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ABSTRACT. The importance of fixed point theory and it is implementations in various fields of mathematics and other
branches of sciences has encouraged many researchers to study various categories of coincidence and common fixed
point theorems of extended contraction multi-valued mappings. Therefore, the major objective of present our
manuscript is to define and applies new ideas of extended contraction conditions to verify the uniqueness of some new
categories of coincidence and common fixed point theorems for multi-valued maps in the context of complete Dj-
symmetric spaces. Various practical implementations of the existence fixed point as a solution for certain non-linear
integral equations have been elucidated. Additionally, our suggested results are novel and develop various recognized
comparable outcomes related to these categories of coincidence and common fixed point theorems for extended classes
of contraction multi-valued maps existing in the literature. Furthermore, a appropriate example that supports our

major results has been equipped.

1. Introduction

The idea of fixed point theory supplied an efficient in various fields of pure and applied
mathematics and other branches of sciences; as well this theory for multi-valued contraction maps
has obtained tremendous implementations in venous sciences such as: control theory,
optimization, approximation theory, deferential equations and discrete dynamics. ]J. Dugundji
and A. Granas [1] verified a single-valued faintly contractive map of complete metric spaces has
unique fixed point. There were many authors presented various extensions of metric spaces such
as (D-metric spaces) via B. C. Dhage [2, 3]. Afterward Z. Mustafa and B. Sims [4] discovered that
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most of the structures relating to vital topological characterizations of D-metric spaces are
erroneous. Later, offered an extenuation of metric spaces, called (G-metric-sp). Consequently, D.
El-Moutawakil [5] gave a novel extension of renowned multi-valued contraction fixed point in
the context of symmetric spaces. Different extensions of the idea of metric spaces have been
offered via many authors in literature. In particular, S. Shaban, et al. [6] have been verified the
idea of D*-metric spaces which as one of probable modulation of D-metric sp. Following, H.
Chandra and A. Bhatt [7] confirmed the theory of fixed point for extended contraction utilizing
restrictive conditions in symmetric spaces. On the other hand, M. Abbas, et al. [8] Established
various fixed point theorems for multi-valued maps under extended contractive conditions in
ordered extended metric spaces. In 2012, a novel contraction namely; F-contraction has been
presented via D. Wardowski [9] and verified various results of fixed point theory. Further,
M.Abbas, et al. [10] extended the notion of F-contractive and established particular common fixed
point outcomes. Afterward, K.S.Eke & J.O.Olaleru, [11] expand the idea of symmetric-sp to G-
symmetric-sp via deleting the rectangle inequality axiom paces. Motivated by this fact, they are
verified in [12] the existence of common fixed points for pair of hybrid contractive maps in G-
symmetric-spaces. Z. Mustafa, et al., [13] defined novel notions of contractions maps and
established a number of novel coincidence points and common fixed point outcomes in complete
G-spaces. Afterward, A. M. Al-Jumaili, et al. [14] extended the conception of D*-metric spaces by
changing R via an ordered Banach-space in D*-metric spaces. Newly, N. A. Majid, et al. [15]
verified several novel fixed point outcomes for monotone multi-valued maps in partially
orderedD*- complete metric spaces, as well various existence and uniqueness of coupled fixed
point outcomes of maps satisfactory contractive condition have been discussed, additionally [16]
they investigated and established various outcomes for coincidence and common of fixed points
outcomes in complete S-metric-spa. Additionally, A. H. Abed and A. M. F. Al-Jumaili, [17]
defined new kind of generalized metric spaces namely, Dj-symmetric space and established
numerous common fixed point outcomes for maps satisfactory extended contractive conditions
in D;-symmetric space. As future studies we could generalize our outcomes to other spaces such
as [18-21]. The purpose of present manuscript is to verify the uniqueness of some coincidence and
common fixed point theorems for multi-valued maps involving novel ideas of extended
contractions in the context of D;-Symmetric spaces. In addition, various practical
implementations of the existence fixed point as a solution for certain non-linear integral equations
have been explained. Our major outcomes which related to these kinds of coincidence and
common fixed point theorems for multi-valued mappings via novel categories of extended

contractions are extensions and improvement of the various outcomes existing in the literature.
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2. Materials and Methods

This segment, devoted to present various definitions and motivations which needed in
the sequel and that will help us in the outcomes that follow and play indispensable role in this
study for verifying our major outcomes.
Definition 2.1: [6] Suppose that, D*: X X X x X - R, is a mapping described on X # @ and
gratifying the next conditions Vx*, 4", 3", w™ € X:
DVD*(x"4",z") =20,Vx",4",3" €EX;
(D)D" (X", 4", 5") = 0iff " = 4" =57
(D3)D*(x", 4", 2") = D*(P{x", 4", 5"}), (symmetry) where P is a permutation map,
(DD*x* 4", 3") <D*(x", 4", w™) + D" (w™*,z",37).
Therefore, D* is said to D*-metric and (X, D*) is called D*-metric space.
Example2.2: [6] The Immediate examples of such a map are as follows:
(D) D*(x", 9" 2") = max{|x" —y*|,|y" — 27| 12" — 2"},
() D (x"y"2") = 2" —y'| +1y" — 27| + |27 — 7.
Definition 2.3: [17] A D;-Symmetric on X is D;: X X X x X - R* (s. t), forall x*,4", 2" €X
the next conditions are gratified:
(D) Dy (X472 2 0,Vx"4",5" €X;
(D:tz) Di(x",4",2") =0ifand only ifx* = y* = z7;
(7.)23) Dyx*y"3") = Dy(P{x", 4", 2"}),(symmetry) where P is a permutation map.
In that case, D is called D;-Symmetric and (X, D}) is called D;-Symmetric space.
Example2.4: [17] Assume X =[0,1] equipped with D}-Symmetric and described via
Di(xY452") =& -y + (" -2+ (3" — 2" VX, 4" 3" € X. Inthat case, (D}, X) is D}-
Symmetric space. This doesn’t gratify the rectangle inequality of D*-metric space, for this reason
it's not D*-metric space.
Definition 2.5: [17] Let (X, D) be a D;-Symmetric space, then:
(i) A sequence {x¢} is called Dj-converges to x* € X iff D (xg,x5,£") = D;(x", 2%, 25) — 0 as
s — 0. Thatis,V €>0,3£€N (s. t), Vs> A =D;(x", 2", x5) < e.Thatis,Ve>0,3£EN (s.
t), forall s, > A,D;(x", x5, %,.) < €.
(i1) A sequence {x;} is called D;-Cauchy sequence if for alle >0, 3£ € N such that, for
eachs, 7 > A, D) (x5, x5, x;.) < €.
(iii) A space (X,D}) is Dy-complete if for each Dj-Cauchy sequence {x¢},3 x* € X with
Sh_)rg) Dy(xg,x*,2*) = 0.
The next Lemmas are analogue of Lemmas in [6] in D;-symmetric spaces:

Lemma 2.6: Each D;-Symmetric space(X, D), describes a symmetric dp, on X through:

dop;, x*,4") =Di(x", 4", 4") +Dy(y", 2", 2%),Vx*, 4" € X, thatis
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dpy(x",9") =2D4(x", 4", 4" ) Vx, 4" € X.

Lemma 2.7: The next statements are equivalent in D -Symmetric space(X,Dy):

(4) {x5} is D-converge to x*;

(id) Dy(xs, 2%, x*) = 0, as (s = 0);

(44d) D (x5, 25, x2*) = 0, as (s = o0);

Lemma 2.8: If (X,Dy) is D;-Symmetric-sp, {#5} a sequence in X. So, the next statements are
equivalent:

(4) A sequence{x;} is D -Cauchy;

(ii)Foreache > 0,3 e € Z* (s. t), D (x5, x5, %)) < e Vs, 7 =e.

(#i1) A sequence{x;} is Cauchy in (X, dp).

The next Proposition is analogue of Proposition in [6] in D;-Symmetric spaces:

Proposition 2.9: Let (X,D}) be a D;-Symmetric space. So, the map D;(x*, ", 3") is jointly
continuous in all three of its variables.

Remark 2.10: Analogue of axioms of Wilson[22] in D;-Symmetric space as:

(Wy) Given{xg}, %, 4" € X,D;(x5,2",2") = 0 &D (x5, 4", ¢4") = 0=x"=y".

(W) Given{xg}&{ys} x*, 4" € X ,Dy(xs, 2", 2") — 0 with Dj(xs, ¢s,%s) — 0 implise that
Dy(ys, 2™, x*) — 0.

(W3) If (X,D}) is D;- complete symmetric space. For arbitrary sequence {xs} ofX, we have

lim D) (x5, x,., %) = 0, ifand only if lim D} (xg, %541, X541) = 0.
S—>00

5,700
Definition2.11: [17] Presume X # 0,G: X » X & & X - 2% are two maps. If w* = Gx* € Fx* for
x* € X, in that case x*is coincidence point of G & &, with w *is point of coincidence of G & &.
Definition2.12: [23] A map G: X - X& F: X — 2* are called weakly compatible(Concisely,
W.CM)if Gu € Fu,V u € X, implies GFu S FGu.

Definition 2.13: [24] Assume &, G: (X, D) —: (X, D)) are self-maps on X. If F(x*) = G(x*) =z~
for some x* € X, in that case x* is called a common fixed point (Concisely, C.F.P) of & & G.
Proposition 2.14: ([25, Proposition 1.5]) Presume that G: X —» X and $: X — 2% are weakly
compatible self maps ona given X # @. If G and § have a unique point of coincidence w* = Gx* €
Fx*, then w ™ is the unique common fixed point of § and G.

The next concepts are analogue of the ideas [26, 27] in D}-Symmetric spaces:

Remark 2.15: We will indicate for the collection of each non-empty closed and bounded subsets
of D -symmetric space(X,Dy) via CB(X).

Definition 2.16: A map F: X — 2% is multi-valued map, x* € X is a fixed point of F if x* € F,-.
Definition2.17: Two points x*, 4" € X (x* # 4") are called Hausdorff if there exist two disjoint
open sets (s. t) every element belongs to every open set. We indicate Hausdorff D};-distance on
CB(X) viaH (:,,"), where
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HD;(CA, B,C) = max{sup D;y(x*,B,C),supDy (x*,C,A),supD; (x*, A ,B)}, (s. t)
€B x*eC

x*€EA x*
Dy(x",B,C) = dp;(x",B) + dp;(B,C) + dp;(x7,C)
dp; (x7,B) = infldpy(x",4"): 4" € B}
dp; (A, B) = inf{dp; (ki k) : ki € Ak, € B}.
Recall Dy(x*, 4", C) =inf{D;(x*,4",2"): 3" €C}.
The next Lemmas are analogue of Lemmas [28] in D;-symmetric spaces:
Lemma 2.18: Let (X, D) be D;-Symmetric-space. with A, B € CB(X). Therefore, for each k; €
A, obtain D (kq,kq,B) < Hoy, (A, A,B).
Lemma2.19: Presume (X,D}) is D;-Symmetric-sp. If A, B € CB(X)with k; € A, so, Ve>
0,3k, € B, (s.t) Dj(ky ky ky) < Hpy (A, A B) +e.
Definition 2.20: [9] Presume (X,d) complete metric-sp. A map T: (X,d) — (X,d) is called &-
contraction if 39 > 0, (s.t)
Forall, x*, 4" € X, d(Tx*,Ty") > 0= f(d(.‘]" x*T y*)) +9< E(d(x*,y*)), (2.1)
(s. t), & Ry, — Ris map gratifying the next cases:
(§1) &is strictly increasing, thatis, V x*, 4" € R, (s. t), x* < 4", §(x") < &(y");
(&) For all sequence {Q4}s2, of positive numbers,sli_)rg Qs = 0, if and only if sh—>r2> &) = —oo;
(¢3) There exists £ € (0,1) (s. t), (%i_)r{)l+ Q*g(Q) = 0.
The family of all maps & that gratify the conditions(§; — §3) is indicating via U.
Remark 2.21: It is clear that from (§;) and inequality (2.1) we can conclude each &-contraction map

T is necessarily continuous.

3. Categories of Fixed Point Theorems for Certain Kinds of Extended Contraction Multi-
valued Maps
Our motivation of present this section is to study and verify the uniqueness of various
coincidence and common fixed point theorems for multi-valued maps involving novel
ideas of extended contraction conditions in the context of D}-Symmetric spaces. Our major
outcomes in this part are extending and improving of various outcomes in the literature.
In the beginning we present definition of (G — §)-contraction and our major outcomes.
Definition 3.1: If 7: (X, D};) — CB(X) with G: (X,D}) — (X, D) are two maps in D;-symmetric
space(X, D). In that case the map T is called (G-&) contraction if there exist some § € U with
constant 9 > 0, such that, for all x*,¢*,z* € X:
Hop: (Tx",Ty',T3") > 0= §(Hop,(Tx", Ty, T3") + 29 < §(Dy(Gx",G4",G3")) (3.1)
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Theorem 3.2:Let G: X — X with T: X — CB(X) are (G-£) contraction maps in D-symmetric
space(X, D). For arbitrary x* € X,Tx* € G(X) with G(X) is D;-complete sub-space of X, G and
T contain point of coincidence. Additionally, if presume Gu € T« and Gv € Tv which implies
Dy(Gv,Gv,Gu) < Hoy, (Tv,Tv,Tu), in that case

()G & T contain a unique point of coincidence;

(1) Further, if G & T are (W.C.M), so G & T have unique (C.F.P).

Proof: Assume that x5 € X. Because, Tx* € G(X),3 x1 € X (s. t), Gx1 € Txq. If Gx1 = Gxg, in that
case x is a coincidence point of G & T, so the evidence is complete, as a result we presume Gxy #
Gx1. In addition if Txy = Tx7, in that case x7 is coincidence of G and 7. Consequently, suppose

Txo # Tx1, which implies Hp: (Txg, T2, Tx1) > 0. Next from inequality (3.1) we get

§ (7, (T3, T3, T21)) + 29 < (D3 (G165, G5, G21)).
As, § continuous map from the right, there exist 1 < # € R, such that
§ (4300, (g, T3, Tx1)) < & (Hpy (Toey, T3, Tx7)) + 9.

Because, Gx; € Tx, as a result via Lemma 2.18, we obtain
Dy (Gx1, Gx1, Tx1) < Ho: (Txg, Txg, Tx1) < jHyp: (T, Txg,Tx1), where 7 > 1.
Now, from Dy (Gx1, Gx1, Tx1) < jHp: (Txg, Txg,Tx1) with Lemma 2.19, conclude 3x; € X &
Gxy € Txq, (s. 1)

Dy (Gx1,Gx1,G%3) < §Hp: (T, T2, T 27).
Consequently, obtain

§(D4(Gx1, Gx1,G%2)) < §(FH oy (Tx0, Tx0, Tx1)) < §(Hopy (To, T2, T21)) + 9,
This implies that
§(Da(Gx1,Gx1,Gx3)) + 29 <
20 +§ (Hpy (T3, T3, T21) ) + 0
< §(D4(Gxo, G%1,Gx1)) + 9
Therefore,
§(Da(Gx1,Gx1,Gx3)) + 9 < §(D(Gx5, Gx6, Gx1)).-
Ongoing above procedures, describe {Gxs} € X, (s. t) Gxs11 € Txg & Gxg # Gxgpq & Txg # Txg4q
with
§(D;(Gx5(Gxs, Gxgrr)) +9 S E(D7(Gxs_y, Gs1,Gx1))

For each s € Ny. Consequently
( 5(Da(Gx5,Gx5,Gx541)) < §(Da(Gxs_1, Gx5_1,G235)) — 9

< §(D(Gx5-2,Gx5 2, Gx5 1)) — 29

\ < §(D3 (65, 63, GxD) +59 )



Int. J. Anal. Appl. (2026), 24:190 7

For all, s € N. Because, § € U, through selecting the limit as s — oo in inequality (3.2), we get

lim (D7 (G5, G5, G541)) = —o0

Therefore via (§;), get Sll_)rg) D;(Gxs,Gxs,Gxsq) = 0. (3.3)
Now, from (&3), there exists 0 < £ < 1, (s. t)
lim [ (Gx5, G2, G024 )1 #E(D (622, G2, 6241)) = O (3:4)
Utilizing inequality (3.2), we obtain
( [D3(Gxs, Gxs, Gxay DIME(Dy (Gd, Gxs, Gx441)) — )

[D7(Gxs, Gxs, Gxey DIHE(Dy (Gxg, G2, G21)) <
[D(Gxs, G5, G )1 [8(D2 (G226, G5, G21)) — 59 — §(D (G5, G5, G2 )|
= —s9[D;; (G5, G5, Gxes)]* < 0
As a result,
{[Dd(gxsrgxs: gxs+1) (Dd(gxs: gxs: gxs+1)) + 5‘9 Dd(gxs'gxs' gxs+1)] }
< [Dz(Gxs, G5, Gxévr)] kE(Dd(gxo'gxo'Qxﬂ)
Via selecting the limit s — oo in inequality (3.5) and applying inequalities (3.3) and (3.4), we obtain
Jim [0 (G55, G5, G5 )1 = 0. 6)
Consequently from inequality (3.6), there exit s; € N, (s. t)

(3.5)

S[D (G2, Gx2, Gx3 )% < 1,V s > s;which implies D} (G%3, %%, G%341) < =,V s > 1.

stk
Next, verify that {Gx¢} is a D -Cauchy sequence. For » > s > s;, obtain
r—1
Dd(gxs’gxs’gx”') < Z Dd(gx¢,gx¢,gx¢+1) < Z — < Z—

15’1/& i=11%

Because, 0 < £ < 1, consequently .72 ; _1 converges. As aresult, D (Gxs,Gxs,Gx,.) > 0ass,» —

ik
oo, Therefore, {Gx3} is D;-Cauchy in complete sub-space G(X), hence 3 v € G(X), (s. t)
lim D} (Gx;,v,v) = lim D;(Gxs, Gxs,v) =0 (3.7)
S—00 S—00

Because, v € G(X),3u € X (s. t), v = Gu. Thus from inequality (3.7), obtain
lim D (G, Gu, Gue) = lim D3 (G5, Gres, Gue) = 0.
Currently, we will verify Gu € Tu. If there exists an increasing sequence{s,} (s. t) Gxs, €
TuV # €N, as Tu is closed and Gx;, - Gu, obtain Gu € T« and the evidence is finished.
Consequently we presume Is, €N, (s. t) Gxgy1 € Tu,Vs =s,. Because, Gxg,q € Txg, as a
result, Tx; # Tu Vs = sy and as a result we have
Hopy, (Txs, Txs, Tu),Vs = sg (3.8)
Currently, since Gxg,, € Txg, therefore via Lemma 2.18, obtain
D3(G%s+1, G%s41, Tw) < Hoyy (Tas, Txs, Tu).

Because, € is severely increasing, consequently via inequalities(3.8) and (3.1), obtain
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E(D;(gx;+1,gx;+1,ﬂ"u)) < E(D;(gx;+1,gx;+1,7"u)) + 29

< § (g (T3, T3, T0) ) + 20 < §(D3 (G, G5, G10))
Because, § is increasing map, get D;(Gxs11, Gxs11, Tu) < Dy (Gxg, Gxs, Gu).
Permitting, s — oo in preceding outcome with utilizing the truth that a map D is continuous on
its three variables, consequently obtain D} (Gu, Gu, Tu) = 0.
Because, Tu is closed we get Gu € Tu, this mean « coincidence for 7" and G. Thus, G & T contain
point of coincidence w**.
Now, establish the uniqueness coincidence point for G & 7.
Assume the opposite, w ™ is another coincidence point for G & T i.e. 3 another coincidence v for
G&T (s. t) w™ = Gv € Tu & Gu # Gv with Tu # Tv. Or else, u & v will not be coincidence
points. In that case, Hp Tv,Tv,Tu) > 0.
So, we have the next hypothesis D (Gv, Gvr, Gu) < H. D (Tv,Tv,Tuw).

Because, € is increasing, consequently via preceding inequality and (3.1), we obtain

§(D(Gv, G, Guw)) + 29 < & (Ho, (Tw, Twr, Tw)) + 29 < E(Dy (G, Gv, Gu)),
Additional implies
§(D5(Gv, Gv, Gw)) < §(Dy(Gv, Gv, Gu)) — 29 < E(D(Gv, Gv, Gu)).
Because, § is severely increasing, as a result obtain
Da(Gv. v, Gu) < Dy (Gv, Gv, Gu),

This is a contradiction. For this reason, Gu = Gv with Tu = T1. Therefore, G & Tcontain unique
point of coincidence. Presume, G and T are (W.C.M). Utilizing Proposition 2.14, we get G and T
contain unique (C.E.P).
Corollary3.3: Let 7: (X, D) — CB(X) be a map in D;-complete symmetric space(X, D}). If there
existamap § € U and a constantd >0, (s.t), Vx*, 4", 3" € X,

Hop, (Tx", Ty, Tz") > 0= §(Hp, (T2, Ty, T3%)) + 20 < §Dy(x", 4", 37)),
In that case, T has fixed point in X.
Proof: It follows directly through selecting G as an identity map in Theorem 3.2.

4. Some Main Results of Coincidence and Common Fixed Points via Extended
Mizoguchi-Takahashi’s Mapping

Our motivation of present section, is to extend various outcomes which investigated in
[28] via applying the next idea of extended Mizoguchi-Takahashi mapping and verify various
main results related to uniqueness of coincidence and common fixed point theorems in context
of D- complete symmetric spaces.
Definition 4.1: [29] A map J:R x R — R is said to be a generalized Mizoguchi-Takahashi map
(Concisely, G-MT-M.) if the next conditions hold:
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MT-1) 0 <J(p.4) <1Yp,q>0;
(MT-2) For arbitrary bounded sequence{ps} c (0, +) and any non-increasing sequence {gs} C

(0, +0), we have Em supd (ps,gs) < 1.

Remark 4.2: We will indicate via V for the collection of every maps J: R X R — R gratifying the
conditions (MT-1)-(MT-2) to harmonious with Javahernia et al. [29].
Theorem 4.3: Let 7: X’ — CB(X) be multi-valued map with self-map G: X — X in D -symmetric
space(X, D). For arbitrary x* € X,Tx* € G(X), (s. t) G(X) D;-complete sub-space of X', 3 J € V,
(s-t)

Hoy (Tx,Ty", Tz") < J(Hp, (Tx", Ty", T27), Da(Gx", Gy", G57)) Dy (Gx", Gy'.G5")  (41)
For all, x*,4",z" € X, consequently G and T contain point of coincidence. Additionally, if
presume Ge* € Tc* & Ge" € T¢" implies Dy (Ge",Ge", Ge*) < Hp: (Te",Ge", Te™), in that case
(4) G and T contain unique point of coincidence;
(i4) If G & T (W.C.M), in that case G & 7" have unique(C.EF.P).
Proof: Assume, x5 € X. In that case through the given hypothesis, 3x] € X (s. t), 1 € Txg . If
Gx1 = Gxg, in that case we contain nothing to confirm also x is wanted point. Therefore presume
Gxg # Gx1, as a result Dy(Gxg, Gxg,Gx1) > 0. Currently, if Txy =Tx], so Gx; € Tx] and
consequently x7 is the required point and nothing to perform. Hence presume Gxj # Gx] and
Txo # Tx1, thus Dy (Gxg,Gxg, Gx1) > 0 and Hyp: (Txg, Tx, Tx1) > 0. From the inequality (4.1),
we have

Hop; (Tx0, T, Tx1) < J(Hoy, (T, Tx0, Tx1), D (G%0, Gx0, G21))D 1 (GXo, Gxo, GxX1)-
Putting,

1- \]J(?—[DZ(Tx(’;,Tx(’;,TxI),D:;(gx(’;,gx(’;,gx;)>
@1 -

Hopy (Txg, T x5, T %1) 4.2)

jﬂ(}f@; (T8 74,7 3). D3 (G 6667

Subsequently via Lemma 2.19, and inequality (4.2), we get

Da(Gx1,Gx1,G%3) < Hoy, (Txo, T2, Tx7) + 01 =
Hopy (T2, T2, T %1)

9 (30, T, 70, D G, G5, 60D
Because, Tx7 € G(X), as a result 3 x5 € X (s. t), Gx; € Txq. If Gx = Gx3, in that case x7 is the
required point. Consequently presume that Gxi # Gx;, with Txy # Tx;, therefore
Dy(Gx1,Gx1,Gx3) >0 & Hopy, (Tx1,Tx1,Tx,) = 0. Utilizing the inequality (4.1), we obtain
Hopy (Tx1, T21, Tx3) < J(Hop; (Tx1, T1, Tx2), Dy (GX1, GX1, G%2))D g (GX1, GX1, GX3).
Putting,
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1—\/J<}[D; (Tx3,Tx],Tx5),D} (gx;,gx;,gx;)>
@2 =

Hopy (Tx1, Tx1,Tx3) (4.3)
\/‘7<7{D2 (Tx1,Tx3,Tx3),D;(Gx3,Gx7,G%3)

Subsequently via Lemma 2.19, and inequality (4.3), get
Da(Gx3,Gx3,Gx3)
< }[D;(Tx{,Tx{,Txﬁ) +0, =
Hopy (Tx1, Tx1, Tx3)

JJ (70, (5, T3, T3), Dy (G5, G5, Gc3))
Through replicating above procedure, we able create {Gx,} (s. t), Gx;,, € Tx,, wherever
Dy(Gxp—1,G%p-1,G%p) > 0 & Hp: (Txp 1, Txp_1,Tx4) > 0.

As well,
Hop: (Tap_q,Txp_q,Txp) <
{J (90 T 2h 0 T, T2, D (G 1, G 1, G)) D (gxz_l,gx;;_pgx:@)} @4
Consequently,
( Dg(Gp G24 G pr1) ]
SHp, (Txp_1,Txp_1,Txp) + 0y =
}[DZ (Tx)_ Tx)_ 1, Tx),) (4_5)
jﬂ(%; (sz_ll-'fxz_p%)wz(9x2_1.9x2_1,9x2)> )
Utilizing the inequalities (4.4) and (4.5), obtain
Dy (G%4 G%p G2 p41) < o ) )
(00,0 51T T2 DG G G)) D S SR (0
This illustrates that the sequence of non-negative numbers {£,} given via
L = Da(GXp-1,GXp-1,G%})
For £ = 1,2, ... non-increasing, wherever £, > 0. For this reason, 3 L € Z+(s. t),
L= IIZanL/‘ = iknEfNL/& =0. 4.7)

Because, Hyp: (Tx}_1,Txp_1,Tx3) >0 and Dy(Gxp_q,Gxp_4,Gxp) >0, as a result through
inequality-(4.4), obtain
Hopy (Tap_q,Txp_1,Tx3) <Dy(Gxp_1,G%5_1,G%3)
This explains {#: o, (Txp_1,Txp_1, T x;,)} is a bounded sequence. Using (MT-2), get
£1_r)rc}o sup J (7—[@2 (Tx}a_l,Tx}a_l,Tx}&),D‘;(gx;&_l,gx;&_l,gx}%)) <1. (4.8)
Next we verify £ = 0. presume, £ > 0, in that case via inequalities (4.7) and (4.8), with taking the
lim-sup on both sides of inequality (4.6), obtain
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L< \/23100 supJ (Hoy (T}, T2}, T2}), Dy(G2h 1, G241, G%3)) £ < L.
As a result, this contradiction, so lim £, = inf £, = 0.
#—00 #EN

Consequently,
lim D (G4, G4, Gher) = Inf Di(G}, G}, G 4y) = 0. (4.9)

Currently we confirm {Gx},} is Cauchy sequence. V£ € N, assume

vp = [0 (900 (7% 0, T, T2, D651 G750, G7)) -
Subsequently, v, € (0,1), V£ € N. Utilizing inequality-(4.6), obtain
Dy(Gxh, G4, Gxpy1) S vpDa(Gxp_1,G2p 1, GXp)
For all, £ € N. Using inequality (4.8), get ll@i{)noo supvy <1,asaresult 3.4 € [0,1) with £y € N (s. t),
vy <bV#EN and £ > #,. Because vy € (0,1),V#£ € N with 4 € [0,1). Consequently via
inequality-(4.9) for £ > £, deduce

D;(gx;y Qx;a, gx;a+1) < ka;(gx;_l,gxz_l,ng)w
S vpvp-1D(Gxp 2, GXp_2, GXp_1)

S vpvp_y Dy (G20, Gxg, G21)
\ < G*RoHD ) (G, G, G27). )

f—Ro+1
Suppose, A, = %D;(st,gx{;,gx{),k € N.For, £ € N & £ > £, with » € Z*, in that case
through the last inequality and(D}), obtain
Dy(Gxp, G, GXpyp) < Zf‘:{’lDZ(Qxi,gxi,Qxi+1) < Ag.

As, & € [0,1), thus, gm Ax = 0.. For this reason, Em D;(Gxp,Gxp, Gy, ) = 0. Therefore {Gx},} is

Dj-Cauchy in complete sub-space G(X). Consequently, 3 ¢’ € G(X), (s. t), from Lemma 2.7, we

obtain
lim D;(Gx},¢',¢’) = lim DG}, Gej e') = 0. (4:10)
Because, ¢’ € G(X), thus3c* € X (s.t), ¢’ = Gc*. As aresult via inequality (4.10), obtain
lim D;(Gx}, Ge,Ge*) = lim Dy (G}, G, Ge™) = 0. (411)
Now, verify ¢* € T'c¢*. Utilizing inequalities-(4.1) and (4.11), we get
( II&iLnOOD‘;(Qx;&H,Qx;&H,Tc*) < ]

lkiinoo}[pz (Txy,Txp,,Tc*) <
lim_J (F, (T2, Tx41,7¢7), D3G5, G2}, G¢)) DG G, Ge*) = 0
For this reason,D} (Gc*,Gc*,Tc*) = 0, this mean Gc* € Tc¢*. Hence T and G contain a point of

coincidence, that is, c*.
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Currently we confirm uniqueness of this point of coincidence. Presume on the opposing that there
exists one more ¢ (s. t), G¢" € T¢" but ¢ # Gc* . Utilizing inequality (4.1) and our supposition,
obtain

Dy(Ge",Ge",Ge™) < Hp (T, Te", Ter) <

JHp (Tc", 7", Te*),Dy(Ge",Ge",Ge*)) Dy(Ge™, Ge™, Ge*)
Since, }[D;(TCA,TCA,TC*) >0& D;(QCA,QCA,QC*) > 0, consequently
J(Hp (Te", T, Te*),Dy(Ge", Ge",Ge™)) < 1.
Therefore we obtain
Di(Ge".Ge" Ge*) <Dg(Ge",Ge",Ge"),
This is contradicts to the fact ¢" # Gc* . Consequently, G¢* = Gc*. In sight of
Hop:(Te",Te",Te*) < J(Hp, (Te", T, Te*), Dy(Ge", Ge", Ge*)Dy(Ge", Ge", Ge*) = 0,

This implies T¢" = T'¢*. As aresult, T and G contain unique point of coincidence. Presume G and
T (W.C.M). Through utilizing Proposition 2.14, obtain G and 7" contain unique (C.E.P).
Theorem 4.4:Let T: X — CB(X) be multi-valued map with self-map G: X — X in D;-symmetric
space (X, D). For arbitrary x* € X,Tx* € G(X) and G(X) is D}-complete sub-space of X, (s. t)
Hop: (Tx*,Ty', Tz*) < $(Dy(Gx*,Gy*,G5%)),Vx*, 4, " € X, where

Y(g)

P:R* — [0,1) is a mapping (s. t), P(g) < g with lim+ sup—_~ <1, thus G and 7 contain a point
a-p

of coincidence in X. Additionally, if presume that Gc* € Tc* and Gc" € Tc¢" implies
Dy(Ge",Ge",Ge*) < Hopy (Tc",Tc",Te*), in that case

(4) G & T contain unique point of coincidence;

(i) If G & T (W.C.M), so G & T have unique (C.F.P).

@)
9

Proof: Via putting J(p,g) = in Theorem 4.3, the proof follows by similar way.

Definition 4.5: [29] A mapping ¥:R* — R*is called weak lower semi-continuity if the next
condition hold for each bounded sequence{ps} c (0, +):

(W-1) lsi_rp00 infY{ps} > 0.

Remark 4.6: We will indicate via I' for the collection of all maps ¥:R* — R™* gratifying the
condition (W-1) above.

Theorem 4.7:Let T:X — CB(X) be multi-valued map with a self-map G:X — X in Dj-
symmetric (X, D}). For arbitrary x* € X,Tx* € G(X) with G(X) is D}-complete sub-space (s. t),
Hop: (Tx*,Ty', Tz*) < Dy(Gx", Gy", Gz") — W(D1(Gx",Gy",G57)), V2", 4", 5" € X,
Where, ¥:R* — R* is (s. t), ¥(0) =0,¥(g) <q with Y €T, so G and T contain a point of
coincidence in X. Additionally, if presume Gc* € Tc¢* & Gc" € T¢” implies D;( Ge",Ge",Ge*) <

Hp: (Te",Te", Tc*), in that case

(1) G & T contain unique point of coincidence;



Int. J. Anal. Appl. (2026), 24:190 13

(i) If G and T (W.C.M), therefore G & 7" have unique (C.F.P).

Proof: Describe, J(p,q) = %@,V #,6 > 0. As for each bounded sequence {ps} c (0, +o0),

obtain lim infW(ps) > 0, as a result lim inf ¥@s) > 0, consequently
S—00

s— Ps
: Ps—P@Ps)\ _ 1 . ¥ (ps)
slir?o sup (—% ) =1 éll{)lo mf—;)S <0.

This demonstrates ;J € V. Furthermore
}[D;(T x*'T %*'T Z*) < J(}[D;(T X*.T’%*.TZ*):DZ(Q x*’g’éﬁ*rg Z*),DZ(Q X*,g /L/’*!gz*)/

Consequently via Theorem 4.3, we obtain § and 7" contain unique (C.E.P).

5. Some Applications of Non-Liner Integral Equations in D-Symmetric Spaces
This segment devoted to illustrate that there is a solution to the next structure of nonlinear
integral equation by using our main outcomes of Corollary 3.3 in D-symmetric (X, Dy). In this

part, our major outcomes are extending and improving to that of [13].
k
p@&) = [ FHEMTF(n,p(n)dn, L € [k, k] (5.1)

Assume, X = (C[ kq,k,], R) indicate the collection of each continuous maps from [k4,k;,] toR.
Describe 7: X’ — X through

Tp() = [ HEn)F(n,p(n)) dn, € € [k; k] (5.2)
Theorem 5.1: Consideration equation (5.1) and presume the next conditions hold:
(4) H: [kq, k] % [k, k] — R* is a continuous map;
(i4) §: [k1, k] X R — R, such that & is continuous map;

(iid) (dNAX flzz H,n)dn < e ?? for some 9 € (0, 0);

(iv) V p(n),q(n) € X,n € [ky,k,], obtain |F(n, p(n)) — §F(n, g(n))| < |p(n) — g(n)|.
In that case, equation-(5.1) has a solution.
Proof: Assume X & T are described above. V¥ p, g, w”* € X describe the D;-symmetric on X via
Dy(p.a,w™) =d(p,q) + d(g,w*) +d(p,w"), where
d(p.q) = sup [p(?)—g(£)

e[k ky

Obviously, (X, D) is Dj-complete symmetric space, since (X, d) is complete symmetric space.

Currently, presume p(¥), g(£) € X, so utilizing Theorem 5.2, parts (ii1)&(v1), get

|Tp(£) = Tq(0)| =

k,
fk (e, [, p(n)) — F(m, ()] dn

k,
< . H(¢, n)|‘{y(fn,p(/n)) — %(fn, q,(fn))| an

k;
= . HE,n)pn) —gn)|dn
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ky
<| HEn) sup [pn)-gn)ldn
kl ne klrkZ
ky
= sup |[p()—qg@)|| HEn)dn
{)e[klrkz] kl
<e® sup |p(®)—q®)l.
2€[kq,k;]
Therefore,
sup |Tp(£) —Tqg@®)| <e™? sup [p®) — g (5.3)
£€[kq,k;] 2€[kq .k, ]
Likewise, obtain
sup |Tg(®) —Tw*(£)| < e ?® sup |g(£) —w*(£)| (5.3)
£€[kq,k;] £€[kq,k;]
And
sup [Tp() —Tw ()| <e™? sup |p(€) —w*(@) (5.5)
2€[kq,kz] €[k ,k,]

Consequently, utilizing inequalities (5.3), (5.4) and (5.5), we get
sup [Tp(f) =Tq®)|+ sup [Tg(€) —Tw (O] + sup [Tp(f) —Tw(0)]

£€[ky,kz] 2€[kq,k;] 2€[kq,k,]

<e | sup [p(®)—q@®l+ sup |g(®) —w (Dl+ sup |p&)—w (@)

£€[ky K, £e[ky k; Le[ky Ky

This implies
Di(Tp,Tq,Tw*) <e D5 (p,q,w™).
Consequently,
In(D;(Tp,Tq,Tw*)) <In(D;(p, g w")) —29
And as a result
In(D;(Tp,Tq,Tw))+29 <In(D;(p, g w")).

Currently, we have the next fact:
§D,(Tp.Tq,Tw™)) + 29 <¢(Dy(p, g, w?)) is gratified for §(Q) = In(Q),V Q € XL
For that reason, each conditions of Corollary 3.3, are gratified. Consequently from Corollary 3.3,
T has fixed point which is solution for equation (5. 1).
Next, discuss the next example which is extending to that of [13], explains validity of Theo-5.1.

Example 5.2: Suppose, X = (C[ In(2), In(3)], R),so the next integral equation has solution of X.

p(&) = [ 1) cosh(ne) p(n)dn, £ € [In(2), In(3)] (5.6)

Proof: Assume, T: X — X is described below:

In(3)

Tp(®) = Jl. » cosh(n?) p(n)dn, £ € [In(2),In(3)]
n(2),

Via putting, # (£,n) = cosh(nf) ,F(n,£) = £, with 9 > % in Theorem 5.1, obtain that:
(4) A map H (£, n)continuous on [In(2),In(3)] x [In(2),In(3)];
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(i1) F(n, £)continuous on [In(2), In(3)] X R, v~ € [ In(2), In(3)];

(iid) sinh(In(3*)) —sinh(In(2%))
£€[In(2),1n(3)] ?
3¢—3t—2f427¢ 7
- {’e[lnr(régi,)l(n(@] 2 < E =e

(i) V p(n),qg(n) € X it's apparent that condition (iv) in Theorem 5.1, is gratified. As a result,

In(3) _
{E[lnr(rg)l(n@] fln(z), cosh(n)dn =

each cases of Theorem 5.1, gratified, therefore the map 7" has fixed point, which solution for

equation (5.6).

6. Conclusion

The fixed point theory has developed and diversified over the decades, to include various
extensions and fruitful applications in numerous fields of pure and applied mathematics, moreover other
sciences such as, control theory, physics, computer sciences and telecommunication optimization
problems, making it a cornerstone of topological spaces and mathematical analysis. Therefore, in our
manuscript novel notions of extended contractions have been introduced to verify the uniqueness of
various extended categories of coincidence and common fixed point theorems for multi-valued maps in
the context of complete D;-Symmetric spaces. Additionally, some practical implementations of the
existence fixed point as a solution for certain non-linear integral equations have been demonstrated. As
well, our proposed outcomes are developing various recognized analogous outcomes related to these
categories of coincidence and common fixed point theorems existing in the literature. We anticipate that
the discoveries in this manuscript will aid scientists in enhancing the authors on popularized extended
metric spaces in order to elevate a general framework for their practical implementations in all advanced

branches of pure and applied mathematics additionally other sciences.
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