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Abstract. A new analytic function, which includes Touchard polynomials, is presented here as part of this work.

Subsequently, we endeavour to derive appraisals for the |d2|, |d3| Maclaurin coefficients with respect to this particular

subfamily, as well as the Fekete-Szegö functional problem that is associated with it. Moreover, by elaborating on the

parameters that were utilised in our primary findings, a multitude of new results are demonstrated below.

1. Preliminaries

In the year 1784, Legendre made the first discovery of orthogonal polynomials [1]. Since that

time, a significant amount of research has been conducted specifically on these polynomials. In the

process of solving mathematical models, orthogonal polynomials are frequently utilised primar-

ily for the purpose of solving ordinary differential equations and satisfying model requirements.

While it goes without saying that orthogonal polynomials are important for contemporary mathe-

matics, it is also important to note that they have numerous applications in the fields of engineering

and physics. It is common knowledge that these polynomials play an important role in matters

that are associated with the theory of approximation. They are found in the field of differential

equation theory as well as in mathematical statistics. Furthermore, it is worth noting that their
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applications in the fields of automated control, quantum physics, signal analysis, scattering theory,

and axially symmetric potential theory have garnered a lot of attention [2, 3].

In the field of combinatorics and the study of integer partitions, a family of polynomials known

as Touchard polynomials presents themselves. These polynomials are named after the French

mathematician Jacques Touchard (see [4]). A tight connection exists between these polynomials

and Bell numbers (see [5] and [6]), which are a count of the number of ways in which a set can be

partitioned. These polynomials are defined in terms of exponential generating functions. Proba-

bility theory, statistical mechanics, and the analysis of algorithms are only few of the fields that can

benefit from the utilisation of Touchard polynomials. As well as being utilised in combinatorial

issues that include set partitions, they offer a helpful instrument for comprehending the distribu-

tion of particles in certain physical systems. A more in-depth comprehension of the combinatorial

structures and procedures in mathematics can be attained through the study of Touchard polyno-

mials. Include a polynomial sequence of binomial type that, when X is a random variable that

is distributed according to a Poisson distribution and has an expected value of ς, then the nth

moment of this sequence is E(Xς) = µ(ς, i), which leads to the following type:

µ(ς, i) = eς
∞∑

y=0

ςyyi

y!
δy

For the purpose of presenting the result of the second force, the coefficients of Touchard polyno-

mials are utilised

Λi
ς(δ) = δ+

∞∑
y=2

ςy−1(y− 1)i

eς(y− 1)!
δy, (δ ∈ ς). (1.1)

as long as i is greater than zero and ς is greater than zero, we may observe that the radius of

convergence of the series mentioned above is infinite. Let Υ represent the class of functions that

are analytic in the unit disc ς = {δ ∈ C : |δ| < 1}. The form of their expression is as follows:

h(δ) = δ+
∞∑

y=2

dyδ
y, (δ ∈ ς). (1.2)

In addition, we consider Ω to be composed of functions that are normalised by the equation

f (0) = f ′(0) − 1 = 0 and are also univalent in the ς framework.

Use the symbol Υ to denote the subclass of Ω that is comprised of functions from the following

form:

h(δ) = δ+
∞∑

y=2

dyδ
y, dy ≥ 0. (1.3)

Within the context of functions h(δ) = δ+
∞∑

y=2
dyδy and j(δ) = δ+

∞∑
y=2

cyδy, we establish the

convolution of h and j by utilising the following equation:

(h ∗ j)(δ) = δ+
∞∑

y=2

dycyδ
y, (δ ∈ ς).
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We will define the linear operator $(i, ς, δ) : Υ→ Υ of

$h(i, ς, δ) = Λi
ς(δ) ∗ h(δ) = δ+

∞∑
y=2

ςy−1(y− 1)i

eς(y− 1)!
dyδ

y, (δ ∈ ς).

The first differential subordination problem was presented by Miller and Mocanu [7]; for further

information, please refer to [8] and [11].

For every mathematical function h that belongs to the set of all functions Ω, there exists an

inverse h−1, which is defined by

h−1(h(δ)) = δ (δ ∈ ς)

and

A = h(h−1(A)) (|A| < r0(h); r0(h) ≥
1
4
)

where

q(A) = h−1(A) = A− d2A2 + (−d3 + 2d2
2)A

3
− (d4 + 5d3

2 − 5d3d2)A4 + · · · . (1.4)

If both h(δ) and h−1(δ) are univalent in ς, a function is said to be bi-univalent in ς.

Let us represent by the symbol Γ the class of bi-univalent functions in ς in accordance with the

equation (1.2). With regard to the class Γ, an example can be found in the equation h(δ) = δ
1−δ ,

whereas h(δ) = δ
1−δ2 . are not members of the Gamma group. In the class Γ, there are some

noteworthy function classes that may be found in ( [12] and [13]).

Estimating coefficients has been the primary focus of several papers that have been conducted

in recent years to investigate fundamental aspects of geometric function theory. Several subclasses

of the class Γ were introduced, and non-sharp estimates on the coefficients |d2| and |d3| in the

Maclaurin series expansion (1.2) were obtained in ( [22], [10], [14]- [23]).

By utilising the Touchard polynomials, we establish a new subclass of the Γ space. Furthermore,

we find bounds for the |d2| and |d3| Maclaurin coefficients, as well as Fekete–Szegö functional

problems [24]. In addition to that, a collection of fresh findings is presented in the following.

2. Bounds of the class ⊗y(m,ϕ,γ,a, ς, i, z)

At the beginning of this section, the new subclass ⊗y(m,ϕ,γ,a, ς, i, z) related to Touchard

polynomials is defined.

Definition 2.1. A function h ∈ Ω as stated in (1.2) is regarded as belonging to the class⊗y(m,ϕ,γ,a, ς, i, z)
if the following subordinations

(
1 + meiϕ

) {
1 +

1
γ

[
($h(i, ς, δ))′ +aδ ($h(i, ς, δ))′′ − 1

]}
−meiϕ

≺ z(δ) (2.1)

and (
1 + meiϕ

) {
1 +

1
γ

[(
$q(i, ς, A)

)′
+aA

(
$q(i, ς, A)

)′′
− 1

]}
−meiϕ

≺ z(A), (2.2)
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where γ ∈ C\{0}; m ≥ 0;−π < ϕ ≤ π; 0 ≤ a ≤ 1; ς > 0; i ≥ 0; δ, A ∈ C, and the function q = h−1 is given
by (1.4).

Through the utilisation of certain values for the parameters γ, m anda, it is possible to discover

a multitude of subclasses. For instance, we may provide the following instances; however, this list

is not exhaustive.

Example 2.1. When γ = 1, we obtain ⊗y(m,ϕ,γ,a, ς, i, z) . Here, ⊗y(m,ϕ, 1,a, ς, i, z) is the set of
functions h ∈ Ω that satisfy the following criteria and are provided by (1.4).(

1 + meiϕ
) {
($h(i, ς, δ))′ +aδ ($h(i, ς, δ))′′

}
−meiϕ

≺ z(δ)

and (
1 + meiϕ

) {(
$q(i, ς, A)

)′
+aA

(
$q(i, ς, A)

)′′}
−meiϕ

≺ z(A),

where m ≥ 0;−π < ϕ ≤ π; 0 ≤ a ≤ 1; ς > 0; i ≥ 0; δ, A ∈ C and the function q = h−1 .

Example 2.2. When γ = a = 1, we obtain ⊗y(m,ϕ,γ,a, ς, i, z) . Here, ⊗y(m,ϕ, 1, 1, ς, i, z) is the set of
functions h ∈ Ω that satisfy the following criteria and are provided by (1.4).(

1 + meiϕ
) {
($h(i, ς, δ))′ + δ ($h(i, ς, δ))′′

}
−meiϕ

≺ z(δ)

and (
1 + meiϕ

) {(
$q(i, ς, A)

)′
+ A

(
$q(i, ς, A)

)′′}
−meiϕ

≺ z(A),

where m ≥ 0;−π < ϕ ≤ π; ς > 0; i ≥ 0; δ, A ∈ C, and the function q = h−1.

Example 2.3. When γ = 1 anda = 0, we obtain ⊗y(m,ϕ,γ,a, ς, i, z) . Here, ⊗y(m,ϕ, 1, 0, ς, i, z) is the
set of functions h ∈ Ω that satisfy the following criteria and are provided by (1.4).(

1 + meiϕ
) {
($h(i, ς, δ))′

}
−meiϕ

≺ z(δ)

and (
1 + meiϕ

) {(
$q(i, ς, A)

)′}
−meiϕ

≺ z(A),

where m ≥ 0;−π < ϕ ≤ π; ς > 0; i ≥ 0; δ, A ∈ C and the function q = h−1 .

Example 2.4. When m = 0, we obtain ⊗y(m,ϕ,γ,a, ς, i, z) . Here, ⊗y(0,ϕ,γ,a, ς, i, z) is the set of
functions h ∈ Ω that satisfy the following criteria and are provided by (1.4).

1 +
1
γ

[
($h(i, ς, δ))′ +aδ ($h(i, ς, δ))′′ − 1

]
≺ z(δ)

and

1 +
1
γ

[(
$q(i, ς, A)

)′
+aA

(
$q(i, ς, A)

)′′
− 1

]
≺ z(A),

where γ ∈ C\{0}; 0;−π < ϕ ≤ π; 0 ≤ a ≤ 1; ς > 0; i ≥ 0; δ, A ∈ C, and the function q = h−1 .
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Example 2.5. When γ = 1 and m = 0, we obtain ⊗y(m,ϕ,γ,a, ς, i, z) . Here, ⊗y(0,ϕ, 1,a, ς, i, z) is the
set of functions h ∈ Ω that satisfy the following criteria and are provided by (1.4).

($h(i, ς, δ))′ +aδ ($h(i, ς, δ))′′ ≺ z(δ)

and (
$q(i, ς, A)

)′
+aA

(
$q(i, ς, A)

)′′
≺ z(A),

where −π < ϕ ≤ π; 0 ≤ a ≤ 1; ς > 0; i ≥ 0; δ, A ∈ C and the function q = h−1 .

Example 2.6. When γ = a = 1 and m = 0, we obtain ⊗y(m,ϕ,γ,a, ς, i, z) . Here, ⊗y(0,ϕ, 1, 1, ς, i, z)
is the set of functions h ∈ Ω that satisfy the following criteria and are provided by (1.4).

($h(i, ς, δ))′ + δ ($h(i, ς, δ))′′ ≺ z(δ)

and (
$q(i, ς, A)

)′
+ A

(
$q(i, ς, A)

)′′
≺ z(A),

where −π < ϕ ≤ π; ς > 0; i ≥ 0; δ, A ∈ C, and the function q = h−1 .

Example 2.7. When γ = 1 and a = m = 0, we obtain ⊗y(m,ϕ,γ,a, ς, i, z) . Here, ⊗y(0,ϕ, 1, 0, ς, i, z)
is the set of functions h ∈ Ω that satisfy the following criteria and are provided by (1.4).

($h(i, ς, δ))′ ≺ z(δ)

and (
$q(i, ς, A)

)′
≺ z(A),

where −π < ϕ ≤ π; ς > 0; i ≥ 0; δ, A ∈ C and the function q = h−1 .

First, we give the coefficient estimates for the class ⊗y(m,ϕ,γ,a, ς, i, z) given in Definition 2.1.

Theorem 2.1. Let f ∈ Ω given by (1.2) belongs to the subclass ⊗y(m,ϕ,γ,a, ς, i, z). Then

|a2| ≤

∣∣∣γ∣∣∣ √E3
1√

ς2e−ς
∣∣∣∣[3 · 2i−1γ (2a+ 1) (1 + meiϕ)E2

1 + 4e−ς (a+ 1)2 (1 + meiϕ)
2
(E1 − E2)

]∣∣∣∣
and

|a3| ≤

∣∣∣γ∣∣∣ eςE1

4

 1
3 · 2i−3ς2 (2a+ 1) (1 + meiϕ)

+

∣∣∣γ∣∣∣ eςE1

(a+ 1)2 (1 + meiϕ)
2

 .

where γ ∈ C\{0}; m ≥ 0;−π < ϕ ≤ π; 0 ≤ a ≤ 1; ς > 0; i ≥ 0.

Proof. The function f (δ) is equal to f (δ) = δ+
∞∑

y=2
ayδy

∈ ⊗
y(m,ϕ,γ,a, ς, i, z). We are able to take

into consideration two functions r, u : ς → ς such that r(0) = u(0) = 0. Moreover, |r(δ)| < 1 and

|u(A)| < 1 for every δ, A ∈ ς. Based on Definition 2.1, it is possible to write(
1 + meiϕ

) {
1 +

1
γ

[
($h(i, ς, δ))′ +aδ ($h(i, ς, δ))′′ − 1

]}
−meiϕ = z(r(δ)) (2.3)
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and (
1 + meiϕ

) {
1 +

1
γ

[(
$q(i, ς, A)

)′
+aA

(
$q(i, ς, A)

)′′
− 1

]}
−meiϕ = z(u(A)), (2.4)

where g = f−1.

Define the function s and d as following:

s(δ) =
1 + r(δ)
1− r(δ)

= 1 + n1δ+ t2δ
2 + n3δ

3 + · · · , |n j| ≤ 2 for all j ∈N. (2.5)

and

d(A) =
1 + u(A)

1− u(A)
= 1 + p1A + p2A2 + p3A3 + · · · , |p j| ≤ 2 for all j ∈N. (2.6)

or equivalently,

r(δ) =
s(δ) − 1
s(δ) + 1

=
n1

2
δ+

1
2

n2 −
n2

1

2

 δ2 +
1
2

n3 +
n1

2

n2
1

2
− n2

− n1n2

2

 δ3 + · · ·

amd

u(A) =
d(A) − 1
d(A) + 1

=
p1

2
A +

1
2

p2 −
p2

1

2

 A2 +
1
2

p3 +
p1

2

p2
1

2
− p2

− p1p2

2

 A3 + · · · .

By applying the final two equalities found in (2.3) and (2.4), we have(
1 + meiϕ

) {
1 +

1
γ

[
($h(i, ς, δ))′ +aδ ($h(i, ς, δ))′′ − 1

]}
−meiϕ

= 1 +
1
2

E1n1δ+

1
2

E1

n2 −
n2

1

2

+ 1
4

E2n2
1

 δ2 + · · · (2.7)

and (
1 + meiϕ

) {
1 +

1
γ

[(
$q(i, ς, A)

)′
+aA

(
$q(i, ς, A)

)′′
− 1

]}
−meiϕ

= 1 +
1
2

E1p1A +

1
2

E1

p2 −
p2

1

2

+ 1
4

E2p2
1

 A2 + · · · . (2.8)

On the basis of a comparison between the pertinent coefficients in (2.7) and (2.8), it may be

concluded that
2ςe−ς

γ
(a+ 1)

(
1 + meiϕ

)
d2 =

1
2

E1n1, (2.9)

3 · 2iς2e−ς

2!γ
(2a+ 1)

(
1 + meiϕ

)
d3 =

1
2

E1

n2 −
n2

1

2

+ 1
4

E2n2
1, (2.10)

−
2ςe−ς

γ
(a+ 1)

(
1 + meiϕ

)
d2 =

1
2

E1p1, (2.11)

and
3 · 2iς2e−ς

2!γ
(2a+ 1)

(
1 + meiϕ

) (
2d2

2 − d3

)
=

1
2

E1

p2 −
p2

1

2

+ 1
4

E2p2
1. (2.12)

From (2.9) and (2.11), we get

n1 = −p1 (2.13)
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and

25ς2e−2ς (a+ 1)2
(
1 + meiϕ

)2
d2

2 = γ2E2
1(n

2
1 + p2

1). (2.14)

If we add (2.10) to (2.12), we get

3 · 2iς2e−ς

γ
(2a+ 1)

(
1 + meiϕ

)
d2

2 =
1
2

E1 (n2 + p2) +
1
4
(E2 − E1)

(
n2

1 + p2
1

)
. (2.15)

Taking into consideration both equations (2.14) and (2.15), we may conclude that

d2
2 =

γ2E3
1 (n2 + p2)

ς2e−ς
[
3 · 2i+1γE2

1 (2a+ 1) (1 + meiϕ) + 24e−ς (a+ 1)2 (1 + meiϕ)
2
(E1 − E2)

] (2.16)

Furthermore, by subtracting (2.12) from (2.10) and by viewing (2.13), we are able to establish

the following:

d3 =
γeςE1 (n2 − p2)

3 · 2i+1ς2 (2a+ 1) (1 + meiϕ)
+

γ2e2ςE2
1n2

1

24ς2 (a+ 1)2 (1 + meiϕ)
2 . (2.17)

Additionally, by the utilisation of (2.16) and (2.17) as well as by observing (2.5) and (2.6), we have

discovered that

|d2| ≤

∣∣∣γ∣∣∣ √E3
1√

ς2e−ς
∣∣∣∣[3 · 2i−1γ (2a+ 1) (1 + meiϕ)E2

1 + 4e−ς (a+ 1)2 (1 + meiϕ)
2
(E1 − E2)

]∣∣∣∣
and

|d3| ≤

∣∣∣γ∣∣∣ eςE1

4

 1
3 · 2i−3ς2 (2a+ 1) (1 + meiϕ)

+

∣∣∣γ∣∣∣ eςE1

(a+ 1)2 (1 + meiϕ)
2

 .

All of these assertions are supported by the Theorem 2.1.. �

Fekete and Szegö found a sharp bound on the functional
∣∣∣d3 − εd2

2

∣∣∣ for a function f ∈ Ω in

1933 [24].

We prove the functional
∣∣∣d3 − εd2

2

∣∣∣ for class functions ⊗y(m,ϕ,γ,a, ς, i, z) using the values of d2
2

and d3.

Theorem 2.2. Let f ∈ Ω given by (1.2) belongs to the subclass ⊗y(m,ϕ,γ,a, ς, i, z). Then

∣∣∣d3 − εd2
2

∣∣∣ ≤


|γ|eςE1

3·2i−1ς2(2a+1)(1+meiϕ)

4
∣∣∣γ∣∣∣ ∣∣∣Θ(ε)

∣∣∣ E1

0 ≤
∣∣∣Θ(ε)

∣∣∣ ≤ eς
3·2i+1ς2(2a+1)(1+meiϕ)

,

∣∣∣Θ(ε)
∣∣∣ ≥ eς

3·2i+1ς2(2a+1)(1+meiϕ)
.

where

Θ(ε) =
γeςE2

1 (1− ε)

24ς2
[
3 · 2i−3γE2

1 (2a+ 1) (1 + meiϕ) + e−ς (a+ 1)2 (1 + meiϕ)
2
(E1 − E2)

]
where γ ∈ C\{0}; m ≥ 0;−π < ϕ ≤ π; 0 ≤ a ≤ 1; ς > 0; i ≥ 0.
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Proof. We have obtained the following by subtracting (2.12) from (2.10) and by viewing (2.13):

d3 =
γE1 (n2 − p2)

3 · 2i+1ς2e−ς (2a+ 1) (1 + meiϕ)
+ d2

2

which ultimately results in writing

d3 − εd2
2 =

γE1 (n2 − p2)

3 · 2i+1ς2e−ς (2a+ 1) (1 + meiϕ)
+ (1− ε)d2

2

d3 − εd2
2 = γE1

[Θ(ε) +
1

3 · 2i+1ς2e−ς (2a+ 1) (1 + meiϕ)

]
n2

+

[
Θ(ε) −

1
3 · 2i+1ς2e−ς (2a+ 1) (1 + meiϕ)

]
p2

, (2.18)

where

Θ(ε) =
γeςE2

1 (1− ε)

24ς2
[
3 · 2i−3γE2

1 (2a+ 1) (1 + meiϕ) + e−ς (a+ 1)2 (1 + meiϕ)
2
(E1 − E2)

] ,

Then, taking into consideration references (2.5) and (2.6), we come to the conclusion that

∣∣∣d3 − εd2
2

∣∣∣ ≤


|γ|eςE1

3·2i−1ς2(2a+1)(1+meiϕ)

4
∣∣∣γ∣∣∣ ∣∣∣Θ(ε)

∣∣∣ E1

0 ≤
∣∣∣Θ(ε)

∣∣∣ ≤ eς
3·2i+1ς2(2a+1)(1+meiϕ)

,

∣∣∣Θ(ε)
∣∣∣ ≥ eς

3·2i+1ς2(2a+1)(1+meiϕ)
.

Which are asserted by the Theorem 2.2. �

3. Corollaries

I) If we set γ = eiφ cosφ, (−π2 < φ <
π
2 ), m = 0 and

z(δ) =
1 + (1− 2ε)δ

1− δ
= 1 + 2(1− ε)δ+ 2(1− ε)δ2 + · · · (0 ≤ ε < 1)

which gives E1 = E2 = 2(1− ε); in Theorems 2.1 and Theorem 2.2, we get the following corollaries.

Corollary 3.1. Let f ∈ Ω given by (1.2) belongs to the class ⊗y(0,ϕ, eiφ cosφ,a, ς, i, 1+(1−2ε)δ
1−δ ). Then

|d2| ≤

√
eς(1− ε) cosφ

3 · 2i−2ς2 (2a+ 1)
, |d3| ≤ eς(1− ε)

 1
3 · 2i−2ς2 (2a+ 1)

+
eς(1− ε) cosφ

(a+ 1)2

 cosφ

and

∣∣∣d3 − εd2
2

∣∣∣ ≤


eς(1−ε) cosφ
3·2iς2(2a+1)

eς(1−ε)|1−ε| cosφ
3·2i−2ς2(2a+1)

0 ≤ 1− ε ≤ 1,

ε ≤ 0.

For a = 0; Corollary 3.1 simplifies to the following Corollary.
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Corollary 3.2. Let f ∈ Ω given by (1.2) belongs to the class ⊗y(0,ϕ, eiφ cosφ, 0, ς, i, 1+(1−2ε)δ
1−δ ). Then

|d2| ≤

√
eς(1− ε) cosφ

3 · 2i−2ς2
, |d3| ≤ eς(1− ε)

(
1

3 · 2i−2ς2
+ eς(1− ε) cosφ

)
cosφ

and ∣∣∣d3 − εd2
2

∣∣∣ ≤


eς(1−ε) cosφ
3·2iς2

eς(1−ε)|1−ε| cosφ
3·2i−2ς2

0 ≤ 1− ε ≤ 1,

ε ≤ 0.

II) If we set γ = 1, (−π2 < φ <
π
2 ), m = 0 and

z(δ) =
(1 + δ

1− δ

)a
= 1 + 2aδ+ 2a2δ2 + · · · (0 < a ≤ 1)

which gives E1 = 2a and E2 = 2a2, in Theorems 2.1 and Theorem 2.2, we get the following

corollaries.

Corollary 3.3. Let f ∈ Ω given by (1.2) belongs to the class ⊗y(0,ϕ, 1,a, ς, i,
(

1+δ
1−δ

)a
). Then

|d2| ≤
2a√

ς2e−ς
(
3 · 2i−2 (2a+ 1) a + e−ς (a+ 1)2 (1− a)

) ,

|d3| ≤ eςa

 1
3 · 2i−2ς2 (2a+ 1)

+
eςa

(a+ 1)2


and

∣∣∣d3 − εd2
2

∣∣∣ ≤


eςa
3·2i−2ς2(2a+1)

2eςa2
|1−ε|

ς2(3·2i−1(2a+1)a+e−ς(a+1)2(1−a))

0 ≤
∣∣∣Θ(ε)

∣∣∣ ≤ eς
3·2i+1ς2(2a+1) ,

∣∣∣Θ(ε)
∣∣∣ ≥ eς

3·2i+1ς2(2a+1) .

where

Θ(ε) =
eς(1− ε)a

23ς2
(
3 · 2i−2 (2a+ 1) a + e−ς (a+ 1)2 (1− a)

) .

For a = 0; Corollary 3.1 simplifies to the following Corollary.

Corollary 3.4. Let f ∈ Ω given by (1.2) belongs to the class ⊗y(0,ϕ, 1, 0, ς, i,
(

1+δ
1−δ

)a
). Then

|d2| ≤
2a√

ς2e−ς (3 · 2i−2a + e−ς(1− a))
, |d3| ≤ eςa

(
1

3 · 2i−2ς2
+ eςa

)
and ∣∣∣d3 − εd2

2

∣∣∣ ≤


eςa
3·2i−2ς2

2eςa2
|1−ε|

ς2(3·2i−1a+e−ς(1−a))

0 ≤
∣∣∣Θ(ε)

∣∣∣ ≤ 1
3·2i+1ς2e−ς ,

∣∣∣Θ(ε)
∣∣∣ ≥ 1

3·2i+1ς2e−ς .

where

Θ(ε) =
eςa(1− ε)

23ς2 (3 · 2i−2a + e−ς(1− a))
.
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4. Concluding Remark

In the current investigation, we have presented and investigated the coefficient-related issues

that are associated with each. These subclasses are all included in the class of bi-univalent functions

that are defined in the open unit disc ς. For these bi-univalent function classes, the definitions that

correspond to them are supplied in Definition 2.1. In the course of our study, we have included

the computation of estimates for the Fekete-Szegö functional issues, as well as the Maclaurin

coefficients |d2| and |d3| for functions that belong to each of these bi-univalent function classes.

When we become more specific about the parameters that were involved in our primary findings,

we discover a significant number of additional novel findings.
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Associated with (p, q)-Lucas Polynomials, AIMS Math. 6 (2021), 4296–4305. https://doi.org/10.3934/math.2021254.

[15] S. Bulut, Coefficient estimates for a class of analytic and bi-univalent functions, Novi Sad J. Math. 43 (2013), 59–65.

[16] A. Amourah, O. Alnajar, M. Darus, A. Shdouh, O. Ogilat, Estimates for the Coefficients of Subclasses Defined by

the Bell Distribution of Bi-Univalent Functions Subordinate to Gegenbauer Polynomials, Mathematics 11 (2023),

1799. https://doi.org/10.3390/math11081799.

[17] O. Alnajar, K. Alshammari, A. Amourah, The Neutrosophic Poisson Distribution Applied to Horadam Polynomial-

Subordinate Bi-Univalent Functions, Eur. J. Pure Appl. Math. 18 (2025), 5955. https://doi.org/10.29020/nybg.ejpam.

v18i2.5955.

[18] A. Amourah, B. Frasin, J. Salah, F. Yousef, Subfamilies of Bi-Univalent Functions Associated with the Imaginary Er-

ror Function and Subordinate to Jacobi Polynomials, Symmetry 17 (2025), 157. https://doi.org/10.3390/sym17020157.

[19] Z. Peng, G. Murugusundaramoorthy, T. Janani, Coefficient Estimate of Biunivalent Functions of Complex Order

Associated with the Hohlov Operator, J. Complex Anal. 2014 (2014), 693908. https://doi.org/10.1155/2014/693908.
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