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Abstract. In this paper, an optimal explicit difference formula for any integer k in the Hilbert space Wé:a,z) (0,1) is
constructed. Here, an optimal function of the discrete argument is found, which is used to find the optimal error
estimate for the explicit difference formula on the class W;S’Z)
explicit difference formula on the class Wf’z) (0,1) is calculated. In addition, using the optimal function of the discrete

argument, a new formula for the optimal error of explicit difference formulas on the classes Wém’mfl) (0,1) is obtained.

(0,1). Furthermore, an optimal error estimate for the

1. INTRODUCTION

The problem of solving ordinary differential equations is more complex than the problem of
calculating single integrals, and accordingly, the proportion of problems that can be integrated
explicitly is significantly smaller here.

When speaking of explicit integrability, we mean that the solution can be calculated using a
finite number of elementary operations. Thus, the class of explicitly integrable problems has come
to include problems whose solutions are expressed through special functions. However, even
this broader class represents a relatively small fraction of the problems presented for solution. A
significant expansion of the class of actually solvable differential equations, and consequently an
expansion of the scope of computational mathematics, occurred with the development of numerical
methods and the active use of computers.

One of the simplest methods for solving the Cauchy problem in its description is based on the

use of the Taylor formula.
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Let it be required to find a solution to the differential equation

¥y = flxy) (1.1)

on the segment [xp, xp + X] with the initial condition

y (x0) = yo (1.2)

f(x,y) is an analytic function.

For an approximate solution of the Cauchy problem (1.1)-(1.2) there are various methods, for
example, the Euler method, the Adams methods, the Adams-Bashforth methods, the Adams-
Moulton methods, Runge-Kutta methods, etc. (see [1]).

The numerical solution of ordinary differential equations remains a major challenge even to-
day. Therefore, many researchers are currently working on this problem. In the article [2], S.
Mehrkanoon, Z. A. Majid, M. Suleiman, K. I. Othman, and Z. B. Brahim proposed a new approach
to solving a system of first-order ordinary differential equations using three points and three steps.
In the works [3-5], the authors presented new semi-explicit and semi-implicit predictor-corrector
methods. They studied the numerical stability of these methods by constructing stability regions
and clearly showed that semi-explicit methods have higher numerical stability than conventional
predictor-corrector algorithms.

In the article [6] Osama Y.Ababneh presented new numerical methods for solving ordinary
differential equations, both in linear and nonlinear cases. In the work [7] Adekoya M. Odunayo
and Z.0. Ogunwobi balanced the Adams-Bashforth-Multon and Milne-Simpson methods for a
second-order differential equation. In [8], Sajal K. Kar used the Adams-Bashforth scheme to
create a new time-difference predictor-corrector scheme. In [9], Emil Vitdsek studied methods of
arbitrarily high orders of accuracy for solving abstract ordinary differential equations.

In this paper, we construct optimal difference formulas for the approximate solution of the
Cauchy problem in specific function spaces, and also investigate the properties of these methods
and their error estimates. The next section presents an analytical expression for the squared norm

of the error functional and a system for finding optimal coefficients of difference formulas.

2. STATEMENT OF THE PROBLEM OF OPTIMIZATION OF DIFFERENCE FORMULAS
Let us consider the problem of constructing difference formulas (see [10])
k =~
Y Cop (np) =1 Y C’ (1) = 0. 2.1)
p=0 p=0

Here Cg and Cél) are the coefficients of the difference formulas. The class of problems under

consideration is determined by the definition of the class Wém’m_l) (0,1), i.e., we will consider the

functions ¢ (x) from the class of real functions in the Hilbert space Wém’m_l) (0,1). The scalar
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product in this space is defined by the formula

1
(P 0) = fo (™ (x) + D (1)) (9 (x) + ) (1)) .

Let the space Wém’m_l) (0,1) be embedded in the space C (0, 1) of continuous functions, then the
error functional of difference formulas will be linear [11]

k-1

k
t(p) = (o)=Y Cop(np)~h ) Cq’ (hp)
p=0 p=0

-I.

The quantity (2.2) is called the error of the difference formulas. The error of the difference

-1
formulas on classes Wém m=1)

k k-1
Y Co (x=hp) + 1Y CUS (x—hp) | (x) d. (2.2)
p=0 p=0

(0,1) is called the quantity

f(Wém’m_l)) = sup |€ ((p)|

m,m—1)

(pEWé
The lower bound

° (mm-1)\ _ .
K(WZ ) o C:égl)

is called the error of the optimal difference formula on the class under consideration. If there exists

{f(wgm"”‘”)n

a difference formula for which

¢ (Wém,m—l)) _ E(Wém,m—l)) )

then such a difference formula is called the optimal difference formula on the class under considera-

tion. And the coefficients Coﬁ and Cél) are called the optimal coefficients of the difference formulas.

The problem of constructing an optimal difference formula in a functional setting consists of
minimizing the error of difference formulas on classes Wém’m_l) (0,1) of functions. Since Hilbert
space Wém’m_l) (0,1), then this error on classes coincides with the norm of the error functional (2.2)
of difference formulas. To find the error of difference formulas on classes, we will use the extremal

function [11].
Definition 2.1. If the equality holds

(€,e) = Hf ’Wém,m—l)*

(m,m-1)
[
and Y € Wém’m_l) (0,1), is then Yy called the extremal function of the functional £.

In the Hilbert space Wém’m_l) (0,1), the norm of a function ¢(x) is found by the equality

||(P|W§m'm—1) (0/1)“ _ {jo‘l ((P(m) (x) + (P(m—1) (x))Z dx}

1/2
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So, as the error functional of difference formulas
Zcﬁa x—hp) +hZC (x —hp)

is defined and bounded in the Hilbert space Wém’m_l) (0,1), then
(¢,x*)=0, a=0,1,..m-2,
(¢,e™)=0.

Theorem 2.1. The maximizing element, i.e. the extremal function of the difference formulas (2.1) in the
Hilbert space Wém’m_l) (0,1) is given by the equality

We(x) = (=1)"™€(x) * Gy (x) + Pz (x) +de™,

where

51gnx o | a2l
G(x) = [ ]Z TR ]

is the Green’s function or fundamental solution to the following equation
G ()= G (x) = b(v),

1, x>0,
d = const,sgnx ={ 0, x =0, Py (x)- some unknown polynomial of degree m — 2.
-1, x <0,

Theorem 2.2. The error of the difference formulas (2.1) on classes Wém’m_l) (0,1) (i.e., the square of the
norm of the error functional of difference formulas) is equal to

Zc Zcﬁc (hy — hp)

e

k-1 k k-1 k-1
21 )" OV Y CpGy (y—hp) - 12 Y VY clg”c;,; (hy —hp)|,
y=0 p=0 =

where G),(x) and G}, (x) are given by the equalities

G’( ) Slgnx er e m-] x2j—2
2 2 L (2j-2)!
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The proofs of these theorems follow from the works [12,13,20].

The problem of constructing difference formulas close to this work can be seen in the following
works [14-19].

Let us now apply the method of undetermined Lagrange multipliers to find the minimum error
of the difference formulas on the classes Wém’m_l) (0,1), i.e., norms. For this, we consider the

auxiliary function [20]

m—
’”ZM (6,x%) =2 (=1)" Ay (£,€77) .
a=0

¥(c,cO, an/v’””1 D

Here C= (Co, Cy, ..., Cy), CV= (i, .., cM) ), * = (Ao, Aty oo Ao

Now we calculate all partial derivatives with respect to Cé ), p=01.,k—1and Ay, a =

0,1,.. m—1 from the function ¥ (C, c, ) Next, equating them to zero, we have

Y

%:0, p=01,.,k-1,
B

5/\\}[ =0, a=0,1..,.m-1
a

e}

These equalities give us a system of linear equations for finding the optimal coefficients Cél) and

o

Ao, (a=1,2,...,m—1).

k-1 o
By VGl (hB—hy) + Pus(hB) + Amare™ = Fru(hB), B=0,1,....k, (2.3)
y=0
k-1 o
Y V() =ge a=1,2,,m-2, (2.4)
y=0
k-1 o
Ry clVeh =g, (2.5)
y=0
Here h = I%] =1,2.,
, sign (1B — hy) [ e ’W+e’W S (= hy) ¥
G =1y) = 2 2ji-2)! |
j=1
k
fu(hB) ==Y C,Gr(hB=hy), B =0,1,....k,
y=0
hB —hy) | B-hy — hy-hp "’Zh hy)2i-1
G (hf — hy) — sign(hp — hy) e (hB—hy)>—" ,
2 = (2j-1)!
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Cg- given coefficients,
k

1
Q= EZ(.)CV(IW)&’ a=12,.,m-2
')/:

k
_ —hy
gk——E Cye™.
r=0

For the system (2.3)-(2.5) under consideration, the unknowns are the optimal coefficients C

and

)
B

of difference formulas of the form (2.1) and the coefficients /o\a, (@ =1,2,..,m—1) of the optimal

function 103,,,_3(}1,8) + j\m_le‘hﬁ of the discrete argument.

3,2
3. OPTIMAL COEFFICIENTS OF AN EXPLICIT DIFFERENCE FORMULA IN HILBERT SPACE Wé )(0, 1)

In this section, we will find the analytical form of the optimal coefficients of the explicit Adams-
type difference formula in the Hilbert space W§3’2) (0,1). So, the following theorems will be proved

here.

Theorem 3.1. Optimal coefficients of the explicit difference formula of Adams type

(k) - p(ik—h) =1 Y CiV ' (hp) (3.1)

are expressed by equalities
o k(oh _ 1,00 2
A (¢" - he" = 1) (A2 - 1)
0 hel (e —1) (A% —A2) *

oy (M =het —1) (1= A) [ARHE (& = 2) + AFF (A - 1))

(3.2)

1 _ _
C,’ = , B=1,2,..., k=2, 3.3
p e (e — 1) (A% = 12) P (5:3)
C(Ol) (/\Zk _ /\2) (hEZh —h 4+ 1) + (AZk—l _ )\3) (ezh — he?h — eh) i
k-1 hel (eh _ 1) ()\2k —)\2) 4 ( ’ )

here A is the root of a polynomial Py (x) of degree 2, i.e. the root of a polynomial
Py(x) = (1 - + 2he") =2 (1 - e + he” + h) x + (1 - & + 2he)
with a modulus less than one, i.e.

(e +1)—e? +1- (1) \/h2 (eh +1)% 42k (1 —2h)
1— e + 2heh '

A=

It is obvious that the optimal explicit difference formula of the Adams type in space W§3’2) (0,1)

has the form )
—1 o

Puik = Prik1 T c;;> Pry n=01.,N-k kx1
=0

To prove theorem 3.1, we first prove the following auxiliary lemma.
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Lemma 3.1. The following formulas are valid

g
Z A ABF2 — )AL (1=

y=1 (1-1)? '
Ky — ZAV A- Aﬁ+((ﬁir1;2A—ﬁ(1_A);
KFZ‘”'V: (IE 1;;\2"1(1—)\)’_

Proof of Lemma 3.1. To prove this lemma, we use the following well-known formulas from [21].

S 1y (4 7 (9 )
VP — — op — - LyP
VZ(‘JM 1—67;(1 q)AO 1—q2(1—q)M =

i=0
where Aiyp is a finite difference of order i from y”,

k
‘ ‘ . k ‘
N = Alyp|y:0, AP = 2 ( . ]VP_HNOM-

p=0

In formula (3.5) instead of g substituting g~! we obtain the following summation formula

o= L) oS X )

To prove Lemma 3.1, we will use formula (3.5) and (3.6) to calculate the following sum
1 ; 1 -
1 AV AB+1 AN
Ky = AV oy = ( ) A“ﬂ’— ( ) Al 1
! VZ v 1—)\,2 1-A -1 &\1-1 Ylypin

_ 1 0l 11) APH ( 0
— (1 A0+ 2 A0t - S (10401

—n+1

y=n’

A 1.1
e ﬁ+1+—1_A.A ylV:ﬁH)'
Because

A0t =l =0, A0t =[y+1-y][ =1,
A%t = 7/1|y:/3+1 —p+1, Ayl= [)/1 i 1]
Then Kj it takes the form
A M) M2 A=A (A (B1) - A2
Ca-a 1-A - (1-2) |
Now we denote by K; the following sum

’ A 1Y APy :
. -y . o inl
Kz_yz_f V‘A—lz(A—l)AO 12(/\ 1) y=p+1

i=0 =0

=1
y=p+1

(3.5)

(3.6)
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p
- %(1.A001 . 1 1 A101) /\/\ - (1 Ay |V e ﬁ Al 7/1|y:5+1)
A AP AP AATPA-A) (BT AP
C@-pr AT a1t (1-2)? |
Now we denote by K3 the following sum

) 1 &/ AV MG Ay
K, Z/\y y = 1_/\;’:(1_/\) Alol—l_/\;(l_/\) 4 |y k-1
:1%(1 A001+11\A.A101) 1/\: (1 A, A V:"‘l)'
Because
A0t =l =0 A0 = 1y =1,
Ayt = 7’1|y:k—1 =k-1, Aly' = [7/1_7/1+1]'y:k—1 -t

Then Ky it takes the form

_ 1 . 1 .
A ) A—k+2 1\ .
ERPILERE (i) 20 (=) &
! VZ_lA - 112;4 U L P i

— L (1 A% - —— Al()l) Ak+2 (1 A0 )/1 +——.Al 1| )
A-1 /\ 1 A-1 y=k-1 /\ 1 y=k-1
A A2 (k-1) A2 A4 AF2(1-A) (k—-1) - AT+
(-1 A-l (-1 (1-1) |

Lemma 3.1 is proved completely.
To prove theorem 3.1, we first present auxiliary results.
In this case, the system (2.3)-(2.5) for finding the optimal coefficients of the explicit difference

formula takes the form
o k

h Z )V Gy (hp—hy) +de™ +py ==Y C,Gy(—hy), p=0,1,..k=1,  (37)
y=0
k-1 o
1
=3 ¢0), (3.8)
y=0 y=0
k-1 o k
Ry el e = - Z Cpe™. (3.9)
y=0 y=0

o

Here C}(,l) are the desired optimal coefficients of the difference formula, d andpy -unknowns. Since
we are considering difference formulas of the Adams type [22,23], thenCy =1, Ciy = -1, G =
0, fori=2,3,..,k, and the functions GJ (hp —hy) and G (hp — hy) are defined by the equalities

sign (hB —hy) (ehﬁ—h?/ —er=np
2

Gy (h—hy) = > —hﬁ+hy),
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sign (hB — hy) [ehﬁ—hy Lt (W + hy)?

G, (hp—hy) = > > 5

Let us calculate the right-hand sides of equalities (3.7), (3.8) and (3.9). For this, taking into account
that the difference formula under consideration is an Adams-type formula, i.e. Cx =1, Cyq =
-1, Cr_;=0,ati=2,3,...,kwehave

k
=Y C,G, (hp — hy) = G} (k= ) — G} ik — hp — )
=0

e e om0 o heen h?
:E[T(E —e )"‘7(@ —€ ) (hﬁ)h"‘z(].—Zk) P
B=0,1,.,k-1, (3.10)
k
Y. G =k-k+1=1,
y=0

k
_ Z Cye™ = ghkth _ phk
y=0

Due to the above notations, we can rewrite the system (3.7), (3.8) and (3.9) in the form

k-1 o
BY NGy (hg—hy) +de B +po = f(hB), B=0,1,..k-1, (3.11)
y=0
k-1 o

clV = (3.12)

y=0

k=1 o
Z clV et = g. (3.13)

[e]

In the system (3.11)-(3.13) the unknowns are the optimal coefficients C;l), y=20,1,.,k=10of

the explicit difference formula and 4e™"f + ;;)0 is the optimal function of the discrete argument.

(1)

To solve this system, we will use the representation of the optimal coefficients C P in the case
m = 3, i.e. in space W§3’2) (0,1) they have the following form.
o k (oh 2 ( hk=h h ( phk—21
) _ he —eh +1 —|—M/\ (e —1)—/\ (e —1)+/\€ (e —1)
O helt (1 elk-h) (1—elk=h) (e = 7A) (1= A7)
/\k+1€h (1 _ ehk—Zh) + /\k (ehk—h _ 1) _ AZ (Eh _ 1)
N , 3.14
* (=) (e —1) (1= 1) (3.14)
c;;> = MM+ NAMB, B=1,2,. k-2, (3.15)
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o) o1 = hetk Akeh (ehk—zh _ 1) — Ak=1ph (ehk—h _ 1) + Nelk=h (eh _ 1)
= M
17 fgh (1) T (1= %) (e~ 1) (1- 1)

k1 phk=h (1 _ eh) 4+ A3k (ehk—h _ 1) — 20N (ehk—zh _ 1)
(1—elk=h) (Aeh—1) (1= 1)

+N

(3.16)
On the other hand, these representations of the coefficients C(()l) and Cl(cl_)1 can be obtained from the
system (3.12) and (3.13). Next, we determine the unknowns M and N from (3.11).

Let us denote by S sum of the type

k-1 o . ) i
S — hZ C)(,l) sign (hB — hy) (ehﬁ hy _ hy-hp

> 5 —hp+ hy) . (3.17)

Taking into account the definition of the function sign(hg —hy), S we divide the sum into two parts

p (hg—h hB=hy _ phy—hp
S_hZC(l ) sign ( ﬁ 7)(8 2e _hﬁ+hy)

1

h °1 PB=hy _ ohy=hp
_hﬁ+hy)—52c§ (f—hﬁ%—hy .
=p

B o [ php=hy _ ohy—h
h ( p-hy _ ohy=hp
zzy(

Adding and subtractmg the first sum to S we have

~

1

p—hy _ phy=hp h (1) (P — ehr=hp
S_hZC ( —hﬁ+hy)—52c; (f—hﬁ+hy)
y=0

=5 -5, (3.18)

Let’s look at the sum first S;

JB-hy _ Jiy-hp n Lo wp Boo
S1 = ]’lz C ( —hg+ h)/) _ he Z C)(,l) oy he Z C)(/l) 7

B o B )
— gy Y CV 412 Y CY .
y=0 y=0

o

From here, using the representation (3.15) of the coefficients C)(,l), we have

1 (@ _ ﬂ —hﬁ) + }% Z (M/U/ +N/\k_y) ey
y=1

. B

Y (MAY + NA)- 7 — ()Y (MAY + NARY)

y=1 y=1

B
+12 Z (MAY + NAFY) -y (3.19)
y=1
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Now we move on to simplifying the following sum

1 k=1 o k-1 o
h B=hy _ phy=hp hel? 1) —hy he™" (1) _h
:EZ (——hﬁJrh)/):TZCy =) Gl

y=0
_p), Z
)/—0

Taking into account (3.12) and (3.13), S, we rewrite the expression in the form

o hzk] )
ey,

M he™ Gy he™ Gk _ he T )
SzZzgk— 4 o~ 4 G € T4 C)/
r=1
(h), W 51) = )
——h+7Ck_1 - —I-E Cy .
y=1

( )

From here, using the representation (3.15) of the coefficients CV , we have

o hel W) ) gwen) BT K=\
S2= 8- c,+Cl e —T;_l(MAV +NAKY) e
(hg), K (°1) G N (o1 K-y
—h+ > Gl (k=1) + 5 Z MAY + NA7)-y. (3.20)

Let us proceed to the proof of Theorem 3.1. From the first sum in (3.19) we denote the following

sum
B

St =) (MAY + NAMY) e,
r=1
From here, using the formula for the sum of a geometric progression, we have

B B v P11 v
st=Y (M +NAY) e =M Y (e_h) +NAFY (ﬂ)
y=1 y=1 y=1
A(eF—AF)  AKB (AP 1)
:M(eh—A) i +N e 1) P (3.21)
Let us denote by S? from the second sum in equality (3.19) the following
B
s2 = Z (MAY + NAKT). -7
y=1

We will calculate this sum in a similar way.

B B %
3= (MAY +NAKY). hV—MZ (2¢" +NA"Z(;))

y=1 y= y=1
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Aeh (Aﬁehﬁ - 1) AR=Beh (ehﬁ - /\ﬁ)
N
-1 eh—A
Let us denote by S“;’ from the third sum in equality (3.19) the following

g
8 =) (MAY + NAFY).
y=1

=M (3.22)

Here we also have similarly

B B B
3 =Y (MAY+NAFY) = MY A7+ NAFY A7
y=1 y=1 y=1
A(1=AF ARF (1 AP
() )
1-A 1-4
Next, we denote by 57 from the fourth sum in equality (3.19)

B p b
st :Z(M;\V —|—NAk_7’)-y:MZAy'7+N/\kZ)\_y'V
y=1 y=1 y=1

=M

(3.23)

_ M/\ —AP2—(B+1) AP (1= Q) N NMH AP (B+1) AP (1-Q)
(1-4)? (1-4)*

Taking into account equalities (3.21)-(3.24), we rewrite expression (3.19) in the following form

°<1>(ehﬁ e ) et [MA(ehﬁ—Aﬁ) Ak—ﬁ(Aﬂehﬁ_1)]

: (3.24)

AL I +N
> 2 Pt |MaT e TN e e

2 Ael —1 e—A

A(1-AP AB(1 - AP
_<hﬁ>h[M o VA G )]

hel (M/\eh (Aﬁehﬁ - 1) . NAk‘ﬁeh (ehﬁ - Aﬁ)]

A=AP2—(B+ 1) AP (1-A AFL AP (B+ 1) AP (1-A
i (M E+OPA-) EEOAMPA-A) o
(1-1) (1-2)
Then also denoting by S} from the first sum in (3.20), i.e.
k=2 k-2 y k=2 €h Y
1_ k=y\ Jhy _ h k ¢
Si=Y (MA +NAY) e =M ) () + NA Z(A)
y=1 y=1 y=1
el ( Ak=2phk=21 _ 1) 260 (ehk—Zh _ Ak—z)

=M +N (3.26)

Aet —1 eh—A
Next, we denote by 53 from the second sum in equality (3.20), i.e.

k=2 k-2 k-2

3= (MA+NA¥Y)ey = MY Ay + NAKY A7 -y
y=1 y=1 y=1
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A=A = (k=1) A1 (1-2) AFL_A2 4 (k=1)A2(1-A)

=M +N . (3.27)
(1-2)? (1-2)*
Taking into account equalities (3.26) and (3.27), we write expression (3.20) in the following form
e heihﬁ ?1) (01) hk—h (hﬁ) h? (1)
52 = ng— a (CO +Ck_1€ _Th—i_gck—l'(k_l)

4

he_hﬁ Aeh (Ak—Zehk—Zh _ 1)
— M
Al — 1 eh— A

N 20! (ehk—Zh _ /\k‘z)]

(. A=AF—(k=1)AF1(1-A AFL A2 4 (k=1)A2(1-A
—l——(M ( ) 5 ( ) +N al 2) ( ) . (3.28)
2 (1-1) (1-2)
Using expressions (3.25) and (3.28) for the sum S determined by formula (3.18), we have
P 0(1) hA hAK 8k
S—51—52—7 hC, +Meh—/\+N/\eh—1_E
o o h ( 1k=2 hk—2h 20 hk=2h | yk=2
ﬂ hek— 0 h ) +MhAe (A e + 1) +NhA e (e +A )
2 2 k1270 2(Aeh —1) 2(eh=2)
o hA hAK
+(hﬁ)[2 hC, +MA—1+N1—/\
W2 A=2ABFL Ak (k—1) AR (1-A
NG (M (k-2 (-0
2 (1-4)
AL AR+ 4 A2 — (k—1) A2 (1-A
+N § =D g o
(1-4)
hAB+1 (1 _ eZh) BAk-B+1 (1 _ eZh)
+M (3.29)

+ .
2(eh=A) (Aeh 1) 2(eh=A) (Aeh—=1)
Then, by virtue of (3.17), (3.29), the left side of equality (3.11) takes the following form

ehﬁ( : hA hAk _g_k]

_ e fcw
S=F Mo MG TN T

hAeh (Ak—Zehk—Zh + 1)
2(Aeh—1)

y b
S+

1B [ pehk—h (
T2 G

e}

hA2eh (ehk—Zh + /\k—z)

N
* 2(eh=A)

h 1 hA hAk
+(hﬁ)(§—hcé)+MA_1 +N1_A)

jﬁ [MA “2APFL L AR (k=1) AR (1= )

2 (1-A)°

AL _AR=p+T 1 A2 — (k=1) A% (1-A)
(1-A)?

(1)
k-1

+N —(k-1)C
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B+1(1 _ ,2h k=B+1 (1 _ ,2h
Y AP (1-e2) +Nh)\ (1-e )]

(eh—A) (Aeh —1) (e"—A) (Aeh —1)
Due to (3.10) and (3.30), equality (3.11) takes the following form

B ° k
sz%(hcf)”+M LN

eh— A Aef—1 2

hAel ( Ak=2phk=21 1)

—g clV M

e [ el O
T( 7 G

2 (Aeh —1)

h

hA2eh (ehk—Zh + Ak—z) hA

+N

A=1

h )
TF +2d]+(hﬁ)(2 nclV +m

A=2AFF1 L AR 4 (k=1) AR (1= 1)
2(1-1)>2

+1? (M

AL 2AR P 4 22— (k=1) A2 (1-A) k=1

+N C

+M

1B+ (1 _ ezh)

1 pk=p+1 (1 _ eZh)

+N —|—h_2po} = f3(hg), B=0,1,..

2(eh—A) (Aeh—1)

P

(
2(1- A)Z 2 k1 2(e"=A) (Aeh—1)

(3.30)

From here, equating the coefficients at -, (hB), # and hz—z we obtain a system for finding

unknowns M, N, dand po

o

hcY M N _ ek _
0o T eh—A+ Aet—1 2

hA hAk  h
i1 NI T
h)\eh (Ak—2ehk—2h + 1)

2(Aeh=1)

S —ncl) M

y k@
M

hAZ2el (k=21 4 pk=2 Wk hk—h
( ) +2d = L,

N
* 2@ —A) 2

hA h/\k Sk e—hk _ e—hk+h

7

Vi 2ABFL L AR 4 (k=1) AR (1= 1) N)\"“ —2AF B L A2 — (k—1) A2 (1= A)

+

2(1-1) 2(1-1)

K—1 (o h1)p+1 (1 _ eZh) B k-p+1 (1 _ eZh)
N
2 S M T e - TN 2@ (e 1)
From (3.31) it follows that

o

hCy + Mo+ N = 0.

+h™%py =

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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From (3.32) it follows that
h hAk 0
MAf1+N1_AA—th”:0. (3.36)

From here, by virtue of (3.14), we obtain the following form of equality (3.35)

he — e +1 h [)\k (eh _ 1) A2 (ehk—h _ 1) 4 e (ehk—Zh _ 1)]

ey e @) ()
A8 (1= h20) 4 A8 (oo~ 1) = 22 (¢ 1)] A nak
+ (1—e*) (Aeh —1) (1= A) + eh_A+ Ael—1

After canceling out similar terms, we have

AN =1) (" =1)  mA2(AT-1) (e =1) g peh 1
G-na-n Noe-na-ny - &

Now, by virtue of (3.14), we obtain the following form of equality (3.36)

(3.37)

hA AR kel —eh +1
M N -
-1 V1-2 el (1 — ehk=h)

h [/\k (eh - 1) - A2 (ehk‘h — 1) + Ae! (ehk‘Zh - 1)]
(1—elk=n) (eh—A) (1-A)
h [Ak-i-leh (1 _ ehk—Zh) + Ak (ehk—h _ 1) _ /\2 (eh _ 1)]
(1—ek=n) (Aeh —1) (1-A)
After canceling out similar terms, we have

HA(ARL = ) (1) pAZ(ARNR 1) (= 1) g
G-na-yn N eona-y e

By virtue of (3.37), (3.38) we obtain a system for finding unknowns M and N

-M

-N =0.

(3.38)

MO 1) | ) (@) gy

(e"=A)(1-7) Aeh-1)(1-A) e
h/\</\k—1_ehk—h)(€h_1> hAZé/\k—lehk—h_l) (Eh—l) _ D_he—1 (339)

(e"=A)(1-7) (Aeh=1)(1-7) - el

M
From system (3.39) we find the unknowns M and in a unique way N, i.e.

€h—heh—1 (1—/\) (Bh—A)Ak (eh—heh—l) (1_/\) (/\Bh—l)
M= ( he (¢! 2 1) (A% - A2) P N="—5 @ —1)(A%_12) (3.40)

Now let’s simplify the coefficients C(()l) , Cél), B=1,2,.,k-2,and C,El_)l defined by formulas (3.14),

(3.15), and (3.16). To do this, we take into account expression (3.40) for M, N and A is the root of a
polynomial Pp(x) = (1 -2+ 2heh) x2 -2 (1 — e 4 he? + h) X+ (1 — e+ Zheh) of degree 2.
Let’s look at this first

El) heh _ eh 11 /\k (Eh _ 1) _ /\2 (ehk—h _ 1) + /\eh (ehk—Zh _ 1)

Co = ey M (1) (@) (1-7)
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Akt1ph (1 _ ehk—Zh) + Ak (ehk—h _ 1) —A2 (Eh _ 1)
(1—ek=h) (Aeh —1) (1-A)
Taking into account equalities (3.40) we obtain

+N

?1) he — el +1

0 el (1— et
(eh — hel" - 1) (1-2) (eh - )\) AR QK (eh - 1) —A? (ehk‘h — 1) + Aet (ehk‘Zh -~ 1)
het (¢h—1) (A% —12) (1—e®=) ("= 1) (1= A)
(¢"—he" =1) (1= 1) (Ae" —1) ARHTeH (1= Mh-2) 4 Ak (M — 1) — 22 (e 1)
e @D (- (=) (1 —1) (1-1)

So, we finally have
oy AR(e—ne"-1)(22-1)
0 hel(eh—1) (A% - A2)

Now let’s look at
(01) O 1 — ek Akeh (ehk—zh _ 1) — Ak-1ph (ehk—h _ 1) + Nelk=h (eh _ 1)
k=1~ Jph (1 — k) +M (1 - elk=h) (eh — 1) (1= A)
A1 k=h (1 _ eh) 4 A3 (ehk—h _ 1) _ A2 (ehk—Zh _ 1)
(1—ek=h) (Aeh —1) (1-A)
o — 1 — helk (eh—heh—l) (1-1) (eh—)\))\k
 helt (1 — elk-h) hel (e — 1) (A% — A2)
Akeh (ehk—Zh _ 1) _ Ak-1gh (ehk—h _ 1) 4 Ahkh (eh _ 1)
(1—elk=h) (eh = 1) (1-A)

(eh — hel' - 1) (1-1) (/\eh —~ 1) AR phk=h (1 - eh) + A3e! (ehk‘h - 1) — AZ%eh (ehk‘Zh - 1)

C

+N

X

T ) (A - ) (=) (1 1) (1-7)
(/\Zk _ AZ) (h€2h —eh 1) + (A2k—1 _ /\3) (ezh — e — eh)
B hel (" — 1) (A2 — A2) ‘
Means,
(01) (/\Zk _ /\2) (heZh —eh 4+ 1) + (Azk—l _ )\3) (ezh — heh — eh)
G = hel (¢ — 1) (A% — A2) :
In this case
cg” = MAP 4 NAKF
(eh — hel' - 1) (1-7) (eh - A) A (eh — hel - 1) (1-7) ()\eh - 1)

= AP 4 L

hel (e — 1) (A% — 12) hel (el — 1) (A2 — 12)

(¢" = he! = 1) (1= A) [ARHF (" = 1) + AFF (A - 1))
- oo T (E 1D , B=1,2,..., k-2
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Means,
o (" — e = 1) (1= ) [AR+E (" = A) + A (1€ - 1)) - )
Cy) = @1 ) , B=1,2,..., k-2

Theorem 3.1 is completely proven.

4. OPTIMAL FUNCTION OF A DISCRETE ARGUMENT

In this section we find the unknown optimal function F (hB) of the discrete argument, which
plays an important role in finding the optimal error estimate of an explicit difference formula of
the form (3.1), i.e. calculating the square of the norm of the error functional of the optimal explicit
difference formula of the Adams type in the Hilbert space W£3’2) (0,1).

The main result of this section is the following theorem.
Theorem 4.1. The optimal function F (hp) = (;Ye‘hﬁ + 130 of the discrete argument is expressed by the
equality

. k= (eh —h— 1) oltk=2h (eh —heh — 1) [(eh _ 1) (AZk—l _ /\Zk—zeh) — A+ 1]
E(p) :[ 1 * (e —1) (AZ2-1) (Adh — 1)

elk=2h (eh — hel" - 1) (AeZh - A - A+ 1) AR (é’h — el - 1) (1 - AZ) (EZh - 1)] —hp

TRy (o) (@) 4 (A2 1) (& =) (A = 1)
,[1 (eh —he" - 1) (1 + /\k‘l) (/\k‘leh — Ak 4 Al — 1)
i 2heh (& —1) (A%2—1) (1-1)

Proof of Theorem 4.1. From equality (3.33) it follows that

o o h k=2 hk—2h
2 _ ok _ phk=h ~ hehk— C(l) +;2 C(l) _MhAe (A e + 1)
4 4 k=1 "4 70 4 (/\eh - 1)
hA2e! (ehk—Zh + Ak—z)
- 2(eh—A)

From here, using formulas (3.2), (3.4) and (3.40), we have
Gk _ hk—l ik (AZk _ /\2) (hezh —eh 1) + (AZk—l _ /\3) (EZh — e — eh)
4 4 hel (el — 1) (A% — A2)
L AR (e —he" —1) (22 -1)
4 hel (eh—1) (A% - A2)

(eh —he! — 1) (1-2) (eh - /\) AF hAeh ()\k‘zehk‘z’l - 1)
hel (el — 1) (A% — A2) 4(Aeh-1)
(¢"—he" —1) (1= 1) (Ae" —1) hAZe (M2 4 1K-2)

hel (eh — 1) (A% - A2) 2(eh =)

1=
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k= (eh —h— 1) ik=2h (eh —hel — 1) [(eh _ 1) (Azk—l _ AZk—Zeh) — A+ 1]
= +

i 2@ —1) (A%2-1) (A 1)
elk=2h (eh — hel' — 1) (AeZh — e — A+ 1) Ak-1 (eh — hel — 1) (1 - A2) (eZh - 1)
TR E DS @) A (E ) (@A) (A =T)

So, we have found one of the coefficients of the optimal function I%(hﬁ) of the discrete argument

k= (eh —h— 1) k=2h (eh — e — 1) [(eh _ 1) (AZk—l _ /\Zk—zeh) — Al + 1]

4= 4 * 4(h—1) (AF2-1) (Aeh —1)
elk=2h (eh — hel" - 1) (Aezh — A=A+ 1) Ak-1 (eh — hel — 1) (1 - AZ) (eZh - 1)
T (@A) A (PN (A1)

Let’s move on to finding the second coefficient of the optimal function I%(hﬁ) of the discrete
argument.
From equalities (3.34) we find
o —~ — A=2AFT 4 AR 4 (k—1) A1 (1A
po— 2|22l k2L |y HA A+ k-DAT (1-4)
4 2 k-1 7 (1 _ A)Z
AL _Ak=pH+1 1 A2 — (k= 1) A% (1= A)
2(1-2)?
BrlpB+L (1 _ ezh) Bl k-p+1 (1 _ eZh)
N .
2@ ) (-1 2@ =) (e —1)

From here, using formulas (3.4), (3.40), after some simplifications, we obtain

+N

+M

o J|2k-1 k-1 (AZk—Az)(heZh—eh+1)+(/\2k‘1—)\3)(62h—h82h—eh)
A I hel (e — 1) (A% — A2)
(" —he" = 1) (1=2) (" = A) A% A 20841 4 Ak 4 (k—1) AF1 (1 2)
TR @D -y 2(1-1)
(eh—heh—l) (1—/\) (Aeh—l) Ak-i—l _2/\k—ﬁ+1 _|_A2_ (k—l) /\2 (1 —/\)
TR @) (F A 2(1-1)
(¢"—he" —1) (1=A) (& = A) Ak HTIAPTL(1-e2)
T @ —) (F -2 2@ A (A1)
(¢"—he" =1) (1= 1) (Ae" —1) HIARFL(1 )
TR @D (AF A7) 2@ —A) (e —1)
|21 AL (e — e = 1) (14 A (¢ = 1) A% (! = e = 1) (k1)

4 2he (e —1) (AX—A2) (1=A)  2het (et — 1) (A% — A2)

A2 (e —hel 1) (A" = 1) (1+ K1) A2(ef—he" —1) (k—=1) (" —he! —1) (k1)
2hel (e —1) (A2 = A2) (1-A) 2hel (e — 1) (A% — A2) * 2hel (e — 1)

_|_
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ARHpH1 (eh —he" - 1) [(1 + 2he" — eZh) AZ-2 (hezh +h—e? + 1) A+ (1 + 2he" — eZh)]
2080 (@ —1) (A% — A2) (Ad —1) (1= A)

+

NRBHL (e — hel = 1) [ (1 + 2ne" — ) A2 =2 (he? + i — 2 + 1) A + (1 + 2he" — &)

+ 2020 (—1) (A% —22) (& —A) (1=A) /

(4.1)
here A is the root of a polynomial P,(x) = (1 -2+ 2heh) x2 -2 (heZh +h—e? + 1)x +
(1 —e2h 4 2heh) of degree 2, i.e.

(14 2ne" — ) A2 =2 (he + h— e + 1) A + (1 + 2he" — ) = 0. (4.2)

Due to equality (4.2), expression (4.1) is reduced to the form

o [Zk _1 Ak (eh —he! - 1) (1 + /\k_l) (eh - /\)

Po= 1" = 2hel (¢ — 1) (A% — A2) (1= 1)
A (M —heh —1) (k=1)  A2(e"—he" —1) (A" — 1) (1 + AF1)
T (1) (AF A7) T 2he (@ —1) (AZ = A2) (1= A)

A2 (e —he"=1) (k=1) (¢"—he"-1)(k-1)
e (-1 (AF—A2) | 2kt (1)

1 ("= het =1) (14 AFT) (ARt - Ak At - 1)
~+

—
4 2hel (e = 1) (A%-2-1) (1-A)

So, we have found the second coefficient of the optimal function F (hB) of the discrete argument

1 (M= het = 1) (14 A1) (AKTeh - Ak 4 At - 1)
-+

Py = —h?
4 2hel (e —1) (A%-2-1) (1-A)

Theorem 4.1 is completely proven.

3,2
5. OPTIMAL ERROR ESTIMATE OF THE DIFFERENCE FORMULA ON THE CLASSWE )(O, 1)

In this section, we will calculate the optimal error estimate for an explicit difference formula of
the form (3.1) on the class Wés’z) (0,1). In addition, using the optimal function discrete argument,
a new formula will be obtained for the optimal error estimate of the explicit difference formula of
the form (3.1) on the class W§3’2) (0,1).

Theorem 5.1. Optimal error estimate for explicit difference formulas Adams type on classes Wém’m_l) 0,1),
for any m > 2 is given by the formula

o=

= ()" 5T +Z(2]‘—1)v+hZC§1) a7+ Bacalir) + sl |
. |
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here are Cél) —the optimal coefficients of the explicit difference formulas, de B 4 Iojm_g(hﬁ) is the optimal

function discrete arqument,

([ KR (=P (b bk )
fm(hﬁ)—z((l )( 2 2 ) ];( (2j-2)! (2j-2)! ))

Theorem 5.2. Optimal error estimate of the explicit difference formula (3.1) Adams type in the class
W§3’2) (0,1), is expressed by the formula

o . 2 (e" =" -1) )
||£|W§3'2) (0, 1)“ = 2p2h (/\2"‘2 ~1) (/\eh ~1) (eh —A) [2 (ezh —d 4+ 2) (/\Zk 2 _ 1) Ae!
ho_
e L R P

12 (" = he" — 1) (A%2eh - A2 4 Qe 1) g
+ =
e (e —1) (A%-2-1)(1-A7) 3

In Theorem 2.2, an expression is obtained for the error of explicit difference formulas of general

_|_

form on classes Wém’m_l) (0,1). For explicit difference formulas, this expression takes the following

Zc Zcﬁc (hy — hp)
k-1

2hZC Zcﬁc' (hy — hp) — hzkzllc Z 'G (hy —hp)|.

form

e

(1)

Minimizing this norm with respect to the coefficients C P subject to the conditions

k-1

() PRI W _
hyzz‘acy (hy)™ = = — (k- (k-1)%), a=1,2,..,m-2, (5.1)
k-1
I Z CS) oy — phkth _ p-lik (5.2)
y=0
a system for finding the optimal coefficients CI(;) of explicit difference formulas and the optimal
function was obtained discrete argument
2 2j-1
1) sign hﬁ hy) | etb=hy — ehv=hp ' (hB — hy )2~ ° g
h Z > Z 2i-1)! +de
y= j=
+ P (1f) = fu(hB),p=0,1,.. k=1, (5.3)
=

here

Slgn(hﬁ hy) hﬁ hv+ehy h‘B m— ]. hﬁ hy 2] -2
f ( ZCV 2 2] 2 ’

j=1
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o

CI(;)- the desired optimal coefficients of difference formulas, ;le_hﬁ + IODm_g(hﬁ)- the desired optimal
function of the discrete argument.
Since we are considering a difference formula of the Adams type, thenC, = 1, Gy = -1, Cr; =

Oati=0,1,..,k—2in this case f,,(hp), it takes the following form

1 hBhk  hk=hp—h m=1 (hB —hk)¥=2 (W — hk + )22
w5 (=N ) - G ) e

Proof of Theorem 5.1. To do this, using the value Cg, f = 0,1, ..., k, we simplify the following

szgn hﬁ hy) | etb=hy — ghy=hp ml (hg - hy)zll
ZZ 2 Z 2j-1)!

y=0p=0 j=

Z [szgn (hk —hy) [ehk—h? _ehy—hk
B 2

sign(hk —h—hy) [ plik—h—hy _ ohy—hk+h mzj (hk — T — hy) 2~ 1“

double sum

S

= (hk —hy)¥~!
(2j-1)!

I
—

j

2 = (2j-1)!
_ - 1 1)1 - mol 01
Z T _ee, o (5.5)
= (2~ =1 (2-1

Taking into account equalities (5.3), (5.5) and expressions (5.1), (5.2), after some simplifications for

the error of difference formulas on classes Wém’m_l) (0,1) next

—h n m—1 2i-1 k-1 o
(mm=1)«|> _  qym )€ —e hel (1)
e ws (-1) { > +j:1 (2]._1)!+2h;)cy Fu(hy)

k-1 k-1 o m— 2
hﬁ h]/) hﬁ hy _ hy hﬁ hﬁ hV 2] 1
e, c(h c1 ) Sign
4
z )

p=0 2 =1 3=
m—1 k-1 o
h2] 1 o o
— (~1)" - +hZ cl) [de_hV + Pr-3(hy) +fm(h7)] :
]:1 y=0

From here we obtain the statement of Theorem 4.1, i.e.

k-1 o

+hZC [de " 4 Py 3(h)/)+fm(hy)] :
]:1 V=

2_(_1 +m1 hZJl

e

(5.6)
Theorem 5.1 is proven.
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Now we move on to the proof of Theorem 5.2. In the case m = 3 of formula (5.6) it follows that
the error of the explicit difference formula on the class W§3’2) (0,1) takes the following form

° % 2 Eh —e‘h I’l3 =0 o o
lews® o) = S—=-n-Z-nYy c’ [de W 4 po+fa(hy) |- (5.7)
y=0

[e]

Here Clgl), B=0,1,...,k—1 are the optimal coefficients of the explicit difference formula in space

W2

) (0,1) and they are given in Theorem 3.1, i.e.

iy _ M ke -1)(A2-1)
0 hel(eh—1) (A% - 72)
oy (M= et = 1) (1= A) [ARHE (e = 1) AFF (A - 1))

(1)
C,’ = , B=1,2,..., k=2,
P hel (eh — 1) (A2 — A2) P
o 2%k 42 2h h 2k=1 _ 13\ (,2h h ok
C(l) :(/\ —/\)(he —e +1)+(/\ —/\)(e — he —e)
k-1 hel (eh — 1) (A2 — A2)

The optimal function I%(hﬁ ) = ;le‘hﬁ + poo of the discrete argument is given by the formula

. ehk—h (eh —h-— 1) ehk—Zh (eh _ heh _ 1) [(eh _ 1) (AZk—l _ /\Zk—Zeh) _ /\eh + 1]
F(hB) =
(hp) 1 * 2@ —1) (A 2-1) (A" 1)

+ehk—2h (eh —heh — 1) (/\ezh I P 1) B Ak=1 (eh — heh — 1) (1 - )\2) (3211 - 1)] e

4(eh—1) (A2 -1) (el = A) 4el (A2 -1) (el = A) (Aeh —1)

1 (¢ =he = 1) (14 AR (ATl — K 4 2 - 1)}

—h2 e

4 2hel (eh —1) (A2 -1)(1-A)
In the case m = 3 of formula (5.4) for the function f3(hf) we have the following

1 btk ghk=hp=ht\ 2 ((hB— k)22 (W — hk + h)¥ 2
f3<hﬁ>—§|(1‘eh)( 2 2 )‘]ZQ( 2j-2¢  @2j-2) )

(5.8)

L[e™ o emy, €7
—§|T(€ -+

By virtue of (5.8) and (5.9) we have

(e—hk - e—hk+h) + (hB) h + 112_2 (1- 2k)] (5.9)

F(hB) + f5(hB) = de™ + po+f(hB) = de™ + p

e e om0 o hken h?
+§[T(€ —¢ )—F?(E —e )—F(hﬁ)h%-?(l—Zk)
o hk_ hk—h o gk ket 22 (1-2k
_ (d +%)e—hﬁ +po+ g - T+ %. (5.10)

It is known that

h C;l) e = pTIkAh _ phk (5.11)
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k-1 o
Y, cll=1. (5.12)
y=0
Using equalities (5.10)-(5.12) we calculate the following sum
2
k=1 o h b1
o ° —1o0 o e
ny. i (ae + 5o +f3(hy)) — i+ hpo +( =
y=0
13 (1-2k) LS ¥ o
Y
+— o Z c! 2 . Z c! (5.13)

Using the formulas for the sum of a geometric progression and (3.5), we obtain

Sy (" = e =1) (1= 1) (¢! = A) (1 = AF-2eH-20) 11

3ctler -
= 7 h(eh—1) (A2 -1) (1 - Aeh)

+

(eh — hel" - 1) (1-A) (/\eh - 1) k=2 _ )\k‘z)
H(eh—1) (AZ2-1) (e — 1)
(¢"—het 1) (1= A) (" = A)[1 = AFT = (k= 1) A2 (1= A) [ AR

Beh—1) (A%-2-1) (1-A)?

, (5.14)

C)(/)y:

he (
+(eh —he =1) (1-2) (Ah 1) A1 -1+ U; ~1)(1- /\)]' 515
helt (et —1) (A2%-2—1) (1 - A)

Due to (5.14) and (5.15), equality (5.13) can be reduced to the form

(¢ 1) (¢~ h-1)

k-1 o
1) (5 ,—h ° _
h;)c,, (de™ + po -+ (7)) = o

(eh — hel' — 1) [(eh - 1) (/\2"‘1 - AZk‘zeh) — A+ 1]
462 (\%-2—1) (Aeh — 1)
(eh — hel" — 1) (Ae2h —Aef =7+ 1) (eh —hel' — 1) (1 - /\2) (e3h —e2 el 1 1) Ak-1
42 (A2 1) (eh — )) 4ehk+h (122 _ 1) (¢h — 1) (Aeh = 1)
B3 h? (eh — hel' - 1) (1 + /\k_l) (/\k‘leh — Ak Qe - 1) (eh - 1)2 13 (1 -2k)
4 2 (e —1) (AZ%-2-1) (1 - A) T T
(" —he" = 1) (1= A) (¢" = A) (1 = A2 AR (e — el — 1) (1= A) (Al — 1) (P21 — AK-2)
4k (A2 —1) (1= Aeh) 4k (A2 — 1) (eh = 1)
12 (" —he! = 1) (1= A) (¢ = A) [1 = AFT = (k= 1) A2 (1= 1) | AR
- 2e (e — 1) (A2 _1) (1 - 1)2
B2 (" = he! = 1) (1= A) (Ae" = 1) [AF! =1+ (k= 1) (1-2)]

et (e —1) (A%-2-1) (1-A)?

+

_|_
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("=1)("—n-1) pz (& —he"—1)(A%2" - AZ1 4 Aeh - 1)
D¢l 2 e (eh—1) (A%-2-1) (1-A)
(¢" — et — 1) (123 - 22— Ae 4 1)
4e2h (/\Zk—z — 1)
(eh — hel - 1) (1-21) (A2k‘362h + AZTL A 22h D Jeh 4 262 - 1)
4e2h (A2k=2 — 1) (eh — 1) (Ae = 1)
(eh — hel - 1) ((1 - eh) (/\ - eh) AZ=2 4 Ak — 1) (eh — hel - 1) ()\eh —Ae? + A - 1)

462 (A2 1) (Aeh — 1) - 42 (A2 1) (= 1) . (5.16)

Substituting (5.16) into formula (5.7), we obtain

0 e 1) (e -h-1
freon - 25 -8R
12 (" — hel = 1) (A%28 - A% 26l — 1) (e — el — 1) (A%3eh — 122 - At 4 1)
T A @ - (P2 (1= A) - 42T (2 1)

(" — e = 1) (1= A) (A%3e2 4 A1 — 21228 — 22 H 4 122" 4 1)
462 (AF2-1) (eh = 1) (Aeh —1)
(eh —hel - 1) ((1 - eh) (A - eh) AZ=2 4 poh 1) (eh —hel - 1) (/\eh Sy Pl . 1)

_|_

+ +
4e2 (A2=2 —1) (Aeh - 1) 4e2 (A2 1) (e = A)
From here, after some simplifications, we obtain
(eh —hel — 1)

o= -

T 202 (A2 1) (Aeh = 1) (e = A) [2 (eZh -+ 2) (AZk_z a 1) Adt

+ (¢ = 3) (A% = 1) A% — (26 — " +1) (A% - 1)| + -1 (1)
2¢
12 (e" - hel = 1) (%2 - A2 4 A - 1) g
T a@onaEI-na-y 3
Theorem 5.2 is completely proven.
h(e?+1)-e?+1-(¢"-1) \/h2(e”+1)2+2h(1—62’1)
1—e2t+2heh

k — o0, Ak - 0, therefore we have:

, then for large kvalues A¥ close to zero, i.e. for

Since A =

o X 2 3 K (eh —he! - 1) (/\eh - 1) h (eh - 1)
om0 =5 -—5 @-D1-4) 2o
(eh —hel - 1) [(262h e+ 1) -2 (eZh -+ 2) Al — (eh - 3) /\ZeZh]
2e2 (Aeh —1) (e = A) '
Expansion of the square norm of the optimal difference formula into a Taylor series:

W 31A10 -1 ]

2

S A (3:2)+

(W 01| =——-[7A+8+

”l 2 )“ 30()\_1)2[ 4(A8B+ A0+ A4 4224 1)
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o 16A3(A2=A+1) = 1722 (A* +1) +8A (A° + 1) - 35 (A% + 1)
144 A4+ 22+1) (A-1)*

+0(r).

CONCLUSION

Optimal explicit difference formula for any integer k in the Hilbert space W§3’2) (0,1) was con-
structed. Here, an optimal function of the discrete argument was found, which was used to find
the optimal error estimate for an explicit difference formula on the class W§3’2) (0,1). Further, an
optimal error estimate for an explicit difference formula on the class W§3’2) (0,1) was calculated.
In addition, using the optimal function of the discrete argument, a new formula for the optimal

error of explicit difference formulas on classes Wém’m_l) (0,1) was obtained.
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