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Abstract. In this paper, we introduced the definition of hexa topological space, also, we studied Some topological
properties of this spaces with more illustrating examples. Many new definitions and theorems were investigated
Separation axioms in hexa-topological spaces were debated, and many relations between these spaces and other

topological spaces were discussed.

1. INTRODUCTION

In 2021, Shihab and Alobaidi [11], a comprehensive concept has been introduced for two new
spaces called: P-compactness and P-connectedness are introduced using the concept of P-open sets
and their properties. In addition, the relationship between these spaces is studied. This study aims
to investigate new types and forms of separation axioms using P-open sets, such as TP;-spaces
where i = 1,2, 3. The relationship between them is discussed, and many of the properties of these
spaces are illustrated and discussed with illustrative examples.

In 2022, Khan [3] introduced and limited new types of open and closed sets, called the p-b-open
set, the p-b-closed set in topological spaces. They also defined the p-b-open sets and the p-b-closed
sets in penta topological spaces and studied and tested some of their properties. The concepts of
p-b-continuity and p-b-homeomorphism were introduced, and some related results and facts were

proven.
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In 2018, M. Khan and G. Khan [4] studied and introduced the concept of pentagonal topological
spaces, and explored and studied the basic concepts of penta topological spaces in classical topo-
logical spaces by defining new types of open and closed sets within pentagonal topological spaces.
They also studied the notions of p-continuity and p-homeomorphism in pentagonal topological
spaces.

In 2019, Pacifica and Fathima [6] they studied the concepts of a closed sets in a penta topological
spaces. Also, they defined and generalized Some basic properties of a penta topological spaces.
Important results in this field are established.

Recently, Kumar, Mary and Radha [5] introduced a clear concept and explores the properties
of the penta partitioned Soft neutrosophic topological space (PPNSTS), a unique and innovative
framework that combines fundamental principles of neutrosophic logic, soft set theory, and topol-
ogy. PPNSTS is designed to model uncertainty, indeterminacy, and vagueness in complex systems
with improved accuracy by creating five distinct partitions of the neutrosophic space. The PPNSTS
construct combines truth membership, indeterminacy membership, and falsity membership func-
tions, divided into five additional subsets, enabling a new, multi-layered approach to handling
imprecise and ambiguous data. Key properties, such as open sets, closed sets, adjacency systems,
rules, and subspaces, are defined, analyzed, and interpreted within this innovative model. In
addition, this study investigates the relationships and mutual connections between the pentag-
onally partitioned soft neutrosophic topological spaces and the existing soft and neutrosophic
topological spaces. The applications of PPNSTS in decision-making, artificial intelligence, and
data identification and classification are explained, highlighting their significant future utility in
solving real-world problems where traditional methods are difficult to use.

In 2019, Fathima [2]. In this study, the concept of a generalized closed set in a pentagonal
topological space is defined and discussed. Some basic properties of pentagonal topological
spaces are also studied, with new results supported by illustrative examples.

Vani and Arasi, in 2019 [10] introduced the concept of a pentagonal topological space and
introduced the basic concepts of pentagonal topological spaces in classical topological spaces. To
accomplish this, new types of open and closed sets were introduced, namely the pentagonal quasi-
alpha open set in a pentagonal topological space. The idea of pentagonal quasi-alpha continuity
in pentagonal topological spaces was also introduced.

In 2023, Santhiya [8] present a new concepts called hexa regular closed (R;-closed for short), hexa
regular open (R, -open for short), hexa regular semi-closed(RS);-closed for short), hexa regular
semi-open (RS);-open for short, hexa regular weakly closed (RW);-closed for short, and hexa
regular weakly open (RW),-open for short) are introduced in the hexa topological spaces, and
many results are hold.

In 2020, Chandra and Pushpalatha [1], gave and investigated a concepts of hexa topological
spaces. They defined h-closed sets, h-b-closed sets and h-b-7 - closed sets in hexa topological space.
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In 2021, Shihab, Mousa and Zaben [9] introduced and studied a new types of functions in
hexa topological spaces, called (h-continuous, h-open, h-closed, Quasi-h- open, Quasi-h- closed)
functions, and investigated the relationships between them. They also introduce a new concept of
homeomorphism called hexa_homeomorphism in hexa_topological spaces.

In 2021, Qaddoori [7] The aims of his study focus on new definitions and concepts of
(ap-, Pu-, by, B~ ) open sets to generalize the concept and properties of functions in hexa topo-
logical spaces, which are called (-, py-, by, Bj-) identification functions. Many results were
discussed, proven and explained using examples.

The earliest beginnings in the study of multi topological spaces go back to the scientist Kelley [12]
in 1963 who established the definition and basic concepts of bi topological spaces, along with
deriving many results and generalizations.

In 1975, Cooke and Reilly, [13] they were the first who defined and studied compactness in bi
topological spaces.

In 2025,( Tapi & Sharma, 2015) [14] study the features of quad-open sets and quad-closed sets
and reveal quad-continuous function in quad topological spaces (quad-topological spaces).

(Mukundan, 2013) [15], Introduced a new concept of Quad topological spaces (4-tuple topology)
and explain new types of closed sets such as g-closed, g-b- closed and g-bt -closed sets.

In 2014, (Tapietal., 2014) [16], introduced the separation principles in quad topological spaces (q
-topological spaces) and study some of their characteristics. In 2023, (Qoqazeh,et.al) [17], studied
properties and discussed new covering in tri-topological spaces as tri-Lindeldf, tri- compact spaces

and others.

2. MaIN Resurts

Definition 2.1. Given a non-void set L and Ty = (T10), Tr2), Tr3) T4y, T15), Ti(6)) is an ordered
hexagon of topologies on L (6-tuples of topologies) on L. Then (L, Ty ) is called a hexa topological space.

Remark 2.1. A hexa topological space (L, Ty ) is denoted by H.T.S.

Definition 2.2. Any subset M of L is called a hexa-open set if M € T (1) UT ) UT (3) U T 1(4) Y T (5) U
T1(6) and denoted by (H-open).

Definition 2.3. The complement of a hexa-open set in any T ;) (i=1,2,3,4,5,6) is called a hexa-closed
set and denoted by (H-closed).

Example: Let L = R and 77 1) = Trind) Tr2) = Tew)y Te3) = Traety Tr) = TLiright)
TL(S) = TL(COf) and TL(6) = TL(dis)' Then (L, TL(l)’TL(Z)’TL(g)’TL(4)’TL(5)’TL(6)) isa (HTS)
(2,3) is a H-open set, while (-0, 2] U [3, o) is a H-closed set.
{5} is a H-open and H-closed set, hence it is a H-clopen set, since R — {5} = (—0,5) U (5, ) is an
open setin (R, 770) = Tr(w))-

Definition 2.4. Given a non-void set L and Tp = (7T Puys Tp(2), Tp<3),T Py Tp(s)) is an ordered pentagon
of topologies on L (5-tuples of topologies) on L. Then (L, Tp) is called a penta topological space (P.T.S).
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Definition 2.5. Given a non-void set L and Tq = (Trx1), T12), Tr3), T1(a)) is an ordered quada of
topologies on L (4-tuples of topologies) on L. Then (L, Tq) is called a quada topological space (Q.T.S).

Remark 2.2. (1) Any quada topological space (L,Tq) is a penta topological space (L, Tp) when we
repeat only one arbitrary Ty ;) where i = {1,2,3,4}.
(2) Any penta topological space (L, Tp) is a hexa topological space (L, TrH) when we repeat only one
arbitrary TL) wherei = {1,2,3,4,5}.

Example 2.1. Repeat 77 R, N apenta topological space (R, TR (ind), TRteft)r TR (right)r TR (cof) TR(u)) then

(R, TR(ind), TR (teft)r TR (right)r TR (cof)r TR(R))
is a Hexa topological space.

Definition 2.6. Let (L, Tx) be a hexa topological space, and M C L, then:
(1) The H-interior of M is the union of all H-open sets contained in M, and it is denoted by H-Int(M).
(2) The H-closure of M is the intersection of all H-closed sets containing M and it is denoted by
H-CL(M).
Example 22. Let L = {1,2,3}, TL(l) = {L,(f)}, TL(Z) = {L,gb, {1}}, TL(3) = {L,(P,{l}, {2}}, TL(4) =
(L, B), Tis) = (L&, (11, 1,2)), Tige) = (Lo, (1), (1,3}

The H-open sets are
{L, ¢, {1}, 12}, 3}, {1,2},{1,3}}
The H-closed sets are
{¢,L,{2,3},{1,3},{1,2}, {3}, {2}}
*Let M = {1, 3}, then
H-Int(M) = {1} U {3} U{1,3} = {1, 3}
and
H-CL(M) ={1,3}NL ={1,3}
Note that:
(1) If M is H-open set, then
H-Int(M) = M.
(2) If M is H-closed set, then
H-CL(M) = M.
(3) In a hexa topological space (L, 75 ), the H-interior of a set needs not be an H-open set as

we shown it in the following example: If N = {2, 3}, then H-Int(N) = {2} U {3} U ¢ = (2,3}

which is not H-open set.
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(4) In a hexa topological space (L, 75 ), then H-closure of a set needs not be an H-closed set as

we shown in the following example: If L = {1, 2,3, 4,5, 6}
71 ={¢,L}
T2=1{¢,L,{1,2}}
T3 =1{¢,L,{1,2,3}}
T4 =19,L,{1,2,3,4}}
75 =1{¢,L,{1,2,3,4,5}}
T6 = {¢,L,{2,4,5,6}}
(L, TH) is a hexa topological space.
If M = {3}, then H-CL(M) = {3} i.e. H-CL({3}) = {3} which is not H-closed set (since the
closed sets are {L, ¢, {3,4,5,6}, 14,5, 6}, {5, 6}, {6}, {1, 3}})

Remark 2.3. The intersection of any collection of H-closed sets need not be a H-closed set, as shown in the

previous example.
Remark 2.4. The intersection of any T;-closed sets is a T-closed set.

Theorem 2.1. Let (L, T 1) be a hexa topological space and A C L, then h € H-CI(A) if and only if for any
H-open set Uy, with h € Uy, we have U, N A # ¢.

Proof. Leth € H-CI(A). Suppose that there exists a H-open set Uj, such thath € U, and U;N
A= ¢.Now, A CL-U,.
i.e H-CI(A) € H-CI(L-Uy) = L—Uy. So h € L — Uy, which is a contradiction.

Remark 2.5. Let (H,TH) = (H,TL<1),TL(2),...,TL(G)) and (H,GH) = (H,GL(l),GL(z),...,O'L<6)) be two
hexa-topological spaces, then the intersection of (H,Tw) and (H,on) is defined by (H, Ty Non) =
(H,TL(l) N UL(l)'TL(z) N GL<2), . ’TL(6) N GL(()))

Example 2.3. Let H = R

and T = (Tind, Taiss Tus Tiefts Trights Tu)

0H = (Oleft, Ou, Odis, Orights Olefts Ocof )

then Th 0o = (Tinds Tus Tus Tinds Tinds Tcof)
which is a hexa topological space.

which is exactly a tri-topological space (Ting, Tu, T cof)-

Remark 2.6. The union of two Hexa topological spaces need not be a Hexa topological space, as shown in
the following next example if we take H = R,

T = (Tuw Taiss Tinds ﬂeft/ (rrightr Tu) and Ty = (Tais, Tu, (rleft/ (Tright/ (rleftr (Tcof) then Ty N oy is not a
hexa-topological space since if we take Tierr U Tigns is not a topology.

Definition 2.7. Let (L, 7x) be a hexa topological space and D C L, we say that D is an H-dense set if
H—Cl(l)(D) =Lforalli=1,2,3,4,5,6.
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Example 2.4. Given L = R and T = (Tind, Tiefts Tiefts Tus Trights Tu)
Let D = Q (where Q is the set of all rational numbers), then D is an H-dense set since H-Cl;) (D) = R for
alli=1,2,..,6.

Definition 2.8. A hexa-topological space (L, Tx) is called

(1) Hexa-Ty space if for any two distinct points hy, hy € L, there exists a H-open set contains only one point
but not the other and it is denoted by H-Ty space.

(2) A Hexa-Ty space if for any two distinct points hy, hy € L, there exists two H-open sets Uy, Vy,, such
that hy € Uy,, hy ¢ Uy, and hy € Vy,, hy & V), and it is denoted by H - T, space.

(3) A Hexa-T» space if for any two distinct points hy, hy € L, then exists two H-open set say Uy,, V, such
that hy € Uy,, hy € Vy,, and Uy, N V), = ¢ and it is denoted by H-T, space.

Example 2.5. Let L = R. The hexa topological space (L, Tn) = (R, Tina, Tu, T dis; Tieft, Tright) then
(L, Tw) is H-To space, H - Ty space and H - T, space.

Remark 2.7. The following implications are hold : H-T, — H-T1 — H-Ty, but conversely needed not be
true always as shown in the following example.

Example 2.6. Let L = R.
Consider (L, Ty) = (IR, Trefts Trights T cocs Teofs T171, T (0,1) )., then (L, Tw) is an H-T, space, H-Ty space but
not an H-Tj space, since the topological spaces Tiegt, T vight, T cocs Teofs T 7y and T (0,) are not To-space on R.

Example 2.7. Let L = {1,2,3,4,5,6}, 7; = {¢,L {1}, = {¢,L,{2}}, Tie) = {¢,L,{3}}
L(4) = {qbr L/ {4}}1 TL(S) = (P/ L/ 5}}/ TL - (P/ L/ {6 .
Then (L, Ty ) is an H-Tg space, H-T1 space and H-T, space but T L(i) is not To-space, not a T1-space, and
not Tp-space foralli = 1,2,3,4,5,6.

Example 2.8. Let L = {hy,hy, h3, ha, hs}. Consider

¢, {m}, L},

¢, L, {h1, ha}, {hall,
¢, L, {hs}},

¢, L, {hat},

¢, L, {ho, ha}},

¢, L, {hs}, {h3, hal}.

Hence, (L, Tw) is an H-Ty space but neither an H-Ty space nor an H-T, space, since we cannot separate
hi and hs.

=1
=1
= {
={
=1
={

Example 2.9. Let L = {1,2,3,4,5,6}. Let (L, Tx) be a hexa topological space, such that
7-1 = {@1 L/ {1/ 2}/ {1/ 2/ 3}}/
T2=1{¢,L,{1,3},{1,2,3}},



Int. J. Anal. Appl. (2026), 24:15 7

T3 ={¢,L,{1,4},{1,2,4}},

74 = {¢,L,{1,5},{1,2,5}},

75 = {¢,L,{1,6},{1,2,6}},

T6 =10,L,{2,3,4,5,6}}.
Hence (L, Ty) is an H-Ty space and H-T4 space but not H-T space.

Theorem 2.2. A hexa topological space (L, Tw) is H-Ty space if and only if for any two distinct points
hi,hy € L, we have H-C1({h1}) # H-Cl({hy}).

Proof. (=) : Assume (L, Ty ) is an H-Tj space. Lethy, hy € Lsuch thathy # hy, then there exists
an H- open set U containing only one of the points hy, hy (say by € U, hy ¢ U). Since U is H-open
and h; € Ubut {hy} NU = ¢, so, iy ¢ H-Cl({h2}) buthy € H-C1({h1}), hence H-C1({h1}) # H-Cl({h2}).

(&=): Let hy,hy € L such that hy # hy, then by assumption H-Cl({h1}) # H-Cl({h,}), there
exists h3 € H-Cl({l}) — H-Cl({h2}) or h3 € (H-Cl({h2}) — (H-C1({h1})). So hz € H—Cl({l1}) and
h3 ¢ H—Cl({h2}). Then there exists a H-open set Uy, such that h3 € Uy, but Uy, N {hy} = ¢, so
hy ¢ Uy, but Uy, N {h1} # ¢, so hy € Uy,, hence L is H — Ty-space.

Definition 2.9. Let (L, 7x) be a hexa topological space, and A C L. The hexa subspace (A, T, ) is a hexa
topological space on A, where Ty, = {ANW, for any H-open set W}.

Example 2.10. Let (L, 7x) be a hexa topological space such that L = R, Ty, = {L,¢,{1}}, Tu, =
{L/ (]5; {2}}/ THg - {L/ (P/ {3}}/ TH4 = {L/ (]5/ {4}}/ TH5 = {L/ (P/ {5}}1 THG = {L/ (P/ {6}} Let A =N C R
Then Ty = {¢,IN, {1}, {2}, {3}, {4}, {5}, {6}} is a hexa subspace topological space on IN.

Theorem 2.3. Every subspace of H-Ty space is H-T.

Proof. Let L be a H-Ty space and (A, 71, ) be a hexa subspace of L. Let hy, hy € A with hy # hy,
then hy, hy € L. Since L is an H-Ty space, then there exists an H-open set U containing one of the
points but not the other say i1 € U and hy ¢ U. Let U, = UN A, then Uy, is an H-open set in A
with hy € Uy, and hy ¢ Up,. So (A, TH,) is an H-Ty-space.

Definition 2.10.

(1) Let (L1, Ty) and (Lo, Th) be two hexa topological spaces. A function f : (L1, Ty) — (L2, TH) isa
continuous function if the inverse of any H-open set in (Lo, Trr) is an H-open set in (L1, T ).

(2) A function f : (L1,TH) — (L2, TH) is open function if the image of every H-open set in (L1, TH) is
H-open set in (Lp, TH).

(3) A function f : (L1, Tna) — (Lo, Th) is closed function if the image of every H-closed set in (L1, Trr) is
H-open set in (Ly, T).

(4) Afunction f : (L1, Ta) — (Lo, Th) is H-homeomorphism function if it is bijection, open and continuous

function.

Theorem 2.4. Being a H-T space is a topological property.
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Proof. Let f: (L1, 7H) — (L2, Th) be an H-homeomorphism function and (L1, 7x) is an H-Tj

space, let 1,1 € Ly such that I} # I, since f is onto, then there exists ki, k> € L; such that f(k;) =
and f(kp) = I with ky # k.
Since (L1, TH, ) is an H-Ty space, there exists an H-open set U in L; containing one of the points ki,
ko but not the other, say ky € Uand k; ¢ U. Let V = f(U), then V is a H-open set in (L, Tx ), since
the function f is H-open function With l; = f(k;) € Vbutlh = f(ky) ¢ V.

Hence (Ly, TH) is an H-Ty-space.

Theorem 2.5. A hexa-topological space (L, Ty) is H-Ty if and only if {h} is H-closed for all h € L.

Proof. Let (L, 7x) be an H-T; space. To show that {1} is H-closed for any I € L, we want to
show L — {h} is H-open. Let € L — {h}, then | # h, but L is an H-T; space so there exist two H-open
sets Uand Vsuchthat/le U hg Uandhe V,1 ¢ V,wegetl € U C L~ {h}. So, L - {h}is an H-open
set, i.e., {h} is H-closed set for any h in L.

Conversely, Suppose that h ¢ H—-Cl(A),soh € L—H —-CI(A), but L— H - Cl(A) is H-open set
contains &1, we have [L — H — Cl(A)] N A # ¢ which is a contradiction since L — H — CL(A) C L - A.

Theorem 2.6. Every subset of H-T; space is H-T; space.
Proof. Itis easy to prove it.
Theorem 2.7. Being a T-space is a topological property.
Proof. 1t is easy to prove it. m]

Definition 2.11. Let (Ll, TH) = (Ll, THl , THZ/ TH3, TH4, TH5/ THﬁ ) and (Lz, DH) =
(L2, DHy, DH,, DHs, DH,, OHs, OH, ) be two hexa topological spaces, then
Ty C Doy Zf TH,» - DHifOT’ alli=1,2,3,4,5,6.

Definition 2.12. A hexa topological space (L, Tw,, TH,,---,TH,) is called strongly H-To (respectively,
H-Ty and H-T>) if Th, is a To (respectively Ty and T5) space, foralli =1,2,...,6.

Theorem 2.8. Let L be any non-empty set, then Teof = (Tcofs Teofs Teofs Teots Teot, Teof) 1S the smallest
topology on L that makes L a strongly H-T; space.

Proof. We know that (L, 7o) is a strongly H-T; space, since {h} is a H;-closed set in 7y, for
(i=12...,6)forall hin L. Let Ty = (TH,,...,TH,) be a hexa topological space that makes
L to be a strongly H-T; space, want T.of C TH, let U € Tof then L — U is a finite set, say

6

L-U={h,hy,... he} = U{hi} but {h;} is H-closed set in each (L, 7;) foralli =1,2,...,6. Hence
i=1

k
U{hi} is a H-closed set, since each (L, Ty,) is a T1-space.
i—1
l n n

6
So, U{hi} isa closed setin 7y, Vi=1,...,6, s0 U{hi} is H-closed. So U = L — U{hi} is TH,-open
i=1

i=1 i

i=1
foralli=1,...,6,50Tcof CTp, foralli=1,...,6.
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Theorem 2.9. Every subspace of H— T space is H — T».

Proof. 1t is easy to prove. m]
Theorem 2.10. Being a H — T space is a topological property.

Proof. 1t is easy to prove. m]

Theorem 2.11. A hexa topological space (L, Tr) is a strongly H — T space if and only if for any two distinct
points hy, hy € L, there exists a Ty -open set U; such that hy € Uj, hy & Ty, — CY(U;) fori=1,2,...,6.

Proof. Let (L,7H) be a strongly H — T, space. Let h1,hy € L such that hy # hy, then for each
i=1,2,...,6, there exist U;, V; € Tq, such that hy € U;, h, € Viand U;NV; = ¢, so, hp € V;,
VinU; = ¢, so hy ¢ CI(U;) in T,

Conversely, Suppose that there exists 7 ;,-open set U;, suppose for any two distinct points iy, hy € L,
there exists 7x,-open set U; such that hy € U;, hy ¢ Ty, — Cl(U;) foralli = 1,2,...,6, then there
exists a 7y;-open set V; such that h, € V;, VN U; = ¢.

Theorem 2.12. A hexa topological space (L, Tw) is a strongly Ta-space if and only if {h} = N{CL(Vy) :
Vi is Tu-open and h € Vy foralli =1,2,...,6}.

Proof. Let (L, TH) be a strongly H — T space, then (L, Ty,) is a To-space foralli =1,2,...,6.
Let j € (CL(Vk) : Vi is Th-opensetand h € Vi} and j # h since each Ty, (i = 1,2,...,6) is T»,
then there exists a 7y,-open sets Uy, Wi such that i € Uy, j € Wy and U N Wy = ¢.
So,j ¢ T, —ClUy), j¢ MCL(V) : Viis Ta-open and h € Vi}.

Conversely: easy to prove.

3. CONCLUSIONS AND FURTHER INVESTIGATIONS

3.1. Results and conclusions.

1 The topological properties of sets in hexa topological spaces were defined as H- closure
and H- interior with examples illustrating those properties.

2 A definition was established of separation axioms in hexa topological spaces, along with
an explanation of the relationship between those axioms.

3 A new definitions of mappings in hexa topological spaces were established.

4 Some results and concepts were genderized in hexa topological spaces.

3.2. Further investigations. Based entirely on the results of this study in hexa spaces and the
results and generalizations reached, this can be applied and employed in the study of several
topological properties such as the most common covering properties as hexa compact and hexa
Lindeldf spaces. In addition, it is possible to study these properties in soft and neutrosophic

tectonic spaces.
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