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ABSTRACT. The concept of tri-quasi ideal was presented as a generalization of quasi-ideal, interior ideal, and bi-ideal.
In this paper, we transfer this concept to soft set theory and semigroups,and introduce a novel type of soft union (S-
uni) ideal form called "soft union (S-uni) tri-bi-ideal”. The main aim of this study is to obtain the relations between S-
uni tri-bi-ideals and other certain types of S-uni ideals of a semigroup. Our results show that every S-uni tri-bi-ideal of
a band is an S-uni subsemigroup. Moreover, an S-uni tri-bi-ideal is a generalization of an S-uni ideal, interior ideal, bi-
ideal, quasi-ideal, weak-interior ideal, bi-interior ideal and bi-quasi ideal, however in order to satisfy the converses,
the semigroup should have specific conditions. We also demonstrate that the S-uni quasi-interior ideal of a left or right
simple semigroup is an S-uni tri-bi-ideal, nevertheless the converse holds for the zero semigroup. Furthermore, the S-
uni bi-quasi-interior ideal of a commutative semigroup is an S-uni tri-bi-ideal, however, for the converse to hold the
semigroup must be a band. We have shown that an S-uni tri-ideal coincides with an S-uni tri-bi-ideal of a band, and
every S-uni tri-bi-ideal of a group is an S-uni tri-ideal. We also obtain a relation between tri-bi-ideal and its soft
characteristic function, enabling us to get the relation between semigroup and soft set theory. Furthermore, we present
conceptual characterizations and analysis of the new concept in terms of the soft set operations, the soft (anti/inverse)

image, supporting our assertions with illuminating examples.

1. Introduction
In many areas of mathematics, semigroups are essential as they provide the abstract

algebraic foundation for "memoryless" systems, which restart with each iteration. Since finite
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automata and finite semigroups are closely related, studying them is crucial to theoretical
computer science. Furthermore, in probability theory, semigroups and Markov processes are
related. Many mathematicians have concentrated their research on generalizing ideals in
algebraic structures since the idea of ideals is essential to comprehending mathematical structures
together with their applications. Specifically, the generalization of algebraic structure ideals is
necessary for further algebraic structure studies. By employing the notion and characteristics of
the generalization of ideals in algebraic structures, several mathematicians demonstrated
significant findings and characterizations of algebraic structures. Dedekind established the idea
of ideals for the theory of algebraic numbers, and Noether expanded it to include associative
rings. The idea of a one-sided ideal of any algebraic structure is an extension of the idea of an
ideal, and the one-and two-sided ideals are still fundamental ideas in ring theory.

In 1952, Good and Hughes [1] introduced the concept of bi-ideals for semigroups. The
concept of quasi-ideals was first introduced by Steinfeld [2] for semigroups and later extended to
rings. Bi-ideals are generalizations of quasi-ideals, while quasi-ideals are generalizations of left
and right ideals. The concept of interior ideal was first demonstrated by Lajos [3] and further
studied by Szasz [4,5]. Interior ideals are generalization of ideals. Rao [6-10] recently introduced
several new types of ideals of semigroups. Furthermore, the idea of essential ideals in semigroups
was proposed by Baupradist et al. [11] and the idea of tri-quasi ideals in semigroups introduced
by Rao et al [12]. As a more generalized concept of various types of ideals, the notion of "almost"
ideals was proposed, their characteristics and the relationships between the related ideals were
thoroughly examined. Grosek and Satko [13] established the idea of almost ideals of semigroups
in this context. Bogdanovic [14] proposed almost bi-ideals in semigroups. In 2018, Wattanatripop
et al. [15] defined almost quasi-ideals and in 2020, Kaopusek et al. [16] proposed the concepts of
(weakly) almost interior ideals of semigroups. Different types of almost ideals in semigroups
were proposed by the authors in [17-20]. Furthermore, in [15, 17-22], several fuzzy almost ideal
types for semigroups were investigated.

The "Soft Set Theory" [23] was first presented in order to comprehend and provide
appropriate solutions for problems involving uncertainty. Since then, a great deal of important
research has been done on soft set notion, particularly soft set operations. Maji et al. [24] described
some operations on soft sets and provided some concepts pertaining to soft sets. Various
operations of soft sets were introduced by Pei and Miao [25] and Ali et al. [26]. We refer [27-41]
for additional information on soft set operations, which has been popular since their inception.
The concept and operations of soft sets were modified by Cagman and Enginoglu [42]. Several
kinds of soft algebraic systems were investigated since Cagman et al. [43] introduced the idea of
soft-int groups. Sezgin [44], using soft sets in the application of semigroup theory, defined soft

union (S-uni) semigroups, ideals, and bi-ideals of semigroups; Sezgin et al. [45] defined S-uni
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interior ideals, quasi-ideals, and generalized bi-ideals of semigroups, and thoroughly examined
their fundamental properties. In terms of the S-uni substructures of semigroups, Sezer et al. [46]
defined and classified certain kinds of semigroups. In [47] certain kinds of regularities of
semigroups are characterized by soft union quasi-ideals, soft union (generalized) bi-ideals, and
soft union semiprime ideals of a semigroup. Recently, the different types of S-uni ideals of
semigroups such as S-uni weak-interior ideals, S-uni bi-interior ideals, S-uni bi-quasi ideals, S-
uni quasi-interior ideals, S-uni bi-quasi-interior ideals and S-uni tri-ideals defined and
thoroughly examined their essential traits by various researchers [48-53]. Soft intersection almost
ideals were introduced and examined in [54-65] as a generalization of several soft intersection
ideal types. The soft forms of various algebraic structures have been studied in [66-80].

As a generalization of the quasi-ideal, interior ideal, and bi-ideal of a semigroup, Rao et
al. [12] developed the concept of tri-quasi ideals and investigated their characteristics. Moreover,
Rao [81,82] has examined the notion of tri-quasi ideals for I'-semirings and semirings,
respectively. In this study, we introduce "soft union (S-uni) tri-bi-ideals of semigroups" to apply
this approach to semigroups and soft set theory. We obtain the relations between S-uni tri-bi-
ideals and other types of S-uni ideals of a semigroup. Our results show every S-uni tri-bi-ideal of
a band is an S-uni subsemigroup. Moreover, the concept of S-uni tri-bi-ideal is a generalization
of S-uni left (right/two-sided) ideal, interior ideal, bi-ideal, quasi-ideal, (left/right) weak-interior
ideal, bi-interior ideal and (left/right) bi-quasi ideal, however, the converses are not valid with
counterexamples. We show that to satisfy the converses, the semigroup should have specific
conditions such as band, left (right) simple band or idempotent group. We also demonstrate that
the S-uni left (resp. right) quasi-interior ideal of a left (resp. right) simple semigroup is an S-uni
tri-bi-ideal, while the converse holds for the right (resp. left) zero semigroup. As a result, we
showed that for an S-uni quasi-interior ideal to be an S-uni tri-bi-ideal, the semigroup must be
left or right simple semigroup, and for the converse to be valid, the semigroup must be the zero
semigroup. Furthermore, we have shown that the S-uni bi-quasi-interior ideal of a commutative
semigroup is an S-uni tri-bi-ideal, but for the converse to hold the semigroup must be a regular
idempotent. We have shown that an S-uni (left/right) tri-ideal of a band is equivalent with an S-
uni tri-bi-ideal, and that an S-uni tri-bi-ideal of a right (resp. left) simple semigroup is an S-uni
left (resp. right) tri-ideal. As a result, we showed that for an S-uni tri-bi-ideal of group is an S-uni
tri-ideal. We also obtain a relation between tri-bi-ideal and its soft characteristic function,
demonstrating how this idea connects classical semigroup theory and soft set theory.
Furthermore, we present conceptual characterizations and analysis of the new concept in terms
of soft set operations, soft anti image, and soft inverse image, supporting our assertions with
particular, illuminating examples. The paper consists of four sections. Section 1 provides an

overview of the subject, while Section 2 delves into the basic concept of semigroup and soft set
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ideals, as well as their relevant definitions and consequences. In Section 3, we propose the concept
of S-uni tri-bi-ideals and analyze their properties as well as their relationships with other types
of S-uni ideals using concrete examples. Section 4 summarizes our findings and discusses the

potential future research.

2. Preliminaries

Throughout this paper, S denotes a semigroup. @ # A € S is called a subsemigroup (85) of S if
AA C /A, is called a bi-ideal of S if A4 € A and ASA € /A, is called an interior ideal of S if AA €
A and SAS € 4, and is called a quasi-ideal of S if AS U SA € A. If there exists an element d € S
such that m = mndm for all m € S, then S is regular. If S is band (idempotent semigroup), then for
all ¢ € S, ¢ = ¢g, that is, every element in S is idempotent. S is called a left (right) simple if it
contains no proper left (right) ideal of S and is called a simple if it contains no proper ideal.
Definition 2.1 [10]. @ # /A € S is called a left (right) tri-ideal of S if A is an 8§ and ASAA € A
(AASA € A), is called a tri-ideal of S if A is an 85, ASAA € A and AASA € A.
Definition 2.2 [12]. @ # A € S is called a tri-quasi ideal of S if A is an §§ and AASAA € A.
Note 2.3. Rao et al. [12] terms “tri-bi-ideal (¥B-ideal)” as “tri-quasi ideal”; however, when we look
at the definition of left tri-ideal, we see that “SA”, representing the left ideal, is in the middle, and
the other two “/” are placed on the left and right; and when we look at the definition of right tri-
ideal, “/AS”, representing the right ideal, is in the middle and the other two “/A” are placed on
the left and right. As for the the tri-quasi ideal, we see that “ASA”, which is placed in the middle,
evokes in the mind as the bi-ideal, and again the other two “A” are placed on the left and right.
Therefore, we prefer to name “tri-bi-ideal (¥B-ideal)” for “tri-quasi ideal” throughout the paper
in order to be consistent with the definition of left (right) tri-ideal.
Theorem 2.4 [83,84]. For S, we have the following;:

i) Sis left (right) simple iff So = S (oS = S) for all « € S. That is, for every a,& € S, there

exist 0 € S such that ® = oo (b = @2).

ii) Sis group iff S is both a left simple and a right simple.

iii) S is left (right) zero if sv = s (sv = v) forall 5,v € §.

iv) S is called a zero if ab = 0 for all 4,b € S. There, 0 € S is a zero element of S.
Definition 2.5 [23, 42]. Let E be the parameter set, U be the universal set, P(U) be the power set
of U, and Y € E. The soft set f,, over U is a function such that fy: E = P(U), where forall x ¢ ¥,
fr(x) = @. That is,

fr ={(x. fr(0):x €E, fy(x) € P(U)}

The set of all soft sets over U is designated by Sg(U) throughout this paper.
Definition 2.6 [42]. Let f3 € Sg(U). If f3:(x) = @ for all x € E, then fy is called a null soft set and
indicated by @f.
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Definition 2.7 [42]. Let f3;, fx € Sg(U). If f3r(x) € fx(x), for all x € E, then f; is a soft subset of fy
and indicated by fy € fi. If fir(x) = fx(x), for all x € E, then f is called soft equal to fyx and
denoted by f3; = fx.

Definition 2.8 [42]. Let f, fx € Sg(U). The union (intersection) of f3; and fy is the soft set f3; U fy
(fre D fx), where (f3r U fd(W) = frrw) U fxW) ((foe B fIW) = frrw) 0 fx(w)), for all w € E,
respectively.

Definition 2.9 [42]. Let f3, fx € Sg(U). Then, vV-product (A-product) of f3; and fi, denoted by f3, v
fix (fze A f) is defined by (f V ) (0, v) = frr(m) U fx() ((fre A )@, v) = fo:() 0 fu(v)) for all
(n,v) € E X E, respectively.

Definition 2.10 [43]. Let f3, fx € Sg(U) and } be a function from # to XK. Then, soft anti image of

f3 under /, and soft pre-image (or soft inverse image) of fx under ) are the soft sets /" (f3;) and
7/~ (f) such that

) = {ﬂ{fg{(e)le € 3 and (&) = v}, if () # 0
otherwise
forall v € X and (/r (fx)) (e) = fu(/(e)) forall e € .
Definition 2.11 [66]. Let {;; € Sg(U) and © € U. Then, lower o-inclusion of f;;, denoted by
8(fz; ©), is defined as
A3 0) = {x € H | f3(x) S o}
Definition 2.12 [44]. Let Ag, 65 € Ss(U). S-uni product Ay * 65 is defined by

ﬂ {Ais(w) U 65(d.)}, if 3w, d. € S such that n = wd,
(hs x 65)(n) = n=wd

U, otherwise
Theorem 2.13 [44]. Let ps, wg, s € Sg(U). Then,
i (ps * wg) * ps = ps * (ws * Ug)
ii. ps* ws # ps * wg, generally.
iii. ps* (ws Ups) = (ps * ws) U (ps * pts) and (ps U wg) * pus = (ps * ts) U (ws * pis)
iv. ps * (ws N ps) = (ps * ws) N (ps * 1) and (ps N wg) * ps = (ps * ) N (ws * fis)
v. If ps € wg, then pg * g € wg *Iis and g *Ps € s * ws
vi. If x5,y € Sg(U) such that xg € pg and yg € wg, then x5 * ys € pg * wg.
Definition 2.14 [44]. Let B<SS. We denote by {gc the soft characteristic function of the
complement B and it is defined as
wo=ff 13"
Theorem 2.15 [44]. Let @ + H, M < S. Then,
i. IfH €M, then {5c € {;pc.

i, {yc n {aee = Carcppec and {opc U &G ee = {qpeypec-
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Definition 2.16 [44,45,48,51-53]. 1 € Sg(U) is called

1. an S-uni subsemigroup of S over U (S-uni 85) if ng(£g) € ns(£) Ung(g) forall £,g €S,

2. an S-uni left (right) ideal of S over U (S-uni £.(R)-ideal) if ng(er) S 1 (¥) ("qs(ef) c ns(e))
forall e,¥ € S, and is called an S-uni two-sided ideal of S over U (S-uni ideal) if it is both S-
uni $.-ideal and S-uni R-ideal,

3. an S-uni bi-ideal of S over U (S-uni #-ideal) if 0¢ is an S-uni §§ and ng(abr) € ng(a) U
ng(r) forall a,b, €S,

4. an S-uni interior ideal of S over U (S-uni [-ideal) if ng(ven) € ng(e) forallv,e,n € S,

5. an S-uni left (right) weak-interior ideal of S over U (S-uni +.(R)-Wl-ideal) if n;(abo) €
n,(b) U ng (o) (ns(abcr) C ng(a) U nS(B)) for all 2, b, ¢ € S, and is called an S-uni weak-
interior ideal of S over U (S-uni Wl-ideal) if it is both S-uni £-WIl-ideal and S-uni 2ZWI-
ideal,

6. an S-uni left (right) quasi-interior ideal of S over U (S-uni L.(R)-Ql-ideal) if n4(a6vp) S
1,(6) U ng(p) (’qs(66vp) c ng(@u T]S(v)) forall 4,6, v, p € S, and is called an S-uni quasi-
interior ideal of S over U (S-uni QI-ideal) if it is both S-uni $.-QI-ideal and S-uni right 2-QI-
ideal,

7. an S-uni bi-quasi-interior ideal of S over U (S-uni BQI-ideal) if ng(wrsvz) S ng(w) U
N5(s) Ung(4) forall w,#,5,v,7 €S,

8. an S-uni left (right) tri-ideal of S over U (S-uni £.(R)-T-ideal) if ng(sbom) € n4(s) U
n5(e) U ng(m) (ns(sbom) € mg(s) U ng(b) U ng(m)) for all s,b,0,m € S, and is called an
S-uni tri-ideal of S over U (S-uni T-ideal) if it is both S-uni £-T-ideal and S-uni right R-T-
ideal.

Here note that in [44], the definition of “S-uni §8” is given as “S-uni semigroup of S”; however
in this paper, we prefer to use “S-uni §5”.
if ng(p) = @ forall p € S, then 1 is an S-uni 8§ (L.-ideal, R-ideal, ideal, B-ideal, I-ideal, Wl-ideal,
Ql-ideal, BQI-ideal, T-ideal). We denote such a kind of S-uni 88 (£-ideal, B-ideal, ideal, B-ideal, I-
ideal, Wl-ideal, Ql-ideal, BQI-ideal, T-ideal) by ©. It is clear that & = (., that is, O(%) = @ for all
o € S [44,45,48,51-53].
Definition 2.17 [45,49,50]. ng € Sg(U) is called

1. an S-uni quasi-ideal of S over U (S-uni Q-ideal) if (é * T]S) U ("qs * é) -} 0,

2. an S-uni bi-interior ideal of S over U (8I-ideal) if (é * g * é) U (T]S * O * T]S) > N,

3. an S-uni left (right) bi-quasi ideal of S over U (S-uni £.(R)-BQ-ideal) if (€ * 05) U (0 * O *

n;) 3 1 (("qs x0)U(ngxO*ng) 3 "qs), and is called an S-uni bi-quasi ideal of S over U

(S-uni BQ-ideal) if it is both S-uni £-BQ-ideal and S-uni R-BQ-ideal.
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Theorem 2.18 [44]. Let x5 € Sg(U). Then,
i) 0x030
ii) O*ug 2B and ug x 6 3 6
iii) g N O = O and #5 U 6 = x;
Theorem 2.19 [44,45,48,51-53]. Let 05 € Sg(U). Then,
(1) ng isan S-uni 8§ iff (ng * 1g) 3 1,
(2) 1 is an S-uni $(B)-ideal iff (6 * 1) 3 7, (("qs x0) 3 r]S), T is an S-uni ideal iff
(6+7n,) 3ngand (ns*0) 3,
(3) 1 is an S-uni B-ideal iff (14 * 1) 3 ng and (ng * O * 7g) 3 1,
(4) ng is an S-uni I-ideal iff (6 * 0 * ©) 3 7,
(5) ng is an S-uni £.(B)-Wl-ideal iff (6 * 0 * ;) 3 1, ((ns x 7, *0) 3 ‘ns), 1 is an S-uni
Wl-ideal iff (6 * ng * 115) 3 0 and (g * g * ) S 7,
(6) ng is an S-uni £(R)-Ql-ideal iff (6 * ng * O x 1) 3 1 ((’qs xOxng*x0) 3 T]S), 7, is an
S-uni Ql-ideal iff (6 * 0 * O * 1g) 3 ngand (ng * O * 0 *0) 2 1,
(7) 1y is an S-uni BQI-ideal iff (ng * © * 0 * O * 15) 3 7,
(8) m, is an S-uni £(A)-T-ideal iff (ng * © * Ng * 7g) 3 1 ((ns * Qg ¥ Ox 1) 3 I’]S), 1, is an
S-uni T-ideal iff (g * © x 1 * ) 3 g and (N * N * O * 1) 3 1.
Theorem 2.20 [44,45,48-50,52]. For certain S-uni ideals, we have the following:
(1) Every S-uni +.(B/two-sided)-ideal is an S-uni 8.
(2) Every S-uni ideal is an S-uni I-ideal.
(3) Every S-uni Q-ideal is an S-uni $-ideal.
(4) Every S-uni (£/ B)-ideal is an S-uni (¥ / B)-WI-ideal.
(5) Every S-uni Q-ideal is an S-uni BQI-ideal.
(6) Every S-uni 8-ideal is an S-uni Bl-ideal.
(7) Every S-uni B-ideal is an S-uni (£./ B)-BQ-ideal.
Theorem 2.21 [45]. Every S-uni 8-ideal is an S-uni Q-ideal of a regular semigroup.
Theorem 2.22 [51]. Every S-uni +.(R)-QI-ideal is an S-uni §§ of a left (right) simple semigroup.
Theorem 2.23 [53]. Every S-uni (£/ B)-T-ideal is an S-uni §S of band.
Proposition 2.24 [44]. Let {5 € Ss(U), © € U, Im(fs) be the image of {5 such that © € Im(fs). If {5 is
an S-uni 88, then §(fs; ©) is an §8.
Theorem 2.25 [44]. @ # R € S is an §S iff the soft set { defined by

_(a, if meES\R
fS(m)_{ﬁ’ lf’ﬂ’LER

is an S-uni §8, where a, f € U such that a 2 £.
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3. Soft Union Tri-bi-ideals of Semigroups
We propose the concept of soft union (S-uni) tri-bi-ideal of semigroups, examine in detail their
relations with other S-uni ideals, and analyze in terms of some soft set concepts and operations
in this section.
Definition 3.1. A soft set fs over U is called a soft union (S-uni) tri-bi-ideal of S over U if
fs(bnetv) < fs(b) U fs(m) U fs(t) U fs(v)
forall b,n,e,t,v €S.
For brevity, soft union (S-uni) tri-bi-ideal of S over U is abbreviated by S-uni ¥B-ideal.
Example 3.2. Let S = {C, M, 3} be:
Table 1. Cayley Table of “-” binary operation.

Mm
S
c mn %
% %

Let fs and Ug over U = Zg be as follows:
fs = {(G{1,5,7}), (n,{1,3}), (% {1})}
ds = {(G{1,3,5)), (h, (3D, (% {1.5,7)))
Then, fs is an S-uni ¥B-ideal. Here, we find it appropriate to give a few concrete examples of
elements for ease of illustration in order to be more understandable. In fact,
fs(CMACM) = f5(F) = {1} S £(O) U fs(M) U f5(O) U fs(h) = U
fs(@MEMQC) = f5(B) = {1} < fs(O U fs(M) U fs(M) U f5(O) = U
fs(mmmmC) = £5(0) = {1,5,7} < f5(M) U f5(M) U fs(M) U f5(C) = U
It can be easily shown that the soft set fs satisfies the S-uni ¥B-ideal condition for all other element
combinations of the set S. However, since
Us(CMACM) = () = {1,5,7} € us(O) U (M) U is(O) U dg() = {T,3,5}
U is not an S-uni FB-ideal.
Theorem 3.3. Let s € Sg(U). Then, f is an S-uni ¥B-ideal iff fs * fg * O * fs * {5 3 fs.
Proof: Suppose that {5 is an S-uni ¥B-ideal and m € S. If (fs * fg x O fg fs) (m) = U, then fs * fg *
O * {5 * {5 2 f5. Otherwise, there exist elements v, A, d, 0, w,j, 9, € S such that h = vh, v = do, d =
wj and w = gt for m € S. Since fs is an S-uni ¥B-ideal,
fs(m) = fs(vh) = f5((do)h) = fs((wjoh)
= f5((g9)noh) < f5(9) U f5(®) U fs(0) U fs(h).
Therefore,

(fs *fs * O x fs *fs)(m) = [(fs * fs *é*fs) *fs](m)
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= [ (Us #fs + & < £5) ) gD}

m=vh
=) {ﬂ {(]s * 5+ O)(@ Ufs(e)} U fs(h)}
v=de

m=vh

- {ﬂ {ﬂ{(fs*fsxw)ué@}ufs(o)}ufsm)}
v=de

m=vh d=wj

- {ﬂ {ﬂ {ﬂ s(@ ufs(®}u é(i)} Ufs(@)} U fs(h)}
v=do

m=vh d=wj \ =gt

= ] 5@ Uis® U s ufs)

m=gtjoh

u

(] tsteton) = fsm

m=g#tjoh
Thus, we have fs * fs * © * f5 * fs 2 fs. Moreover, in the case where m = vi and v # do formh € S,
since (fs * fg * O x fs)(v) = U, fs *fs * O * fg * fg D {5 is satisfied.
Conversely, assume that fs * fg * O * fg * fg 3 fs. Let m = vhder for m,v,k,d,e,r € S. Then, we

have

fs(vhdor) = fs(m) S (fs * fs * O * fs + f5) (1) = [(fs * f5 * © * f5)  fs] (m)
= [\ {ls *5s < B+ £5)B) USs@)} & (Fs *fs * D+ 5) (vhdo) U f5()

m=b?¢

= (] {Gs #55+ D)@ U@} U§0) € [(s *fs = B)Whd) U ()] UFs(1)

vhde=z¢

=1 [ (G + ) vB®} Ufs(@)] Ufs() € (s )W) UB@) U fs(0)] U f5(x)

_vhd=u11

= { ﬂ {fs(8) U fsCD} ué(d)} Ufs(o)] U £5(r)

vh=gy

c [((s) ufs(m) U B@) ) f5(0)] U f5()
= [fs(M) Ufs(M) VU U f5(0)] U fs(1) = fs(v) U fs(h) U f5(0) U f5(1)
Hence, fs(vaider) S fs(v) U fs(h) U f5(0) U f5(r) implying that fs is an S-uni ¥B-ideal.
Corollary 3.4. © is an S-uni ¥B-ideal.
Proposition 3.5. @ # R C S is a TB-ideal iff the S-uni 88 {5 defined by

_(a, if meS\R
fS(m)_{ﬁ’ lf’WLER

is an S-uni ¥B-ideal, where @, 8 < U such that a 2 .
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Proof: Suppose R is a ¥B-ideal and c,d,x,a,b € S. If a,b,c,d € R, then cdxab € R. Hence,
fs(cdxab) = fs(a) = fs(b) = {s(c) = fs(d) = B and so fs(cdxab) < fs(c) U fs(d) U fs(a) U fs(b). If
a,b,c,d & R, then, cdxab € R or cdxab & R. In this case, if cdxab € R, then § = fs(cdxab) € fs(c) U
fs(d)Ufs(a) Ufs(b) = a. If cdxab ¢ R, then a = fs(cdxab) < fs(c) U fs(d) U fs(a) U f5(b) = a. If
a€R bER, cERoOrdER, then cdxab € R or cdxab & R. Here, firstly note that, if a ER, b € R,
¢ € Rord € R, then either fs(a) U f5(b) U fs(c) U fs(d) = B (the case wherea € R, b € R, c € Rand
d € R) or fg(a) U fs(b) U fs(c) Ufs(d) = a (the case where a € R and either b € R, c € Rord € R
(orb€eRandeithera ¢ R,c&Rord € R;orc E Rand eithera ¢ R, b€ Rord € R; or d € R and
eithera € R, b & Ror c € R)). Thus, either cdxab € R or cdxab & R, in any case fs(cdxab) 2 fs(c) U
fs(d) U fs(a) U f5(b), since a 2 B. Hence, {5 is an S-uni FB-ideal.

Conversely assume that S-uni §§ fs is an S-uni ¥B-ideal. Let a,b,c,d € R, and x € S. Then,
fs(cdxab) <€ f5(c) = fs(d) = fs(a) = fs(b) = B. Since B S a and the function is a two-valued
function, fs(cdxab) # a, implying that fs(cdxab) = . Hence, cdxab € R. By Theorem 2.25, R is an
SS. Thus, R is a ¥B-ideal.

Theorem 3.6. Let H be an §S. Then, H is a ¥B-ideal iff {c is an S-uni ¥B-ideal.

Proof: Since

(U, ifveS\H
Cue(v) = {@, ifveH

and U 2 @, the remainder of the proof is completed based on Proposition 3.5.
Example 3.7. Let the semigroup in Example 3.2. Y = {C, 4} is a ¥B-ideal. By the definition of soft
characteristic function, {yc = {(C, @), (N, U), (% ®)}. Then, {yc is an S-uni ¥B-ideal. Conversely, by
choosing the S-uni ¥B-ideal as fs = {(C, U), (M, @), (% @)}, which is the soft characteristic function
of R = {Mm, 3}, one can show that R is a ¥B-ideal.
Now, we continue with the relationships between S-uni ¥B-ideals and other types of S-uni ideals
of S.
Theorem 3.8. Every S-uni ¥B-ideal is an S-uni §§ of a band.
Proof: Let {5 be an S-uni ¥B-ideal of a band S and ¢, € S. By assumption, for all ¥ € S, ¥ = ¢¥.
Thus,
fs(we) = fs((w9)e) = fs((w¥)ve) = fs((v¥)vve) S f5(¥) U £5(¥) U fs(¥) U fs(e) = £5(¥) U fs(e)

Hence, {5 is an S-uni §5.
Theorem 3.9. Every S-uni £-ideal is an S-uni ¥B-ideal.
Proof: Let hg be an S-uni ¥.-ideal. Then, € * hg 3 hs and hg * hs 3 hg. Thus,

hg * g * © * hig x hg 3 hg * hg * hg x hg 3 hg * hg 3 hg
Hence, hg is an S-uni ¥B-ideal.
We demonstrate with a counterexample that the converse of Theorem 3.9 does not hold.
Example 3.10. Let S = {D, JU, 4} be:
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Table 2. Cayley Table of “o” binary operation.
0 J Ju &

J b J b

Jbu | & Jb &

q L q q

Let g be a soft set over U =D; ={<x,y>:x3=vy%=¢, xy =yx?} ={e,x,x%,y,yx,yx?} as
follows:
s = (O, (7., Y22, (b, {e,%,27)), (5,0))
Then, 5 is an S-uni ¥B-ideal. In fact;
(lls * g * O * g * lls)(a) =}sO)u (115 * O * g * US)(I[’) =}sO)u [(Lls * é)(fb) U (s *
1) UW)] = 4s) U [(1sUL) U BUL) ) U (45Ub) U 45 U0)| = s(2) U bs(L) 2 Ys()
(lls * g * O * Ug * 115)(-7[1) =lsb) v (115 * O * g * 115)(][’) =ls(Ub) U [(115 * é)(fb) U (s *
U)UW)] = Us(b) U [(1s00) U BUL) ) U (4501) U 4s(L))] = 45 (L) 2 45 (L)
(lls * g * O * g * lls)("l) = (115(3) U (lls * O * g * lls)(:))) n (Lls(f[’) u (Lls * O * | * lls)(:))) n
(115("1) U (s * © * g * lls)(a)) n (115('7) U (s * © * Y lls)(fb)) n (115(3) U (s * © * Y
1) @) N (U45UL) U (s * B+ s+ Us) (®)) 0 (s (@) U (s * 8 s * ) (9)) = (4s(2) U Ys@))
(LsUL) U 4s(3)) N (Ys (=) U Ys(D) U 4sU)) N (Ys(®) U YsUL)) N 4s() N Ys(Jb) N Ys(a) =
Us(@) NYs(Jb) NYs() 2 Ys(a)
thus, |5 is an S-uni TB-ideal. However, since
Us(OJb) = U4s(d) & Ys(Jb)
|5 is not an S-uni t.-ideal.
Theorem 3.11 illustrates that the converse of Theorem 3.9 is valid for the right simple bands.
Theorem 3.11. Let {5 € Sg(U) and S be a right simple band. Then, the following conditions are
equivalent:
1. {sisan S-uni £-ideal.
2. {sis an S-uni FB-ideal.

Proof: (1) implies (2) is by Theorem 3.9. Suppose that fs is an S-uni ¥B-ideal of a right simple band
S and j,u € S. By assumption, for all j, & € S, there exist p € S such thatj = vp and & = vu. Thus,
fs(w) = J(S((HP)H) = fs((%)P(%)) C fs(®) Ufs(®) Ufs(®) Ufs(o) = f5(v)

Hence, {5 is an S-uni £.-ideal.

Theorem 3.12. Every S-uni R-ideal is an S-uni ¥B-ideal.

Proof: Let hg be an S-uni R-ideal. Then, hs * © 3 hg and hg * hg 3 hg. Thus,
hg * hg * © * hg x hg 3 hg * hg * hg * hg 3 hg * hg 3 hg.



12 Int. J. Anal. Appl. (2025), 23:329

Therefore, hg is an S-uni TB-ideal.
We demonstrate with a counterexample that the converse of Theorem 3.12 does not hold:
Example 3.13. Let {5 in Example 3.2. As seen in Example 3.2, fs is an S-uni ¥B-ideal. Since
fs(MC) = £(C) & fs(m)

fs is not an S-uni A-ideal.
Theorem 3.14 illustrates that the converse of Theorem 3.12 is valid for the left simple bands.
Theorem 3.14. Let {5 € Sg(U) and S be a left simple band. Then, the following conditions are
equivalent:

1. {sisan S-uni R-ideal.

2. {sis an S-uni ¥B-ideal.

Proof: (1) implies (2) is by Theorem 3.12. Suppose that {5 is an S-uni ¥B-ideal of a left simple band
Sand d, h € S. By assumption, for all d, & € S, there exist o € S such that A = a-d and d = dd. Thus,
fs(@h) = f5(d(ed)) = fs((dd)2(dd)) € £5(d) U £5(@) U f5(d) U f5(d) = £5(d)

Hence, fs is an S-uni R-ideal.
Theorem 3.15. Every S-uni ideal is an S-uni ¥B-ideal.
Proof: It follows by Theorem 3.9 and Theorem 3.12.
Here note that the converse of Theorem 3.15 does not hold follows from Example 3.10 and
Example 3.13.
Theorem 3.16 illustrates that the converse of Theorem 3.15 is valid for the idempotent groups.
Theorem 3.16. Let {5 € Sg(U) and S be an idempotent group. Then, the following conditions are
equivalent:

1. fsisan S-uniideal.

2. {sis an S-uni FB-ideal.
Proof: (1) implies (2) is by Theorem 3.15. Assume that {5 is an S-uni ¥B-ideal of an idempotent
group S. Then, by Theorem 2.4 (ii), S is both a left simple and a right simple. The remainder of
the proof is completed based on Theorem 3.11 and Theorem 3.14.
Theorem 3.17. Every S-uni I-ideal is an S-uni ¥B-ideal.
Proof: Let g be an S-uni I-ideal. Then, & * s * © 3 uS;. Thus,

W * W * O % W * Wy D (O * Ws * 0) * Ws * Wg D W * Wg * O 3 O * W x O

I

Ws

Hence, W is an S-uni ¥B-ideal.

We demonstrate with a counterexample that the converse of Theorem 3.17 does not hold:

Example 3.18. Consider fs in Example 3.2. As seen in Example 3.2, {5 is an S-uni ¥B-ideal. Since
fs(MMC) = £5(C) & fs(m)

{5 is not an S-uni I-ideal.

Theorem 3.19 illustrates that the converse of Theorem 3.17 is valid for the idempotent groups.
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Theorem 3.19. Let {5 € Sg(U) and S be an idempotent group. Then, the following conditions are
equivalent:

1. {sisan S-uni I-ideal.

2. {sis an S-uni ¥B-ideal.
Proof: (1) implies (2) by Theorem 3.17. Suppose that fs is an S-uni ¥B-ideal of an idempotent
group. Then, by Theorem 3.16, {5 is an S-uni ideal. The remainder of the proof is completed based
on Theorem 2.20 (ii).
Theorem 3.20. Every S-uni B-ideal is an S-uni ¥B-ideal.
Proof: Let d5 be an S-uni B-ideal. Then, 58 * ds 2 dsand ds * ds 2 ds. Thus,

s* ds*Ox ds* s 2 s * ds* ds 3 ds* ds 3 ds
Hence, ds is an S-uni ¥B-ideal.
We demonstrate with a counterexample that the converse of Theorem 3.20 does not hold:
Example 3.21. Let S = {8, X, 3, ®} be:
Table 3. Cayley Table of “©” binary operation.

© | U4 X 3 O
g | dd a od
X |dag d g d
G g g g X
O g g X ]

Let hg be a soft set over U = S5 as follows:
bs = (8, (DY, (& {(123))), (3, (D), (12}, (@, (D), 132)})}
Then, bg is an S-uni ¥B-ideal. In fact;
(bs * bs * O * b * bs) (&) = {(1)} 2 ps (&)
(bs * bs * O % bs * bs)(X) = U 2 ps(X)
(bs * bs * O % bs * bs)(®) = U 2 ps(d)
(bs * bs * 6 * b * bs) (M) = U 2 ps(M)
thus, bg is an S-uni ¥B-ideal. However, since
bs(DW) = bs(X) & bs(d) U bs(M)
bs is not an S-uni §8. Hence, bg is not an S-uni B-ideal.
Theorem 3.22 illustrates that the converse of Theorem 3.20 is valid for the bands.
Theorem 3.22. Let s € Sg(U) and S be a band. Then, the following conditions are equivalent:
1. f{sisan S-uni B-ideal.
2. {sis an S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.20. Suppose that fs is an S-uni ¥B-ideal of a band S and
w, b, r € S. By assumption, for all w,r € S, w = ww and r = rr. Thus,
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fs(wbr) = f5((ww)b(T)) E f5(W) U fs(w) U f5(1) U £5(r) = f5(w) U £5(r)

Moreover, {5 is an S-uni §§ by Theorem 3.8. Hence, {s is an S-uni 8-ideal.
Theorem 3.23. Every S-uni Q-ideal is an S-uni ¥B-ideal.
Proof: Let {5 be an S-uni Q-ideal. Then, by Theorem 2.20 (iii), {5 is an S-uni #-ideal. Hence, {5 is an
S-uni FB-ideal by Theorem 3.20.
We demonstrate with a counterexample that the converse of Theorem 3.23 does not hold:
Example 3.24. Consider bg in Example 3.21. As seen in Example 3.21, ng is an S-uni ¥B-ideal,
however is not an S-uni #-ideal. Since hg is not an S-uni B-ideal, hg is not an S-uni Q-ideal.
Theorem 3.25 illustrates that the converse of Theorem 3.23 is valid for the bands.
Theorem 3.25. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:

1. {5 isan S-uni Q-ideal.

2. {sisan S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.23. Suppose that fs is an S-uni ¥B-ideal of a band S. Since S
is a band, {5 is an S-uni #-ideal by Theorem 3.22. Then, since every band is regular, S is regular,
and hence {5 is an S-uni quasi-ideal by Theorem 2.21.
Theorem 3.26. Every S-uni £-WI-ideal is an S-uni ¥B-ideal.
Proof: Let d5 be an S-uni £-Wl-ideal. Then, © * ds * ds 2 ds. Thus,

Gs*ds*O* s+ s 2ds* s * s 2 O * s+ ds 3 s

Hence, ds is an S-uni ¥B-ideal.

We demonstrate with a counterexample that the converse of Theorem 3.26 does not hold:
Example 3.27. Consider |5 in Example 3.10. As seen in Example 3.10, lj is an S-uni ¥B-ideal. Since
Us(QJLJL) = Ys(3) £ Ys(JU) U Ys(JU)

ljs is not an S-uni £-Wl-ideal.
Theorem 3.28 illustrates that the converse of Theorem 3.26 is valid for the right simple bands.
Theorem 3.28. Let {5 € Sg(U) and S be a right simple band. Then, the following conditions are
equivalent:

1. fsisan S-uni £-Wl-ideal.

2. {sis an S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.26. Assume that fs is an S-uni ¥B-ideal of a right simple
band. Then, {5 is an S-uni £-ideal by Theorem 3.11. Thus, {5 is an S-uni £-WI-ideal by Theorem
2.20 (iv).
Theorem 3.29. Every S-uni R-WI-ideal is an S-uni ¥B-ideal.
Proof: Let ds be an S-uni right R-W1l-ideal. Then, d * ds * © 3 d. Thus,

Gs*ds*O*ds*x s Sds*ds* s Sds* s * B 3 ds

Hence, ds is an S-uni ¥B-ideal.

We demonstrate with a counterexample that the converse of Theorem 3.29 does not hold:
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Example 3.30. Consider the soft set fs in Example 3.2. As seen in Example 3.2, {5 is an S-uni ¥B-
ideal. Since
fs(MMC) = £5(C) & £s(M) U £s(M)

s is not an S-uni R-Wl-ideal.
Theorem 3.31 illustrates that the converse of Theorem 3.29 is valid for the left simple bands.
Theorem 3.31. Let {5 € Sg(U) and S be a simple left band. Then, the following conditions are
equivalent:

1. {sis an S-uni B-WI-ideal.

2. {sis an S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.29. Assume that fs is an S-uni ¥B-ideal of a left simple band.
Then, {5 is an S-uni R-ideal by Theorem 3.14. Thus, {5 is an S-uni R-W1-ideal by Theorem 2.20 (iv).
Theorem 3.32. Every S-uni Wl-ideal is an S-uni ¥B-ideal.
Proof: It follows by Theorem 3.26 and Theorem 3.29.
Here note that the converse of Theorem 3.32 is not true follows from Example 3.27 and Example
3.30.
Theorem 3.33 illustrates that the converse of Theorem 3.32 is valid for the idempotent groups.
Theorem 3.33. Let {5 € Sg(U) and S be an idempotent group. Then, the following conditions are
equivalent:

1. {sisan S-uni Wl-ideal.

2. {sisan S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.32. Assume that {5 is an S-uni ¥B-ideal of an idempotent
group. Then, by Theorem 3.16, {5 is an S-uni ideal. Thus, {5 is an S-uni Wl-ideal by Theorem 2.20
(iv).
Theorem 3.34. Every S-uni Bl-ideal is an S-uni ¥B-ideal.
Proof: Let fg be an S-uni Bl-ideal. Then, (6 * fg * ©) U (fs * © * f5) 3 fs. Thus,

fs *fs *é*fs *fs = (fs * fs *é*fs *fs) U (fs * fs *é*fs *fs)
S(0+0xOxfs+0)U(fs+O+O*Oxfs)

(é*é*fs*é) V] (st *é*é*fs)
(B +fsx0) T (fs * O *fs)
Is

U 10 1

Hence, { is an S-uni ¥B-ideal.

We demonstrate with a counterexample that the converse of Theorem 3.34 does not hold:
Example 3.35. Consider hg in Example 3.21. as seen in example 3.21, bs is an S-uni ¥B-ideal. since
[(é* hs *©) U (bs * O bs)](x) = (B bs * 0)(X) U (bs * O * bs)(X) = hs(M) 2 bs(X)

bs is not an S-uni Bl-ideal.

Theorem 3.36 illustrates that the converse of Theorem 3.34 is valid for the bands.
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Theorem 3.36. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:
1. {sis an S-uni Bl-ideal.
2. {sis an S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.34. Suppose that fs is an S-uni ¥B-ideal of a band. Then, {5
is an S-uni B-ideal by Theorem 3.22. Thus, {5 is an S-uni BIl-ideal by Theorem 2.20 (vi).
Theorem 3.37. Every S-uni £-BQ-ideal is an S-uni ¥B-ideal.
Proof: Let fg be an S-uni £-BQ-ideal. Then, (€ * f5) U (fs * © * f5) 3 fs. Thus,
fsxfsxOxfsxfs = (fs *fsx O * f *st) U (st *fsx O x f *st)
S(0+0+0+0+f5)U(fs+O*O*0xfs)
=) (é*é*{s) U (fS *é*é*fs)
S (0+fs)U(fsxO*fs)
3 fs
Hence, {5 is an S-uni ¥B-ideal.

We demonstrate with a counterexample that the converse of Theorem 3.37 does not hold:
Example 3.38. Consider hg in Example 3.21. As seen in Example 3.21, hg is an S-uni ¥B-ideal. Since
[(© % bs) T (bs * B * bs)|(X) = (6 * bs)(X) U (bs * © * bs)(X) = bs(M) 2 bs(X)

bs is not an S-uni £-BQ-ideal.
Theorem 3.39 illustrates that the converse of Theorem 3.37 is valid for the bands.
Theorem 3.39. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:
1. fsis an S-uni £.-BQ-ideal.
2. {sis an S-uni FB-ideal.
Proof: (1) implies (2) is by Theorem 3.37. Suppose that fs is an S-uni ¥B-ideal of a band. Then, fg
is an S-uni B-ideal by Theorem 3.22. Thus, fs is an S-uni £-8Q-ideal by Theorem 2.20 (vii).
Theorem 3.40. Every S-uni R-BQ-ideal is an S-uni ¥B-ideal.
Proof: Let fg be an S-uni B-BQ-ideal. Then, (fs * ©) U (fs * © *f5) 3 fs . Thus,
fsxfsxOxfsxfs = (st *fsx O * f *st) U (st *fsx O x f *st)
(}sx6+0) T (fsxO*O*fs)
S(fs+0)0(fs O+ fs)

2 fs

(623 (O

Hence, {5 is an S-uni ¥B-ideal.
We demonstrate with a counterexample that the converse of Theorem 3.40 does not hold:
Example 3.41. Consider the soft set hg in Example 3.21. As seen in Example 3.21, hg is an S-uni
FB-ideal. Since

[(bs *©) T (bs * © % bs)|X) = (bs * B)X) U (bs * B * bs)(X) = bs(M) 2 hs(X)
bs is not an S-uni R-BQ-ideal.
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Theorem 3.42 illustrates that the converse of Theorem 3.40 is valid for the bands.
Theorem 3.42. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:

1. {sis an S-uni B-BQ-ideal.

2. {sis an S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.40. Suppose that fs is an S-uni ¥B-ideal of a band. Then, fg
is an S-uni B-ideal by Theorem 3.22. Thus, {5 is an S-uni R-BQ-ideal by Theorem 2.20 (vii).
Theorem 3.43. Every S-uni BQ-ideal is an S-uni ¥B-ideal.
Proof: It follows Theorem 3.37 and Theorem 3.40.
Here note that the converse of Theorem 3.43 is not true follows from Example 3.38 and Example
3.41.
Theorem 3.44 illustrates that the converse of Theorem 3.43 is valid for the bands.
Theorem 3.44. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:

1. fsis an S-uni BQ-ideal.

2. {sisan S-uni ¥B-ideal.
Proof: (1) implies (2) is by Theorem 3.43. Assume that{s is an S-uni ¥B-ideal of a band. The
remainder of the proof is completed based on Theorem 3.39 and Theorem 3.40.
Theorem 3.45. Every S-uni £-QI-ideal is an S-uni ¥B-ideal of a left simple semigroup.
Proof: Let dg be an S-uni £-QI-ideal of a left simple semigroup. Then, & * dg * © * dg 3 dg and by
Theorem 2.23, d¢ * ds 3 ds. Thus,

de*ds*O*dgxds D O +dg *O+*ds *dg

Hence, dg is an S-uni ¥B-ideal.

I
I

ds xds 2 ds
Theorem 3.46. Every S-uni ¥B-ideal is an S-uni £-QI-ideal of a right zero semigroup.
Proof: Let fg be an S-uni ¥B-ideal of a right zero S and m, 1,j, € S. By assumption, mn = n, nn =
nandr = rr for all m,n,r € S. Thus,

fs(anir) = fs(njr) = fs(njrr) S fs() U fs(n) U £5(1) U £5(1) = fs() U f5(r)
Hence, {5 is an S-uni £-Ql-ideal.
Theorem 3.47. Every S-uni R-Ql-ideal is an S-uni ¥B-ideal of right simple semigroup.
Proof: Let dg be an S-uni B-QI-ideal of right simple S. Then, ds * © * dg * & 3 ds and by Theorem
2.23, dg * dg 3 d. Thus,

de*ds*O*dgxdg Ddg*ds*O*dg+0 3 dg +ds

Hence, ds is an S-uni ¥B-ideal.

I

ds

Theorem 3.48. Every S-uni ¥B-ideal is an S-uni R-Ql-ideal of a left zero semigroup.
Proof: Let {5 be an S-uni ¥B-ideal of a left zero S and 1,7, 0,1 € S. By assumption, ol = a, ¢ = oo
andp =ppforall o, p € S. Thus,

fs(uraQ) = fs(pra) = fs(ppraa) S fs(n) U fs(n) U f5(a) U fs(a) = fs(n) U fs(a)

Hence, {5 is an S-uni R-QI-ideal.
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Theorem 3.49. Every S-uni QI-ideal is an S-uni ¥B-ideal of a left simple or right simple semigroup.
Proof: The proof is presented only for left simple semigroup, as the proof for right simple
semigroup can be shown similarly. Let fs be an S-uni QI-ideal of a left simple semigroup. Then,
{5 is an S-uni $.-Ql-ideal and the remainder of the proof is obvious from Theorem 3.45.
Theorem 3.50. Every S-uni ¥B-ideal is an S-uni QI-ideal of a zero semigroup.
Proof: Let fs be an S-uni ¥B-ideal of a zero S and let zero element as 0 € S. By assumption, y¢ =
u0 =0r=y0=0& =0forallu,y,&r €S. Since

£ ()P = §5(wW0)r) = £5(0r) = £5((0r)r) = f5((YO)rr) = 5y (YO)rr)

SfsM UL V() Ufs(r) = fs(r) U fs(r)

fs is an S-uni £.-QI-ideal and since

£surEr) = f5(u(0r)) = £5(u0) = f5(u(0)) = f5(1u(08)) = fs (uu(0E))

C fs(u) U fs(u) U £5(5) U £5(§) = fs(u) U £5($)
fs is an S-uni R-Ql-ideal. Thus, {5 is an S-uni QI-ideal.

Theorem 3.51. Every S-uni BQI-ideal is an S-uni ¥B-ideal of a commutative semigroup.
Proof: Let Qs be an S-uni BQI-ideal of a commutative S and »,4,7, h,t € S. By assumption, for all
uw,r €S, ur =ru Thus,
@5 (w(ur)ht) = @g(r()hb) € qg(n) U qg() U qg(t) € @) U () U qg(h) U g (D)
Hence, ¢, is an S-uni FB-ideal.
Theorem 3.52. Every S-uni ¥B-ideal is an S-uni BQI-ideal of a band.
Proof: Let {5 be an S-uni ¥B-ideal of a band. Then, by Theorem 3.25, {5 is an S-uni Q-ideal. The
remainder of the proof is obvious from Theorem 2.20 (v).
Theorem 3.53. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:
1. {sisan S-uni ¢£-T-ideal.
2. {sis an S-uni ¥B-ideal.
Proof: Let (1) hold and fs be an S-uni £.-T-ideal of a band. Then, fg * & * fg * fg 3 fg and by Theorem
2.23,fg x fg 3 5. Thus,
fo s fox Oxfgxfy Dfg*fy S
Hence, {5 is an S-uni ¥B-ideal which means that (1) implies (2).
Conversely let (2) hold and fs be an S-uni ¥B-ideal of a band S and t,y,x, q € S. By assumption,
forallt € S, t = tt. Thus,
fs(buxq) = fs(ttuxa) S fs() U fs(1) U f5(X) U fs(q) = fs(¢) U f5(X) U fs(q)
Hence, {5 is an S-uni £.-T-ideal, so (2) implies (1).
Theorem 3.54. Every S-uni ¥B-ideal is an S-uni £-T-ideal of a right simple semigroup.
Proof: Let {5 be an S-uni ¥B-ideal of a right simple S and w, 1, , q € S. By assumption, foralln, p €
S, there exist h € S such that np = ph. Thus,

fs(unpq) = fs(w(ph)pa) € fs(w) Ufs(p) Ufs(@) Ufs(a) = fs(w) U fs(@) U fs(@)
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Hence, {5 is an S-uni +.-T-ideal.
Theorem 3.55. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:
1. {sis an S-uni B-T-ideal.
2. {sis an S-uni ¥B-ideal.
Proof: Let (1) hold and fs be an S-uni £.-T-ideal of a band. Then, fg * fs * © * fg 3 f; and by Theorem
2.23, fg * fg 3 fs. Thus,
foxfox Oxfoxfy Dfg*fy D
Hence, fs is an S-uni ¥B-ideal which means that (1) implies (2).
Conversely, let (2) hold and fg be an S-uni ¥B-ideal of a band S and ¢ p, 4, & € S. By assumption,
foralla € S, a = aa. Thus,
fs(pda) = fs(tpyad) < fs(¥) U fs(p) U f5(0) U £5(8) = f5(¥) U £s(p) U fs(a)
Hence, {5 is an S-uni B-T-ideal, so (2) implies (1).
Theorem 3.56. Every S-uni ¥B-ideal is an S-uni R-T-ideal of a left simple semigroup.
Proof: Let fg be an S-uni ¥B-ideal of a left simple S and w, 1, p, - € S. By assumption, for all n,p €
S, there exist & € S such that p = an. Thus,
fs(unpr) = fs(un(@n)r) < fo(w) U fs(n) U fs(m) U f07) = fs(w) U fs(m) U £07)
Hence, {5 is an S-uni R-T-ideal.
Theorem 5.57. Let {5 € Sg(U) and S be a band. Then, the following conditions are equivalent:
1. {sisan S-uni T-ideal.
2. {sis an S-uni FB-ideal.
Proof: It follows by Theorem 3.53 and Theorem 3.55.
Theorem 3.58. Every S-uni ¥B-ideal is an S-uni T-ideal of a group.
Proof: Let fs be an S-uni ¥B-ideal of a group S. By Theorem 2.4 (ii), S is both a left simple and a
right simple. The remainder of the proof is completed based on Theorem 3.54 and Theorem 3.56.
Proposition 3.59. Let fg and f be S-uni ¥B-ideals of S and T, respectively. Then, fs V fr is an S-uni
FB-ideal of S X T.
Proof: Let (a4, t;), (G2, E5), (G3,E3), (44, E4), (G5, E5) € S X T. Then,
fsvr (a1, 1) (82, 2) (83, E5) (84, Ea) (@5, E5)) = fovr (8182858485, by Eobstats)
= §5(8102030405) U f7 (b1 b3k, Es)
=2 (st(51) U fs(az) U fs(ay) Ufs(as))
U (fT(tl) U fr(E) Ufr(Ey) U fT(tS))
= (st(aﬂ u fT(tl)) u (st(az) UZFT(]:Z))
u (J(S(azt) U :FT(]:4-)) U (fs(as) U fT(ts))

= fovr(81,E1) U foyr (82, E2) U foyr (84, E4) U foyr(as, Es)
Thus, fs V {7 is an S-uni ¥B-ideal of S X T.

Proposition 3.60. Let fs and s be S-uni ¥B-ideals. Then, fs U g is an S-uni ¥B-ideal.
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Proof: Let fs and | be S-uni FB-ideals. Then, fs * fs * © * fg * {5 2 fs and Ug * s * © * Us * g 2 Us.
Thus,
FsOUs) * fsOU) O fs Olg) * s Tlis) Sfs #fs O x fs x f5 S fs
and
FsOUs) * Fs TlUs) * O« (Fs U lys) * (s U ls) S s * Ys * O * s * s S U
Hence,
FsOUs) * FsTYs) * O (s Tlys) * fs U ls) 2 £5T s
Thus, fs U s is an S-uni ¥B-ideal.
Corollary 3.61. The finite union of S-uni ¥B-ideals is an S-uni ¥B-ideal.
Proposition 3.62. Let {fs be an S-uni 8§ over U, © € U, Im(fs) be the image of fs such that © €
Im(f). If {5 is an S-uni FB-ideal, then §(fs; ©) is a FB-ideal.
Proof: Since, fs(r) = © for some € S, @ # §(fs; ©) € S. Let 4,4,0,d € §(fs; ©) and ¢ € S. Then,
fs(d) € o, fs(®) € o, fs(0) € © and fs(d) € ©. It is needed to show that abgod € §(fs; ©) for all
a,b,9,d € §(fs; ©) and ¢ € S. Since {5 is an S-uni ¥B-ideal, it follows that
fs(@dgod) € fs(B) U fs(@) Ufs(@) Ufs(d) SoVoUVoVo =0
implying that adgod € 4(fs; ©). Moreover, since fs is an S-uni 8§ over U, by Proposition 2.24,
8(s; ©) is an 88. Therefore, §(fs; ©) is a FB-ideal.
We illustrate Proposition 3.62 with Example 3.63.
Example 3.63. Consider fs in Example 3.2. As seen in Example 3.2, fs is an S-uni ¥B-ideal. One
can easily show that {5 is an S-uni 8. In fact,
(fs *£5)(O) = U 2 £(0) = {1,5,7}
(s *f)(M) = {1,3} 2 fs(m) = {1,3}
(s *f)(D = {1} 2 fs(D = {1}
thus, fs is an S-uni §S. By considering the image set of {s, that is,
Im(fs) = {{TH1,3}{1,5,7}}
we obtain the following:
{3, o=
,3}

{
’%GS; (D) = {{m' ‘}}’ o= {
{4}, 0={1,57}

Here, {C, %}, {M, %} and {3} are all ¥B-ideals. In fact, since
{3} {CH ={3}2{C,%}
{m, %} {m, %} = {Mm, %} 2 {m, %}
{¥-{YU={"=2{y
each 4(fs; ©) is an §§. Similarly, since
(G- {CH-S-{CH - {CH¥={32{C %}
{3} {m,3}-S-{m,3}-{m, 3} ={m 3} 2 {m 3}
{¥-{%-s- {3 {W={y=2{¥
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each §(fs; ©) is a FB-ideal.
Now, consider ug in Example 3.2. by taking into account
im(s) = {{1,3,5),{1.5,7),(3}}
we obtain the following:
{m}, ©={3}
30 0) =< {3}, o ={1,57}
{cm}, 0=1{1,3,5}
Here, {C, M} is not a ¥B-ideal. In fact, since
{C,m}-{C,m}={C, M3} & {Cm}
one of the §(\is; ©) is not an §5, hence it is not a TB-ideal. It is seen that each of §(1s; ©) is not a
FTB-ideal. On the other hand, as seen in Example 3.2, Us is not an S-uni ¥B-ideal.
Definition 3.64. Let {g be an S-uni §§ and S-uni ¥B-ideal. Then, the ¥B-ideals §(fs; ©) are called
lower ©-¥B-ideals of {s.
Proposition 3.65. Let {5 € Sg(U), 3(fs; ©) be the lower o-FB-ideal of fs for each © € U and Im(fs)
be an ordered set by inclusion. Then, fs is an S-uni ¥B-ideal.
Proof: Leth,u,p, i, m € Sand fs(u) = ©4, fs(p) = ©,, fs(i) = 03 and fs(1n) = ©,. Suppose that ©, S
0, € 03 S ©,. It is obvious that u € §(fs; ©1), p € 8(fs; ©2), € §(fs; ©3) and m € §(fs; ©4). Since
©; € 0, € 03 € 04, u,p,i,m € §(fs; ©,) and since §(fs; ©) is a FB-ideal for all © C U, it follows
that upbim € §(fs; ©4). Hence, fs(uphim) S 0, =01 U0, U3V 0, = fs(u) Ufs(p) Ufs@) U
fs(m). Thus, fg is an S-uni FB-ideal.
Proposition 3.66. Let {5, fr € Sp(U) and / be a semigroup isomorphism from S to T. If {5 is an S-
uni FB-ideal of S, then /*(fs) is an S-uni ¥B-ideal of T.
Proof: Let j;,j2,j3,j4,j5 € T. Since / is surjective, there exist 84, 8,,53,84,85 € S such that /(s1) = jy,

V(82) =j2, /(83) =j3, /(84) = js and /'(s5) = js. Then,
()

M

= {st(s)5 §E€ES, 8= ]/_1(11)(5’132535435)) = 5’132533435}
= {fs(s18,838485):8; €S,/ (s;) =j;, i = 1,2,...,5}

(Vs (50) U fis(52) U fs (50) U F5(55): 51,52, 84055 € S, /(1) = ju, (52)

=j2,/(84) = ja and J'(s5) = js}
= (//*(fs))(h) U ([/*Gs))(l'z) U (/fk(fs))(h) U ([/*(]fs))(js)
Hence, /" (fs) is an S-uni ¥B-ideal of T.
Proposition 3.67. Let {5, {7 € Sg(U) and / be a semigroup isomorphism from S to T. If { is an S-

uni FB-ideal of T, then 7~ (f7) is an S-uni FB-ideal of S.

N
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Proof: Let 5,5,,53,54,85 € S. Then,
(I/_IGT)) (5182835485) = fT(l/(S15283845’5))
= fT([/(5’1)//(52)/(53)]/(5’4)//(55))
€ fr(F(s1)) Ufr(V(s2)) U r(#(s4)) U fr(V (55))
=(60) G U (F60) G U (F760) G v (771 () Gs)
Thus, /' (fr) is an S-uni FB-ideal of S.
Theorem 3.68. For S, the following conditions are equivalent:
1. Sisregular.
2. s = g * Yg * O = |5 * Y for every idempotent S-uni FB-ideal Y.
Proof: Let (1) hold. Let S be regular, U be an idempotent S-uni ¥B-ideal and m € S. Then, Y *
s * O * | * s 3 U, Ys * Us = Us and there exists an element y € S such that m = mym. Thus,

(lls * g * O * Us * lls)(m) = (lls * O Us)(m)
= [ {us «®)@ v us))

m=ap

c (115 * é) (my) U Ys(m)
_ ﬂ {Us() U B} U 5 (m)

my=rk

C s(m) U B(y) U Ys(m)

= Us(m) U U U Ys(m) = Ys(m)
Therefore, Yg * s * O * Yg x s € |5 implying that §s = Yg * Us * & * Yg * .
Conversely, let (2) hold. Let U * g * & * Us * s = |5, where 5 is an S-uni FB-ideal. To prove that
S is regular, we need to show that V = VVSVV for every ¥B-ideal V. It is clear that VVSVV C V.
Thus, it suffices to prove that V' € VVSVV. On the contrary, let there exist m € V such that m &
VVSVV. By Theorem 3.6, {,c is an S-uni ¥B-ideal. Since m € V, thus, {,c(m) = @. Moreover, m &
VVSVV, and this implies that there do not exist x,y,z,t € V and a € S such that m = xyazt. Thus,

(ZVC *Qyc* (o * {yc* (VC)(m) = ((Vc *{yc 0 Gye * (VC)(’”) =U
However, this conflicts with our hypothesis. Thus, V € VVSVV and so V = VVSVV. Therefore, S is

regular.

4. Conclusion
As a generalization of the quasi-ideal, interior ideal, and bi-ideal of a semigroup, Rao et al. [12]
developed the concept of tri-quasi ideals and investigated their characteristics. In this study, we
introduce "S-uni tri-bi-ideals (abbreviated by S-uni ¥B-ideal throughout the text) of semigroups"

to apply this approach to semigroups and soft set theory. We obtain the relations between S-uni
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tri-bi-ideals and other types of S-uni ideals of a semigroup. Our results show every S-uni tri-bi-
ideal of a band is an S-uni subsemigroup. Moreover, S-uni tri-bi-ideal is a generalization of S-uni
left (right/two-sided) ideal, interior ideal, bi-ideal, quasi-ideal, (left/right) weak-interior ideal,
bi-interior ideal and (left/right) bi-quasi ideal, however, the converses are not true with
counterexamples. We show that in order to satisfy the converses, the semigroup should have
specific conditions, such as band, left (right) simple band or idempotent group. We also
demonstrate that the S-uni left (resp. right) quasi-interior ideal of a left (resp. right) simple
semigroup is an S-uni tri-bi-ideal, while the converse holds for the right (resp. left) zero
semigroup. As a result, we showed that for an S-uni quasi-interior ideal to be an S-uni tri-bi-ideal,
the semigroup must be left simple or right simple semigroup, and for the converse to be valid,
the semigroup must be the zero. Furthermore, we have shown that the S-uni bi-quasi-interior
ideal of a commutative semigroup is an S-uni tri-bi-ideal, but for the converse to hold the
semigroup must be a regular idempotent. We have shown that an S-uni (left/right) tri-ideal of a
band is equivalent with an S-uni tri-bi-ideal, and that an S-uni tri-bi-ideal of a right (resp. left)
simple semigroup is an S-uni left (resp. right) tri-ideal. As a result, we showed that for an S-uni
tri-bi-ideal of group is an S-uni tri-ideal. We also obtain a relation between tri-bi-ideal and its soft
characteristic function, demonstrating how this idea connects classical semigroup theory and soft
set theory. Furthermore, we present conceptual characterizations and analysis of the new concept
in terms of soft set operations, soft image, and soft inverse image, supporting our assertions with
illuminating examples. Further studies can be conducted on soft union ss-supplement
submodules being inspired by the study of [85].

The relation between several S-uni ideals and their generalized ideals is depicted in the following

figure, where A—B denotes that A is B but B may not always be A.
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Figure 1. Diagram showing the relationships between some S-uni ideals.
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