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THE S-TRANSFORM ON HARDY SPACES AND ITS DUALS

SUNIL KUMAR SINGH* AND BABY KALITA

ABSTRACT. In this paper, continuity and boundedness results for the contin-
uous S-transform in BMO and Hardy spaces are obtained. Furthermore, the
continuous S-transform is also studied on the weighted BMOj, and weighted
Hardy spaces associated with a tempered weight function which was proposed
by L. Hérmander in the study of the theory of partial differential equations.

1. INTRODUCTION

The S-transform is a time-frequency localization technique that has characteris-
tics superior to both of the Fourier transform and the wavelet transform[12]. The
n-dimensional continuous S-transform of a function f with respect to the window
function w is defined as [13]

(1.1) (Suf)(1,6) = [ f(t) w(r —t,€) e72™E0 Gt for 7,6 € R,
]R’n,

provided the integral exists.

In signal analysis, at least in dimension n = 1, R?" is called the time-frequency
plane, and in physics R?" is called the phase space[l11]. Equation(1.1) can be
rewritten as a convolution

(1.2) (Suh)(7.8) = (FO)em 27 5 () (7).
Applying the convolution property for the Fourier transform in (1.2), we obtain
(13) (Suf)(7:6) = Z7H{F(+8 &, } (1),

where f(1) = (Zf)(n) = [o. [(t) e~270dt, is the Fourier transform of f.

2. THE S-TRANSFORM ON BMO SPACES

The bounded mean oscillation space BMO(R™) was first introduced by F. John
and L. Nirenberg in 1961 [3]. It is the dual space of the real Hardy space H' and
serves in many ways as a substitute space for L. The BMO(R") space has become
extremely important in various areas of analysis including harmonic analysis, PDEs
and function theory.
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Definition 2.1. The bounded mean oscillation space BMO(R™) is defined as the
space of all locally Lebesgue integrable functions defined on R™ such that

1
| £ Isaro= sup — / 1£(@) — faldz < oo,
Bcrn |Bl Jp

here the supremum is taken over the ball B in R™ of measure |B| and fp stands
for the mean of f on B, namely

(2.1) fB ::ﬁ/[;f(m)dmgﬁa/B|f(:v)|dx§m<oo.
Lemma 2.1. Let f € LY(R"), then e~¥27<&> f(.) € LY(R™) and

| e ?"<8>f() o < || f llBro +2m

where m is a constant given in equation (2.1).
Proof.
I 6*i2”<5">f(') IBmo

_ sup 7127r<§ ac>f( ) 67i27r<£,t>f(t)dt dx

1B] /5
) —127r<£ >
6—127r<§,m>f(x) _ / f(t)dt
1B B

—127r<§oc>
e / f(tydt -

= sup—

6_12”<5’t>f(t)dt dx

IBI

. 1
<  sup —/ (e_12”<£’””> (fx ——/ ftdt)’
S22 18] s =151/,
1 / 1 —igm<et
+|— ftdt‘+‘/e ”r<5’>ftdthx
51 17O B v
1 1
< sup —/ |f(z) — fgldx + sup 7/ |fBldz
Bcr» |Bl Jp Bcr» | Bl Jp
1 1
+ sup /(/ftdt)dx
SR 181 S 18] /170
< | fllBmo + m|B|+ m‘B‘

= || fllBmo + 2m.

O

Theorem 2.2. Suppose w(-,&) € L*(R™) (N L3(R™), then, for any fived £ € R} =
R™\ {0}, the operator S, : BMO(R™) — BMO(R™) is continuous. Furthermore,
we have

I (Swf)(58) lBmo < [ w(5€) e (I f IBro +2m).
Proof. For any arbitrary ball B in R™, we have

1
(Suf)B(1,§) = @/B(Swf)(T,ﬁ)dT
_ L e—i271'<§,7—_x> r— Vol edr
- |B|/B/n f(r = 2)w(z, §)dedr,
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and hence

|(Swf)(7’ 5) - (Swf)B(Ta 5)'
_ /7l e—i27r<£;r—w>f(T _ x)w(x’ §)da:

_ / 672-271—<§,7-7z>f(7— _ CC)W(CL’, f)dil:
- [ @) (IBI [ et o m)da) “
_% /B emi2m<bame> £y x)da) dx

[ (.0

R
Bl

IN

67i27r<5’7—72>f(7' o 1‘)

—i27r<§,oz—z>f(

dx.

a—z)do

Therefore,

| (Swf)(€) lIBmo
= sup Bl/ | S f (Swf)B(Ta€)|dT

BCR™
mé(@ymMe

1 .
_E/ 6—12w<§,a—r>f(a _ .Z‘)dOé
B

= [ o s g [ e

1 / —i2m<E > ’
——— [ TSN f(t)dt|dy | dx
(K] Jx
< w8 el e £() llsaro,

here K = B — z for z € R™.
By using above lemma we get,

(5w f) (5 €) Bao<l w(,€) llzr (I f lBao +2m).

7i27r<§,'rfx>f(

dac) dr

—i27r<§,y>f(y)

< sup T—x)

BCR™

3. THE S-TRANSFORM ON WEIGHTED BMO SPACES.

Definition 3.1. A positive function k defined on R™ is called a tempered weight
function[2] if there exists positive constants C and N such that

(3.1) E(+n) < (1+ClE)Nk(n) for all &,neR™
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Definition 3.2. For 1< p < oo, the weighted Lebesgue space L% (R™) is defined as
the space of all measurable functions f on R"™ such that

1= ([ 15k <o

Definition 3.3. The weighted bounded mean oscillation space BMO(R"™) is de-
fined as the space of all weighted Lebesgue integrable (locally) functions defined on
R™ such that

I £ Isoc= s [ 1£(e) = fplkia)de < .
where the supremum is taken over the ball B in R™ and |B|;, = [ k(z)dz.
Lemma 3.1. Let f € L:(R"), then e~ 27<¢> f(.) € LL(R") and

| e 7<= f() Ismo <N f lBmo, + 2m,

where m is a constant defined in equation (2.1).
Proof.

Ie™27<¢> () | Bao,

1
= Sup =-— —7
i Bl |B]

1 / om<t >f efi27r<£,w> / f
= sup —— e TSt z) — —— t)dt
S 1T =g f, Y

77,27T<E > 1 —i2m<E t>
f E e 2 f(t)dt|k(x)dx

L |B|/B<‘£( ~ 1./, s0)

+ |;|/Bf(t)dt‘ + ’“13'/Be_i2ﬂ<5’t>f(t)dt’)kz(a;)dac
sz [ 15@) = fol kot + sup o [ (fplk@)a
J3Ik/(|B|/|f ) k()i

< 1S lswio, +rgrm [ Moo+ o [ k(@)
1
T mIBlk

e—z‘2w<§,ac>f(x) _ 1

e_i2”<f’t>f(t)dt’k‘(x)dx
B

IN

IN

+ sup
BCRn

= || fllBmo, +757m|B|r +
11 lasro +cgrmlBla+ o

= || f lBmo, +2m.

Theorem 3.2. Suppose w is a window function such that for any fized £ € R}

(3.2) /n lw(z, &) (1 + Clz|)Nde < A < oo,
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where A,C and N are positive constants. Then the operator S, : BMOg(R"™) —
BMO(R™) is continuous. Furthermore, we have

I (Suf)(8) IlBaor< A(ll f [IBaro, +2m)
where m is a constant given in equation (2.1).

Proof. By using the techniques of Theorem 2.2, for any arbitrary ball B in R", we
have

1
I (5w f)(8) lIBMO,. = sup @/Buswf)(ﬂg)_(Swf)B<7-7§)|k(T)dT

BCR"»

1
Sup, m/B (/ w8l

1 —127 a—x
_|B|/ e~ BT<EamE> £ — 1) do
B

1
e e (L o)

_%/ e~ T<EL> £ (1) g dz>(1+CxI)Nk(y)dy
K

1
— N K
- / jw(z, )1 (1 + Cla]) (;Bﬁn e /K
_|Il(|/Ke_i2rr<£7t>f(t)dt’k(y)dy>dm

Alle ™<= f() | Bason

here K = B — z for x € R™.
By using above lemma we get

1 (5w f) (&) B0, < Al f | Broy, +2m).

IN

e—i27r<§,7'—w>f(7_ _ 1.)

d:c) k(r)dr

IN

efi2w<£,y>f(y)

e—i27r<§,y>f(y)

IN

4. THE S-TRANSFORM ON HARDY SPACES.

Definition 4.1. The Hardy space is defined as the space of all functions f € L*(R"™)
such that

17 ll= [ sup (£ % 00) (@)]ds < o
Rn t>0
where ¢ is any test function with [ ¢ # 0 and ¢y (z) =t "¢(z/t); t > 0,z € R™.

Theorem 4.1. Let f € L*(R™) such that

(4.1) sup
>0

(@ = wouti)is| =sup [ 11 =)o) dy <

R™ t>0

Then for any fized & € RE, the operator S, : HY(R™) — HY(R™) is continuous.

Furthermore, we have

(S )8 N < 3w ) Nl f lar -
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Proof. Since

(51060 )
_ (( I ()l da) 41 (7)

_ / ( / ¢IRET I (1 g y)u(a, £) da:) o1(y) dy

[t (/ _12”<5’T’w‘y>f<T—x—y)¢t<y>dy) dr.

Thus
1 (S f)(E) e
= [ swl(Sun)( &) <o) (Dl dr
R» t>0
= [ sl [ wtwe ([ e s s poway ) el as
< / |w(z, §) (/R sup / e ETSETIIY> f(r — 1 — y) gy (y)dy dT) dx
= / |w(z, €)] (/Rn sup / TRmSEnTY> £ — y)¢t(y)dy’ dn) dx.
Also,
/ sup / ei2”<§’”y>f(ny)¢t(y)dy‘ dn
Rn >0 |JRn
- / sup / e=EREEN> £ — )b, (y)dy
R» t>0 n
. fn—v)o:(y)dy + - fln— y)¢t(y)dy‘dn
- / sup / (e~ 2m<Em=v> _ 1) f(n — )y (y)dy
Rn t>0 n
f(n - y)aﬁt(y)dy'dn
/ sup / |(e=2m<Em=v> _1)| | £ — )0 ()] dydn
Rn t>0 n
+ /Rn sl ) f(n— y)¢t(y)dy‘ dn
< 2/ sup If n =)o) dydn+ || f ||
Rn t>0
=2 fllm + || Sl
=3 fllu -
Therefore,

(5w f) (&) llm < /R w(z, O3 || f Nl dz =3 [|w(&) Ll f [l -
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5. THE S-TRANSFORM ON WEIGHTED HARDY SPACES.

Definition 5.1. The weighted Hardy space is defined as the space of all functions
f € Li(R") such that

17 = [ supl(7 =60 @)l Ka)de < o
Rn t>0

Theorem 5.1. Suppose w is a window function and satisfies the condition (3.2).
Let f € LY(R™) and satisfies the condition (4.1). Then, for any fized ¢ € RE, the
operator S, : HL(R™) — H}(R") is continuous. Furthermore, we have

(S8 < 3A S llmy -

Proof. Since

| (5)8) Ny
= [ sl (5009 + 80 (Dlk(r)ar
= [ sl [ wtw ([ e oo - oty ) do

[ e o oy e ) do

S ARCEIVAT:

< [ et ol ([ sup| [ e g - pyoutuas] (1-+ Clal ki) d

- / w1+ Cla)™ ( / b

And
/ sup
t>0

/ b / eIRTEN=Y> F (1) — )y (y)dy
]R n

n t>0

k(r)dr

/n e~ i2m<EN=Y> f(p y)(;bt(y)dy’ k(n)dn

= [ s wotan+ [ 1= odma]n
< [ sw| [ @ s - oty o

n t>0

+ ozl
< 2/n§1>113/n |f(n—y)ée(y)l dy k(n) dn
+/Rn sup| | = y)ee(y)d ’ k(n)dn

=2Hf||H;+||fHH,;
:3Hf||H;~

Therefore, using equation (3.2), we have

(8uf)6O) lm= [ lale, O] 1+ Clal)V3 | £ Ly do <341 -

=)o) ](n)dn
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This completes the proof. ([
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