
Int. J. Anal. Appl. (2025), 23:329 

 

 

Received Oct. 16, 2025 

2020 Mathematics Subject Classification. 03E202, 03E72, 20M12. 

Key words and phrases. soft set; semigroups; tri-bi-ideal; soft union tri-bi-ideal. 

  

https://doi.org/10.28924/2291-8639-23-2025-329  © 2025 the author(s) 

ISSN: 2291-8639   

1 

 

Soft Union Tri-bi-ideals of Semigroups 

 

Aleyna İlgin1, Aslıhan Sezgin2, Thiti Gaketem3,* 

 

1Amasya University, Graduate School of Natural and Applied Science, Amasya, Türkiye 

2Amasya University, Faculty of Education, Department of Mathematics and Science Education, Amasya, 

Türkiye  

3Fuzzy Algebras and Decision-Making Problems Research Unit, Department of Mathematics School of 

Science, University of Phayao, Phayao 56000, Thailand 

 

*Corresponding author: thiti.ga@up.ac.th 

 

ABSTRACT. The concept of tri-quasi ideal was presented as a generalization of quasi-ideal, interior ideal, and bi-ideal. 

In this paper, we transfer this concept to soft set theory and semigroups,and introduce a novel type of soft union (S-

uni) ideal form called "soft union (S-uni) tri-bi-ideal”. The main aim of this study is to obtain the relations between S-

uni tri-bi-ideals and other certain types of S-uni ideals of a semigroup. Our results show that every S-uni tri-bi-ideal of 

a band is an S-uni subsemigroup. Moreover, an S-uni tri-bi-ideal is a generalization of an S-uni ideal, interior ideal, bi-

ideal, quasi-ideal, weak-interior ideal, bi-interior ideal and bi-quasi ideal, however in order to satisfy the converses, 

the semigroup should have specific conditions. We also demonstrate that the S-uni quasi-interior ideal of a left or right 

simple semigroup is an S-uni tri-bi-ideal, nevertheless the converse holds for the zero semigroup. Furthermore, the S-

uni bi-quasi-interior ideal of a commutative semigroup is an S-uni tri-bi-ideal, however, for the converse to hold the 

semigroup must be a band. We have shown that an S-uni tri-ideal coincides with an S-uni tri-bi-ideal of a band, and 

every S-uni tri-bi-ideal of a group is an S-uni tri-ideal. We also obtain a relation between tri-bi-ideal and its soft 

characteristic function, enabling us to get the relation between semigroup and soft set theory. Furthermore, we present 

conceptual characterizations and analysis of the new concept in terms of the soft set operations, the soft (anti/inverse) 

image, supporting our assertions with illuminating examples. 

 

1. Introduction 

In many areas of mathematics, semigroups are essential as they provide the abstract 

algebraic foundation for "memoryless" systems, which restart with each iteration. Since finite 
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automata and finite semigroups are closely related, studying them is crucial to theoretical 

computer science. Furthermore, in probability theory, semigroups and Markov processes are 

related. Many mathematicians have concentrated their research on generalizing ideals in 

algebraic structures since the idea of ideals is essential to comprehending mathematical structures 

together with their applications. Specifically, the generalization of algebraic structure ideals is 

necessary for further algebraic structure studies. By employing the notion and characteristics of 

the generalization of ideals in algebraic structures, several mathematicians demonstrated 

significant findings and characterizations of algebraic structures. Dedekind established the idea 

of ideals for the theory of algebraic numbers, and Noether expanded it to include associative 

rings. The idea of a one-sided ideal of any algebraic structure is an extension of the idea of an 

ideal, and the one-and two-sided ideals are still fundamental ideas in ring theory.  

In 1952, Good and Hughes [1] introduced the concept of bi-ideals for semigroups. The 

concept of quasi-ideals was first introduced by Steinfeld [2] for semigroups and later extended to 

rings. Bi-ideals are generalizations of quasi-ideals, while quasi-ideals are generalizations of left 

and right ideals. The concept of interior ideal was first demonstrated by Lajos [3] and further 

studied by Szasz [4,5]. Interior ideals are generalization of ideals. Rao [6-10] recently introduced 

several new types of ideals of semigroups. Furthermore, the idea of essential ideals in semigroups 

was proposed by Baupradist et al. [11] and the idea of tri-quasi ideals in semigroups introduced 

by Rao et al [12]. As a more generalized concept of various types of ideals, the notion of "almost" 

ideals was proposed, their characteristics and the relationships between the related ideals were 

thoroughly examined. Grosek and Satko [13] established the idea of almost ideals of semigroups 

in this context. Bogdanovic [14] proposed almost bi-ideals in semigroups. In 2018, Wattanatripop 

et al. [15] defined almost quasi-ideals and in 2020, Kaopusek et al. [16] proposed the concepts of 

(weakly) almost interior ideals of semigroups. Different types of almost ideals in semigroups 

were proposed by the authors in [17-20]. Furthermore, in [15, 17-22], several fuzzy almost ideal 

types for semigroups were investigated. 

The "Soft Set Theory" [23] was first presented in order to comprehend and provide 

appropriate solutions for problems involving uncertainty. Since then, a great deal of important 

research has been done on soft set notion, particularly soft set operations. Maji et al. [24] described 

some operations on soft sets and provided some concepts pertaining to soft sets. Various 

operations of soft sets were introduced by Pei and Miao [25] and Ali et al. [26]. We refer [27–41] 

for additional information on soft set operations, which has been popular since their inception. 

The concept and operations of soft sets were modified by Çağman and Enginoğlu [42]. Several 

kinds of soft algebraic systems were investigated since Çağman et al. [43] introduced the idea of 

soft-int groups. Sezgin [44], using soft sets in the application of semigroup theory, defined soft 

union (S-uni) semigroups, ideals, and bi-ideals of semigroups; Sezgin et al. [45] defined S-uni 



Int. J. Anal. Appl. (2025), 23:329 3 

 

interior ideals, quasi-ideals, and generalized bi-ideals of semigroups, and thoroughly examined 

their fundamental properties. In terms of the S-uni substructures of semigroups, Sezer et al. [46] 

defined and classified certain kinds of semigroups. In [47] certain kinds of regularities of 

semigroups are characterized by soft union quasi-ideals, soft union (generalized) bi-ideals, and 

soft union semiprime ideals of a semigroup. Recently, the different types of S-uni ideals of 

semigroups such as S-uni weak-interior ideals, S-uni bi-interior ideals, S-uni bi-quasi ideals, S-

uni quasi-interior ideals, S-uni bi-quasi-interior ideals and S-uni tri-ideals defined and 

thoroughly examined their essential traits by various researchers [48-53]. Soft intersection almost 

ideals were introduced and examined in [54–65] as a generalization of several soft intersection 

ideal types. The soft forms of various algebraic structures have been studied in [66-80].  

As a generalization of the quasi-ideal, interior ideal, and bi-ideal of a semigroup, Rao et 

al. [12] developed the concept of tri-quasi ideals and investigated their characteristics. Moreover, 

Rao [81,82] has examined the notion of tri-quasi ideals for Γ-semirings and semirings, 

respectively. In this study, we introduce "soft union (S-uni) tri-bi-ideals of semigroups" to apply 

this approach to semigroups and soft set theory. We obtain the relations between S-uni tri-bi-

ideals and other types of S-uni ideals of a semigroup. Our results show every S-uni tri-bi-ideal of 

a band is an S-uni subsemigroup. Moreover, the concept of S-uni tri-bi-ideal is a generalization 

of S-uni left (right/two-sided) ideal, interior ideal, bi-ideal, quasi-ideal, (left/right) weak-interior 

ideal, bi-interior ideal and (left/right) bi-quasi ideal, however, the converses are not valid with 

counterexamples. We show that to satisfy the converses, the semigroup should have specific 

conditions such as band, left (right) simple band or idempotent group. We also demonstrate that 

the S-uni left (resp. right) quasi-interior ideal of a left (resp. right) simple semigroup is an S-uni 

tri-bi-ideal, while the converse holds for the right (resp. left) zero semigroup. As a result, we 

showed that for an S-uni quasi-interior ideal to be an S-uni tri-bi-ideal, the semigroup must be 

left or right simple semigroup, and for the converse to be valid, the semigroup must be the zero 

semigroup. Furthermore, we have shown that the S-uni bi-quasi-interior ideal of a commutative 

semigroup is an S-uni tri-bi-ideal, but for the converse to hold the semigroup must be a regular 

idempotent. We have shown that an S-uni (left/right) tri-ideal of a band is equivalent with an S-

uni tri-bi-ideal, and that an S-uni tri-bi-ideal of a right (resp. left) simple semigroup is an S-uni 

left (resp. right) tri-ideal. As a result, we showed that for an S-uni tri-bi-ideal of group is an S-uni 

tri-ideal. We also obtain a relation between tri-bi-ideal and its soft characteristic function, 

demonstrating how this idea connects classical semigroup theory and soft set theory. 

Furthermore, we present conceptual characterizations and analysis of the new concept in terms 

of soft set operations, soft anti image, and soft inverse image, supporting our assertions with 

particular, illuminating examples. The paper consists of four sections. Section 1 provides an 

overview of the subject, while Section 2 delves into the basic concept of semigroup and soft set 
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ideals, as well as their relevant definitions and consequences. In Section 3, we propose the concept 

of S-uni tri-bi-ideals and analyze their properties as well as their relationships with other types 

of S-uni ideals using concrete examples. Section 4 summarizes our findings and discusses the 

potential future research. 

 

2. Preliminaries 

Throughout this paper, 𝑆 denotes a semigroup. ∅ ≠ ⍲ ⊆ 𝑆 is called a subsemigroup (ꞨꞨ) of 𝑆 if 

⍲⍲ ⊆ ⍲, is called a bi-ideal of 𝑆 if ⍲⍲ ⊆ ⍲ and ⍲𝑆⍲ ⊆ ⍲, is called an interior ideal of 𝑆 if ⍲⍲ ⊆

⍲ and 𝑆⍲𝑆 ⊆ ⍲, and is called a quasi-ideal of 𝑆 if ⍲𝑆 ∪ 𝑆⍲ ⊆ ⍲. If there exists an element ₫ ∈ 𝑆 

such that ₥ = ₥₫₥ for all ₥ ∈ 𝑆, then 𝑆 is regular. If 𝑆 is band (idempotent semigroup), then for 

all ꝙ ∈ 𝑆, ꝙ = ꝙꝙ, that is, every element in 𝑆 is idempotent. 𝑆 is called a left (right) simple if it 

contains no proper left (right) ideal of 𝑆 and is called a simple if it contains no proper ideal. 

Definition 2.1 [10]. ∅ ≠ ⍲ ⊆ 𝑆 is called a left (right) tri-ideal of 𝑆 if ⍲ is an ꞨꞨ and ⍲𝑆⍲⍲ ⊆ ⍲ 

(⍲⍲𝑆⍲ ⊆ ⍲), is called a tri-ideal of 𝑆 if ⍲ is an ꞨꞨ, ⍲𝑆⍲⍲ ⊆ ⍲ and ⍲⍲𝑆⍲ ⊆ ⍲. 

Definition 2.2 [12]. ∅ ≠ ⍲ ⊆ 𝑆 is called a tri-quasi ideal of 𝑆 if ⍲ is an ꞨꞨ and ⍲⍲𝑆⍲⍲ ⊆ ⍲.  

Note 2.3. Rao et al. [12] terms “tri-bi-ideal (₮₿-ideal)” as “tri-quasi ideal”; however, when we look 

at the definition of left tri-ideal, we see that “𝑆⍲”, representing the left ideal, is in the middle, and 

the other two “⍲” are placed on the left and right; and when we look at the definition of right tri-

ideal, “⍲𝑆”, representing the right ideal, is in the middle and the other two “⍲” are placed on 

the left and right. As for the the tri-quasi ideal, we see that “⍲𝑆⍲”, which is placed in the middle, 

evokes in the mind as the bi-ideal, and again the other two “⍲” are placed on the left and right. 

Therefore, we prefer to name “tri-bi-ideal (₮₿-ideal)” for “tri-quasi ideal” throughout the paper 

in order to be consistent with the definition of left (right) tri-ideal. 

Theorem 2.4 [83,84]. For 𝑆, we have the following: 

i) 𝑆 is left (right) simple iff 𝑆ꭤ = 𝑆 (ꭤ𝑆 = 𝑆) for all ꭤ ∈ 𝑆. That is, for every ꭤ,ꞗ ∈ 𝑆, there 

exist ɔ ∈ 𝑆 such that ꞗ = ɔꭤ (ꞗ = ꭤɔ). 

ii) 𝑆 is group iff 𝑆 is both a left simple and a right simple. 

iii) 𝑆 is left (right) zero if ᵴѵ = ᵴ (ᵴѵ = ѵ) for all ᵴ, ѵ ∈ 𝑆. 

iv) 𝑆 is called a zero if ձƄ = 0 for all ձ, Ƅ ∈ 𝑆. There, 0 ∈ 𝑆 is a zero element of 𝑆. 

Definition 2.5 [23, 42]. Let 𝐸 be the parameter set, 𝑈 be the universal set, 𝑃(𝑈) be the power set 

of 𝑈, and 𝛶 ⊆ 𝐸. The soft set 𝑓𝛶 over 𝑈 is a function such that 𝑓𝛶: 𝐸 → 𝑃(𝑈), where for all 𝑥 ∉ 𝛶, 

𝑓𝛶(𝑥) = ∅. That is,  

𝑓𝛶 = {(𝑥, 𝑓𝛶(𝑥)): 𝑥 ∈ 𝐸, 𝑓𝛶(𝑥) ∈ 𝑃(𝑈)} 

The set of all soft sets over 𝑈 is designated by 𝑆𝐸(𝑈) throughout this paper.  

Definition 2.6 [42]. Let 𝑓ℋ ∈ 𝑆𝐸(𝑈). If 𝑓ℋ(𝑥) = ∅ for all 𝑥 ∈ 𝐸, then 𝑓ℋ is called a null soft set and 

indicated by ∅𝐸.  



Int. J. Anal. Appl. (2025), 23:329 5 

 

Definition 2.7 [42]. Let 𝑓ℋ, 𝑓ℵ ∈ 𝑆𝐸(𝑈). If 𝑓ℋ(𝑥) ⊆ 𝑓ℵ(𝑥), for all 𝑥 ∈ 𝐸, then 𝑓ℋ is a soft subset of 𝑓ℵ 

and indicated by 𝑓ℋ ⊆̃ 𝑓ℵ. If 𝑓ℋ(𝑥) = 𝑓ℵ(𝑥), for all 𝑥 ∈ 𝐸, then 𝑓ℋ is called soft equal to 𝑓ℵ and 

denoted by 𝑓ℋ = 𝑓ℵ. 

Definition 2.8 [42]. Let 𝑓ℋ, 𝑓ℵ ∈ 𝑆𝐸(𝑈). The union (intersection) of 𝑓ℋ and 𝑓ℵ is the soft set 𝑓ℋ ∪̃ 𝑓ℵ 

(𝑓ℋ ∩̃ 𝑓ℵ), where (𝑓ℋ ∪̃ 𝑓ℵ)(𝑤) = 𝑓ℋ(𝑤) ∪ 𝑓ℵ(𝑤) ((𝑓ℋ ∩̃ 𝑓ℵ)(𝑤) = 𝑓ℋ(𝑤) ∩ 𝑓ℵ(𝑤)), for all 𝑤 ∈ 𝐸, 

respectively. 

Definition 2.9 [42]. Let 𝑓ℋ , 𝑓ℵ ∈ 𝑆𝐸(𝑈). Then, ∨-product (∧-product) of 𝑓ℋ and 𝑓ℵ, denoted by 𝑓ℋ ∨

𝑓ℵ (𝑓ℋ ∧ 𝑓ℵ) is defined by (𝑓ℋ ∨ 𝑓ℵ)(𝜂, ѵ) = 𝑓ℋ(𝜂) ∪ 𝑓ℵ(ѵ) ((𝑓ℋ ∧ 𝑓ℵ)(𝜂, ѵ) = 𝑓ℋ(𝜂) ∩ 𝑓ℵ(ѵ)) for all 

(𝜂, ѵ) ∈ 𝐸 × 𝐸, respectively. 

Definition 2.10 [43]. Let 𝑓ℋ , 𝑓ℵ ∈ 𝑆𝐸(𝑈) and Ꝩ be a function from ℋ to ℵ. Then, soft anti image of 

𝑓ℋ under Ꝩ, and soft pre-image (or soft inverse image) of 𝑓ℵ under 𝜓 are the soft sets Ꝩ∗(𝑓ℋ) and 

Ꝩ
−1(𝑓ℵ) such that  

(Ꝩ∗(𝑓ℋ))(ѵ) = {
⋂{𝑓ℋ(ⱸ)|ⱸ ∈ ℋ 𝑎𝑛𝑑 𝜓(ⱸ) = ѵ},  𝑖𝑓 𝜓−1(ѵ) ≠ ∅

∅,                                                             otherwise       
 

for all ѵ ∈ ℵ and (Ꝩ−1(𝑓ℵ)) (ⱸ) = 𝑓ℵ(Ꝩ(ⱸ)) for all ⱸ ∈ ℋ. 

Definition 2.11 [66]. Let ʄℋ ∈ 𝑆𝐸(𝑈) and ⱷ ⊆ 𝑈. Then, lower ⱷ-inclusion of ʄℋ, denoted by 

₰(ʄℋ; ⱷ), is defined as  

₰(ʄℋ ; ⱷ) = {𝑥 ∈ ℋ | ʄℋ(𝑥) ⊆ ⱷ} 

Definition 2.12 [44]. Let ℏ𝑆 , ճ𝑆 ∈ 𝑆𝑆(𝑈). S-uni product ℏ𝑆 ∗ ճ𝑆 is defined by 

(ℏ𝑆 ∗ ճ𝑆)(𝜂) = {
⋂ {ℏ𝑆(ɯ) ∪ ճ𝑆(ȡ)},       

𝜂=ɯȡ

𝑖𝑓 ∃ɯ, ȡ ∈ 𝑆 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝜂 = ɯȡ 

𝑈,                                              𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                                         

 

Theorem 2.13 [44]. Let 𝑝𝑆 , 𝜔𝑆, 𝜇𝑆 ∈ 𝑆𝑆(𝑈). Then,  

i. (𝑝𝑆 ∗ 𝜔𝑆) ∗ 𝜇𝑆 = 𝑝𝑆 ∗ (𝜔𝑆 ∗ 𝜇𝑆) 

ii. 𝑝𝑆 ∗ 𝜔𝑆 ≠ 𝑝𝑆 ∗ 𝜔𝑆, generally. 

iii. 𝑝𝑆 ∗ (𝜔𝑆 ∪̃ 𝜇𝑆) = (𝑝𝑆 ∗ 𝜔𝑆) ∪̃ (𝑝𝑆 ∗ 𝜇𝑆) and (𝑝𝑆 ∪̃ 𝜔𝑆) ∗ 𝜇𝑆 = (𝑝𝑆 ∗ 𝜇𝑆) ∪̃ (𝜔𝑆 ∗ 𝜇𝑆) 

iv. 𝑝𝑆 ∗ (𝜔𝑆 ∩̃ 𝜇𝑆) = (𝑝𝑆 ∗ 𝜔𝑆) ∩̃ (𝑝𝑆 ∗ 𝜇𝑆) and (𝑝𝑆 ∩̃ 𝜔𝑆) ∗ 𝜇𝑆 = (𝑝𝑆 ∗ 𝜇𝑆) ∩̃ (𝜔𝑆 ∗ 𝜇𝑆) 

v. If 𝑝𝑆 ⊆̃ 𝜔𝑆, then 𝑝𝑆 ∗ 𝜇𝑆 ⊆̃ 𝜔𝑆 ∗ 𝜇𝑆 and 𝜇𝑆 ∗ 𝑝𝑆 ⊆̃ 𝜇𝑆 ∗ 𝜔𝑆 

vi. If 𝑥𝑆, 𝑦𝑆 ∈ 𝑆𝑆(𝑈) such that 𝑥𝑆 ⊆̃ 𝑝𝑆  and 𝑦𝑆 ⊆̃ 𝜔𝑆, then 𝑥𝑆 ∗ 𝑦𝑆 ⊆̃ 𝑝𝑆 ∗ 𝜔𝑆. 

Definition 2.14 [44]. Let ᙖ ⊆ 𝑆. We denote by 𝜁
ᙖ

C the soft characteristic function of the 

complement ᙖ and it is defined as 

𝜁
ᙖ

𝐶(ʋ) = {
𝑈,     𝑖𝑓 ʋ ∈ 𝑆\ᙖ
∅,     𝑖𝑓 ʋ ∈ ᙖ     

 

Theorem 2.15 [44]. Let ∅ ≠ ℋ, ℳ ⊆ S. Then, 

i. If ℋ ⊆ ℳ, then 𝜁ℋ𝐶 ⊆̃ 𝜁ℳ𝐶. 

ii. 𝜁ℋ𝐶 ∩̃ 𝜁ℳ𝐶 = 𝜁ℋ𝐶∩ℳ𝐶 and 𝜁ℋ𝐶 ∪̃ 𝜁ℳ𝐶 = 𝜁ℋ𝐶∪ℳ𝐶. 
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Definition 2.16 [44,45,48,51-53]. ຖ𝑆 ∈ 𝑆𝑆(𝑈) is called  

1. an S-uni subsemigroup of 𝑆 over 𝑈 (S-uni ꞨꞨ) if ຖ𝑆(ℓℊ) ⊆ ຖ𝑆(ℓ) ∪ ຖ𝑆(ℊ) for all ℓ, ℊ ∈ 𝑆, 

2. an S-uni left (right) ideal of 𝑆 over 𝑈 (S-uni Ɬ(℞)-ideal) if ຖ𝑆(ℯᵲ) ⊆ ຖ𝑆(ᵲ) (ຖ𝑆(ℯᵲ) ⊆ ຖ𝑆(ℯ)) 

for all ℯ, ᵲ ∈ 𝑆, and is called an S-uni two-sided ideal of 𝑆 over 𝑈 (S-uni ideal) if it is both S-

uni Ɬ-ideal and S-uni ℞-ideal, 

3. an S-uni bi-ideal of 𝑆 over 𝑈 (S-uni Ꞗ-ideal) if ຖ𝑆 is an S-uni ꞨꞨ and ຖ𝑆(ձҌꭈ) ⊆ ຖ𝑆(ձ) ∪

ຖ𝑆(ꭈ) for all ձ, Ҍ, ꭈ ∈ 𝑆, 

4. an S-uni interior ideal of 𝑆 over 𝑈 (S-uni І-ideal) if ຖ𝑆(𝜐ѳ𝜂) ⊆ ຖ𝑆(ѳ) for all 𝜐, ѳ, 𝜂 ∈ 𝑆, 

5. an S-uni left (right) weak-interior ideal of 𝑆 over 𝑈 (S-uni Ɬ(℞)-ⱲI-ideal) if ຖ𝑆(ɚҌℴ) ⊆

ຖ𝑆(Ҍ) ∪ ຖ𝑆(ℴ) (ຖ𝑆(ɚҌℴ) ⊆ ຖ𝑆(ɚ) ∪ ຖ𝑆(Ҍ)) for all ɚ, Ҍ, ℴ ∈ 𝑆, and is called an S-uni weak-

interior ideal of 𝑆 over 𝑈 (S-uni ⱲI-ideal) if it is both S-uni Ɬ-ⱲI-ideal and S-uni ℞-ⱲI-

ideal, 

6. an S-uni left (right) quasi-interior ideal of 𝑆 over 𝑈 (S-uni Ɬ(℞)-ꝖІ-ideal) if ຖ𝑆(ձбѵ⍴) ⊆

ຖ𝑆(б) ∪ ຖ𝑆(⍴) (ຖ𝑆(ձбѵ⍴) ⊆ ຖ𝑆(ձ) ∪ ຖ𝑆(ѵ)) for all ձ, б, ѵ, ⍴ ∈ 𝑆, and is called an S-uni quasi-

interior ideal of 𝑆 over 𝑈 (S-uni ꝖІ-ideal) if it is both S-uni Ɬ-ꝖІ-ideal and S-uni right ℞-ꝖІ-

ideal, 

7. an S-uni bi-quasi-interior ideal of 𝑆 over 𝑈 (S-uni ꞖꝖІ-ideal) if ຖ𝑆(ѡᵲᵴѵ𝒿) ⊆ ຖ𝑆(ѡ) ∪

ຖ𝑆(ᵴ) ∪ ຖ𝑆(𝒿) for all ѡ, ᵲ, ᵴ, ѵ, 𝒿 ∈ 𝑆, 

8. an S-uni left (right) tri-ideal of 𝑆 over 𝑈 (S-uni Ɬ(℞)-Ҭ-ideal) if ຖ𝑆(ᵴƄℴ₥) ⊆ ຖ𝑆(ᵴ) ∪

ຖ𝑆(ℴ) ∪ ຖ𝑆(₥) (ຖ𝑆(ᵴƄℴ₥) ⊆ ຖ𝑆(ᵴ) ∪ ຖ𝑆(Ƅ) ∪ ຖ𝑆(₥)) for all ᵴ, Ƅ, ℴ, ₥ ∈ 𝑆, and is called an 

S-uni tri-ideal of 𝑆 over 𝑈 (S-uni Ҭ-ideal) if it is both S-uni Ɬ-Ҭ-ideal and S-uni right ℞-Ҭ-

ideal. 

Here note that in [44], the definition of “S-uni ꞨꞨ” is given as “S-uni semigroup of 𝑆”; however 

in this paper, we prefer to use “S-uni ꞨꞨ”. 

if ຖ𝑆(℘) = ∅ for all ℘ ∈ 𝑆, then ຖ𝑆 is an S-uni ꞨꞨ (Ɬ-ideal, ℞-ideal, ideal, Ꞗ-ideal, І-ideal, ⱲI-ideal, 

ꝖІ-ideal, ꞖꝖІ-ideal, Ҭ-ideal). We denote such a kind of S-uni ꞨꞨ (Ɬ-ideal, ℞-ideal, ideal, Ꞗ-ideal, І-

ideal, ⱲI-ideal, ꝖІ-ideal, ꞖꝖІ-ideal, Ҭ-ideal) by Ꝋ̃. It is clear that Ꝋ̃ = 𝜁𝑆𝐶, that is, Ꝋ̃(℘) = ∅ for all 

℘ ∈ 𝑆 [44,45,48,51-53].   

Definition 2.17 [45,49,50]. ຖ𝑆 ∈ 𝑆𝑆(𝑈) is called 

1.  an S-uni quasi-ideal of 𝑆 over 𝑈 (S-uni Ꝗ-ideal) if (Ꝋ̃ ∗ ຖ𝑆) ∪̃ (ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆, 

2.  an S-uni bi-interior ideal of 𝑆 over 𝑈 (ꞖІ-ideal) if (Ꝋ̃ ∗ ຖ𝑆 ∗ Ꝋ̃) ∪̃ (ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆, 

3.  an S-uni left (right) bi-quasi ideal of 𝑆 over 𝑈 (S-uni Ɬ(℞)-ꞖꝖ-ideal) if (Ꝋ̃ ∗ ຖ𝑆) ∪̃ (ຖ𝑆 ∗ Ꝋ̃ ∗

ຖ𝑆) ⊇̃ ຖ𝑆 ((ຖ𝑆 ∗ Ꝋ̃) ∪̃ (ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆), and is called an S-uni bi-quasi ideal of 𝑆 over 𝑈 

(S-uni ꞖꝖ-ideal) if it is both S-uni Ɬ-ꞖꝖ-ideal and S-uni ℞-ꞖꝖ-ideal. 



Int. J. Anal. Appl. (2025), 23:329 7 

 

Theorem 2.18 [44]. Let 𝜘𝑆 ∈ 𝑆𝑆(𝑈). Then, 

i) Ꝋ̃ ∗ Ꝋ̃ ⊇̃ Ꝋ̃ 

ii) Ꝋ̃ ∗ 𝜘𝑆 ⊇̃ Ꝋ̃ and 𝜘𝑆 ∗ Ꝋ̃ ⊇̃ Ꝋ̃ 

iii) 𝜘𝑆 ∩̃ Ꝋ̃ = Ꝋ̃ and 𝜘𝑆 ∪̃ Ꝋ̃ = 𝜘𝑆 

Theorem 2.19 [44,45,48,51-53]. Let ຖ𝑆 ∈ 𝑆𝑆(𝑈). Then, 

(1) ຖ𝑆 is an S-uni ꞨꞨ iff (ຖ𝑆 ∗ ຖ𝑆) ⊇̃ ຖ𝑆, 

(2) ຖ𝑆 is an S-uni Ɬ(℞)-ideal iff (Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆  ((ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆), ຖ𝑆 is an S-uni ideal iff 

(Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆 and (ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆, 

(3) ຖ𝑆 is an S-uni Ꞗ-ideal iff (ຖ𝑆 ∗ ຖ𝑆) ⊇̃ ຖ𝑆 and (ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆, 

(4) ຖ𝑆 is an S-uni І-ideal iff (Ꝋ̃ ∗ ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆, 

(5) ຖ𝑆 is an S-uni Ɬ(℞)-ⱲI-ideal iff (Ꝋ̃ ∗ ຖ𝑆 ∗ ຖ𝑆) ⊇̃ ຖ𝑆 ((ຖ𝑆 ∗ ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆), ຖ𝑆 is an S-uni 

ⱲI-ideal iff (Ꝋ̃ ∗ ຖ𝑆 ∗ ຖ𝑆) ⊇̃ ຖ𝑆 and (ຖ𝑆 ∗ ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆, 

(6) ຖ𝑆 is an S-uni Ɬ(℞)-ꝖІ-ideal iff (Ꝋ̃ ∗ ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆 ((ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆), ຖ𝑆 is an 

S-uni ꝖІ-ideal iff (Ꝋ̃ ∗ ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆 and (ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆 ∗ Ꝋ̃) ⊇̃ ຖ𝑆, 

(7) ຖ𝑆 is an S-uni ꞖꝖІ-ideal iff (ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆, 

(8) ຖ𝑆 is an S-uni Ɬ(℞)-Ҭ-ideal iff (ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆 ∗ ຖ𝑆) ⊇̃ ຖ𝑆 ((ຖ𝑆 ∗ ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆), ຖ𝑆 is an 

S-uni Ҭ-ideal iff (ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆 ∗ ຖ𝑆) ⊇̃ ຖ𝑆 and (ຖ𝑆 ∗ ຖ𝑆 ∗ Ꝋ̃ ∗ ຖ𝑆) ⊇̃ ຖ𝑆. 

Theorem 2.20 [44,45,48-50,52]. For certain S-uni ideals, we have the following: 

(1) Every S-uni Ɬ(℞/two-sided)-ideal is an S-uni ꞨꞨ. 

(2) Every S-uni ideal is an S-uni І-ideal. 

(3) Every S-uni Ꝗ-ideal is an S-uni Ꞗ-ideal. 

(4) Every S-uni (Ɬ/℞)-ideal is an S-uni (Ɬ/℞)-ⱲI-ideal. 

(5) Every S-uni Ꝗ-ideal is an S-uni ꞖꝖІ-ideal. 

(6) Every S-uni Ꞗ-ideal is an S-uni ꞖІ-ideal. 

(7) Every S-uni Ꞗ-ideal is an S-uni (Ɬ/℞)-ꞖꝖ-ideal. 

Theorem 2.21 [45]. Every S-uni Ꞗ-ideal is an S-uni Ꝗ-ideal of a regular semigroup. 

Theorem 2.22 [51]. Every S-uni Ɬ(℞)-ꝖІ-ideal is an S-uni ꞨꞨ of a left (right) simple semigroup. 

Theorem 2.23 [53]. Every S-uni (Ɬ/℞)-Ҭ-ideal is an S-uni ꞨꞨ of band. 

Proposition 2.24 [44]. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈), ⱷ ⊆ 𝑈, 𝐼𝑚(ʄ𝑆) be the image of ʄ𝑆 such that ⱷ ∈ 𝐼𝑚(ʄ𝑆). If ʄ𝑆 is 

an S-uni ꞨꞨ, then ₰(ʄ𝑆; ⱷ) is an ꞨꞨ. 

Theorem 2.25 [44]. ∅ ≠ 𝑅 ⊆ 𝑆 is an ꞨꞨ iff the soft set ʄ𝑆 defined by 

ʄ𝑆(𝓂) = {
𝛼,      𝑖𝑓 𝓂 ∈ 𝑆 ∖ 𝑅
𝛽,      𝑖𝑓 𝓂 ∈ 𝑅       

 

is an S-uni ꞨꞨ, where 𝛼, 𝛽 ⊆ 𝑈 such that 𝛼 ⊇ 𝛽. 
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3. Soft Union Tri-bi-ideals of Semigroups 

We propose the concept of soft union (S-uni) tri-bi-ideal of semigroups, examine in detail their 

relations with other S-uni ideals, and analyze in terms of some soft set concepts and operations 

in this section. 

Definition 3.1. A soft set ʄ𝑆 over 𝑈 is called a soft union (S-uni) tri-bi-ideal of 𝑆 over 𝑈 if 

ʄ𝑆(ƅ𝜂ⱸȶ𝜐) ⊆ ʄ𝑆(ƅ) ∪ ʄ𝑆(𝜂) ∪ ʄ𝑆(ȶ) ∪ ʄ𝑆(𝜐) 

for all ƅ, 𝜂, ⱸ, ȶ, 𝜐 ∈ 𝑆. 

For brevity, soft union (S-uni) tri-bi-ideal of 𝑆 over 𝑈 is abbreviated by S-uni ₮₿-ideal. 

Example 3.2. Let 𝑆 = {Ꞇ, ₼, ֏} be: 

Table 1. Cayley Table of “∙” binary operation. 

∙ Ꞇ ₼ ֏ 

Ꞇ ֏ ֏ ֏ 

₼ Ꞇ ₼ ֏ 

֏ ֏ ֏ ֏ 

Let ʄ𝑆 and մ𝑆 over 𝑈 = ℤ8
∗  be as follows: 

ʄ𝑆 = {(Ꞇ, {1̅, 5̅, 7̅}), (₼, {1̅, 3̅}), (֏, {1̅})} 

մ𝑆 = {(Ꞇ, {1̅, 3̅, 5̅}), (₼, {3̅}), (֏, {1̅, 5̅, 7̅})} 

Then, ʄ𝑆 is an S-uni ₮₿-ideal. Here, we find it appropriate to give a few concrete examples of 

elements for ease of illustration in order to be more understandable. In fact, 

ʄ𝑆(Ꞇ₼֏Ꞇ₼) = ʄ𝑆(֏) = {1̅} ⊆ ʄ𝑆(Ꞇ) ∪ ʄ𝑆(₼) ∪ ʄ𝑆(Ꞇ) ∪ ʄ𝑆(₼) = 𝑈 

ʄ𝑆(Ꞇ₼Ꞇ₼Ꞇ) = ʄ𝑆(֏) = {1̅} ⊆ ʄ𝑆(Ꞇ) ∪ ʄ𝑆(₼) ∪ ʄ𝑆(₼) ∪ ʄ𝑆(Ꞇ) = 𝑈 

ʄ𝑆(₼₼₼₼Ꞇ) = ʄ𝑆(Ꞇ) = {1̅, 5̅, 7̅} ⊆ ʄ𝑆(₼) ∪ ʄ𝑆(₼) ∪ ʄ𝑆(₼) ∪ ʄ𝑆(Ꞇ) = 𝑈 

It can be easily shown that the soft set ʄ𝑆 satisfies the S-uni ₮₿-ideal condition for all other element 

combinations of the set 𝑆. However, since 

մ𝑆(Ꞇ₼֏Ꞇ₼) = մ𝑆(֏) = {1̅, 5̅, 7̅} ⊈ մ𝑆(Ꞇ) ∪ մ𝑆(₼) ∪ մ𝑆(Ꞇ) ∪ մ𝑆(₼) = {1̅, 3̅, 5̅} 

մ𝑆 is not an S-uni ₮₿-ideal. 

Theorem 3.3. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈). Then, ʄ𝑆 is an S-uni ₮₿-ideal iff ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 ⊇̃ ʄ𝑆. 

Proof: Suppose that ʄ𝑆 is an S-uni ₮₿-ideal and ₥ ∈ 𝑆. If (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆)(₥) = 𝑈, then ʄ𝑆 ∗ ʄ𝑆 ∗

Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 ⊇̃ ʄ𝑆. Otherwise, there exist elements 𝜈, ℏ, ₫, ⱺ, ⍵, ʝ, ƍ, ᵵ ∈ 𝑆 such that ₥ = 𝜈ℏ, 𝜈 = ₫ⱺ, ₫ =

⍵ʝ and ⍵ = ƍᵵ for ₥ ∈ 𝑆. Since ʄ𝑆 is an S-uni ₮₿-ideal, 

ʄ𝑆(₥) = ʄ𝑆(𝜈ℏ) = ʄ𝑆((₫ⱺ)ℏ) = ʄ𝑆((⍵ʝ)ⱺℏ) 

                                                                      = ʄ𝑆((ƍᵵ)𝑛ⱺℏ) ⊆ ʄ𝑆(ƍ) ∪ ʄ𝑆(ᵵ) ∪ ʄ𝑆(ⱺ) ∪ ʄ𝑆(ℏ). 

Therefore, 

(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆)(₥) = [(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) ∗ ʄ𝑆](₥) 
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= ⋂ {(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆)(𝜈) ∪ ʄ𝑆(ℏ)}

₥=𝜈ℏ

 

= ⋂ { ⋂ {(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃)(₫) ∪ ʄ𝑆(ⱺ)}

𝜈=₫ⱺ

∪ ʄ𝑆(ℏ)}

₥=𝜈ℏ

 

= ⋂ { ⋂ { ⋂ {(ʄ𝑆 ∗ ʄ𝑆)(⍵) ∪ Ꝋ̃(ʝ)} ∪ ʄ𝑆(ⱺ)

₫=⍵ʝ

}

𝜈=₫ⱺ

∪ ʄ𝑆(ℏ)}

₥=𝜈ℏ

 

= ⋂ { ⋂ { ⋂ { ⋂ {ʄ𝑆(ƍ) ∪ ʄ𝑆(ᵵ)}

⍵=ƍᵵ

∪ Ꝋ̃(ʝ)} ∪ ʄ𝑆(ⱺ)

₫=⍵ʝ

} ∪ ʄ𝑆(ℏ)

𝜈=₫ⱺ

}

₥=𝜈ℏ

 

= ⋂ {ʄ𝑆(ƍ) ∪ ʄ𝑆(ᵵ) ∪ ʄ𝑆(ⱺ) ∪ ʄ𝑆(ℏ)}

₥=ƍᵵʝⱺℏ

 

                                               ⊇ ⋂ {ʄ𝑆(ƍᵵʝⱺℏ)} = ʄ𝑆(₥)

₥=ƍᵵʝⱺℏ

 

Thus, we have ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 ⊇̃ ʄ𝑆. Moreover, in the case where ₥ = 𝜈ℏ and 𝜈 ≠ ₫ⱺ for ₥ ∈ 𝑆, 

since (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆)(𝜈) = 𝑈, ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 ⊇̃ ʄ𝑆 is satisfied. 

Conversely, assume that ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 ⊇̃ ʄ𝑆. Let ₥ = 𝜈ℏ₫ⱺґ for ₥, 𝜈, ℏ, ₫, ⱺ, ґ ∈ 𝑆. Then, we 

have 

ʄ𝑆(𝜈ℏ₫ⱺґ) = ʄ𝑆(₥) ⊆ (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆)(₥) = [(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) ° ʄ𝑆](₥) 

= ⋂ {(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆)(Ҍ) ∪ ʄ𝑆(ℓ)}

₥=Ҍℓ

⊆ (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆)(𝜈ℏ₫ⱺ) ∪ ʄ𝑆(ґ) 

= ⋂ {(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃)(ⱬ) ∪ ʄ𝑆(ɕ)}

𝜈ℏ₫ⱺ=ⱬɕ

∪ ʄ𝑆(ґ) ⊆  [(ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃)(𝜈ℏ₫) ∪ ʄ𝑆(ⱺ)] ∪ ʄ𝑆(ґ) 

= [ ⋂ {(ʄ𝑆 ∗ ʄ𝑆)(ɯ) ∪ Ꝋ̃(ʝ)} ∪

𝜈ℏ₫=ɯʝ

ʄ𝑆(ⱺ)] ∪ ʄ𝑆(ґ) ⊆  [((ʄ𝑆 ∗ ʄ𝑆)(𝜈ℏ) ∪ Ꝋ̃(₫)) ∪ ʄ𝑆(ⱺ)] ∪ ʄ𝑆(ґ) 

= [{ ⋂ {ʄ𝑆(𝔤) ∪ ʄ𝑆(ʞ)}

𝜈ℏ=𝔤ʞ

∪ Ꝋ̃(₫)} ∪ ʄ𝑆(ⱺ)] ∪ ʄ𝑆(ґ) 

                   ⊆  [((ʄ𝑆(𝜈) ∪ ʄ𝑆(ℏ)) ∪ Ꝋ̃(₫)) ʄ𝑆(ⱺ)] ∪ ʄ𝑆(ґ) 

                    = [ʄ𝑆(𝜈) ∪ ʄ𝑆(ℏ) ∪ 𝑈 ∪ ʄ𝑆(ⱺ)] ∪ ʄ𝑆(ґ) = ʄ𝑆(𝜈) ∪ ʄ𝑆(ℏ) ∪ ʄ𝑆(ⱺ) ∪ ʄ𝑆(ґ) 

Hence, ʄ𝑆(𝜈ℏ₫ⱺґ) ⊆ ʄ𝑆(𝜈) ∪ ʄ𝑆(ℏ) ∪ ʄ𝑆(ⱺ) ∪ ʄ𝑆(ґ) implying that ʄ𝑆 is an S-uni ₮₿-ideal. 

Corollary 3.4. Ꝋ̃ is an S-uni ₮₿-ideal. 

Proposition 3.5. ∅ ≠ Ꞧ ⊆ 𝑆 is a ₮₿-ideal iff the S-uni ꞨꞨ ʄS defined by 

ʄ𝑆(𝓂) = {
𝛼,      𝑖𝑓 𝓂 ∈ 𝑆 ∖ Ꞧ
𝛽,      𝑖𝑓 𝓂 ∈ Ꞧ       

 

is an S-uni ₮₿-ideal, where 𝛼, 𝛽 ⊆ 𝑈 such that 𝛼 ⊇ 𝛽. 
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Proof: Suppose Ꞧ is a ₮₿-ideal and 𝑐, 𝑑, 𝑥, 𝑎, 𝑏 ∈ 𝑆. If 𝑎, 𝑏, 𝑐, 𝑑 ∈ Ꞧ, then 𝑐𝑑𝑥𝑎𝑏 ∈ Ꞧ. Hence, 

ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) = ʄ𝑆(𝑎) = ʄ𝑆(𝑏) = ʄ𝑆(𝑐) = ʄ𝑆(𝑑) = 𝛽 and so ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) ⊆ ʄ𝑆(𝑐) ∪ ʄ𝑆(𝑑) ∪ ʄ𝑆(𝑎) ∪ ʄ𝑆(𝑏). If  

𝑎, 𝑏, 𝑐, 𝑑 ∉ Ꞧ, then, 𝑐𝑑𝑥𝑎𝑏 ∈ Ꞧ or 𝑐𝑑𝑥𝑎𝑏 ∉ Ꞧ. In this case, if 𝑐𝑑𝑥𝑎𝑏 ∈ Ꞧ, then 𝛽 = ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) ⊆ ʄ𝑆(𝑐) ∪

ʄ𝑆(𝑑) ∪ ʄ𝑆(𝑎) ∪ ʄ𝑆(𝑏) = 𝛼. If 𝑐𝑑𝑥𝑎𝑏 ∉ Ꞧ, then 𝛼 = ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) ⊆ ʄ𝑆(𝑐) ∪ ʄ𝑆(𝑑) ∪ ʄ𝑆(𝑎) ∪ ʄ𝑆(𝑏) = 𝛼. If 

𝑎 ∈ Ꞧ, 𝑏 ∈ Ꞧ, 𝑐 ∈ Ꞧ or 𝑑 ∈ Ꞧ, then 𝑐𝑑𝑥𝑎𝑏 ∈ Ꞧ or 𝑐𝑑𝑥𝑎𝑏 ∉ Ꞧ. Here, firstly note that, if 𝑎 ∈ Ꞧ, 𝑏 ∈ Ꞧ, 

𝑐 ∈ Ꞧ or 𝑑 ∈ Ꞧ, then either ʄ𝑆(𝑎) ∪ ʄ𝑆(𝑏) ∪ ʄ𝑆(𝑐) ∪ ʄ𝑆(𝑑) = 𝛽 (the case where 𝑎 ∈ Ꞧ,  𝑏 ∈ Ꞧ, 𝑐 ∈ Ꞧ and 

𝑑 ∈ Ꞧ) or ʄ𝑆(𝑎) ∪ ʄ𝑆(𝑏) ∪ ʄ𝑆(𝑐) ∪ ʄ𝑆(𝑑) = 𝛼 (the case where 𝑎 ∈ Ꞧ and either 𝑏 ∉ Ꞧ, 𝑐 ∉ Ꞧ or 𝑑 ∉ Ꞧ 

(or 𝑏 ∈ Ꞧ and either 𝑎 ∉ Ꞧ, 𝑐 ∉ Ꞧ or 𝑑 ∉ Ꞧ; or 𝑐 ∈ Ꞧ and either 𝑎 ∉ Ꞧ, 𝑏 ∉ Ꞧ or 𝑑 ∉ Ꞧ; or 𝑑 ∈ Ꞧ and 

either 𝑎 ∉ Ꞧ, 𝑏 ∉ Ꞧ or 𝑐 ∉ Ꞧ)). Thus, either 𝑐𝑑𝑥𝑎𝑏 ∈ Ꞧ or 𝑐𝑑𝑥𝑎𝑏 ∉ Ꞧ, in any case ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) ⊇ ʄ𝑆(𝑐) ∪

ʄ𝑆(𝑑) ∪ ʄ𝑆(𝑎) ∪ ʄ𝑆(𝑏), since 𝛼 ⊇ 𝛽. Hence, ʄ𝑆 is an S-uni ₮₿-ideal.  

Conversely assume that S-uni ꞨꞨ ʄ𝑆 is an S-uni ₮₿-ideal. Let 𝑎, 𝑏, 𝑐, 𝑑 ∈ Ꞧ, and 𝑥 ∈ 𝑆. Then, 

ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) ⊆ ʄ𝑆(𝑐) = ʄ𝑆(𝑑) = ʄ𝑆(𝑎) = ʄ𝑆(𝑏) = 𝛽. Since 𝛽 ⊆ 𝛼 and the function is a two-valued 

function, ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) ≠ 𝛼, implying that ʄ𝑆(𝑐𝑑𝑥𝑎𝑏) = 𝛽. Hence, 𝑐𝑑𝑥𝑎𝑏 ∈ Ꞧ. By Theorem 2.25, Ꞧ is an 

ꞨꞨ. Thus, Ꞧ is a ₮₿-ideal. 

Theorem 3.6. Let Н be an ꞨꞨ. Then, Н is a ₮₿-ideal iff ζНC is an S-uni ₮₿-ideal. 

Proof: Since 

𝜁Н𝐶(ʋ) = {
𝑈,        𝑖𝑓 ʋ ∈ 𝑆\Н
∅,        𝑖𝑓 ʋ ∈ Н     

 

and 𝑈 ⊇ ∅, the remainder of the proof is completed based on Proposition 3.5.  

Example 3.7. Let the semigroup in Example 3.2. ϒ = {Ꞇ, ֏} is a ₮₿-ideal. By the definition of soft 

characteristic function, 𝜁ϒ𝐶 = {(Ꞇ, ∅), (₼, 𝑈), (֏, ∅)}. Then, 𝜁ϒ𝐶 is an S-uni ₮₿-ideal. Conversely, by 

choosing the S-uni ₮₿-ideal as ʄ𝑆 = {(Ꞇ, 𝑈), (₼, ∅), (֏, ∅)}, which is the soft characteristic function 

of ℛ = {₼, ֏}, one can show that ℛ is a ₮₿-ideal. 

Now, we continue with the relationships between S-uni ₮₿-ideals and other types of S-uni ideals 

of 𝑆. 

Theorem 3.8. Every S-uni ₮₿-ideal is an S-uni ꞨꞨ of a band.  

Proof: Let ʄ𝑆 be an S-uni ₮₿-ideal of a band 𝑆 and ⱴ, ꬴ ∈ 𝑆. By assumption, for all ⱴ ∈ 𝑆, ⱴ = ⱴⱴ. 

Thus,  

ʄ𝑆(ⱴꬴ) = ʄ𝑆((ⱴⱴ)ꬴ) = ʄ𝑆((ⱴⱴ)ⱴꬴ) = ʄ𝑆((ⱴⱴ)ⱴⱴꬴ) ⊆ ʄ𝑆(ⱴ) ∪ ʄ𝑆(ⱴ) ∪ ʄ𝑆(ⱴ) ∪ ʄ𝑆(ꬴ) = ʄ𝑆(ⱴ) ∪ ʄ𝑆(ꬴ) 

Hence, ʄ𝑆 is an S-uni ꞨꞨ. 

Theorem 3.9. Every S-uni Ɬ-ideal is an S-uni ₮₿-ideal. 

Proof: Let ♄𝑆 be an S-uni Ɬ-ideal. Then, Ꝋ̃ ∗ ♄𝑆 ⊇̃ ♄𝑆 and ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆. Thus, 

♄𝑆 ∗ ♄𝑆 ∗ Ꝋ̃ ∗ ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆 ∗ ♄𝑆 ∗ ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆 

Hence, ♄𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.9 does not hold. 

Example 3.10. Let 𝑆 = {Ͻ, Ԉ, Ϟ} be: 
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Table 2. Cayley Table of “⋄” binary operation. 

⋄ Ͻ Ԉ Ϟ 

Ͻ Ϟ Ͻ Ϟ 

Ԉ Ϟ Ԉ Ϟ 

Ϟ Ϟ Ϟ Ϟ 

Let կ𝑆 be a soft set over 𝑈 = 𝐷3 = {< 𝑥, 𝑦 > : 𝑥3 = 𝑦2 = 𝑒, 𝑥𝑦 = 𝑦𝑥2} = {𝑒, 𝑥, 𝑥2, 𝑦, 𝑦𝑥, 𝑦𝑥2} as 

follows: 

կ𝑆 = {(Ͻ, {𝑦, 𝑦𝑥, 𝑦𝑥2}), (Ԉ, {𝑒, 𝑥, 𝑥2}), (Ϟ, ∅)} 

Then, կ𝑆 is an S-uni ₮₿-ideal. In fact; 

 (կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ͻ) = կ𝑆(Ͻ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ԉ) = կ𝑆(Ͻ) ∪ [(կ𝑆 ∗ Ꝋ̃)(Ԉ) ∪ (կ𝑆 ∗

կ𝑆)(Ԉ)] = կ𝑆(Ͻ) ∪ [(կ𝑆(Ԉ) ∪ Ꝋ̃(Ԉ)) ∪ (կ𝑆(Ԉ) ∪ կ𝑆(Ԉ))] = կ𝑆(Ͻ) ∪ կ𝑆(Ԉ) ⊇ կ𝑆(Ͻ) 

 (կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ԉ) = կ𝑆(Ԉ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ԉ) = կ𝑆(Ԉ) ∪ [(կ𝑆 ∗ Ꝋ̃)(Ԉ) ∪ (կ𝑆 ∗

կ𝑆)(Ԉ)] = կ𝑆(Ԉ) ∪ [(կ𝑆(Ԉ) ∪ Ꝋ̃(Ԉ)) ∪ (կ𝑆(Ԉ) ∪ կ𝑆(Ԉ))] = կ𝑆(Ԉ) ⊇ կ𝑆(Ԉ) 

 (կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ϟ) =  (կ𝑆(Ͻ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ͻ)) ∩ (կ𝑆(Ԉ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ͻ)) ∩

(կ𝑆(Ϟ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ͻ)) ∩ (կ𝑆(Ϟ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ԉ)) ∩ (կ𝑆(Ͻ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗

կ𝑆)(Ϟ)) ∩ (կ𝑆(Ԉ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ϟ)) ∩ (կ𝑆(Ϟ) ∪ (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(Ϟ)) = (կ𝑆(Ͻ) ∪ կ𝑆(Ԉ)) ∩

(կ𝑆(Ԉ) ∪ կ𝑆(Ͻ)) ∩ (կ𝑆(Ϟ) ∪ կ𝑆(Ͻ) ∪ կ𝑆(Ԉ)) ∩ (կ𝑆(Ϟ) ∪ կ𝑆(Ԉ)) ∩ կ𝑆(Ͻ) ∩ կ𝑆(Ԉ) ∩ կ𝑆(Ϟ) =

կ𝑆(Ͻ) ∩ կ𝑆(Ԉ) ∩ կ𝑆(Ϟ) ⊇ կ𝑆(Ϟ) 

thus, կ𝑆 is an S-uni ₮₿-ideal. However, since 

կ𝑆(ϽԈ) = կ𝑆(Ͻ) ⊈ կ𝑆(Ԉ) 

կ𝑆 is not an S-uni Ɬ-ideal. 

Theorem 3.11 illustrates that the converse of Theorem 3.9 is valid for the right simple bands. 

Theorem 3.11. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a right simple band. Then, the following conditions are 

equivalent: 

1. ʄ𝑆 is an S-uni Ɬ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.9. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of a right simple band 

𝑆 and ʝ, ᵿ ∈ 𝑆. By assumption, for all ʝ, ᵿ ∈ 𝑆, there exist ⍴ ∈ 𝑆 such that ʝ = ᵿ⍴ and ᵿ = ᵿᵿ. Thus,  

ʄ𝑆(ʝᵿ) = ʄ𝑆((ᵿ⍴)ᵿ) = ʄ𝑆((ᵿᵿ)⍴(ᵿᵿ)) ⊆ ʄ𝑆(ᵿ) ∪ ʄ𝑆(ᵿ) ∪ ʄ𝑆(ᵿ) ∪ ʄ𝑆(ᵿ) = ʄ𝑆(ᵿ) 

Hence, ʄ𝑆 is an S-uni Ɬ-ideal. 

Theorem 3.12. Every S-uni ℞-ideal is an S-uni ₮₿-ideal. 

Proof: Let ♄𝑆 be an S-uni ℞-ideal. Then, ♄𝑆 ∗ Ꝋ̃ ⊇̃ ♄𝑆 and ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆. Thus, 

♄𝑆 ∗ ♄𝑆 ∗ Ꝋ̃ ∗ ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆 ∗ ♄𝑆 ∗ ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆 ∗ ♄𝑆 ⊇̃ ♄𝑆 . 
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Therefore, ♄𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.12 does not hold: 

Example 3.13. Let ʄ𝑆 in Example 3.2. As seen in Example 3.2, ʄ𝑆 is an S-uni ₮₿-ideal. Since 

ʄ𝑆(₼Ꞇ) = ʄ𝑆(Ꞇ) ⊈ ʄ𝑆(₼) 

ʄ𝑆 is not an S-uni ℞-ideal. 

Theorem 3.14 illustrates that the converse of Theorem 3.12 is valid for the left simple bands. 

Theorem 3.14. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a left simple band. Then, the following conditions are 

equivalent: 

1. ʄ𝑆 is an S-uni ℞-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.12. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of a left simple band 

𝑆 and ₫, ℏ ∈ 𝑆. By assumption, for all ₫, ℏ ∈ 𝑆, there exist ɚ ∈ 𝑆 such that ℏ = ɚ₫ and ₫ = ₫₫. Thus,  

ʄ𝑆(₫ℏ) = ʄ𝑆(₫(ɚ₫)) = ʄ𝑆((₫₫)ɚ(₫₫)) ⊆ ʄ𝑆(₫) ∪ ʄ𝑆(₫) ∪ ʄ𝑆(₫) ∪ ʄ𝑆(₫) = ʄ𝑆(₫) 

Hence, ʄ𝑆 is an S-uni ℞-ideal. 

Theorem 3.15. Every S-uni ideal is an S-uni ₮₿-ideal. 

Proof: It follows by Theorem 3.9 and Theorem 3.12. 

Here note that the converse of Theorem 3.15 does not hold follows from Example 3.10 and 

Example 3.13. 

Theorem 3.16 illustrates that the converse of Theorem 3.15 is valid for the idempotent groups. 

Theorem 3.16. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be an idempotent group. Then, the following conditions are 

equivalent: 

1. ʄ𝑆 is an S-uni ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.15. Assume that ʄ𝑆 is an S-uni ₮₿-ideal of an idempotent 

group 𝑆. Then, by Theorem 2.4 (ii), 𝑆 is both a left simple and a right simple. The remainder of 

the proof is completed based on Theorem 3.11 and Theorem 3.14. 

Theorem 3.17. Every S-uni І-ideal is an S-uni ₮₿-ideal. 

Proof: Let ຟ𝑆 be an S-uni І-ideal. Then, Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃ ⊇̃ ຟ𝑆. Thus, 

ຟ𝑆 ∗ຟ𝑆 ∗ Ꝋ̃ ∗ຟ𝑆 ∗ຟ𝑆 ⊇̃ (Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃) ∗ຟ𝑆 ∗ຟ𝑆 ⊇̃ ຟ𝑆 ∗ຟ𝑆 ∗ Ꝋ̃ ⊇̃ Ꝋ̃ ∗ຟ𝑆 ∗ Ꝋ̃ ⊇̃ ຟ𝑆 

Hence, ຟ𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.17 does not hold: 

Example 3.18. Consider ʄ𝑆 in Example 3.2. As seen in Example 3.2, ʄ𝑆 is an S-uni ₮₿-ideal. Since 

ʄ𝑆(₼₼Ꞇ) = ʄ𝑆(Ꞇ) ⊈ ʄ𝑆(₼) 

ʄ𝑆 is not an S-uni І-ideal. 

Theorem 3.19 illustrates that the converse of Theorem 3.17 is valid for the idempotent groups. 
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Theorem 3.19. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be an idempotent group. Then, the following conditions are 

equivalent: 

1. ʄ𝑆 is an S-uni І-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) by Theorem 3.17. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of an idempotent 

group. Then, by Theorem 3.16, ʄ𝑆 is an S-uni ideal. The remainder of the proof is completed based 

on Theorem 2.20 (ii). 

Theorem 3.20. Every S-uni Ꞗ-ideal is an S-uni ₮₿-ideal. 

Proof: Let ʠ𝑆 be an S-uni Ꞗ-ideal. Then,  ʠ𝑆Ꝋ̃ ∗ ʠ𝑆 ⊇̃  ʠ𝑆 and  ʠ𝑆 ∗ ʠ𝑆 ⊇̃  ʠ𝑆. Thus, 

ʠ𝑆 ∗ ʠ𝑆 ∗ Ꝋ̃ ∗  ʠ𝑆 ∗ ʠ𝑆 ⊇̃  ʠ𝑆 ∗ ʠ𝑆 ∗ ʠ𝑆 ⊇̃  ʠ𝑆 ∗ ʠ𝑆 ⊇̃  ʠ𝑆 

Hence, ʠ𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.20 does not hold: 

Example 3.21. Let 𝑆 = {Ꞟ, Ϫ, ℈,Ꞷ} be: 

Table 3. Cayley Table of “◎” binary operation. 

◎ Ꞟ Ϫ ℈ Ꞷ 

Ꞟ Ꞟ Ꞟ Ꞟ Ꞟ 

Ϫ Ꞟ Ꞟ Ꞟ Ꞟ 

℈ Ꞟ Ꞟ Ꞟ Ϫ 

Ꞷ Ꞟ Ꞟ Ϫ ℈ 

Let ϧ𝑆 be a soft set over 𝑈 = 𝑆3 as follows:  

ϧ𝑆 = {(Ꞟ, {(1)}), (Ϫ, {(123)}), (℈, {(1), (12)}), (Ꞷ, {(1), (132)})} 

Then, ϧ𝑆 is an S-uni ₮₿-ideal. In fact; 

(ϧ𝑆 ∗ ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆 ∗ ϧ𝑆)(Ꞟ) = {(1)} ⊇ ϧ𝑆(Ꞟ) 

(ϧ𝑆 ∗ ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆 ∗ ϧ𝑆)(Ϫ) = 𝑈 ⊇ ϧ𝑆(Ϫ) 

(ϧ𝑆 ∗ ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆 ∗ ϧ𝑆)(℈) = 𝑈 ⊇ ϧ𝑆(℈) 

(ϧ𝑆 ∗ ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆 ∗ ϧ𝑆)(Ꞷ) = 𝑈 ⊇ ϧ𝑆(Ꞷ) 

thus, ϧ𝑆 is an S-uni ₮₿-ideal. However, since 

ϧ𝑆(℈Ꞷ) = ϧ𝑆(Ϫ) ⊈ ϧ𝑆(℈) ∪ ϧ𝑆(Ꞷ) 

ϧ𝑆 is not an S-uni ꞨꞨ. Hence, ϧ𝑆 is not an S-uni Ꞗ-ideal. 

Theorem 3.22 illustrates that the converse of Theorem 3.20 is valid for the bands. 

Theorem 3.22. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni Ꞗ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.20. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of a band 𝑆 and 

ѡ, Ҍ, ґ ∈ 𝑆. By assumption, for all ѡ, ґ ∈ 𝑆, ѡ = ѡѡ and ґ = ґґ. Thus,  
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ʄ𝑆(ѡҌґ) = ʄ𝑆((ѡѡ)Ҍ(ґґ)) ⊆ ʄ𝑆(ѡ) ∪ ʄ𝑆(ѡ) ∪ ʄ𝑆(ґ) ∪ ʄ𝑆(ґ) = ʄ𝑆(ѡ) ∪ ʄ𝑆(ґ) 

Moreover, ʄ𝑆 is an S-uni ꞨꞨ by Theorem 3.8. Hence, ʄ𝑆 is an S-uni Ꞗ-ideal. 

Theorem 3.23. Every S-uni Ꝗ-ideal is an S-uni ₮₿-ideal. 

Proof: Let ʄ𝑆 be an S-uni Ꝗ-ideal. Then, by Theorem 2.20 (iii), ʄ𝑆 is an S-uni Ꞗ-ideal. Hence, ʄ𝑆 is an 

S-uni ₮₿-ideal by Theorem 3.20. 

We demonstrate with a counterexample that the converse of Theorem 3.23 does not hold: 

Example 3.24. Consider ϧ𝑆 in Example 3.21. As seen in Example 3.21, ϧ𝑆 is an S-uni ₮₿-ideal, 

however is not an S-uni Ꞗ-ideal. Since ϧ𝑆 is not an S-uni Ꞗ-ideal, ϧ𝑆 is not an S-uni Ꝗ-ideal. 

Theorem 3.25 illustrates that the converse of Theorem 3.23 is valid for the bands. 

Theorem 3.25. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni Ꝗ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.23. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of a band 𝑆. Since 𝑆 

is a band, ʄ𝑆 is an S-uni Ꞗ-ideal by Theorem 3.22. Then, since every band is regular, 𝑆 is regular, 

and hence ʄ𝑆 is an S-uni quasi-ideal by Theorem 2.21. 

Theorem 3.26. Every S-uni Ɬ-ⱲI-ideal is an S-uni ₮₿-ideal. 

Proof: Let ʠ𝑆 be an S-uni Ɬ-ⱲI-ideal. Then, Ꝋ̃ ∗ ʠ𝑆 ∗ ʠ𝑆 ⊇̃ ʠ𝑆. Thus, 

                                            ʠ𝑆 ∗ ʠ𝑆 ∗ Ꝋ̃ ∗ ʠ𝑆 ∗ ʠ𝑆 ⊇̃ ʠ𝑆 ∗ ʠ𝑆 ∗ ʠ𝑆  ⊇̃ Ꝋ̃ ∗ ʠ𝑆 ∗ ʠ𝑆 ⊇̃ ʠ𝑆 

Hence, ʠ𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.26 does not hold: 

Example 3.27. Consider կ𝑆 in Example 3.10. As seen in Example 3.10, կ𝑆 is an S-uni ₮₿-ideal. Since 

կ𝑆(ϽԈԈ) = կ𝑆(Ͻ) ⊈ կ𝑆(Ԉ) ∪ կ𝑆(Ԉ) 

կ𝑆 is not an S-uni Ɬ-ⱲI-ideal. 

Theorem 3.28 illustrates that the converse of Theorem 3.26 is valid for the right simple bands. 

Theorem 3.28. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a right simple band. Then, the following conditions are 

equivalent: 

1. ʄ𝑆 is an S-uni Ɬ-ⱲI-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.26. Assume that ʄ𝑆 is an S-uni ₮₿-ideal of a right simple 

band. Then, ʄ𝑆 is an S-uni Ɬ-ideal by Theorem 3.11. Thus, ʄ𝑆 is an S-uni Ɬ-ⱲI-ideal by Theorem 

2.20 (iv). 

Theorem 3.29. Every S-uni ℞-ⱲI-ideal is an S-uni ₮₿-ideal. 

Proof: Let ʠS be an S-uni right ℞-ⱲI-ideal. Then, ʠ𝑆 ∗ ʠ𝑆 ∗ Ꝋ̃ ⊇̃ ʠ𝑆. Thus, 

ʠ𝑆 ∗ ʠ𝑆 ∗ Ꝋ̃ ∗ ʠ𝑆 ∗ ʠ𝑆 ⊇̃ ʠ𝑆 ∗ ʠ𝑆 ∗ ʠ𝑆 ⊇̃ ʠ𝑆 ∗ ʠ𝑆 ∗ Ꝋ̃ ⊇̃ ʠ𝑆 

Hence, ʠ𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.29 does not hold: 
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Example 3.30. Consider the soft set ʄ𝑆 in Example 3.2. As seen in Example 3.2, ʄ𝑆 is an S-uni ₮₿-

ideal. Since 

ʄ𝑆(₼₼Ꞇ) = ʄ𝑆(Ꞇ) ⊈ ʄ𝑆(₼) ∪ ʄ𝑆(₼) 

ʄ𝑆 is not an S-uni ℞-ⱲI-ideal. 

Theorem 3.31 illustrates that the converse of Theorem 3.29 is valid for the left simple bands. 

Theorem 3.31. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a simple left band. Then, the following conditions are 

equivalent: 

1. ʄ𝑆 is an S-uni ℞-ⱲI-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.29. Assume that ʄ𝑆 is an S-uni ₮₿-ideal of a left simple band. 

Then, ʄ𝑆 is an S-uni ℞-ideal by Theorem 3.14. Thus, ʄ𝑆 is an S-uni ℞-ⱲI-ideal by Theorem 2.20 (iv). 

Theorem 3.32. Every S-uni ⱲI-ideal is an S-uni ₮₿-ideal. 

Proof: It follows by Theorem 3.26 and Theorem 3.29. 

Here note that the converse of Theorem 3.32 is not true follows from Example 3.27 and Example 

3.30. 

Theorem 3.33 illustrates that the converse of Theorem 3.32 is valid for the idempotent groups. 

Theorem 3.33. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be an idempotent group. Then, the following conditions are 

equivalent: 

1. ʄ𝑆 is an S-uni ⱲI-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.32. Assume that ʄ𝑆 is an S-uni ₮₿-ideal of an idempotent 

group. Then, by Theorem 3.16, ʄ𝑆 is an S-uni ideal. Thus, ʄ𝑆 is an S-uni ⱲI-ideal by Theorem 2.20 

(iv). 

Theorem 3.34. Every S-uni ꞖІ-ideal is an S-uni ₮₿-ideal. 

Proof: Let ʄ𝑆 be an S-uni ꞖІ-ideal. Then, (Ꝋ̃ ∗ ʄ𝑆 ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) ⊇̃ ʄ𝑆. Thus, 

ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 = (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆) ∪̃ (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆) 

               ⊇̃ (Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ (Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ (Ꝋ̃ ∗ ʄ𝑆 ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ ʄ𝑆 

Hence, ʄ𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.34 does not hold: 

Example 3.35. Consider ϧ𝑆 in Example 3.21. as seen in example 3.21, ϧ𝑆 is an S-uni ₮₿-ideal. since 

[(Ꝋ̃ ∗ ϧ𝑆 ∗ Ꝋ̃) ∪̃ (ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆)](Ϫ) = (Ꝋ̃ ∗ ϧ𝑆 ∗ Ꝋ̃)(Ϫ) ∪ (ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆)(Ϫ) = ϧ𝑆(Ꞷ) ⊉ ϧ𝑆(Ϫ) 

ϧ𝑆 is not an S-uni ꞖІ-ideal. 

Theorem 3.36 illustrates that the converse of Theorem 3.34 is valid for the bands. 
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Theorem 3.36. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni ꞖІ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.34. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of a band. Then, ʄ𝑆 

is an S-uni Ꞗ-ideal by Theorem 3.22. Thus, ʄ𝑆 is an S-uni ꞖІ-ideal by Theorem 2.20 (vi). 

Theorem 3.37. Every S-uni Ɬ-ꞖꝖ-ideal is an S-uni ₮₿-ideal. 

Proof: Let ʄ𝑆 be an S-uni Ɬ-ꞖꝖ-ideal. Then, (Ꝋ̃ ∗ ʄ𝑆) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) ⊇̃ ʄ𝑆. Thus, 

ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 = (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆) ∪̃ (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆) 

               ⊇̃ (Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ (Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ (Ꝋ̃ ∗ ʄ𝑆) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ ʄ𝑆 

Hence, ʄ𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.37 does not hold: 

Example 3.38. Consider ϧ𝑆 in Example 3.21. As seen in Example 3.21, ϧ𝑆 is an S-uni ₮₿-ideal. Since 

[(Ꝋ̃ ∗ ϧ𝑆) ∪̃ (ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆)](Ϫ) = (Ꝋ̃ ∗ ϧ𝑆)(Ϫ) ∪ (ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆)(Ϫ) = ϧ𝑆(Ꞷ) ⊉ ϧ𝑆(Ϫ) 

ϧ𝑆 is not an S-uni Ɬ-ꞖꝖ-ideal. 

Theorem 3.39 illustrates that the converse of Theorem 3.37 is valid for the bands. 

Theorem 3.39. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni Ɬ-ꞖꝖ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.37. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of a band. Then, ʄ𝑆 

is an S-uni Ꞗ-ideal by Theorem 3.22. Thus, ʄ𝑆 is an S-uni Ɬ-ꞖꝖ-ideal by Theorem 2.20 (vii). 

Theorem 3.40. Every S-uni ℞-ꞖꝖ-ideal is an S-uni ₮₿-ideal. 

Proof: Let ʄ𝑆 be an S-uni ℞-ꞖꝖ-ideal. Then, (ʄ𝑆 ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) ⊇̃ ʄ𝑆 . Thus, 

ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 = (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆) ∪̃ (ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆) 

               ⊇̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ (ʄ𝑆 ∗ Ꝋ̃) ∪̃ (ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆) 

               ⊇̃ ʄ𝑆 

Hence, ʄ𝑆 is an S-uni ₮₿-ideal. 

We demonstrate with a counterexample that the converse of Theorem 3.40 does not hold: 

Example 3.41. Consider the soft set ϧ𝑆 in Example 3.21. As seen in Example 3.21, ϧ𝑆 is an S-uni 

₮₿-ideal. Since 

[(ϧ𝑆 ∗ Ꝋ̃) ∪̃ (ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆)](Ϫ) = (ϧ𝑆 ∗ Ꝋ̃)(Ϫ) ∪ (ϧ𝑆 ∗ Ꝋ̃ ∗ ϧ𝑆)(Ϫ) = ϧ𝑆(Ꞷ) ⊉ ϧ𝑆(Ϫ) 

ϧ𝑆 is not an S-uni ℞-ꞖꝖ-ideal. 
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Theorem 3.42 illustrates that the converse of Theorem 3.40 is valid for the bands. 

Theorem 3.42. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni ℞-ꞖꝖ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.40. Suppose that ʄ𝑆 is an S-uni ₮₿-ideal of a band. Then, ʄ𝑆 

is an S-uni Ꞗ-ideal by Theorem 3.22. Thus, ʄ𝑆 is an S-uni ℞-ꞖꝖ-ideal by Theorem 2.20 (vii). 

Theorem 3.43. Every S-uni ꞖꝖ-ideal is an S-uni ₮₿-ideal. 

Proof: It follows Theorem 3.37 and Theorem 3.40. 

Here note that the converse of Theorem 3.43 is not true follows from Example 3.38 and Example 

3.41. 

Theorem 3.44 illustrates that the converse of Theorem 3.43 is valid for the bands. 

Theorem 3.44. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni ꞖꝖ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: (1) implies (2) is by Theorem 3.43. Assume that ʄ𝑆 is an S-uni ₮₿-ideal of a band. The 

remainder of the proof is completed based on Theorem 3.39 and Theorem 3.40. 

Theorem 3.45. Every S-uni Ɬ-ꝖІ-ideal is an S-uni ₮₿-ideal of a left simple semigroup. 

Proof: Let ₫𝑆 be an S-uni Ɬ-ꝖІ-ideal of a left simple semigroup. Then, Ꝋ̃ ∗ ₫𝑆 ∗ Ꝋ̃ ∗ ₫𝑆 ⊇̃ ₫𝑆 and by 

Theorem 2.23, ₫𝑆 ∗ ₫𝑆 ⊇̃ ₫𝑆. Thus, 

₫𝑆 ∗ ₫𝑆 ∗ Ꝋ̃ ∗ ₫𝑆 ∗ ₫𝑆 ⊇̃ Ꝋ̃ ∗ ₫𝑆 ∗ Ꝋ̃ ∗ ₫𝑆 ∗ ₫𝑆 ⊇̃ ₫𝑆 ∗ ₫𝑆 ⊇̃ ₫𝑆 

Hence, ₫𝑆 is an S-uni ₮₿-ideal. 

Theorem 3.46. Every S-uni ₮₿-ideal is an S-uni Ɬ-ꝖІ-ideal of a right zero semigroup. 

Proof: Let ʄ𝑆 be an S-uni ₮₿-ideal of a right zero 𝑆 and ᵯ, ղ, ϳ, ґ ∈ 𝑆. By assumption, ᵯղ = ղ, ղղ =

ղ and ґ = ґґ for all ᵯ, ղ, ґ ∈ 𝑆. Thus,  

ʄ𝑆(ᵯղϳґ) = ʄ𝑆(ղϳґ) = ʄ𝑆(ղղϳґґ) ⊆ ʄ𝑆(ղ) ∪ ʄ𝑆(ղ) ∪ ʄ𝑆(ґ) ∪ ʄ𝑆(ґ) = ʄ𝑆(ղ) ∪ ʄ𝑆(ґ) 

Hence, ʄ𝑆 is an S-uni Ɬ-ꝖІ-ideal. 

Theorem 3.47. Every S-uni ℞-ꝖІ-ideal is an S-uni ₮₿-ideal of right simple semigroup. 

Proof: Let ₫𝑆 be an S-uni ℞-ꝖІ-ideal of right simple 𝑆. Then, ₫𝑆 ∗ Ꝋ̃ ∗ ₫𝑆 ∗ Ꝋ̃ ⊇̃ ₫𝑆 and by Theorem 

2.23, ₫𝑆 ∗ ₫𝑆 ⊇̃ ₫𝑆. Thus, 

₫𝑆 ∗ ₫𝑆 ∗ Ꝋ̃ ∗ ₫𝑆 ∗ ₫𝑆 ⊇̃ ₫𝑆 ∗ ₫𝑆 ∗ Ꝋ̃ ∗ ₫𝑆 ∗ Ꝋ̃ ⊇̃ ₫𝑆 ∗ ₫𝑆 ⊇̃ ₫𝑆 

Hence, ₫𝑆 is an S-uni ₮₿-ideal. 

Theorem 3.48. Every S-uni ₮₿-ideal is an S-uni ℞-ꝖІ-ideal of a left zero semigroup. 

Proof: Let ʄ𝑆 be an S-uni ₮₿-ideal of a left zero 𝑆 and ꞃ, ꭈ, ꭤ, ῐ ∈ 𝑆. By assumption, ꭤῐ = ꭤ, ꭤ = ꭤꭤ 

and ꞃ = ꞃꞃ for all ꭤ, ῐ, ꞃ ∈ 𝑆. Thus,  

ʄ𝑆(ꞃꭈꭤῐ) = ʄ𝑆(ꞃꭈꭤ) = ʄ𝑆(ꞃꞃꭈꭤꭤ) ⊆ ʄ𝑆(ꞃ) ∪ ʄ𝑆(ꞃ) ∪ ʄ𝑆(ꭤ) ∪ ʄ𝑆(ꭤ) = ʄ𝑆(ꞃ) ∪ ʄ𝑆(ꭤ) 

Hence, ʄ𝑆 is an S-uni ℞-ꝖІ-ideal. 
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Theorem 3.49. Every S-uni ꝖІ-ideal is an S-uni ₮₿-ideal of a left simple or right simple semigroup. 

Proof: The proof is presented only for left simple semigroup, as the proof for right simple 

semigroup can be shown similarly. Let ʄ𝑆 be an S-uni ꝖІ-ideal of a left simple semigroup. Then, 

ʄ𝑆 is an S-uni Ɬ-ꝖІ-ideal and the remainder of the proof is obvious from Theorem 3.45. 

Theorem 3.50. Every S-uni ₮₿-ideal is an S-uni ꝖІ-ideal of a zero semigroup. 

Proof: Let ʄ𝑆 be an S-uni ₮₿-ideal of a zero 𝑆 and let zero element as 0 ∈ 𝑆. By assumption, 𝛾𝜉 =

ꭒ0 = 0ꭈ = 𝛾0 = 0𝜉 = 0 for all ꭒ, 𝛾, 𝜉, ꭈ ∈ 𝑆. Since 

ʄ𝑆(ꭒ(𝛾𝜉)ꭈ) = ʄ𝑆((ꭒ0)ꭈ) = ʄ𝑆(0ꭈ) = ʄ𝑆((0ꭈ)ꭈ) = ʄ𝑆((𝛾0)ꭈꭈ) = ʄ𝑆(𝛾(𝛾0)ꭈꭈ)

⊆ ʄ𝑆(𝛾) ∪ ʄ𝑆(𝛾) ∪ ʄ𝑆(ꭈ) ∪ ʄ𝑆(ꭈ) = ʄ𝑆(𝛾) ∪ ʄ𝑆(ꭈ) 

ʄ𝑆 is an S-uni Ɬ-ꝖІ-ideal and since 

ʄ𝑆(ꭒ(𝛾𝜉)ꭈ) = ʄ𝑆(ꭒ(0ꭈ)) = ʄ𝑆(ꭒ0) = ʄ𝑆(ꭒ(ꭒ0)) = ʄ𝑆(ꭒꭒ(0𝜉)) = ʄ𝑆(ꭒꭒ(0𝜉)𝜉)

⊆ ʄ𝑆(ꭒ) ∪ ʄ𝑆(ꭒ) ∪ ʄ𝑆(𝜉) ∪ ʄ𝑆(𝜉) = ʄ𝑆(ꭒ) ∪ ʄ𝑆(𝜉) 

ʄ𝑆 is an S-uni ℞-ꝖІ-ideal. Thus, ʄ𝑆 is an S-uni ꝖІ-ideal. 

Theorem 3.51. Every S-uni ꞖꝖІ-ideal is an S-uni ₮₿-ideal of a commutative semigroup. 

Proof: Let ꝙ
𝑆
 be an S-uni ꞖꝖІ-ideal of a commutative 𝑆 and ꬻ, ꭎ, ꭈ, Һ, 𝔱 ∈ 𝑆. By assumption, for all 

ꭎ, ꭈ ∈ 𝑆, ꭎꭈ = ꭈꭎ. Thus,  

ꝙ
𝑆

(ꬻ(ꭎꭈ)Һ𝔱) = ꝙ
𝑆

(ꬻ(ꭈꭎ)Һ𝔱) ⊆ ꝙ
𝑆

(ꬻ) ∪ ꝙ
𝑆

(ꭎ) ∪ ꝙ
𝑆

(𝔱) ⊆ ꝙ
𝑆

(ꬻ) ∪ ꝙ
𝑆

(ꭎ) ∪ ꝙ
𝑆

(Һ) ∪ ꝙ
𝑆

(𝔱) 

Hence, ꝙ
𝑆
 is an S-uni ₮₿-ideal. 

Theorem 3.52. Every S-uni ₮₿-ideal is an S-uni ꞖꝖІ-ideal of a band. 

Proof: Let ʄ𝑆 be an S-uni ₮₿-ideal of a band. Then, by Theorem 3.25, ʄ𝑆 is an S-uni Ꝗ-ideal. The 

remainder of the proof is obvious from Theorem 2.20 (v). 

Theorem 3.53. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni Ɬ-Ҭ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: Let (1) hold and ẝ𝑆 be an S-uni Ɬ-Ҭ-ideal of a band. Then, ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆 and by Theorem 

2.23, ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆. Thus, 

ẝ𝑆 ∗ ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆 

Hence, ẝ𝑆 is an S-uni ₮₿-ideal which means that (1) implies (2). 

Conversely let (2) hold and ʄ𝑆 be an S-uni ₮₿-ideal of a band 𝑆 and ȶ, ᶙ, ӽ, գ ∈ 𝑆. By assumption, 

for all ȶ ∈ 𝑆, ȶ = ȶȶ. Thus,  

ʄ𝑆(ȶᶙӽգ) = ʄ𝑆(ȶȶᶙӽգ) ⊆ ʄ𝑆(ȶ) ∪ ʄ𝑆(ȶ) ∪ ʄ𝑆(ӽ) ∪ ʄ𝑆(գ) = ʄ𝑆(ȶ) ∪ ʄ𝑆(ӽ) ∪ ʄ𝑆(գ) 

Hence, ʄ𝑆 is an S-uni Ɬ-Ҭ-ideal, so (2) implies (1). 

Theorem 3.54. Every S-uni ₮₿-ideal is an S-uni Ɬ-Ҭ-ideal of a right simple semigroup. 

Proof: Let ʄ𝑆 be an S-uni ₮₿-ideal of a right simple 𝑆 and ա, դ, ᵽ, զ ∈ 𝑆. By assumption, for all դ, ᵽ ∈

𝑆, there exist ի ∈ 𝑆 such that դ = ᵽի. Thus,  

ʄ𝑆(ադᵽզ) = ʄ𝑆(ա(ᵽի)ᵽզ) ⊆ ʄ𝑆(ա) ∪ ʄ𝑆(ᵽ) ∪ ʄ𝑆(ᵽ) ∪ ʄ𝑆(զ) = 𝑓𝑆(ա) ∪ 𝑓𝑆(ᵽ) ∪ 𝑓𝑆(զ) 
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Hence, ʄ𝑆 is an S-uni Ɬ-Ҭ-ideal. 

Theorem 3.55. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni ℞-Ҭ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: Let (1) hold and ẝ𝑆 be an S-uni Ɬ-Ҭ-ideal of a band. Then, ẝ𝑆 ∗ ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ⊇̃ ẝ𝑆 and by Theorem 

2.23, ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆. Thus, 

ẝ𝑆 ∗ ẝ𝑆 ∗ Ꝋ̃ ∗ ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆 ∗ ẝ𝑆 ⊇̃ ẝ𝑆 

Hence, ẝ𝑆 is an S-uni ₮₿-ideal which means that (1) implies (2). 

Conversely, let (2) hold and ʄ𝑆 be an S-uni ₮₿-ideal of a band 𝑆 and ŧ, ϼ, վ, ձ ∈ 𝑆. By assumption, 

for all ձ ∈ 𝑆, ձ = ձձ. Thus,  

ʄ𝑆(ŧϼվձ) = ʄ𝑆(ŧϼվձձ) ⊆ ʄ𝑆(ŧ) ∪ ʄ𝑆(ϼ) ∪ ʄ𝑆(ձ) ∪ ʄ𝑆(ձ) = ʄ𝑆(ŧ) ∪ ʄ𝑆(ϼ) ∪ ʄ𝑆(ձ) 

Hence, ʄ𝑆 is an S-uni ℞-Ҭ-ideal, so (2) implies (1). 

Theorem 3.56. Every S-uni ₮₿-ideal is an S-uni ℞-Ҭ-ideal of a left simple semigroup. 

Proof: Let ʄ𝑆 be an S-uni ₮₿-ideal of a left simple 𝑆 and ա, դ, ϼ, ꭈ ∈ 𝑆. By assumption, for all դ, ϼ ∈

𝑆, there exist ձ ∈ 𝑆 such that ϼ = ձդ. Thus,  

ʄ𝑆(ադϼꭈ) = ʄ𝑆(ադ(ձդ)ꭈ) ⊆ ʄ𝑆(ա) ∪ ʄ𝑆(դ) ∪ ʄ𝑆(դ) ∪ ʄ𝑆(ꭈ) = ʄ𝑆(ա) ∪ ʄ𝑆(դ) ∪ ʄ𝑆(ꭈ) 

Hence, ʄ𝑆 is an S-uni ℞-Ҭ-ideal. 

Theorem 5.57. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈) and 𝑆 be a band. Then, the following conditions are equivalent: 

1. ʄ𝑆 is an S-uni Ҭ-ideal. 

2. ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: It follows by Theorem 3.53 and Theorem 3.55. 

Theorem 3.58. Every S-uni ₮₿-ideal is an S-uni Ҭ-ideal of a group. 

Proof:  Let  ʄ𝑆  be an S-uni ₮₿-ideal of a group 𝑆. By Theorem 2.4 (ii), 𝑆 is both a left simple and a 

right simple. The remainder of the proof is completed based on Theorem 3.54 and Theorem 3.56. 

Proposition 3.59. Let ʄ𝑆 and ʄ𝑇 be S-uni ₮₿-ideals of 𝑆 and 𝑇, respectively. Then, ʄ𝑆 ∨ ʄ𝑇 is an S-uni 

₮₿-ideal of 𝑆 × 𝑇. 

Proof: Let (ձ1, է1), (ձ2, է2), (ձ3, է3), (ձ4, է4), (ձ5, է5) ∈ 𝑆 × 𝑇. Then, 

ʄ𝑆∨𝑇((ձ1, է1)(ձ2, է2)(ձ3, է3)(ձ4, է4)(ձ5, է5)) = ʄ𝑆∨𝑇(ձ1ձ2ձ3ձ4ձ5, է1է2է3է4է5) 

= ʄ𝑆(ձ1ձ2ձ3ձ4ձ5) ∪ ʄ𝑇(է1է2է3է4է5) 

⊇ (ʄ𝑆(ձ1) ∪ ʄ𝑆(ձ2) ∪ ʄ𝑆(ձ4) ∪ ʄ𝑆(ձ5))

∪ (ʄ𝑇(է1) ∪ ʄ𝑇(է2) ∪ ʄ𝑇(է4) ∪ ʄ𝑇(է5)) 

= (ʄ𝑆(ձ1) ∪ ʄ𝑇(է1)) ∪ (ʄ𝑆(ձ2) ∪ ʄ𝑇(է2))

∪ (ʄ𝑆(ձ4) ∪ ʄ𝑇(է4)) ∪ (ʄ𝑆(ձ5) ∪ ʄ𝑇(է5)) 

= 𝑓𝑆∨𝑇(ձ1, է1) ∪ 𝑓𝑆∨𝑇(ձ2, է2) ∪ 𝑓𝑆∨𝑇(ձ4, է4) ∪ 𝑓𝑆∨𝑇(ձ5, է5) 

Thus, ʄ𝑆 ∨ ʄ𝑇 is an S-uni ₮₿-ideal of 𝑆 × 𝑇. 

Proposition 3.60. Let ʄ𝑆 and կ𝑆 be S-uni ₮₿-ideals. Then, ʄ𝑆 ∪̃ կ𝑆 is an S-uni ₮₿-ideal. 
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Proof: Let ʄ𝑆 and կ𝑆 be S-uni ₮₿-ideals. Then, ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 ⊇̃ ʄ𝑆 and կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆 ⊇̃ կ𝑆. 

Thus, 

(ʄ𝑆 ∪̃ կ𝑆) ∗ (ʄ𝑆 ∪̃ կ𝑆) ∗ Ꝋ̃ ∗ (ʄ𝑆 ∪̃ կ𝑆) ∗ (ʄ𝑆 ∪̃ կ𝑆) ⊇̃ ʄ𝑆 ∗ ʄ𝑆 ∗ Ꝋ̃ ∗ ʄ𝑆 ∗ ʄ𝑆 ⊇̃ ʄ𝑆 

and 

(ʄ𝑆 ∪̃ կ𝑆) ∗ (ʄ𝑆 ∪̃ կ𝑆) ∗ Ꝋ̃ ∗ (ʄ𝑆 ∪̃ կ𝑆) ∗ (ʄ𝑆 ∪̃ կ𝑆) ⊇̃ կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆 ⊇̃ կ𝑆 

Hence,  

(ʄ𝑆 ∪̃ կ𝑆) ∗ (ʄ𝑆 ∪̃ կ𝑆) ∗ Ꝋ̃ ∗ (ʄ𝑆 ∪̃ կ𝑆) ∗ (ʄ𝑆 ∪̃ կ𝑆) ⊇̃ ʄ𝑆 ∪̃ կ𝑆 

Thus, ʄ𝑆 ∪̃ կ𝑆 is an S-uni ₮₿-ideal. 

Corollary 3.61. The finite union of S-uni ₮₿-ideals is an S-uni ₮₿-ideal. 

Proposition 3.62. Let ʄ𝑆 be an S-uni ꞨꞨ over 𝑈, ⱷ ⊆ U, 𝐼𝑚(ʄ𝑆) be the image of ʄ𝑆 such that ⱷ ∈

𝐼𝑚(ʄ𝑆). If ʄ𝑆 is an S-uni ₮₿-ideal, then ₰(ʄ𝑆; ⱷ) is a ₮₿-ideal. 

Proof: Since, ʄ𝑆(ꭈ) = ⱷ for some ꭈ ∈ 𝑆, ∅ ≠ ₰(ʄ𝑆; ⱷ) ⊆ 𝑆. Let ձ,ꞗ, ɔ, Ԁ ∈ ₰(ʄ𝑆; ⱷ) and ꝙ ∈ 𝑆. Then, 

ʄ𝑆(ձ) ⊆ ⱷ, ʄ𝑆(ꞗ) ⊆ ⱷ, ʄ𝑆(ɔ) ⊆ ⱷ and ʄ𝑆(Ԁ) ⊆ ⱷ. It is needed to show that ձꞗꝙɔԀ ∈ ₰(ʄ𝑆; ⱷ) for all 

ձ,ꞗ, ɔ, Ԁ ∈ ₰(ʄ𝑆; ⱷ) and ꝙ ∈ 𝑆. Since ʄ𝑆 is an S-uni ₮₿-ideal, it follows that 

ʄ𝑆(ձꞗꝙɔԀ) ⊆ ʄ𝑆(ձ) ∪ ʄ𝑆(ꞗ) ∪ ʄ𝑆(ɔ) ∪ ʄ𝑆(Ԁ) ⊆ ⱷ ∪ ⱷ ∪ ⱷ ∪ ⱷ = ⱷ 

implying that ձꞗꝙɔԀ ∈ ₰(ʄ𝑆; ⱷ). Moreover, since ʄ𝑆 is an S-uni ꞨꞨ over 𝑈, by Proposition 2.24, 

₰(ʄ𝑆; ⱷ) is an ꞨꞨ. Therefore, ₰(ʄ𝑆; ⱷ) is a ₮₿-ideal.  

We illustrate Proposition 3.62 with Example 3.63. 

Example 3.63. Consider ʄ𝑆 in Example 3.2. As seen in Example 3.2, ʄ𝑆 is an S-uni ₮₿-ideal. One 

can easily show that ʄ𝑆 is an S-uni ꞨꞨ. In fact, 

(ʄ𝑆 ∗ ʄ𝑆)(Ꞇ) = 𝑈 ⊇ ʄ𝑆(Ꞇ) = {1̅, 5̅, 7̅} 

(ʄ𝑆 ∗ ʄ𝑆)(₼) = {1̅, 3̅} ⊇ ʄ𝑆(₼) = {1̅, 3̅} 

(ʄ𝑆 ∗ ʄ𝑆)(֏) = {1̅} ⊇ ʄ𝑆(֏) = {1̅} 

thus, ʄ𝑆 is an S-uni ꞨꞨ. By considering the image set of ʄ𝑆, that is, 

𝐼𝑚(ʄ𝑆) = {{1̅}{1̅, 3̅}{1̅, 5̅, 7̅}} 

we obtain the following: 

₰(ʄ𝑆; ⱷ) = {

{֏},          ⱷ = {1̅}                  

{₼, ֏},     ⱷ = {1̅, 3̅}              

{Ꞇ, ֏},     ⱷ = {1̅, 5̅, 7̅}          

 

Here, {Ꞇ, ֏}, {₼, ֏} and {֏} are all ₮₿-ideals. In fact, since 

{Ꞇ, ֏} ∙ {Ꞇ, ֏} = {֏} ⊇ {Ꞇ, ֏} 

{₼, ֏} ∙ {₼, ֏} = {₼, ֏} ⊇ {₼, ֏} 

{֏} ∙ {֏} = {֏} ⊇ {֏} 

each ₰(ʄ𝑆; ⱷ) is an ꞨꞨ. Similarly, since 

{Ꞇ, ֏} ∙ {Ꞇ, ֏} ∙ 𝑆 ∙ {Ꞇ, ֏} ∙ {Ꞇ, ֏} = {֏} ⊇ {Ꞇ, ֏} 

{₼, ֏} ∙ {₼, ֏} ∙ 𝑆 ∙ {₼, ֏} ∙ {₼, ֏} = {₼, ֏} ⊇ {₼, ֏} 

{֏} ∙ {֏} ∙ 𝑆 ∙ {֏} ∙ {֏} = {֏} ⊇ {֏} 
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each ₰(ʄ𝑆; ⱷ) is a ₮₿-ideal. 

Now, consider մ𝑆 in Example 3.2. by taking into account 

𝐼𝑚(մ𝑆) = {{1̅, 3̅, 5̅}, {1̅, 5̅, 7̅}, {3̅}} 

we obtain the following: 

₰(մ𝑆; ⱷ) = {

{₼},         ⱷ = {3̅}           

{֏},         ⱷ = {1̅, 5̅, 7̅}   

{Ꞇ, ₼},    ⱷ = {1̅, 3̅, 5̅}   

 

Here, {Ꞇ, ₼} is not a ₮₿-ideal. In fact, since 

{Ꞇ, ₼} ∙ {Ꞇ, ₼} = {Ꞇ, ₼, ֏} ⊈ {Ꞇ, ₼} 

one of the ₰(մ𝑆; ⱷ) is not an ꞨꞨ, hence it is not a ₮₿-ideal. It is seen that each of ₰(մ𝑆; ⱷ) is not a 

₮₿-ideal. On the other hand, as seen in Example 3.2, մ𝑆 is not an S-uni ₮₿-ideal. 

Definition 3.64. Let ʄ𝑆 be an S-uni ꞨꞨ and S-uni ₮₿-ideal. Then, the ₮₿-ideals ₰(ʄ𝑆; ⱷ) are called 

lower ⱷ-₮₿-ideals of ʄ𝑆. 

Proposition 3.65. Let ʄ𝑆 ∈ 𝑆𝑆(𝑈), ₰(ʄ𝑆; ⱷ) be the lower ⱷ-₮₿-ideal of ʄ𝑆 for each ⱷ ⊆ 𝑈 and 𝐼𝑚(ʄ𝑆) 

be an ordered set by inclusion. Then, ʄ𝑆 is an S-uni ₮₿-ideal. 

Proof: Let ђ, ս, ⍴, ɨ, ₥ ∈ 𝑆 and ʄ𝑆(ս) = ⱷ1, ʄ𝑆(⍴) = ⱷ2, ʄ𝑆(ɨ) = ⱷ3 and ʄ𝑆(₥) = ⱷ4. Suppose that ⱷ1 ⊆

ⱷ2 ⊆ ⱷ3 ⊆ ⱷ4. It is obvious that ս ∈ ₰(ʄ𝑆; ⱷ1), ⍴ ∈ ₰(ʄ𝑆; ⱷ2), ɨ ∈ ₰(ʄ𝑆; ⱷ3) and ₥ ∈ ₰(ʄ𝑆; ⱷ4). Since 

ⱷ1 ⊆ ⱷ2 ⊆ ⱷ3 ⊆ ⱷ4, ս, ⍴, ɨ, ₥ ∈ ₰(ʄ𝑆; ⱷ4) and since ₰(ʄ𝑆; ⱷ) is a ₮₿-ideal for all ⱷ ⊆ 𝑈, it follows 

that ս⍴ђɨ₥ ∈ ₰(ʄ𝑆; ⱷ4). Hence, ʄ𝑆(ս⍴ђɨ₥) ⊆ ⱷ4 = ⱷ1 ∪ ⱷ2 ∪ ⱷ3 ∪ ⱷ4 = ʄ𝑆(ս) ∪ ʄ𝑆(⍴) ∪ ʄ𝑆(ɨ) ∪

ʄ𝑆(₥). Thus, ʄ𝑆 is an S-uni ₮₿-ideal. 

Proposition 3.66. Let ʄ𝑆, ʄ𝑇 ∈ 𝑆𝐸(𝑈) and Ꝩ be a semigroup isomorphism from 𝑆 to 𝑇. If ʄ𝑆 is an S-

uni ₮₿-ideal of 𝑆, then Ꝩ∗(ʄ𝑆) is an S-uni ₮₿-ideal of 𝑇. 

Proof: Let ϳ1, ϳ2, ϳ3, ϳ4, ϳ5 ∈ 𝑇. Since Ꝩ is surjective, there exist ꞩ1, ꞩ2, ꞩ3, ꞩ4, ꞩ5 ∈ 𝑆 such that Ꝩ(ꞩ1) = ϳ1, 

Ꝩ(ꞩ2) = ϳ2, Ꝩ(ꞩ3) = ϳ3, Ꝩ(ꞩ4) = ϳ4 and Ꝩ(ꞩ5) = ϳ5. Then,  

(Ꝩ∗(ʄ𝑆))(ϳ1ϳ2ϳ3ϳ4ϳ5) = ⋂{ʄ𝑆(ꞩ): ꞩ ∈ 𝑆, Ꝩ(ꞩ) = ϳ1ϳ2ϳ3ϳ4ϳ5} 

= ⋂{ʄ𝑆(ꞩ): ꞩ ∈ 𝑆, ꞩ = Ꝩ
−1(ϳ1ϳ2ϳ3ϳ4ϳ5)} 

= ⋂{ʄ𝑆(ꞩ): ꞩ ∈ 𝑆, ꞩ = Ꝩ
−1(𝜓(ꞩ1ꞩ2ꞩ3ꞩ4ꞩ5)) = ꞩ1ꞩ2ꞩ3ꞩ4ꞩ5} 

= ⋂{ʄ𝑆(ꞩ1ꞩ2ꞩ3ꞩ4ꞩ5): ꞩ𝑖 ∈ 𝑆, Ꝩ(ꞩ𝑖) = ϳ𝑖 , 𝑖 = 1,2, … ,5} 

⊆ ⋂{ʄ𝑆(ꞩ1) ∪ ʄ𝑆(ꞩ2) ∪ ʄ𝑆(ꞩ4) ∪ ʄ𝑆(ꞩ5): ꞩ1, ꞩ2, ꞩ4, ꞩ5 ∈ 𝑆, Ꝩ(ꞩ1) = ϳ1, Ꝩ(ꞩ2)

= ϳ2, Ꝩ(ꞩ4) = ϳ4 𝑎𝑛𝑑 Ꝩ(ꞩ5) = ϳ5} 

= (Ꝩ∗(ʄ𝑆))(ϳ1) ∪ (Ꝩ∗(ʄ𝑆))(ϳ2) ∪ (Ꝩ∗(ʄ𝑆))(ϳ4) ∪ (Ꝩ∗(ʄ𝑆))(ϳ5) 

Hence, Ꝩ∗(ʄ𝑆) is an S-uni ₮₿-ideal of 𝑇. 

Proposition 3.67. Let ʄ𝑆, ʄ𝑇 ∈ 𝑆𝐸(𝑈) and Ꝩ be a semigroup isomorphism from 𝑆 to 𝑇. If ʄ𝑇 is an S-

uni ₮₿-ideal of 𝑇, then Ꝩ−1(ʄ𝑇) is an S-uni ₮₿-ideal of 𝑆. 
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Proof: Let ꞩ1, ꞩ2, ꞩ3, ꞩ4, ꞩ5 ∈ 𝑆. Then, 

(Ꝩ−1(ʄ𝑇)) (ꞩ1ꞩ2ꞩ3ꞩ4ꞩ5) = ʄ𝑇(Ꝩ(ꞩ1ꞩ2ꞩ3ꞩ4ꞩ5)) 

= ʄ𝑇(Ꝩ(ꞩ1)Ꝩ(ꞩ2)Ꝩ(𝑠3)Ꝩ(ꞩ4)Ꝩ(ꞩ5)) 

⊆ ʄ𝑇(Ꝩ(ꞩ1)) ∪ ʄ𝑇(Ꝩ(ꞩ2)) ∪ ʄ𝑇(Ꝩ(ꞩ4)) ∪ ʄ𝑇(Ꝩ(ꞩ5)) 

= (Ꝩ−1(ʄ𝑇)) (ꞩ1) ∪ (Ꝩ−1(ʄ𝑇)) (ꞩ2) ∪ (Ꝩ−1(ʄ𝑇)) (ꞩ4) ∪ (Ꝩ−1(ʄ𝑇)) (ꞩ5) 

Thus, Ꝩ−1(ʄ𝑇) is an S-uni ₮₿-ideal of 𝑆. 

Theorem 3.68. For 𝑆, the following conditions are equivalent: 

1. 𝑆 is regular. 

2. կ𝑆 = կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆 for every idempotent S-uni ₮₿-ideal կ𝑆. 

Proof: Let (1) hold. Let 𝑆 be regular, կ𝑆 be an idempotent S-uni ₮₿-ideal and ꭑ ∈ 𝑆. Then, կ𝑆 ∗

կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆 ⊇̃ կ𝑆, կ𝑆 ∗ կ𝑆 = կ𝑆 and there exists an element ỿ ∈ 𝑆 such that ꭑ = ꭑỿꭑ. Thus,  

(կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆)(ꭑ) = (կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆)(ꭑ) 

= ⋂ {(կ𝑆 ∗ Ꝋ̃)(ձ) ∪ կ𝑆(ϼ)}

ꭑ=ձϼ

 

⊆ (կ𝑆 ∗ Ꝋ̃)(ꭑỿ) ∪ կ𝑆(ꭑ) 

= ⋂ {կ𝑆(ꭈ) ∪ Ꝋ̃(ꝁ)}

ꭑỿ=ꭈꝁ

∪ կ𝑆(ꭑ) 

⊆ կ𝑆(ꭑ) ∪ Ꝋ̃(ỿ) ∪ կ𝑆(ꭑ) 

= կ𝑆(ꭑ) ∪ 𝑈 ∪ կ𝑆(ꭑ) = կ𝑆(ꭑ) 

Therefore, կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆 ⊆̃ կ𝑆 implying that կ𝑆 = կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆. 

Conversely, let (2) hold. Let կ𝑆 ∗ կ𝑆 ∗ Ꝋ̃ ∗ կ𝑆 ∗ կ𝑆 = կ𝑆, where կ𝑆 is an S-uni ₮₿-ideal. To prove that 

𝑆 is regular, we need to show that 𝑉 = 𝑉𝑉𝑆𝑉𝑉 for every ₮₿-ideal 𝑉. It is clear that 𝑉𝑉𝑆𝑉𝑉 ⊆ 𝑉. 

Thus, it suffices to prove that 𝑉 ⊆ 𝑉𝑉𝑆𝑉𝑉. On the contrary, let there exist ꭑ ∈ 𝑉 such that ꭑ ∉

𝑉𝑉𝑆𝑉𝑉. By Theorem 3.6, 𝜁𝑉𝐶 is an S-uni ₮₿-ideal. Since ꭑ ∈ 𝑉, thus, 𝜁𝑉𝐶(ꭑ) = ∅. Moreover, ꭑ ∉

𝑉𝑉𝑆𝑉𝑉, and this implies that there do not exist 𝑥, 𝑦, 𝑧, 𝑡 ∈ 𝑉 and 𝑎 ∈ 𝑆 such that ꭑ = 𝑥𝑦𝑎𝑧𝑡. Thus, 

  

(𝜁𝑉𝐶 ∗ 𝜁𝑉𝐶 ∗ 𝜁𝑆𝐶 ∗ 𝜁𝑉𝐶 ∗ 𝜁𝑉𝐶)(ꭑ) = (𝜁𝑉𝐶 ∗ 𝜁𝑉𝐶 ∗ 𝜃̃ ∗ 𝜁𝑉𝐶 ∗ 𝜁𝑉𝐶)(ꭑ) = 𝑈 

However, this conflicts with our hypothesis. Thus, 𝑉 ⊆ 𝑉𝑉𝑆𝑉𝑉 and so 𝑉 = 𝑉𝑉𝑆𝑉𝑉. Therefore, 𝑆 is 

regular. 

 

4. Conclusion 

As a generalization of the quasi-ideal, interior ideal, and bi-ideal of a semigroup, Rao et al. [12] 

developed the concept of tri-quasi ideals and investigated their characteristics. In this study, we 

introduce "S-uni tri-bi-ideals (abbreviated by S-uni ₮₿-ideal throughout the text) of semigroups" 

to apply this approach to semigroups and soft set theory. We obtain the relations between S-uni 
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tri-bi-ideals and other types of S-uni ideals of a semigroup. Our results show every S-uni tri-bi-

ideal of a band is an S-uni subsemigroup. Moreover, S-uni tri-bi-ideal is a generalization of S-uni 

left (right/two-sided) ideal, interior ideal, bi-ideal, quasi-ideal, (left/right) weak-interior ideal, 

bi-interior ideal and (left/right) bi-quasi ideal, however, the converses are not true with 

counterexamples. We show that in order to satisfy the converses, the semigroup should have 

specific conditions, such as band, left (right) simple band or idempotent group. We also 

demonstrate that the S-uni left (resp. right) quasi-interior ideal of a left (resp. right) simple 

semigroup is an S-uni tri-bi-ideal, while the converse holds for the right (resp. left) zero 

semigroup. As a result, we showed that for an S-uni quasi-interior ideal to be an S-uni tri-bi-ideal, 

the semigroup must be left simple or right simple semigroup, and for the converse to be valid, 

the semigroup must be the zero. Furthermore, we have shown that the S-uni bi-quasi-interior 

ideal of a commutative semigroup is an S-uni tri-bi-ideal, but for the converse to hold the 

semigroup must be a regular idempotent. We have shown that an S-uni (left/right) tri-ideal of a 

band is equivalent with an S-uni tri-bi-ideal, and that an S-uni tri-bi-ideal of a right (resp. left) 

simple semigroup is an S-uni left (resp. right) tri-ideal. As a result, we showed that for an S-uni 

tri-bi-ideal of group is an S-uni tri-ideal. We also obtain a relation between tri-bi-ideal and its soft 

characteristic function, demonstrating how this idea connects classical semigroup theory and soft 

set theory. Furthermore, we present conceptual characterizations and analysis of the new concept 

in terms of soft set operations, soft image, and soft inverse image, supporting our assertions with 

illuminating examples. Further studies can be conducted on soft union ss-supplement 

submodules being inspired by the study of [85]. 

The relation between several S-uni ideals and their generalized ideals is depicted in the following 

figure, where A→B denotes that A is B but B may not always be A. 
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