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Abstract. We introduce an almost ideal (shortly A-ideal) and a fuzzy A-ideal of a ternary semiring. We present that
an A-ideal of a ternary semiring is formed by the union of A-ideals, but not by their intersection. We further study
the defining properties of minimal fuzzy A-ideals in ternary semirings. Additionally, we relate the A-ideals of ternary
semirings to their fuzzifications and find that an A-ideal is equivalent to its characteristic mapping, while a fuzzy
A-ideal is equivalent to its support. Moreover, we demonstrate that its characteristic mapping is similar to that of a

minimum A-ideal.

1. INTRODUCTION

A ring is a structure that uses addition and multiplication to generalize integer arithmetic,
whereas a semiring is a more general concept that does not require additive inverses. A mathe-
matical structure that extends the idea of a vector space is called a module over a ring, although
the scalars originate from a ring rather than a field. A module over a ring is directly generalised
to deal with the more flexible structure of semirings as a semimodule over a semiring. There are
so many papers related to semirings and semimodules (see, for example [1]- [3]).

A ternary semiring is a semiring structure reformulated using a single ternary operation. We
now explore this concept. A particular ternary algebraic system called triplexes was originally
investigated in 1932 by Lehmer [4]. Then Lister [6] defined ternary rings as abelian groups that are
closed and associative under the ternary multiplication which is distributive. Later, the concept of
ternary semirings as commutative semigroups that are closed and associative under the ternary

multiplication which is distributive, were introduced in [5]. This algebraic structure generalizes
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the concepts of rings, semirings, and ternary semirings. Ideal theory in ternary semirings explores
the properties of various kinds of ideals, which are special subsets, for example, quasi-ideals
and bi-ideals by Kar [7]; generalized semi-ideals by Daddi and Pawar [8]; prime quasi-ideals by
Dubey and Anuradha [9]; irreducible principal T-ideals of non-positive integers by Chaudhari and
Ingale [10]; quasi primary ideals by Yiarayong [11], etc. Moreover, Dutta and Kar [12] looked into
the notion of regular ternary semirings.

The function that maps each element in a set to membership value between 0 and 1 is called a
fuzzy subset that introduced by Zadeh [13]. The concepts of fuzzy subsets were then extended to
other ideas. Fuzzy sets theory were applied to study in ternary semirings, for example, we can see
in [14]- [19], etc.

Grosek and Satko [20] introduced an almost ideal (shortly A-ideal) of semigroups in 1980.
Moreover, they also examined minimum, maximal and smallest A-ideals [21]. The notions of
A-ideals and their fuzzifications were extended to define in ternary semigroups and explored by
Suebsung et al. [22] in 2019. They introduced the concept of minimality of FA-ideals and thoroughly
investigated their characteristics. This work laid the groundwork for further exploration of these
ideals in more complex algebraic structures. We now focus on ternary semirings as an extension
of these concepts.

The article begins with an introduction highlighting the importance of semirings and the reasons
for concentrating on these ideas. In Section 2, we review basic notations and definitions for
semigroups that provides the foundation for understanding ternary semirings and their ideals.
Section 3 includes the definitions about A-ideal of ternary semiring and the investigations of
their properties, including closure properties and examples. In Section 4, we introduce fuzzy A-
ideals (shortly FA-ideals) and minimal fuzzy A-ideals (shortly MFA-ideals) and investigate their

properties. Moreover, we also study some relationships between A-ideals and their fuzzifications.

2. PRELIMINARIES

We will review some basic notations and definitions needed throughout this paper (cf. [14], [16]-
[18]).
Firstly, we recall a ternary semiring. A ternary semiring is a nonempty set T with binary addition
and ternary multiplication that satisfies the following conditions:
(1) (rst)uv = r(stu)v = rs(tuv) (Associative Law)
(2) (r+s)uv =ruv+suv (Right Distributive Law)
(3) r(u+v)s = rus +rvs (Lateral Distributive Law)
(4) rs(u+v) = rsu+rsv (Left Distributive Law)

forallr,s, t,u,veT.
From this point forward, a ternary semiring is always denoted by T unless otherwise stated.

For nonempty subsets U, V, W of T, define a product UVIV by

UVW = {uvw|ue U,ve V,we W}



Int. J. Anal. Appl. (2025), 23:326 3

Moreover, U® := UUU. The nonempty subset U of T is defined as an almost ternary subsemiring
(shortly A-ternary subsemiring) of T if (U+ U)NU # @ and U3 N U # 0.

Let U be an additive closed nonempty subset of T . Then U is referred to as a ternary subsemiring
of T if U3 € U. Furthermore, U is a left ideal of T it TTU C U; a middle ideal of T if TUT C U; and a
right ideal of T if UTT C U. If U satisfies all three conditions, then U is called an ideal of T.

For fuzzy subsets o and v of T, define 0 N v and o U v by fuzzy subsets of T as follows:
(cNv)(t) = min{o(t), v(t)}
and
(cUv)(t) = max{o(t),v(t)}

forallt e T.If o(t) < v(t) forall t € T, we say that o C v.
Next, the support SP (o) of ¢ is defined by

SP(o) ={teT|a(t) #0}.

Define the characteristic mappings Ay and A; of U € T and t € T, respectively, as follows:

1 iftel, 1 ifx=t,
Au(t) = ] and A¢(x) = i
0 otherwise, 0 otherwise.

We notice that we write T := A7 thatis T(t) = 1 forallt € T.

Let 0, v and w be any three fuzzy subsets of T. Fuzzy subsets ¢ + v and ¢ o v o w are defined as
follows:
ForanyteT,

sup {min{o(a), v(b)}} ift =a+bforsomea,beT,
(g + v)(t) = t=a+b

0 otherwise,
and
sup{min{o(a),v(b),w(c)}} ift = abc for somea,b,ceT,
(covow)(x) =1 t=abe
0 otherwise.

For a fuzzy subset 0 of T under the condition 0 + 0 C 0, 0 is a fuzzy left ideal (shortly FL-ideal)
of T if o(rst) > o(t) for all ,s,t € T. Similarly, for all r,s,t € T, ¢ is a fuzzy middle ideal (shortly
FM-ideal) and a fuzzy right ideal (shortly FR-ideal) if o(rst) > o(s) and o(rst) > o(r), respectively. A
fuzzy subset o is a fuzzy ideal (shortly F-ideal) of T if it is simultaneously a fuzzy left, fuzzy middle

and fuzzy right ideal of T.

Theorem 2.1. Let 0 be a fuzzy subset of T such that 0 + ¢ C 0. Then

(1) oisanFL-ideal (FM-ideal, FR-ideal, respectively) of T ifand onlyif ToTooc C o (ToooT C
0,00ToT C g, respectively).
(2) ogisan F-idealof Tifand onlyif ToToo Co,ToooT CoandooToT Co.
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3. A-IDEALS

In this section, we first introduce A-ideal, left A-ideal, middle A-ideal and right A-ideal of

ternary semirings.

Definition 3.1. A nonempty subset U of T such that (U+ U) NU # 0 is called a left A-ideal (shortly
LA-ideal) [a middle A-ideal (shortly MA-ideal) and a right A-ideal (shortly RA-ideal), respectively] of T
ifforallt e T, tUNU # 0 [tUt N U # O and Utt N U # 0, respectively].

If U is a LA-ideal, MA-ideal and RA-ideal of T, then U is called an A-ideal of T.

Example 3.1. Let Z¢ = {0,1,2,3,4,5} be a ternary semiring under usual addition and ternary
multiplication modulo 6. We can see that U = {0, 1,3} is an A-ternary subsemiring of T, but it is
not a ternary subsemiring, i.e. (U+U)NU #0and U NU # Obut (U + U) ¢ U.

Since (0-0-U)NnU = {0}, (1-1-U)nU = {0,1,3}, 2-2-U)nU = {0}, (3-3-U)nU =
{0,3},(4-4-U)nU = {0} and (5-5-U)NnU = {0,1,3}). Thus U is an LA-ideal of Zs. Since
2.2.-1=4¢ U, Uisnot a left ideal of Zs.

LA-ideals need not be left ideals as demonstrated by the previous example.

Theorem 3.1. Let U and V be a subset of T such that U C V. If U is an LA-ideal (MA-ideal, RA-ideal,
A-ideal, respectively) of T, then V is also.

Proof. Assume that U is an LA-ideal of T and let t € T. Let V be a subset of T where U C V. Then
(U+U)NnU #0. So (V+ V)NV #0. Since U is an LA-ideal of T, tta € #tU N U for some a € U.
The assumption yields tta € ttV NV which means ¢tV NV # (. Thus V is an LA-ideal of T.

We can prove in the same manner for the others. m]

Corollary 3.1. Let U and V be nonempty subsets of T. If U is an LA-ideal (MA-ideal, RA-ideal, A-ideal,
respectively) of T, then U UV is also.

Proof. We assume that U is an LA-ideal of T. Since U € U U V, by Theorem 3.1, UU V is an LA-ideal

of T. This argument can be applied to prove others. O

Corollary 3.2. Let U and V be nonempty subsets of T. If U,V are LA-ideals (MA-ideals, RA-ideals,
A-ideals, respectively) of T, then U UV is also.

Proof. The proof is completed by Theorem 3.1. m]

Lemma 3.1. Assume that T is not a singleton.

(1) The set T has no proper LA-ideal (MA-ideal, RA-ideal, respectively) if and only if for eacha € T,
we have tat,(T — {a}) = {a} (t,(T —{a})t, = {a}, (T —{a})t.t, = {a}, respectively) for some t, € T .

(2) The set T has no proper A-ideal if and only if for each a € T, we have t,t,(T —{a}) = {a} or
to(T —{a})t, = {a} or (T — {a})tat, = {a} for some t, € T.
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Proof. (1) Assume that T has no proper LA-ideal. We let an element a € T. It obtains from the
assumption that T — {a} is not an LA-ideal of T and T — {a} # 0. Therefore f,t,(T —{a}) N (T —{a}) = 0
forsomet, € T. Hence t,t,(T — {a}) = {a}. Let us now prove the converse. Suppose that foralla € T,
we obtain t,t,(T — {a}) = {a} for some t, € T. Then t,t,(T —{a}) N (T —{a}) = {a} N (T —{a}) = 0.
This means that T — {a} is not an LA-ideal of T. We can conclude that T has no proper LA-ideals.
Others can be proved similarly.

(2) Assume that T has no proper A-ideal. It implies that T has no proper LA-ideal or has
no proper MA-ideal or has no proper RA-ideal. It follows from (1) that for any element a of T,
there is an element ¢, € T that satisfies the conditions t,t,(T — {a}) = {a} or (T — {a})t.t, = {a} or
to(T — {a})t, = {a}. Conversely, It obtains from (1) that T has no proper LA-ideal or has no proper
MA-ideal or has no proper RA-ideal. Therefore T has no A-ideal. m|

Definition 3.2. An element a € T is called a ternary idempotent (shortly t-idempotent) if a® = a.

Theorem 3.2. Let T be not a singleton and leta € T.
(1) If T has no proper LA-ideal (M A-ideal, RA-ideal, respectively), then a is a t-idempotent or a2 =da.

(2) If T has no proper A-ideal, then either a is a t-idempotent or a> = a’.

Proof. (1) It follows by Lemma 3.1(1) that t,t,(T — {a}) = {a} for some t, € T. Assume that a® # a.
Then 4 € T — {a} which means f,t,a% = a.

Case f, = a: We have a = a°. This implies that @ =da.

Case t; # a: Thus t, € T — {a}. We now have t,t,t, = a. Suppose that t,t,a = a, so =t =a
that is a contradiction. Hence t,t,a # a. It follows that a = t,t,(ft,a) = ty(tatats)a = tsaa. Thus
a® = (tuan)aa = (t,(t,aa)a)aa = (t,(t,(t,aa)a)a)aa = (tutst,)aa® = aaa® = a’. Others can be proved
as in the same manner.

(2) can be proved by (1). ]

Corollary 3.3. Let T be a ternary semiring and T be not a singleton set. Let a € T. If a is not a t-idempotent
and a® # a’, then T — {a} is an A-ideal of T.

Proof. The proof is completed by Theorem 3.2. m]

4. Fuzzy A-IDEALS

This section includes the definitions of fuzzy almost ideals (shortly FA-ideals) of ternary semir-

ings and properties of them.

Definition 4.1. Let o be a fuzzy subset of T such that (6 +0) No # 0. o is called a fuzzy left A-ideal
(simply as FLA-ideal) [fuzzy middle A-ideal (simply as FMA-ideal) and fuzzy right A-ideal (simply
as FRA-ideal), respectively] of T if (Ayo Ayoo)Na #0[(AyocgoA)No #0and (coAoA)No #0,
respectively] forall t € T.

If 0 is an FLA-ideal, FMA-ideal and FRA-ideal of T, then o is called a FA-ideal of T.
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Example 4.1. Let us examine the ternary semiring Z¢ = {0,1,2, 3,4, 5} under usual addition and
usual ternary multiplication modulo 6. Let 0 : Z¢ — [0,1] defined by ¢(0) = 1,0(1) = 1,0(2) =
0.6,0(3) =0.3,0(4) = 0.5,0(5) = 0.8. It is obvious that (¢ + ) N # 0. We now consider each t.

Ift =0,then0=0-0-0. Thus [(AtoA;00)Na](0) =1.So (AoAtoo)Na #0
Ift=1,then1=1-1-1. Thus [(A;oA;to0)Na](1) =1.So (AroAroa)No #0.
Ift=2,thend4d =2-2-1. Thus [(AfoA;o0)No](4) = 0.5. So(A;oArog)Nao #0.
Ift=3,then3=23-3-1. Thus [(A;oA;00)N0](3) =0.3. So (A;oAroa)No # 0.
Ift=4,then4d =4-4-1. Thus [(A;oAo0) Na](4) = 0.5. So (Afo Ayoa) Nao # 0.
5-1. Thus [(Ato Ato o) No](5) =0.8.So (AroAroa)No #0.

toAroo)No #0forallt € Zg. Thus o is an FLA-ideal of Z.
Consider t = 3 = 3-3-1. Then (A;oA;00)(3) = 1, but f(3) = 0.3. This implies that
(Ao Aro0o) € 0. Thus o is not an FL-ideal of Z4. This demonstrates that, in general, an FLA-ideal

is not necessarily an FL-ideal.

Ift =5,then5=5-
We now obtain that (A

Theorem 4.1. A nonempty subset S of T is an LA-ideal (MA-ideal, RA-ideal, A-ideal, respectively) of T if
and only if As is an FLA-ideal (FMA-ideal, FRA-ideal, FA-ideal, respectively) of T.

Proof. Assume SisanLA-idealofT. So (S+S)NS # 0. Letx € (S+5S)NS. Thenx = y + z for some
y,z € S. Thisimplies that Ag(x) = 1and (As+ As)(x) = (As + As)(y+z) = min{As(y), As(z)} = 1.
Hence [(As + As) N Ag](x) # 0 which means (A5 + Ag) N Ag # 0. In addition, there exists x € ttSNS
for all t € T. We obtain x = tta for some a € S. Thus (A;o Ao Ag)(x) # 0 and Ag(x) # 0. This
implies that [(A; 0 Ay 0 Ag) N Ag](x) = min{(A; 0 Ay 0 Ag)(x), As(x)} # 0. Hence Ag is an FLA-ideal
of T.

Conversely, suppose that Ag is an FLA-ideal of T. Since (As + As) N Ag # 0, there exists x € S such
that (As + Ag)(x) # 0and Ag(x) # 0. Hence there are y, z € S such that x = y + z in which Ag(y) # 0
and Ag(z) # 0. Thus As(y) = 1 and Ag(z) = 1. This means y,z € s. Then x € (S+ S)NS. Hence
(S+S)NS # 0. Moreover, forallt € T, [(A; o Ay o Ag) N Ag](x) = min{(A; 0 Aro Ag)(x), Ag(x)} # 0
for some x € T. Thus there exists x € ttSN S which implies that ttSNS # (. Therefore S is an
LA-ideal of T.

Others can be proved in the same argument. m]

Theorem 4.2. A nonzero fuzzy subset o of T is an FLA-ideal (FMA-ideal, FRA-ideal, FA-ideal, respectively)
of T if and only if SP(0) is an LA-ideal (MA-ideal, RA-ideal, A-ideal, respectively) of T.

Proof. Suppose that ¢ is an FLA-ideal of T. Then (¢ + 0) N o # 0. This implies that o(x) # 0 and
(0 +0)(x) # 0 for some x € S. Then there are y,z € S such that x = y+ z with o(y) # 0 and
d(z) #0. So y,z € SP(0). Thus x = y+z € (SP(0) + SP(0)) N SP(c). We can conclude that
(SP(0) + SP(0)) NSP(0) # 0. Now let t € T. By assumption, there are x,a € T such that x = tta,
(AroAroo)(x) # 0and o(x) # 0. This implies that x,a € SP(0), (At o Ao Agp())(x) # 0 and
Asp(s)(x) # 0. Therefore [(A; 0 At 0 Agp(5) N Agp()] (x) # 0. Thus Agp(, is an FLA-ideal of T. By
Theorem 4.1(1), we can conclude that SP (o) is an LA-ideal of T.
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Conversely, assume that SP(0) is an LA-ideal of T. Since (SP(c) + SP(0)) NSP(c) # 0,
x € (8P(0) + SP(0)) and x € SP(0) for some x € S. So (0 +0)(x) # 0 and o(x) # 0. Then
(6 +0)N f # 0. Moreover, we let t € T. Then there exist x,a € SP(0) such that x = tta. This
implies that (A; 0o Ay 00)(x) # 0 and o(x) # 0. Thus (A;0A;00) No # 0. Hence o is an FLA-ideal
of T.

Others can be proved in the same argument. m]

Definition 4.2. An LA-ideal S of T is minimal if for every LA-ideal U of T, U C S implies that U = S.
We denote a minimal LA-ideal by M-LA-ideal. M-MA-ideal, M-RA-ideal, and M-A-ideal are defined in

a similar manner.

Definition 4.3. A FLA-ideal o of T is minimal if for every FLA-ideal v of T, v C o implies that SP(v) =
SP(0).
We denote a minimal FLA-ideal by M-FLA-ideal. M-FMA-ideal, M-FRA-ideal, and M-FA-ideal are

defined in a similar manner.

Theorem 4.3. A nonempty subset S of T is an M-LA-ideal (M-MA-ideal, M-RA-ideal, M-A-ideal, respec-
tively) of T if and only if As is an M-FLA-ideal (M-FMA-ideal, M-FRA-ideal, M-FA-ideal, respectively) of
T.

Proof. Let S be an M-LA-ideal of T. It follows by Theorem 4.1 that S is an LA-ideal of T. Then
SP(v) € SP(As) = S. Since v C Agp(y),

(AsoAsods) Nv C (AsoAs o Aspr)) N Asp()-

Thus A SP(v) is an FLA-ideal of T. By Theorem 4.1, thus S is an LA-ideal of T. Since S is minimal,
SP(v) = S = SP(As). Therefore Ag is minimal.

Let us now prove the converse. Assume that A5 is an M-FLA-ideal of T. It follows by Theorem
4.1 that Sis an LA-ideal of T. To show that S is minimal, let L C S be an LA-ideal of T. By Theorem
4.1, Apis an LA-ideal of T and Ap, € Ag. Thus L = SP (A1) = SP(As) = S. Hence S is minimal.

Others can be proved in the same argument. m]

CONCLUSIONS

In this paper, we have first introduced the notion of A-ideals of ternary semirings. We also
discussed the union and the intersection of two A-ideals of a ternary semiring. We found that
the union of A-ideals is an A-ideal of a ternary semiring T, but the intersection of A-ideals is
not an A-ideal of a ternary semiring T. This properties is also true for LA-ideals, MA-ideals
and RA-ideals. Moreover, we presented FA-ideals and M-FA-ideals of ternary semirings. The
relationships between A-ideal of ternary semirings and their fuzzifications were provided. We
showed that an A-ideal of ternary semiring is equivalent to its characteristic mapping, a FA-ideal of
ternary subsemiring is equivalent to its support, and an M-A-ideal of ternary semiring is equivalent

to its characteristic mapping.
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For future studies, the readers can extend the concept of A-ideal of ternary semirings to explore

other types of ideals or to investigate A-ideals and FA-ideals of n-ary semirings.
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