(0))do

} = sup
0€[x,y]

by applying the given condition and (5.3), we can obtain

4
|(Qa)(t) = (OB) ()] < A sup ﬁ(t)—?\f G(t,0)K(o,B(0))do

Y
f G(t,0)do
0€[xy] x

= Ad(B,OB) fy G(t,0)do (5.6)
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Case 4: Suppose,

max { sup |a(o) —ﬁ(0)|,

o€lxy]

sup oc(t)—/\fyG(t,o)K(o,a(o))do,

o€[xy]

sup ﬁ(t)—/\fyG(t,o)K(o,,B(o))do,

o€[xy]

sup a(t)—/\fyG(t,o)K(o,,B(o))do,

o€[xy]

sup |B(t) _Af,:y G(t,o)K(o,a(o))do} = sup

0€[xy] 0€lx,y]

alt) —/\fx‘y G(t,0)K(o,B(0))do

Y
f G(t,0)do
Y

:/\d(a,Qﬁ)f G(t,0)do. (5.7)

X

by applying the given condition and (5.3), we can obtain

a(t) —)\fyG(t,o)K(o,ﬁ(o))do

|(Qa) () = (QB) (1) < A sup

0€[x,y]

Case 5: Similarly, if

4

max { sup |a(0) —B(o)

o€[xy]

sup |a(t) —/\fyG(t,o)K(o,a(o))do

o€[xy]

sup ﬁ(t)—/\‘[xyG(t,o)K(o,ﬁ(o))do,

oelxy]

sup a(t)—)\fyG(t,o)K(o,ﬁ(o))do,

o€[x,y]

sup |B(t) —/\fy G(t,o)K(o,a(o))do} = sup

0€[x,y] 0€[x,y]

by applying the given condition and (5.3), we can obtain

B(t)—A fy G(t,0)K(o,a(0))do
Y
|(Qa)(t) - (Qﬁ)(t)| < A sup |B(t) - /\jx‘ G(t,0)K(0, a(0))do

Y
f G(t,0)do
o€[xy] X

= Md (B, Qa) fy G(t,0)do. (5.8)

Thus using (5.4)-(5.8) in (5.3), we get

Y
|(Qa)(t)—(Qﬁ)(t)|g/\max{d(a,ﬁ),d(a,ﬂa),d(ﬁ,Qﬁ),d(a,ﬂﬁ),d(ﬁ,ﬂa)} f G(t, 0)do,
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which implies,

d(Qa, O) = sup |(Qa)(t) - (OB)(1)]

te[xy]
y
<A max{d(a, 8),d(a, Qa),d(8, Qp), d(a, OB), d(B, Qa)} sup f G(t,0)do
tefxy] ¥
for all t € [x, y|. Hence, by the given condition, we have

d(Qa, OB) < max{d(a,B),d(a, Qa),d(B, QB),d(a, QB), d (B, Qa)}.

Consider the function i € ¥, which is defined as () = t V t € [x, y]. By choosing is = 1 for every
given 6 > 0 yields

d(Q°a, O°B) < Y max{d(a,B),d(a, Qa),d(B,QB),d(a, QB),d(B, Qa)} + 6,

forall @, B € C[x, y]. So, according to Theorem 3.3, () has only one fixed point in C[x, y]. This means
that problem (5.1) has only one fixed point in C[x, y|. o

Example 5.1. In the boundary value problem (5.1), consider the function

tH1—t)(x+2)

C22+3

with t € [0,1], and x € [0, o). Theorem 3.3 shows that BVP (5.1) possesses a unique fixed point p, for each
A > 0. Using MATLAB 2024a, we can plot graphs for BVP (5.1) with A = 100, 80, 60, 40, 20, and 1, as

K(t,a(t)) =

Solutions for different \ values

14
A =100
=80

121 A=60
A=40
A=20

1F o
0.8}
Kl

0.6

0.4

02F

o 1

1= 1) (x + 2)

Ficure 1. Solutions for BVP (5.1) with K(t, a(t)) = 213
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shown in Figure (1).
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