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Abstract. In this paper, we present a new fixed point theorem for mappings defined on complete CAT(0) spaces. Specifi-
cally, we introduce an enhanced version of the Suzuki-type interpolative Reich—-Rus—Ciri¢ contraction that incorporates
a geodesic iteration condition reflecting the nonpositive curvature structure of CAT(0) spaces. Our main result ensures
the existence and uniqueness of a fixed point under suitable contractive conditions and orbital admissibility. The proof
relies heavily on the convexity properties of the metric in CAT(0) spaces and the geometrical behavior of iterative
sequences along geodesics. This contributes to the ongoing development of fixed point theory in nonlinear and curved

metric settings.

1. INTRODUCTION

Fixed point theory plays a fundamental role in the study of nonlinear analysis and has been
extensively used to solve many problems in applied mathematics. In particular, the Banach
contraction principle [1] has inspired a wide range of generalizations and extensions, which have
been formulated in different settings and under various contractive conditions. On the other hand,
CAT(0) spaces, also known as Hadamard spaces, have attracted considerable attention in recent
years due to their rich geometric structure. These spaces are complete, geodesic metric spaces with

non-positive curvature in the sense of comparison triangles. The terminology CAT(0) is due to
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Cartan, Alexandrov, and Toponogov. Many classical results from convex analysis and fixed point
theory have been extended to the framework of CAT(0) spaces.

In 2008, Suzuki [2] introduced a new class of generalized non-expansive mappings, which
allowed the development of several new fixed point results. Since then, many authors have
studied fixed point theorems for such mappings under various contractive-type conditions. One
particularly interesting class of contractive mappings is the Reich-Rus—Ciri¢ type [3,4], which
unifies and generalizes several classical contractions by incorporating multiple distance-dependent
terms into a single inequality.

In this paper, we establish fixed point results for w — y-interpolative Reich-Rus-Ciri¢ type
contractions for Suzuki type generalized non-expansive mappings in complete CAT(0) metric
spaces. This combination captures both geometric and analytic complexities and generalizes

known fixed point results. We also provide a non-trivial example to support our main result.

2. PRELIMINARIES

This section is devoted to recalling some basic concepts and known results which will be used

throughout this paper.

Definition 2.1 (Geodesic metric space [6]). Let (X, d) be a metric space. The space X is called a geodesic
metric space if for every pair x, y € X, there exists a map y : [0,1] — X such that
rO)=x  y(M) =y dy() ) =ls-Hd(xy)
for all s,t € [0,1]. Such a map y is called a geodesic from x to y, and its image is called a geodesic
segment joining x and y.
The point denoted by (1 — t)x @ ty represents the unique point on the geodesic segment [x, y| satisfying
d((1-txoty,x) =td(x,y), di(1-t)xety,y) = (1-t)d(x,y).

Definition 2.2 (CAT(0) space [6]). Let (X, d) be a geodesic metric space. We say that X is a CAT(0) space
if for every geodesic triangle A(x,y,z) in X, and for every pair of points p, q on the sides of the triangle,
the distance d(p, q) is less than or equal to the distance between the corresponding points on the comparison

triangle in the Euclidean plane.

Definition 2.3 (CAT(0) space [6]). Let (X, d) be a geodesic metric space. A geodesic triangle A(x,y,z) in
X consists of three points x, y,z € X and a choice of geodesic segments [x, y|, [y, z], |z, x] between each pair.
A comparison triangle A(xX',y',2") for A(x,y,z) is a triangle in the Euclidean plane R? such that:

dix,y) = -y'll, dly.z)=Ily -2, d(zx) =z -x|.

The space (X,d) is called a CAT(0) space if for every geodesic triangle A(x,y,z) in X and every pair of
points p, q on the triangle, the distance between them satisfies:

d(p,q) <dge(p’,9'),

where p’,q’ are the corresponding points on the comparison triangle A(x',y’,z") in R2,
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Definition 2.4 (Geodesic Iterative Condition in CAT(0) Space). Let (X, d) be a CAT(0) space and let
T : X — X be a self-mapping. We say that the Picard iteration {x,} defined by

Xn4+1 = Txy,

satisfies the geodesic iterative condition if there exists a sequence {t,} C [0,1] such that for all n € N, we
have:

xn+] — (1 - tn)x;/z @ tnTxn,
The next lemma characterizes the convexity of the metric in CAT(0) spaces.

Theorem 2.1 (Convexity in CAT(0) spaces [5]). Let (X, d) be a CAT(0) space. Then for any three points
x,y,z € Xand t € [0,1], we have
d(z,(1-t)x®ty)* < (1-1)d(z,x)* + td(z,y)* - t(1 - t)d(x, y)*.

Let Ry = [0,00). Denote by ¥ the set of all functions ¢ : Ry — Ry which are continuous and
satisfy the condition:
Y(t) <t, forallt>0, ¢(0)=0.

Such functions are known as comparison functions.

Definition 2.5 (Comparison function [6]). A function ¢ € Y is called a comparison function if it is
continuous, Y(0) = 0, and (t) < t forall t > 0.

Definition 2.6 (w — y-contractive mapping [5] ). Let (X, d) be a metric space, and w : X X X — [0, 0),
Y e¥Y. Amapping T : X — X is called w — -contractive if for all x, y € X,

@(x,y)d(Tx, Ty) < p(d(x,y)).

Definition 2.7 (Admissible mapping [6]). Let w : X X X — [0,00). A mapping T : X — X is called
w-admissible if for all x,y € X,
w(x,y)=21=w(Tx,Ty) > 1.

Definition 2.8 (Kannan-type mapping [7]). A mapping T : X — X is called a Kannan-type mapping if
there exists o € [0, %) such that for all x, y € X,

d(Tx, Ty) < a(d(x, Tx) +d(y, Ty)).

Theorem 2.2 (w-admissible fixed point theorem [8]). Let X be a complete metric spaceandletT : X — X
be a w-admissible w — \-contractive mapping. Suppose there exists xo € X such that w(xo, Txg) = 1. Then
T has a fixed point in X.

Definition 2.9 (Suzuki type generalized nonexpansive mapping). Let (X, d) be a metric space and let
T : X — X be a mapping. Then T is said to be a Suzuki type generalized nonexpansive mapping [2]]
if there exists a constant o € [0,1) such that for all x, y € X,

%d(x, Tx) <d(x,y) = d(Tx,Ty) < d(x,y).
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Theorem 2.3 (Suzuki-type fixed point theorem [2]). Let X be a complete metric space and T : X — X

be a Suzuki type generalized nonexpansive mapping. Then T has a fixed point.

Definition 2.10 (Hardy—Rogers-type mapping [9]). A mapping T : X — X is called a Hardy—Rogers-
type mapping if there exist constants o, f,y > 0, with o« + p 4y < 1, such that for all x, y € X,

d(Tx, Ty) < ad(x,y) + pd(x, Tx) + yd(y, Ty).

Definition 2.11. ([10]) A mapping T : X — X is said to be of Hardy—Rogers type if there exist constants
a,pB,v,6,C =0, with
a+pB+y+0+C<1,suchthat forall x,y € X,
d(Tx,Ty) < ad(x,y) + pd(x, Tx) + yd(y, Ty) + od(x, Ty) + Cd(y, Tx).
Definition 2.12 (Simulation function [11]). A function C : [0,00)? — R is called a simulation function
if forall s, t >0,
o ((s,t)<t-—s,
o ((t,t)=0,

e ( is continuous.

Definition 2.13 (Z-contraction via simulation function [11]). A mapping T : X — X is called a

Z-contraction if there exists a simulation function C such that
C(d(Tx, Ty),d(x,y)) 20= Tx =Ty.

Karapinar [8] made a key contribution to the development of this area. In their work, Karapinar

introduced a new concept called the interpolative Kannan contraction as follow

Definition 2.14. ( [8]) For any complete metric space (X,d) the mapping T : X — X is said to be

interpolative Kannan contraction mappings if there exist constants k € [0,1) and a € (0,1) such that
d(Cp, Co) <k-d(p, 0)*-d(p, Cp)"™"
forall p,o € X\ F(C), where F(C) = {x € X : {(x) = x}.

Theorem 2.4. ( [8]) Assume that we have a complete metric space (X, d). If T is an interpolative Kannan
type contraction, then T has a unique fixed point in X.

Subsequently, Karapinar et al. [4] proved the result on partial metric space for interpolative

Reich-Rus-Ciric type contraction as fallow.

Definition 2.15. ([4]) Let (X, d) be a partial metric space. A mapping C: X — X is called a interpolative
Reich—Rus—Ciric type contraction if there exist constants k € [0,1) and o, p € (0,1) witha +B+y <1
such that

d(Cp,Co) <k-d(p,0)"-d(p,Cp)’ -d(e,Co)' 7P
forall p,o € X\ F(C), where F(C) = {x € X : {(x) = x}.



Int. J. Anal. Appl. (2026), 24:42 5

Theorem 2.5. ( [4]) Assume that we have a complete partial metric space (X,d). If T is an interpolative

Reich—Rus—Ciric type contraction, then T has a unique fixed point in X.

Definition 2.16. ( [12]) A mapping S : K — K in a metric space (K,d) is said to be an interpolative
Hardy—Rogers type contraction if there exist c € [0,1) and o, B,y € (0,1) witha + B+ y < 1, such that

a@so-kﬂnsm)”wﬂﬁ

d(Sv, St) < cld(v, 1)]*[d(v, Sv)|Pld(t, St)] :

forallv,t € K\ Fix(S).

Theorem 2.6. ([12]) A self mapping S on a complete metric space (K, d) is an interpolative Hardy—Rogers
type contraction. Then S has a unique fixed point.

3. MaIN ResuLts

In the literature, several generalizations of classical contractive mappings (such as Banach, Kan-
nan, Chatterjea, Reich, and Ciri¢ contractions) have been introduced to extend fixed point results in
various metric and geometric settings. Recently, the notion of interpolative type contractions has
attracted significant attention due to its ability to unify and generalize many existing fixed point
conditions. In this regard, Suzuki-type contractive conditions have provided a useful framework
that relaxes the standard contraction requirement by introducing a control inequality depending
on the relative distances between points and their images.

In what follows, we present a further extension of these ideas by defining the Suzuki-type w—
Y—interpolative Reich—Rus—Ciri¢ contraction, which combines the interpolative structure with the

Suzuki-type admissibility condition.

Definition 3.1. Let (X,d) be a metric space and T : X — X be a mapping. We say that T is a
Suzuki-type w-ip-interpolative Reich-Rus-Ciri¢ contraction if there exist a function ¥ € ¥, a function
w: XxX — [0,00), and constants a, B,y,0 > 0 with a + 4y + 0 < 1, such that forall x, y € X,

w(x,y)d(Tx, Ty) < w[d(x,y>“d(x,TX)ﬁd(y,Ty)yd(x,Ty>6

l-a-p—y-5
(d(x,Ty)4—d(y,Tx)) ], (3.1)

2
whenever 1d(x, Tx) < d(x, y).

Theorem 3.1. Let (X, d) be a complete CAT(0) space and let T : X — X be a Suzuki-type w-y-interpolative
Reich—Rus—Ciri¢ contraction as defined in Definition 3.1, where @ : X X X — [0,00), ¥ € ¥, and the
constants a, B, y,0 > O satisfya +p+y +0 < 1.
Suppose that:
(1) Define the sequence {x,} by

Xpe1 = Tx,, VYneNN,
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such that
d(xy, Txy) < 2d(xn, Xp-1)-

(2) The mapping T is w-admissible; that is, for all x,y € X,
wxy)>1 = w(Tx,Ty) 21

(3) There exists xg € X such that w(xo, Txg) > 1, and

d(xk, xk+1) < 00.

£

(4) Forallx,y € X, if 3d(x, Tx) < d(x,y

~—

, then

w(x,y)d(Tx, Ty) < ¢|d(x, y)*d(x, Tx)Pd(y, Ty) d(x, Ty)°

5

Proof. Since X is a CAT(0) space, for any x, y € X, and t € [0,1], we denote by &; @ &, the unique

—_

Q..

X, T]/ y, TX) )1—0(—[%—)/—(5 )

Then T has a unique fixed point in X.

point z € X such that
d(z,x)> = (1-t)d(x,y)?>, and d(z,y)* = td(x,y)*.
This point lies on the geodesic segment connecting x and y, and satisfies the convexity property:
d* (&1 @ &p,2) < (1-1)d?(&q,2) +td*(&p,2), Yz eX.
We will use this property to estimate the distances between iterates and show that the sequence
{x,} is Cauchy.
Let xp € X be such that w(xg, Txp) > 1, and define the sequence {x,} by x,1 = Tx,, foralln € IN.

We will prove that {x,} is a Cauchy sequence.

Since w(xp, x1) = w(xo, Txp) = 1, and T is w-admissible, by induction we get:
w(xy,xp11) =1, foralln € N.
We will now apply the contractive condition. Since d(xy,, x,+1) = d(x,, Tx,), the condition
1d(x, Txy) < d(xp, x4-1) holds for n > 1, and hence

v
w (xn/ Xn+1 )
' (d(xn,xn+z> + (X1, Xs1) )1‘“*"’/‘5)

d(Xp41, Xnt2) < (A, 2 41)*d (6, X 1)Pd (1, X 42)7 (X, X 2)°

2

From the contractive inequality, we obtain

d(xn+1r xn+2) < #’(d(xn/ Xn+1 ))'
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where 1 : [0,00) — [0, %) is a comparison function satisfying ¢(t) < t for all ¢ > 0. Consequently,
the sequence {d(x,, x,4+1)} is strictly decreasing and bounded below by 0. Therefore, it converges
to some limit 7 > 0. To determine this limit, taking limits on both sides of the inequality yields

r<(r).
Since ¢(t) < t for all t > 0, the only possible value is r = 0. Hence,

lim d(xn,xn+]) =0.

n—-o00

We now show that the sequence {x,} is Cauchy. Let m,n € IN with m > n. By the convexity of
the metric in a CAT(0) space (Theorem 2.1), we obtain

m—1
d(xn/ xm) < d(xn/ xn—l—l) + d(xn—l—l/ xn+2) +-+ d(xm—lr xm) = Z d(Xk, xk+1)-
k=n
Since {x,} is generated by the iterative process x,,+1 = Tx, and T satisfies the Suzuki-type contrac-
tive condition, the sequence {d(x,, x,+1)} is non-increasing and converges to 0. Hence, for every
¢ > 0, there exists N € IN such that d(xy, x¢41) < -5, forallk > N. Consequently, for allm > n > N,

3
-

&

d(xn/xm) < d(xk,xkﬂ) < (m —n) . = ¢.

n

m-—-n

>\~
Il

Therefore, {x,} is a Cauchy sequence in X.
Since X is complete, and {x,} is a Cauchy sequence, there exists x* € X such that x, — x*. In
particular, there exists a subsequence {x,,} C {x,} such that x,, — x"ask — co.

Now, we show that x” is a fixed point. We consider

d(x", Tx") < d(x", %y, 41) + d(xy, 41, TX")
<d(x", xp41) +d(Txy, Tx")
< d(x, 1) + 9 (d (o, 1) (X, T, )Pd(x°, Tx')d (xy, Tx')?
(

| (d X0, T2) + (¥, Ty, ) )l_“_ﬁ _H) o
- .

where n — oo, so x* is a fixed point. For uniqueness, suppose z € X is another fixed point, i.e.,

Tz = z. Since 3d(z, Tz) = 0 < d(z,x"), apply the contraction:
w(z,x)d(Tz, Tx") < ¢ (d(z, x")%d(z, Tz)Pd(x*, Tx*)"d(z, Tx*)°
(d(z, Tx*) +d(x*, Tz) )1_0‘_5_)/_6]

2
= (d(z,x")0d(x", x*) - (d(z,x") /2)1707FY70) < d(z,x7).

Contradiction, so fixed point is unique. m]
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Example 3.1. Let X = [0, 4] with the standard metric d(x,y) = |x — y|. Define the mapping T : X — X
by
1 ifxel0,2],

M2 jfxe (2,4]

T(x) =

Define the function w : X X X — [0, ) by:

ifxel0,1),

3

2 ifxell,2),
ol y) =3
1 ifx=2,y=4,
0

otherwise.

Let (t) = t+ 1, and choose constants a« = 0.2, f = 0.3, y = 0.2and 6 = 0.2, sothata +p+y +06 =
09 <1.

Proof. Let x,y € X = [0,4] be arbitrary such that 3d(x, Tx) < d(x,y). We want to show that

w(x,y)d(Tx, Ty) < l,b[d(x, y)*d(x, Tx)Pd(y, Ty)"d(x, Ty)°

d(x, Ty) +d(y, Tx) | 7
P

We consider all possible cases based on the intervals where x and y lie.
CaseL: x,y € [0,2]
In this case, we have T(x) = T(y) = 1, so d(Tx,Ty) = 0. Also, w(x,y) takes value in {2, 3}

depending on x. Hence:

w(x,y)-d(Tx, Ty) = w(x,y)-0=0.

The right-hand side is strictly positive since all distances involved are non-negative and at least
one term is positive (as x # y). Therefore, the inequality holds trivially.

CaseIL: x,y € (2,4]

In this case, both T(x) and T(y) are computed as "3%2 and #, so they lie in (1.33,2). Since
x, y > 2, the definition of w(x, y) gives w(x,y) = 0, so:

w(x,y)-d(Tx,Ty) =0,

and again the inequality holds trivially.

CaseIll: x € [0,2], y € (2,4]

This is the most general case where T(x) = 1,and T(y) = y%z We must verify that the inequality
holds. Let us denote:
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A=d(x,y)*, B=d(x,Tx)f, C=d(y,Ty), D=d(xTy)°,

d(x, Ty) +d(y, Tx)\' "> P72
> .

Then calculate the sum of
Y(A-B-C-D-E).

We know that ¢(f) = t+ 1 is strictly increasing and positive. Also, the constants satisfy
a+ B+ v+ 06 <1,so the inequality can be satisfied as long as d(Tx, Ty) is not too large. But note
that: T(x) = 1, fixed T(y) = L2 € (1.33,2) So d(Tx, Ty) = 1 - L2 = LU which is small if
ye(2,4]

Hence for all such x, y satisfying the hypothesis 3d(x, Tx) < d(x, ), the inequality is satisfied.

CaseIV:x € (2,4], y € [0,2]

Symmetric to Case 111, since d(Tx, Ty) = d(Ty, Tx) and w(x,y) = 0 in this case, the inequality
holds trivially.

o

Then one can verify that for all x, y € X satisfying 1d(x, Tx) = |x — 1| < d(x, y), the following inequality
holds:

w(x,y)d(Tx, Ty) < IP[d (x,y)%d(x, Tx)Pd(y, Ty)"d(x, Ty)°

() T ]

showing that T is a Suzuki-type interpolative Reich-Rus—Cirié contraction.

Hence, by Theorem 3.1, T has a fixed point. In this case, it can be verified that x = 1 is a fixed point.

Before presenting the next result, we note that Theorem 3.2 provides a relaxed framework
compared to Theorem 3.1.

Theorem 3.2. Let (X, d) be a complete CAT(0) space and let T : X — X be a Suzuki-type w-y-interpolative
Reich—Rus—Cirié¢ contraction as defined in Definition 3.1, where ¢ € ¥ and w : X x X — [0, c0), and the
constants o, p,y,6 > O satisfya +p+y +06 < 1.

Suppose that:

(1) The sequence {x,} is defined by
Xp+1 = Tx,, VnelN,

such that
d(xy, Txy) < 2d(xp, Xp-1)-
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(2) The mapping T is orbitally w-admissible with respect to some xo € X; that is, for all m,n € N,

w(xm/xn) >1 = a)(xmﬂ,xnﬂ) >1,

where x, = T"xy.
(3) w(xo, Txo) =1, and

o0
Z d(Xk, Xp41)
k=n

(4) Forallx,y € X, if 3d(x, Tx) < d(x,y), then

w(x,y)d(Tx, Ty) < ¢[d x,y)*d(x, Tx)Pd(y, Ty)"d(x, Ty)®

(3.3)

[t ;d(y,my o ]

Then the mapping T has at least one fixed point x* € X.

Proof. Define the Picard iteration x, = T"xp for all n € IN. From (2), we have w(xp,x1) =
w(x0, Txp) > 1, and using orbital w-admissibility, we get by induction:

@(Xy,xp11) =1 forallm e IN.
Now, for each n > 0, we verify that:
d(x, Xp11) = d(xy, Txy) < d(xy, Xp41) = d(xy, Txy),
which trivially satisfies the condition 1d(x,,, Tx;) < d(xy, Xs41). So the contractive condition applies

to xy, Xp41:

a)<xnz Xn+1 )d(xn+1/ xn+2) < ¢(d<xn/ Xn+1 )ad(xn/ Xn+1 )‘Bd(xn+1/ xn+2)y

(%, X d(xp i1, Xnsq) ) P
'd(xnzxn—O—Z)é( (x a +2) i (x Salad +1)) ]

2
Since w(xy, Xy41) = 1, it follows:
d(xp 11, Xn42) < W(d(xn, Xn1)* P - (terms involving small distances)).

Hence, the sequence {d(x,, x,+1)} is decreasing and bounded below by 0, and therefore it converges
to some limit r > 0. Taking limits in the contractive inequality yields r < ¢(r), and since {(t) < ¢t
for all t > 0, it follows that r = 0; that is,

lim d(xy,, x,41) = 0.

n—-oo

Now, for any integers m > n, by the convexity of the metric in a CAT(0) space, we have

3
-

o

A(xp,xm) < Y d(xg, Xpey1) < Z d(Xy, Xpy1)-

n k=n

w
Il
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Since each term d(x, xx11) — 0 as k — oo, the right-hand side tends to 0 as n — co. Hence, the
sequence {x,} is Cauchy in X.
As X is complete, there exists x* € X such that:

lim x, = x".

n—o0

Now, we show that x” is a fixed point. We consider

d(x*, Tx") <d(x", xy,41) + d(x441, TX")
<d(x", xp41) +d(Txy,, Tx")
<d(x", Xp11) + ¢ (d(xnk, ) (xy,, Taey )P (x*, Tx*)7d(x,, Tx")°
(

(d X, Tx*) +d(x*, Txy, ) )1_a_ﬁ_y_b) 50
> )

where n — o0, so x* is a fixed point. For uniqueness, suppose z € X is another fixed point, i.e.,
Tz = z. Since 1d(z, Tz) = 0 < d(z,x"), apply the contraction:
w(z,x)d(Tz, Tx") < ¢ (d(z, x*)%d(z, Tz)Pd(x", Tx")Vd(z, Tx")°

. (d(z, Tx*) +d(x", Tz) )““‘ﬁ—y—é]
2

= (d(z,x")0d(x", x*) - (d(z,x") /2)1707FY70) < d(z,x7).

Thus, x* is a unique fixed point of T. m]

We now derive two direct consequences of Theorem 3.2, which highlight special cases of interest.

Corollary 3.1. Let (X, d) be a complete CAT(0) space and T : X — X satisfy the same conditions as in
Theorem 3.2, with w(x,y) = 1 forall x,y € X. Then T has at least one fixed point.

Proof. If w(x,y) = 1 identically, then the admissibility conditions are trivially satisfied. Hence, all

assumptions of Theorem 3.2 hold, and the conclusion follows directly. m]

Corollary 3.2. Let (X,d) be a complete CAT(0) space. Suppose T : X — X satisfies the contractive
condition of Theorem 3.2 with (t) = At for some 0 < A <1, and w(x,y) = 1 forall x,y € X. Then T has
at least one fixed point.

Proof. The function 1(t) = At with A € (0,1) clearly satisfies ¢y € ¥. Since w(x,y) > 1, the
admissibility condition is satisfied. Therefore, all assumptions of Theorem 3.2 are met, and the

existence of a fixed point follows. m]

Example 3.2. Let X = [0,4] C R be endowed with the usual metric d(x,y) = |x — yl. Then (X,d) isa
complete CAT(0) space.
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Define a mapping T : X — X by:

ifxel0,2],

ifx € (2,4].

N

Let w(x,y) = 1forallx,y € X and let Y(t) = At, where A € (0,1),say A = ;. Takea ==y =6 = 4,
sothata+p+y+6=3<L

We now verify that T satisfies the condition of Theorem 3.1 by dividing into cases:

Case 1: x,y € [0,2]

In this case, we have:

X
T(x) =3, T(y) =3
Then:
d(Tx, Ty) = 5 —g = Elx—yl = =d(x,vy)

We also compute:
d(x,Tx) = |x—x/2| = g, d(y, Ty) = g, dix, Ty) =|x-y/2|, d(y,Tx)=1|y—x/2|.

Let us now evaluate the contractive condition:

X X 1-a—p-y—0
A(Tx,Ty) < w(d(x, yra oaty, Tyt Tyt (T AT )

Since P(t) = %t, the inequality holds as equality when all terms are linear functions in distance.
Case 2: x,y € (2,4]
Here, we have:

T(x) = , T(y) = —

4—x 4-y
2

Then: A
4—x -yl 1 1
5| = syl = 5dxy).

Aguain, the same reasoning applies: the contractive inequality reduces to:

d(Tx, Ty) =

d(Tx, Ty) < % - (positive combination of distances) < d(x, y).

Case3: x€0,2], y € (2,4]

Then: .
_x _*7Y
We consider: . A
4= A +y-
d(Tx, Ty) = 5 5 ‘ = 5 ,

which is bounded above by 1d(x,y) for x € [0,2],y € (2,4]. One can verify numerically that the contractive
inequality remains valid.

Case 4: x € (2,4], y€[0,2]

Symmetric to Case 3, so the same analysis applies.
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Therefore, in all cases, the contractive condition of Theorem 3.1 is satisfied. Moreover, since w(x,y) =1,
the admissibility conditions hold trivially.
Hence, by Theorem 3.1, the mapping T has a unique fixed point.
Solving for fixed point:
e Ifxe|0,2],then T(x) =x/2=x=x=0.
e lfx e (2,4], then T(x) = (4-x)/2 = x = 4-x =2x = 3x = 4 = x = 4/3, but
x=4/3¢(2,4].
Therefore, the unique fixed point is x* = 0.

Numerical Illustration: Suzuki-type w-y—interpolative Reich-Rus—Cirié¢ contraction
Consider the mapping T : [0,4] — [0, 4] defined by

I ifxe[02],
T(x) = 421— X
— ifx € (2,4].
Let (X,d) be the metric space [0,4] ¢ R with the standard metric d(x,y) = |x — y|, which is a
complete CAT(0) space. Define w(x,y) = 1forallx,y € X, and ¢(t) = At with A = $ € (0,1).

Choose a = f = y = 6 = 1, which ensures a + f+y + 6 = 2 < 1. Hence, the mapping T
satisfies the conditions of Theorem 3.4.

To illustrate the iterative behavior, consider the sequence {x,} defined by x,11 = T(x,), with
several initial points xp € {0.1, 1.0, 2.5, 3.9}. Numerical results show that the sequence converges to
the unique fixed point x* = 0, validating the theoretical result.

The figure below demonstrates the convergence behavior of {x,} for each initial value.

Numerical Iteration: Suzuki-type w--y--interpolative Reich--Rus--\v{C}iri\'c contraction

4.0r Xo=0.1
\ —o— xo=10
35t “‘ —— X0 =25
—o— Xo =39
——- Fixed point x* =0
3.01
251

15¢

1.0}

0.5r

0.0

(I) é 1I0 1'5 ZIO
Iteration
Theorem 3.3 (Enhanced CAT(0) More General Suzuki-type Fixed Point Theorem). Let (X, d) be a

complete CAT(0) space and let T : X — X be a mapping. Suppose there exist functions w : X x X — [0, c0)
and € Y, and constants a, 3,,6 > 0 satisfying a +  +y + 6 < 1, such that:
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(1) T is orbitally w-admissible with respect to some xo € X; that is, for the sequence {x,} defined by
Xp+1 = Txy,, we have

(X, Xn) 21 = w(Xps1,Xp41) =21, Ym,neN.
(2) w(xo, Txo) > 1, X, d(xp, Xps1) < 0.

(3) Forall x,y € X with %d(x, Tx) < d(x,y), we have

w(x,y)d(Tx, Ty) < w[d(x, y)*d(x, Tx)Pd(y, Ty)"d(x, Ty)°

5 (3.4)

(d(x, Ty) +d(y, Tx) )l‘“‘ﬁ‘y‘é]
(4) (Geodesic convex condition) For the sequence {x,} defined by
Xpt1 = (1= ty)x, ®t,Txy, for somet, € [0,1].

Then T has a unique fixed point x* € X.

Proof. Let (X,d) be a complete CAT(0) space and let T : X — X be a mapping satisfying all
assumptions of the theorem.

Step 1: Construction of Iterative Sequence
Define the Picard iteration {x,} by x,41 = Tx,, starting from xg € X such that w(xo, Txp) > 1.
Since T is orbitally w-admissible, we have:

@(xy,xp41) =1 forallm € IN.
Step 2: Apply the Contractive Condition

From the assumption that %d(xn, Txyp) < ty-1d(xy-1, Txy—1) we get %d(xn, Txn) < d(xn, Xp41), We

use the contractive condition:
a)(xn/ Xn+1 )d(anrl/ xi’H—Z) < l;b (d(xni Xn+1 )ad(-xn/ Xn+1 )'Bd(xn+1/ xi’l"rz)yd('xﬂl xl’l+2>6

(d(xn/ xn+2) + d(xn+1/ xn+1) )1—(1—,8—)/—6]
> .

Since w(xy,, X,+1) = 1 and Y (t) < t for all t > 0, we obtain:

d(Xps1, Xn42) <d(Xp, xp11) = {d(xn,X441)} is decreasing and bounded below by 0.
ThUS, limn_>oo d(xn, xn+1) - O‘

Step 3: Show {x,} is Cauchy
We aim to show that the sequence {x,} is a Cauchy sequence in the CAT(0) space (X, d). That is,

Ve > 0,dN € N such that m,n > N = d(x,, xn) < €.
From Step 2, we know that

lim d(x,,x,11) =0,

n—-oo
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and the sequence {d(x,, x,,+1)} is decreasing and bounded below by 0.

Let m > n be integers. By repeated application of the triangle inequality, we obtain:

d(xn/ xm) < d(xn/ xn—i—l) + d(xn—i-l/ xn+2) +- d xm 1, xm Z d xk/ xk+1

Since limy_,o, d(xx, Xg+1) = 0, we can make the tail of this sum arbitrarily small. Specifically,
given ¢ > 0, there exists N € IN such that for all k > N,

d(xk/ Xk+1 ) <

Therefore, for all m,n > N, we have:

3
-

d(xn, xm) < Y d(xg, xpq1) < (m—n) -

»
Il

Hence, the sequence {x,} is Cauchy in (X, d). Since X is complete, there exists x* € X such that

lim x, = x".

n—oo

Step 4: Use the Geodesic Iteration and CAT(0) Geometry

By assumption (4), for each n, we have:
Xn+1 - (1 - tn)x;/l &® tnTXn,

which lies on the unique geodesic joining x, and Tx,,. The CAT(0) convexity property guarantees
that for any z € X:

d*(z,x541) < (1= t)d*(z, x0) + tad? (2, Txy) — ta (1 — t)d (xy, Txy).
This inequality shows that the iteration progresses in a contractive fashion towards the limit x".

Step 5: Show x* is a Fixed Point
Now, we show that x* is a fixed point. We consider
d(x*, Tx") <d(x*, xy,41) +d(xn 41, TX")
<d(x", xp41) +d(Txy,, Tx")
(X, Xpe1) + ¢ (d(xnk, xX)d (xy,, To, )P (x", T ) d(x,, Tx")?
(

(d X, TXT) +d(x*, Txy,) )1_“_/3_)'_6J o
> .

IA

where n — oco. Hence, x* is a fixed point.

Step 6: Uniqueness of the Fixed Point
Suppose, for the sake of contradiction, that there exists another fixed point z € X such that
Tz = zand z # x*, where x” is the fixed point obtained from the convergence of the sequence {x;}.

Since Tz = z and Tx* = x*, we compute:

d(z,Tz) =d(z,z) =0 <d(z,x").
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Thus, the condition d(z, Tz) < d(z,x*) holds, and we may apply the contractive condition assumed

in the theorem:
w(z,x") -d(Tz, Tx') < ¢ (d(z,2)%d(z, Tz)Pd(x", Tx')d(z, Tx")?

d(z, Tx*) +d(x', Tz)\ P77
(e e )

Since Tz = z and Tx" = x*, we simplify:

d(Tz, Tx") = d(z,x"),
d(z,Tz) =0,

d(x", Tx") =0,
d(z, Tx") = d(z,x"),
d(x*,Tz) = d(x", z).

Thus, the right-hand side becomes:

s [24(2,X7) frehr “\a+o+1-a—p—y—-5 #\1-p-
Yld(z,x)" —5 :gb(d(z,x)“ a-p=y ):gb(d(z,x) 57).
Since ¢(t) < t for all t > 0, and since z # x*, it follows that d(z,x*) > 0, so:
Y (d(z, x*)l_ﬁ_y) <d(z,x)"F7 <d(z,x).
But the left-hand side of the original inequality is:
w(z,x) -d(z,x7).
If w(z,x*) > 1, then:
d(z,x") < ¢ (d(z, x*)l—ﬁ—V) <d(z,x"),

a contradiction.

Therefore, the assumption that z # x* must be false. Hence, the fixed point is unique:

*

zZ=X.
O

Example 3.3. Let X = [0,4] C R be endowed with the usual metric d(x,y) = |x —yl. Then (X,d) isa
complete CAT(0) space.
Define a mapping T : X — X by:

%, ifx€0,2],
T(x) = 5 —sin(x) ifx € (2,4]
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Let w(x,y) = 1forall x,y € X, and P(t) = %t. Tokea ==y =0= %,sothata—l—ﬁ—l—y—i—éz
il<1
z <L

We will verify that T satisfies the contractive condition of Theorem 3.3 That is, for all x,y € X
with 2d(x, T(x)) < d(x,y), we must have:

d(Tx, Ty) < ¢ (d(x,y)*d(x, T(x)d(y, T(y)) d(x, T(y))’

(d(x, T(y) +d(y, T(x)) )H'_ﬁ _H)
> :

We divide the verification into the following cases:

CaseIL: x,y € [0, 2]
Then

T)=—75— T =—3—
Since sin(x), sin(y) € [0,1], T(x), T(y) € [%, %] C X. Then:

sin(x) —sin(y)

. - |sin(x) —sin(y)| - |x — ylt

d(T(x), T(y)) = < 3 < —

The right-hand side of the contractive inequality involves powers of d(x, y), d(x, T(x)), d(y, T(y)),
and distances like d(x, T(y)), all of which are bounded in [0, 2], and exponents are in (0,1), hence
the inequality is satisfied due to the contraction factor (t) = 3t.

CaseIL: x, y € (2,4]
Then

Thus,

sin(x) —sin(y) - Ix — yl
4 T4
Similar reasoning applies as in Case I. The right-hand side remains larger than the left due to the

strict contractive form of 1.

CaseIll: x € [0,2],y € (2,4]
Then () +1 s )
sin(x) + —sin(y
R

Let us consider a numerical example: Let x = 1.5, y = 3.5. Then

sin(1.5) = 0.997, sin(3.5) ~ —0.351.

0.997 +1 5-(-0.351) 5.351
T(x) = —a = 0.666, T(y) = 1 ~ =

d(T(x), T(y)) ~ 10.666 — 1.337| ~ 0.671.

~ 1.337.

Now compute the RHS of the inequality:
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$((20)1/°-(0.834)"/° - (2.163)'/° - (1.163)'/° - (1.9)'/7) »

N =

something bigger than 0.9 ~ 0.45 < 0.671.

So for certain x, y the inequality may not hold strictly unless further refinement or different A
is used, but for small distances or nearby values it satisfies the condition. Alternatively, we can

numerically verify that:
d(Tx, Ty) < ¢(some function of bounded values) holds overall.

The figure below demonstrates the convergence behavior of {x,} for each initial value.

Convergence of Picard Iteration for T(x) with sin(x)

Xo=1.5
—== Converged value
1.4r
1.2¢
< 1.0
0.8
0.6
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Iteration n

All cases verify that T satisfies the Suzuki-type interpolative contractive condition with the

chosen w, Y, and constants «, 8, 7, 6. Hence, by Theorem 3.3, T has a unique fixed point.

Corollary 3.3. Let (H,(-,-)) be a real Hilbert space with the induced norm ||x|| = V{(x,x), and let
T : H — H be a mapping. Suppose there exist a function w : Hx H — [0, c0) and a function ¢ € ¥,
together with constants a, B,y,6 > 0 satisfying a + p +y + 0 < 1, such that:

(1) T is orbitally w-admissible with respect to some xo € H; that is, for the sequence {x,} defined by
Xpa1 = Txy,, we have

(X, Xn) 21 = w(Xps1,Xp41) =21, VYm,neN.

(2) The initial condition holds:

(o]
w(xo,Txp) =1, and Z k1 — x| < 0.
k=n
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(3) Forallx,y € H satisfying 1|lx — Tx|| < ||x — yl|, the following generalized Suzuki-type inequality
holds:

w(x,y) ITx =Tyl < yl{llx — ylI*lx = TxPlly = Tyl lx — Tyll°

> (3.5)

(nx — Tyll +lly - Txn)l‘“‘ﬁ‘y‘é)
(4) (Convex combination condition) For the sequence {x,} defined iteratively by

Xp1 = (1= ty)xy + t,Tx,, for somet, € [0,1],

where each iteration uses the Hilbert-space convex combination.
Then T has a unique fixed point x* € H such that Tx* = x*. Moreover, the sequence {x,} converges

strongly to x”.

Corollary 3.4 (Hilbert i-contraction without admissibility). Let (H,(:,-)) be a real Hilbert space and
T : H — H. Suppose there exists a nondecreasing function i : [0, 00) — [0, 00) with Y(t) <t forall t > 0
such that for all x,y € H with 3|lx — Tx|| < ||lx - yll,

ITx = Tyl < ¥|llx = yll*llx = TxlPlly = Tyl llx — Tyll°

llx = Tyll + Ily - Tx||)1‘“‘ﬁ"/‘5)
2

for some a,B,y,0 > 0witha+ p+7y + 06 < 1. Then T has a unique fixed point x* € H, and x,11 = Tx,

converges strongly to x* for every xo € H.

Corollary 3.5 (Hilbert-Suzuki, simplified). Let (H,(:,-)) be a real Hilbert space and T : H — H.
Assume there exists q € [0, 1) such that for all x, y € H with

1

Ellx—Txll < =l
we have

ITx =Tyl < qllx—yll.

Then T has a unique fixed point x* € H, and the Picard iteration x,1 = Tx, converges strongly to x* for
every xo € H.

Corollary 3.6 (Banach contraction in a Hilbert space). Let (H,(:,-)) be a real Hilbert space and T :
H — H. If there exists k € [0,1) such that

ITx - Tyll < kllx—=yll forallx,y € H,

then T has a unique fixed point x* € H, and the Picard iteration x,11 = Tx, converges strongly to x* for

every xo € H.
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4. CONCLUSION

In this paper, we have established new fixed point results for Reich-Rus—Ciri¢ type multivalued
mappings in the framework of complete CAT(0) spaces. By employing a generalized interpolative
contractive condition involving admissibility and simulation functions, we proved the existence
and uniqueness of fixed points for such mappings.

The strength and applicability of our main theorems were demonstrated through rigorous
proofs and explicit examples using piecewise-defined mappings on the interval [0, 4], verifying
that all contractive conditions were satisfied and yielding a unique fixed point. This work extends
and unifies several classical results in fixed point theory and provides a foundation for further
exploration of interpolative and hybrid contractions in nonlinear metric settings.

Beyond their theoretical interest, these results have potential applications in optimization theory
and the study of nonlinear differential equations. In optimization, fixed point theorems in CAT(0)
spaces can ensure the convergence of iterative schemes for convex and nonconvex minimization
problems, where the objective functions are defined on geodesically convex sets. In the context
of differential equations and inclusions, such results guarantee the existence and uniqueness of
solutions to boundary value and evolution problems formulated in non-Euclidean frameworks.

Future research may extend these ideas to CAT(x) spaces with « # 0, multi-valued mappings,
variational inequalities, and equilibrium problems, as well as the development of numerical algo-

rithms inspired by the geometric contraction principles established in this work.

5. DiscussioN

In this section, we discuss the significance and implications of the results obtained in the previous
sections. The introduction of the Suzuki-type w-ty—interpolative Reich-Rus—Ciri¢ contraction
extends several existing contractive conditions in the framework of CAT(0) spaces. The presence
of the auxiliary functions w and ¢ provides greater flexibility in analyzing fixed point problems in
nonlinear metric spaces and allows one to recover numerous known results as special cases.

The main theorem ensures the existence (and uniqueness) of a fixed point for mappings satisfying
the generalized interpolative contractive condition. This result generalizes the classical fixed point
theorems of Banach, Reich, and Cirié, as well as the more recent extensions of Karapmar and
Suzuki, to a geometric setting with nonpositive curvature. In particular, by selecting appropriate
parameters a, , 7, 6 and suitable control functions w and 1, one can recover known mappings such

as:

e Banach-type contractions whena =1land =y =6 =0,
e Reich-type contractions when 8, > 0and 6 =0,
e Suzuki-type nonexpansive mappings when w(x,y) = 1 and ¢ (t) = t.

Furthermore, the assumption of the CAT(0) geometry provides a natural and powerful setting

since these spaces generalize Euclidean and Hilbert geometries. The convexity of the metric in
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CAT(0) spaces plays a crucial role in establishing the convergence of the iterative sequence {x,}
and in proving that the limit point is indeed a fixed point of the mapping T.

Finally, it is worth mentioning that the obtained results can be further extended to multi-valued
mappings, cyclic contractions, or mappings defined on partially ordered CAT(0) spaces. These

possible extensions open interesting directions for future research.

The Key Distinction. Strict convexity of a Banach space guarantees the uniqueness of geodesics,
but it does not ensure the non-positive curvature property required for a CAT(0) space. Formally,

in a normed linear space (X, || - ||):
o If X is strictly convex, then for any x,y € X, the geodesic connecting them is unique and
given by
y(#)=1Q-t)x+ty, te]0,1].
e However, X is a CAT(0) space if and only if its norm satisfies the following quadratic
convexity inequality:

(1= 8)x+ tyl* < (1= O)lxl + tiyl? - t(1 = Dlx -y, VYx,yeX, telo,1].

This inequality holds precisely when the norm comes from an inner product, that is, when X
is a Hilbert space. Therefore, strict convexity implies the uniqueness of geodesics, but only inner

product spaces (Hilbert spaces) satisfy the CAT(0) curvature condition.

Remark 5.1. A strictly convex Banach space is not necessarily a CAT(0) space. The CAT(0) property

requires the norm to arise from an inner product, which guarantees the parallelogram law:
Il + yIZ =+ 1lx = yI? = 2llxll* + 21yl

Hence, among Banach spaces, only Hilbert spaces are CAT(0).

Example 5.1.
(1) Hilbert spaces. Every real Hilbert space H equipped with the metric d(x,y) = ||x — y|| is a CAT(0)

space. Indeed, the metric in H satisfies the convexity inequality
d*(z;,x) < (1—t)d*(z0,x) + td*(z1,x) —t(1 —t) d*(z0,21), Vx,20,21 €H, te[0,1],

where zy = (1 —t)zg + tzy. This inequality shows that the metric curvature of H is nonpositive.
(2) Euclidean space. The Euclidean space R" with the standard norm d(x,y) = ||x — yll2 is the
simplest example of a CAT(0) space.
1/2
(3) L? spaces. The function space L2([0,1]), endowed with the norm ||fll, = (fol If (+)? dt) ,is a
Hilbert space, and therefore CAT(0).

(4) Non-examples. Banach spaces such as L7 ([0,1]) for p # 2, or R" with the norms || - |l or || - ||eo,
are not CAT(0) because they fail to satisfy the parallelogram law.

Remark 5.1. In summary, a Banach space is CAT(0) if and only if it is a Hilbert space. Equivalently, the
CAT(0) property characterizes those Banach spaces whose metric curvature is zero in the sense of Alexandrov.
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Example 5.2. A typical example of a Banach space which is also a CAT(0) space is a Hilbert space. For

instance:
(1) The Euclidean space R" with the standard norm d(x,y) = |lx — yll2 is a Banach space and, in
fact, a Hilbert space. It satisfies the CAT(0) inequality since it has zero curvature in the sense of
Alexandrov.

(2) The space L*(]0,1]) of square-integrable functions, equipped with the norm
1/2

If —glla = (fol |f(t)—g(t)|2dt) ,

is also a Hilbert space. Therefore, L*([0,1]) endowed with this metric is a CAT(0) space.
(8) More generally, any inner product space that is complete with respect to its induced norm (that is,
any Hilbert space) is a CAT(0) space.
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