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Abstract. The concept of fuzzy Bd-ideals in Bd-algebras was introduced by Nakkhasen et al. in 2024. In this study, we

consider the notions of fuzzy translations, fuzzy multiplications, and fuzzy magnified translations to investigate fuzzy

Bd-ideals in Bd-algebras. Subsequently, we examine various features and characterizations of fuzzy Bd-ideals in Bd-

algebras through the applications of fuzzy translations, fuzzy multiplications, and fuzzy magnified translations. Finally,

we demonstrate how fuzzy translations, fuzzy multiplications, and fuzzy magnified translations of fuzzy Bd-ideals in

Bd-algebras are interconnected through a homomorphism function.

1. Introduction

The fuzzy set idea in a nonempty set X is a function that assigns values from the closed

interval [0, 1] in the real numbers to elements of X. This notion was established by Zadeh [18]

and continues to be an essential tool in several areas, including artificial intelligence, control

systems, and decision-making processes. Algebra is another field of study that uses the fuzzy

sets to determine their properties. Muhiuddin and Aldhafeeri [8] introduced the notions of uni-

hesitant fuzzy algebras and uni-hesitant fuzzy (closed) ideals in BCK-algebras and BCI-algebras,

examining various associated features. Then Ratchakhwan et al. [14] introduced the concept of

(inf, sup)-hesitant fuzzy ideals, which generalizes the concept of interval-valued fuzzy ideals in

BCK/BCI-algebras. They also investigated the related properties of this concept. Meanwhile,

Jiang [6] explored the homomorphic and inverse images of hesitant fuzzy dot subalgebras, along
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with the concept of hesitant fuzzy dot ideals, in the framework of B-algebras. Subsequently,

Oli and Tefera [13] introduced the concepts of left and right fuzzy derivations of d-ideals within

d-algebras. They also characterized the right and left fuzzy derivations of ideals in d-algebras.

In 2022, Bantaojai et al. [2] integrated some needs from B-algebras and d-algebras to create a

novel algebra called Bd-algebras, which explains certain features of Bd-ideals and Bd-subalgebras

in Bd-algebras. Following this, Nakkhasen et al. examined the concept of fuzzy sets within

the structure of Bd-algebras in 2024, introducing fuzzy Bd-subalgebras and fuzzy Bd-ideals, and

investigating their characteristics as detailed in [12] and [11], respectively. In the same year, Iampan

and Nakkhasen [5] also researched the characterizations of prime fuzzy Bd-ideals in Bd-algebras.

Moreover, in 2025, Nakkhasen et al. [9] presented the general idea of fuzzy Bd-subalgebras in

Bd-algebras as the fuzzy dot Bd-subalgebras and studied the relationship of this idea in terms

of a homomorphism. Recently, Yilmaz [17] applied the concept of hybrid structures, which are

a generalization of fuzzy sets, to the Bd-algebras. He presented various properties of hybrid

subalgebras within these algebras.

The concepts of fuzzy translations [16], fuzzy multiplications [16], and fuzzy magnified trans-

lations [15] represent another generalization of fuzzy sets. In 2009, Lee et al. [7] investigated

fuzzy translations and fuzzy multiplications in BCK/BCI-algebras. Thereafter, in 2013, Chan-

dramouleeswaran et al. [3] discussed the concepts of fuzzy translations and fuzzy multiplications

in BF/BG-algebras. In addition, Guntasow et al. [4] explored fuzzy translations of fuzzy sets

within UP-algebras. They introduced the notions of fuzzy α-translations and fuzzy β-translations

for fuzzy sets, examining their fundamental properties and providing illustrative examples. Sub-

sequently, Alshehri [1] also used the fuzzy translations and the fuzzy multiplication concepts to

describe BRK-algebras. In 2024, Nakkhasen et al. [12] contributed to the investigation of fuzzy

translations, fuzzy multiplications, and fuzzy magnified translations by classifying the properties

of fuzzy Bd-subalgebras in Bd-algebras. This research is focused on using the concepts of fuzzy

translations, fuzzy multiplications, and fuzzy magnified translations to examine fuzzy Bd-ideals

in Bd-algebras. We also consider different properties and description of fuzzy Bd-ideals in Bd-

algebras by using fuzzy translations, fuzzy multiplications, and fuzzy magnified translations. In

the end, we show the connections of fuzzy translations, fuzzy multiplications, and fuzzy magnified

translations of fuzzy Bd-ideals in Bd-algebras by a homomorphism function.

2. Preliminaries

This section reviews some fundamental definitions used throughout this article. A mapping

ϑ : X→ [0, 1] from a nonempty set X to a unit interval is referred to as a fuzzy set [18]. Let ϑ and δ

be any two arbitrary fuzzy sets of a nonempty set X. We further denote:

(i) (ϑ∩ δ)(x) = min{ϑ(x), δ(x)} for all x ∈ X;

(ii) (ϑ∪ δ)(x) = max{ϑ(x), δ(x)} for all x ∈ X.
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Let ζ be a fuzzy set of a nonempty set X and Tζ = 1− sup{ζ(x) | x ∈ X}. Suppose that r ∈ [0, Tζ]
and m ∈ [0, 1]. Then:

(i) a fuzzy set ζT
r of X is called a fuzzy translation [16] of ζ if ζT

r (x) = ζ(x) + r for all x ∈ X;

(ii) a fuzzy set ζM
m of X is called a fuzzy multiplication [16] of ζ if ζM

m (x) = mζ(x) for all x ∈ X;

(iii) a fuzzy set ζMT
mr of X is called a fuzzy magnified translation [15] of ζ if ζMT

mr (x) = mζ(x) + r for

all x ∈ X.

Definition 2.1. [2] An algebra (X, ∗, 0) is called a Bd-algebra if it satisfies the following axioms: for every
x, y ∈ X,

(i) x ∗ 0 = x;
(ii) if x ∗ y = 0 and y ∗ x = 0, then x = y.

In this article, we denote a Bd-algebra (X, ∗, 0) simply as X, unless stated differently.

Example 2.1. [10] Let Z be the set of integers. It is clear that (Z,−, 0) constitutes a Bd-algebra under the
usual subtraction operation on integers.

Example 2.2. Let X = {0, a, b, c}. Define a binary operation ∗ on the set X assuming the following table:

∗ 0 a b c

0 0 0 c c
a a 0 b c
b b b b c
c c b b c

Through straightforward computations, we have (X, ∗, 0) is a Bd-algebra.

Definition 2.2. [2] A nonempty subset A of a Bd-algebra X is considered a Bd-ideal of X if it satisfies the
following requirement:

(i) 0 ∈ A;
(ii) if for any x, y ∈ X, x ∗ y ∈ A and y ∈ A, then x ∈ A;

(iii) x ∗ y ∈ A, for all x ∈ A and y ∈ X.

Example 2.3. In Example 2.2, we have A = {0, a} is a Bd-ideal of X.

Definition 2.3. [11] Let X be a Bd-algebra. A fuzzy set ϑ of X is known as a fuzzy Bd-ideal of X if it
satisfies the following inequality for every x, y ∈ X:

(i) ϑ(0) ≥ ϑ(x);
(ii) ϑ(x) ≥ min{ϑ(x ∗ y),ϑ(y)};

(iii) ϑ(x ∗ y) ≥ ϑ(x).

Example 2.4. Let X = {0, a, b, c} be a Bd-algebra as defined in Example 2.2. Now, we define a fuzzy set ϑ
of X by:
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X 0 a b c

ϑ 0.9 0.5 0.1 0.1
By means of simple computations, we have ϑ is a fuzzy Bd-ideal of X.

3. Fuzzy magnified translations of fuzzy Bd-ideals

In this section, we examine and characterize fuzzy Bd-ideals of Bd-algebras related to fuzzy

translations, fuzzy multiplications, and fuzzy magnified translations.

Proposition 3.1. Let X be a Bd-algebra, and let ζ and ξ be fuzzy sets of X. Suppose that ζT
r1

and ξT
r2

are
fuzzy translations of ζ and ξ, respectively, such that r1 ∈ [0, Tζ], and r2 ∈ [0, Tξ]. If ζT

r1
and ξT

r2
are fuzzy

Bd-ideals of X, then ζT
r1
∩ ξT

r2
is a fuzzy Bd-ideal of X.

Proof. Assume that ζT
r1

and ξT
r2

are fuzzy Bd-ideals of X. Let x, y ∈ X. Then we have(
ζT

r1
∩ ξT

r2

)
(0) = min{ζT

r1
(0), ξT

r2
(0)}

≥ min{ζT
r1
(x), ξT

r2
(x)}

=
(
ζT

r1
∩ ξT

r2

)
(x),(

ζT
r1
∩ ξT

r2

)
(x) = min{ζT

r1
(x), ξT

r2
(x)}

≥ min{min{ζT
r1
(x ∗ y), ζT

r1
(y)}, min{ξT

r2
(x ∗ y), ξT

r2
(y)}}

= min{min{ζT
r1
(x ∗ y), ξT

r2
(x ∗ y)}, min{ζT

r1
(y), ξT

r2
(y)}}

= min{
(
ζT

r1
∩ ξT

r2

)
(x ∗ y),

(
ζT

r1
∩ ξT

r2

)
(y)},(

ζT
r1
∩ ξT

r2

)
(x ∗ y) = min{ζT

r1
(x ∗ y), ξT

r2
(x ∗ y)}

≥ min{ζT
r1
(x), ξT

r2
(x)}

=
(
ζT

r1
∩ ξT

r2

)
(x).

This shows that ζT
r1
∩ ξT

r2
is a fuzzy Bd-ideal of X. �

The following propositions can be proved to be similar to Proposition 3.1.

Proposition 3.2. Let X be a Bd-algebra, and let ζ and ξ be fuzzy sets of X. Suppose that ζM
m1

and ξM
m2

are
fuzzy multiplications of ζ and ξ, respectively, such that m1, m2 ∈ [0, 1]. If ζM

m1
and ξM

m2
are fuzzy Bd-ideals

of X, then ζM
m1
∩ ξM

m2
is a fuzzy Bd-ideal of X.

Proposition 3.3. Let X be a Bd-algebra, and let ζ and ξ be fuzzy sets of X. Suppose that ζMT
m1r1

and ξMT
m2r2

are
fuzzy magnified translations of ζ and ξ, respectively, such that r1 ∈ [0, Tζ], r2 ∈ [0, Tξ], and m1, m2 ∈ [0, 1].
If ζMT

m1r1
and ξMT

m2r2
are fuzzy Bd-ideals of X, then ζMT

m1r1
∩ ξMT

m2r2
is a fuzzy Bd-ideal of X.

On the other hand, the union of any two fuzzy translations (or multiplications, or magnified

translations) that are fuzzy Bd-ideals of a Bd-algebra X may not constitute a fuzzy Bd-ideal of X,

as seen in the following example.
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Example 3.1. Let X = {0, a, b, c} be a Bd-algebra with the binary operation ∗ on X, see [11], by the following
table:

∗ 0 a b c

0 0 0 0 0

a a a a a
b b b b b
c c c a a

Define the fuzzy sets ζ and ξ of X by

X 0 a b c

ζ 0.4 0.2 0 0

ξ 0.5 0.1 0.3 0.1

Then Tζ = 1 − 0.4 = 0.6 and Tξ = 1 − 0.5 = 0.5. Now, choose r1 = 0.3 ∈ [0, 0.6], r2 = 0.2 ∈ [0, 0.5],
m1 = 0.1 ∈ [0, 1], and m2 = 0.4 ∈ [0, 1]. So, the mapping ζMT

(0.1)(0.3)
: X→ [0, 1] and ξMT

(0.4)(0.2)
: X→ [0, 1]

are defined by

X 0 a b c

ζMT
(0.1)(0.3)

0.34 0.32 0.30 0.30

X 0 a b c

ξMT
(0.4)(0.2)

0.40 0.24 0.32 0.24

Through standard computations, we have ζMT
(0.1)(0.3)

and ξMT
(0.4)(0.2)

are fuzzy Bd-ideals of X. But ζMT
(0.1)(0.3)

∪

ξMT
(0.4)(0.2)

is not a fuzzy Bd-ideal of X, since(
ζMT
(0.1)(0.3) ∪ ξ

MT
(0.4)(0.2)

)
(c) = 0.30 � 0.32 = min

{(
ζMT
(0.1)(0.3) ∪ ξ

MT
(0.4)(0.2)

)
(c ∗ b),

(
ζMT
(0.1)(0.3) ∪ ξ

MT
(0.4)(0.2)

)
(b)

}
.

Next, we characterize fuzzy Bd-ideals of Bd-algebras in relation to fuzzy translations, fuzzy

multiplications, and fuzzy magnified translations.

Theorem 3.1. Let X be a Bd-algebra, ζ be a fuzzy set of X, r ∈ [0, Tζ], and ζT
r be the fuzzy translation of ζ

with respect to r. Then ζ is a fuzzy Bd-ideal of X if and only if ζT
r is a fuzzy Bd-ideal of X.

Proof. Assume that ζ is a fuzzy Bd-ideal of X. Let x, y ∈ X. Then we have

ζT
r (0) = ζ(0) + r ≥ ζ(x) + r = ζT

r (x),

ζT
r (x) = ζ(x) + r

≥ min{ζ(x ∗ y), ζ(y)}+ r

= min{ζ(x ∗ y) + r, ζ(y) + r}

= min{ζT
r (x ∗ y), ζT

r (y)},

ζT
r (x ∗ y) = ζ(x ∗ y) + r ≥ ζ(x) + r = ζT

r (x).
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Hence, ζT
r is a fuzzy Bd-ideal of X. Conversely, assume that ζT

r is a fuzzy Bd-ideal of X. Let x, y ∈ X.

Then we consider

ζ(0) + r = ζT
r (0) ≥ ζ

T
r (x) = ζ(x) + r,

ζ(x) + r = ζT
r (x)

≥ min{ζT
r (x ∗ y), ζT

r (y)}

= min{ζ(x ∗ y) + r, ζ(y) + r}

= min{ζ(x ∗ y), ζ(y)}+ r,

ζ(x ∗ y) + r = ζT
r (x ∗ y) ≥ ζT

r (x) = ζ(x) + r.

Since r ≥ 0, we have ζ(0) ≥ ζ(x), ζ(x) ≥ min{ζ(x ∗ y), ζ(y)}, and ζ(x ∗ y) ≥ ζ(x). This shows that ζ

is a fuzzy Bd-ideal of X. �

Theorem 3.2. Let X be a Bd-algebra, ζ be a fuzzy set of X, m ∈ (0, 1], and ζM
m be the fuzzy multiplication

of ζ with respect to m. Then ζ is a fuzzy Bd-ideal of X if and only if ζM
m is a fuzzy Bd-ideal of X.

Proof. Assume that ζ is a fuzzy Bd-ideal of X. For any x, y ∈ X, we have

ζM
m (0) = mζ(0) ≥ mζ(x) = ζM

m (x),

ζM
m (x) = mζ(x)

≥ m min{ζ(x ∗ y), ζ(y)}

= min{mζ(x ∗ y), mζ(y)}

= min{ζM
m (x ∗ y), ζM

m (y)},

ζM
m (x ∗ y) = mζ(x ∗ y) ≥ mζ(x) = ζM

m (x).

This implies that ζM
m is a fuzzy Bd-ideal of X. Conversely, assume that ζM

m is a fuzzy Bd-ideal of X.

Let x, y ∈ X. Then we get

mζ(0) = ζM
m (0) ≥ ζM

m (x) = mζ(x),

mζ(x) = ζM
m (x)

≥ min{ζM
m (x ∗ y), ζM

m (y)}

= min{mζ(x ∗ y), mζ(y)}

= m min{ζ(x ∗ y), ζ(y)},

mζ(x ∗ y) = ζM
m (x ∗ y) ≥ ζM

m (x) = mζ(x).

Since m > 0, we have ζ(0) ≥ ζ(x), ζ(x) ≥ min{ζ(x ∗ y), ζ(y)}, and ζ(x ∗ y) ≥ ζ(x). Therefore, ζ is a

fuzzy Bd-ideal of X. �
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Theorem 3.3. Let X be a Bd-algebra, ζ be a fuzzy set of X, r ∈ [0, Tζ], m ∈ (0, 1], and ζMT
mr be the fuzzy

magnified translation of ζ with respect to m and r. Then ζ is a fuzzy Bd-ideal of X if and only if ζMT
mr is a

fuzzy Bd-ideal of X.

Proof. Assume that ζ is a fuzzy Bd-ideal of X. For every x, y ∈ X, we have

ζMT
mr (0) = mζ(0) + r ≥ mζ(x) + r = ζMT

mr (x),

ζMT
mr (x) = mζ(x) + r

≥ m min{ζ(x ∗ y), ζ(y)}+ r

= min{mζ(x ∗ y) + r, mζ(y) + r}

= min{ζMT
mr (x ∗ y), ζMT

mr y)},

ζMT
mr (x ∗ y) = mζ(x ∗ y) + r ≥ mζ(x) + r = ζMT

mr (x).

Thus, ζMT
mr is a fuzzy Bd-ideal of X. Conversely, assume that ζMT

mr is a fuzzy Bd-ideal of X. Let

x, y ∈ X. Then we have

mζ(0) + r = ζMT
mr (0) ≥ ζ

MT
mr (x) = mζ(x) + r,

mζ(x) + r = ζMT
mr (x)

≥ min{ζMT
mr (x ∗ y), ζMT

mr (y)}

= min{mζ(x ∗ y) + r, mζ(y) + r}

= m min{ζ(x ∗ y), ζ(y)}+ r,

mζ(x ∗ y) + r = ζMT
mr (x ∗ y) ≥ ζMT

mr (x) = mζ(x) + r.

Since m > 0 and r ≥ 0, we have ζ(0) ≥ ζ(x), ζ(x) ≥ min{ζ(x ∗ y), ζ(y)}, and ζ(x ∗ y) ≥ ζ(x). It

follows that ζ is a fuzzy Bd-ideal of X. �

4. Homomorphism on fuzzy magnified translations of fuzzy Bd-ideals

This section studies the relationships on fuzzy translations, fuzzy multiplications, and fuzzy

magnified translations of fuzzy Bd-ideals in Bd-algebras under a homomorphism function.

Let Ψ : X → Y be a mapping of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ϑ be a fuzzy set of

Y. The fuzzy set ϑΨ of X is defined by ϑΨ(x) = ϑ(Ψ(x)) for all x ∈ X. The mapping Ψ is called

a homomorphism (see, [9]) of Bd-algebras X and Y if Ψ(0) = 0′ and Ψ(x ∗ y) = Ψ(x) ◦Ψ(y) for all

x, y ∈ X. In addition, the homomorphism Ψ is said to be an epimorphism if Ψ is onto.

Theorem 4.1. Let Ψ : X → Y be a homomorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be a
fuzzy set of Y. Suppose that ζT

r is a fuzzy translation of ζwith respect to r ∈ [0, Tζ]. If ζT
r is a fuzzy Bd-ideal

of Y, then
(
ζT

r

)Ψ
is a fuzzy Bd-ideal of X.
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Proof. Assume that ζT
r is a fuzzy Bd-ideal of Y. For any x, y ∈ X, we have(
ζT

r

)Ψ
(0) = ζT

r (Ψ(0)) = ζT
r (0
′) ≥ ζT

r (Ψ(x)) =
(
ζT

r

)Ψ
(x),

(
ζT

r

)Ψ
(x) = ζT

r (Ψ(x))

≥ min{ζT
r (Ψ(x) ◦Ψ(y)), ζT

r (Ψ(y))}

= min{
(
ζT

r

)Ψ
(x ∗ y),

(
ζT

r

)Ψ
(y)},

(
ζT

r

)Ψ
(x ∗ y) = ζT

r (Ψ(x ∗ y)) = ζT
r (Ψ(x) ◦Ψ(y)) ≥ ζT

r (Ψ(x)) =
(
ζT

r

)Ψ
(x).

Hence,
(
ζT

r

)Ψ
is a fuzzy Bd-ideal of X. �

Theorem 4.2. Let Ψ : X → Y be a homomorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be a
fuzzy set of Y. Suppose that ζM

m is a fuzzy multiplication of ζ with respect to m ∈ [0, 1]. If ζM
m is a fuzzy

Bd-ideal of Y, then
(
ζM

m

)Ψ
is a fuzzy Bd-ideal of X.

Proof. Assume that ζM
m is a fuzzy Bd-ideal of Y. Let x, y ∈ X. Then we have(
ζM

m

)Ψ
(0) = ζM

m (Ψ(0)) = ζM
m (0′) ≥ ζM

m (Ψ(x)) =
(
ζM

m

)Ψ
(x),

(
ζM

m

)Ψ
(x) = ζM

m (Ψ(x))

≥ min{ζM
m (Ψ(x) ◦Ψ(y)), ζM

m (Ψ(y))}

= min{
(
ζM

m

)Ψ
(x ∗ y),

(
ζM

m

)Ψ
(y)},

(
ζM

m

)Ψ
(x ∗ y) = ζM

m (Ψ(x ∗ y)) = ζM
m (Ψ(x) ◦Ψ(y)) ≥ ζM

m (Ψ(x)) =
(
ζM

m

)Ψ
(x).

Thus,
(
ζM

m

)Ψ
is a fuzzy Bd-ideal of X. �

Theorem 4.3. Let Ψ : X → Y be a homomorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be
a fuzzy set of Y. Suppose that ζMT

mr is a fuzzy magnified translation of ζ with respect to m ∈ [0, 1] and

r ∈ [0, Tζ]. If ζMT
mr is a fuzzy Bd-ideal of Y, then

(
ζMT

mr

)Ψ
is a fuzzy Bd-ideal of X.

Proof. Assume that ζMT
mr is a fuzzy Bd-ideal of Y. For every x, y ∈ X, we have(

ζMT
mr

)Ψ
(0) = ζMT

mr (Ψ(0)) = ζMT
mr (0

′) ≥ ζMT
mr (Ψ(x)) =

(
ζMT

mr

)Ψ
(x),

(
ζMT

mr

)Ψ
(x) = ζMT

mr (Ψ(x))

≥ min{ζMT
mr (Ψ(x) ◦Ψ(y)), ζMT

mr (Ψ(y))}

= min{
(
ζMT

mr

)Ψ
(x ∗ y),

(
ζMT

mr

)Ψ
(y)},

(
ζMT

mr

)Ψ
(x ∗ y) = ζMT

mr (Ψ(x ∗ y)) = ζMT
mr (Ψ(x) ◦Ψ(y)) ≥ ζMT

mr (Ψ(x)) =
(
ζMT

mr

)Ψ
(x).
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Therefore,
(
ζMT

mr

)Ψ
is a fuzzy Bd-ideal of X. �

The following example shows that the converses of Theorems 4.1, 4.2, and 4.3 are not true.

Example 4.1. Let X = {0, u, v} and Y = {0′, a, b, c}. Consider the Bd-algebras (X, ∗, 0) and (Y, ◦, 0′),
which are defined in the following tables:

∗ 0 u v

0 0 u v
u u 0 0

v v v v

◦ 0′ a b c

0′ 0′ 0′ 0′ 0′

a a a a a
b b b b b
c c c a a

Define the mapping Ψ : X→ Y by

Ψ(x) =

0′ if x ∈ {0, u},

b otherwise
for all x ∈ X.

It’s straightforward to check that Ψ is a homomorphism. Now, the fuzzy set ζ of Y is defined by:

Y 0′ a b c

ζ 0.8 0.2 0.2 0.4

Choose, r = 0.1 ∈ [0, Tζ] and m = 0.5 ∈ [0, 1]. Then the fuzzy magnified translation ζMT
(0.5)(0.1)

of ζ is
defined as follows:

Y 0′ a b c

ζMT
(0.5)(0.1)

0.5 0.2 0.2 0.3

We obtain that the fuzzy set
(
ζMT
(0.5)(0.1)

)Ψ
of X can be described as follows:

X 0 u v(
ζMT
(0.5)(0.1)

)Ψ
0.5 0.5 0.2

Moreover,
(
ζMT
(0.5)(0.1)

)Ψ
is a fuzzy Bd-ideal of X, while ζMT

(0.5)(0.1)
is not a fuzzy Bd-ideal of Y, since ζMT

(0.5)(0.1)
(c◦

c) = 0.2 � 0.3 = ζMT
(0.5)(0.1)

(c).

We now need to add the following condition for the converses of Theorems 4.1, 4.2, and 4.3 to

be valid.

Theorem 4.4. Let Ψ : X → Y be an epimorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be a

fuzzy set of Y. Suppose that ζT
r is a fuzzy translation of ζ with respect to r ∈ [0, Tζ]. If

(
ζT

r

)Ψ
is a fuzzy

Bd-ideal of X, then ζT
r is a fuzzy Bd-ideal of Y.

Proof. Assume that
(
ζT

r

)Ψ
is a fuzzy Bd-ideal of X. Let a, b ∈ Y. Since Ψ is onto, we have there exist

x, y ∈ X such that Ψ(x) = a and Ψ(y) = b. Then we obtain

ζT
r (0
′) = ζT

r (Ψ(0)) =
(
ζT

r

)Ψ
(0) ≥

(
ζT

r

)Ψ
(x) = ζT

r (Ψ(x)) = ζT
r (a),
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ζT
r (a) = ζT

r (Ψ(x)) =
(
ζT

r

)Ψ
(x)

≥ min{
(
ζT

r

)Ψ
(x ∗ y),

(
ζT

r

)Ψ
(y)}

= min{ζT
r (Ψ(x ∗ y)), ζT

r (Ψ(y))}

= min{ζT
r (Ψ(x) ◦Ψ(y)), ζT

r (Ψ(y))}

= min{ζT
r (a ◦ b), ζT

r (b))},

ζT
r (a ◦ b) = ζT

r (Ψ(x) ◦Ψ(y)) = ζT
r (Ψ(x ∗ y)) =

(
ζT

r

)Ψ
(x ∗ y) ≥

(
ζT

r

)Ψ
(x) = ζT

r (Ψ(x)) = ζT
r (a).

Therefore, ζT
r is a fuzzy Bd-ideal of Y. �

The following theorems can be similarly confirmed.

Theorem 4.5. Let Ψ : X → Y be an epimorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be a

fuzzy set of Y. Suppose that ζM
m is a fuzzy multiplication of ζ with respect to m ∈ [0, 1]. If

(
ζM

m

)Ψ
is a fuzzy

Bd-ideal of X, then ζM
m is a fuzzy Bd-ideal of Y.

Proof. Assume that
(
ζM

m

)Ψ
is a fuzzy Bd-ideal of X. Let a, b ∈ Y. Since Ψ is onto, we have there exist

x, y ∈ X such that Ψ(x) = a and Ψ(y) = b. Then we have

ζM
m (0′) = ζM

m (Ψ(0)) =
(
ζM

m

)Ψ
(0) ≥

(
ζM

m

)Ψ
(x) = ζM

m (Ψ(x)) = ζM
m (a),

ζM
m (a) = ζM

m (Ψ(x)) =
(
ζM

m

)Ψ
(x)

≥ min{
(
ζM

m

)Ψ
(x ∗ y),

(
ζM

m

)Ψ
(y)}

= min{ζM
m (Ψ(x ∗ y)), ζM

m (Ψ(y))}

= min{ζM
m (Ψ(x) ◦Ψ(y)), ζM

m (Ψ(y))}

= min{ζM
m (a ◦ b), ζM

m (b))},

ζM
m (a ◦ b) = ζM

m (Ψ(x) ◦Ψ(y)) = ζM
m (Ψ(x ∗ y)) =

(
ζM

m

)Ψ
(x ∗ y) ≥

(
ζM

m

)Ψ
(x) = ζM

m (Ψ(x)) = ζM
m (a).

Hence, ζM
m is a fuzzy Bd-ideal of Y. �

Theorem 4.6. Let Ψ : X→ Y be an epimorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be a fuzzy
set of Y. Suppose that ζMT

mr is a fuzzy magnified translation of ζ with respect to m ∈ [0, 1] and r ∈ [0, Tζ]. If(
ζMT

mr

)Ψ
is a fuzzy Bd-ideal of X, then ζMT

mr is a fuzzy Bd-ideal of Y.

Proof. Assume that
(
ζMT

mr

)Ψ
is a fuzzy Bd-ideal of X. Let a, b ∈ Y. Since Ψ is onto, we have there

exist x, y ∈ X such that Ψ(x) = a and Ψ(y) = b. Then we get

ζMT
mr (0

′) = ζMT
mr (Ψ(0)) =

(
ζMT

mr

)Ψ
(0) ≥

(
ζMT

mr

)Ψ
(x) = ζMT

mr (Ψ(x)) = ζMT
mr (a),
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ζMT
mr (a) = ζMT

mr (Ψ(x)) =
(
ζMT

mr

)Ψ
(x)

≥ min{
(
ζMT

mr

)Ψ
(x ∗ y),

(
ζMT

mr

)Ψ
(y)}

= min{ζMT
mr (Ψ(x ∗ y)), ζMT

mr (Ψ(y))}

= min{ζMT
mr (Ψ(x) ◦Ψ(y)), ζMT

mr (Ψ(y))}

= min{ζMT
mr (a ◦ b), ζMT

mr (b))},

ζMT
mr (a ◦ b) = ζMT

mr (Ψ(x) ◦Ψ(y)) = ζMT
mr (Ψ(x ∗ y)) =

(
ζMT

mr

)Ψ
(x ∗ y) ≥

(
ζMT

mr

)Ψ
(x) = ζMT

mr (Ψ(x)) = ζMT
mr (a).

Consequently, ζMT
mr is a fuzzy Bd-ideal of Y. �

By Theorems 3.1-3.3 in conjunction with Theorems 4.1-4.6, we can deduce the following corol-

laries.

Corollary 4.1. Let Ψ : X → Y be an epimorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be a

fuzzy set of Y. Suppose that ζT
r is a fuzzy translation of ζ with respect to r ∈ [0, Tζ]. Then

(
ζT

r

)Ψ
is a fuzzy

Bd-ideal of X if and only if ζ is a fuzzy Bd-ideal of Y.

Corollary 4.2. Let Ψ : X → Y be an epimorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be a

fuzzy set of Y. Suppose that ζM
m is a fuzzy multiplication of ζ with respect to m ∈ (0, 1]. Then

(
ζM

m

)Ψ
is a

fuzzy Bd-ideal of X if and only if ζ is a fuzzy Bd-ideal of Y.

Corollary 4.3. Let Ψ : X → Y be an epimorphism of Bd-algebras (X, ∗, 0) and (Y, ◦, 0′), and let ζ be
a fuzzy set of Y. Suppose that ζMT

mr is a fuzzy magnified translation of ζ with respect to m ∈ (0, 1] and

r ∈ [0, Tζ]. Then
(
ζMT

mr

)Ψ
is a fuzzy Bd-ideal of X if and only if ζ is a fuzzy Bd-ideal of Y.

5. Conclusion

In this research, we used the notions of fuzzy translations, fuzzy multiplications, and fuzzy

magnified translations to investigate the properties of fuzzy Bd-ideals in Bd-algebras. We then

presented the intersection of fuzzy translations, which includes fuzzy multiplications and fuzzy

magnified translations that together constitute fuzzy Bd-ideals of Bd-algebras. However, the

union of these concepts may not hold true, as shown in Example 3.1. Subsequently, we utilized

fuzzy translations, fuzzy multiplications, and fuzzy magnified translations to describe the concept

of fuzzy Bd-ideals in Bd-algebras. In the final section, we examined the relationships of fuzzy

Bd-ideals under a homomorphism of Bd-algebras. Our focus was on fuzzy translations, fuzzy

multiplications, and fuzzy magnified translations, as discussed in Theorems 4.1-4.6. We also

summarized our findings from the previous section as Corollaries 4.1, 4.2, and 4.3. Future research

may utilize the concept of intuitionistic fuzzy sets to develop intuitionistic fuzzy Bd-subalgebras

and intuitionistic fuzzy Bd-ideals, thereby generalizing fuzzy Bd-subalgebras and fuzzy Bd-ideals

within the framework of Bd-algebras.
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