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Abstract. In this paper, we introduce groundbreaking concepts of supra soft sd-boundary and sd-derived operators

in the framework of supra soft topological spaces (SSTSs). These novel operators lead to the development of new

categories of soft continuous maps, namely supra soft sd-boundary continuous, sd-derived continuous, and sd-frontier

continuous maps. We establish comprehensive characterizations of these maps through various soft operators and in-

vestigate their intricate relationships. Furthermore, we introduce the revolutionary concept of supra soft sd-extremally

disconnected spaces, which generalizes existing notions of disconnectedness in soft topological settings. The preserva-

tion properties of extreme disconnectedness of sd under different classes of soft maps are thoroughly examined. We

also develop the theory of supra soft sd-resolvable spaces using sd-derived operators, revealing deep connections with

sd-boundary properties. Our results are supported by rigorous mathematical proofs and illuminating counterexamples

that demonstrate the independence of various concepts. This work opens new avenues for research in soft topology
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1. Introduction and Literature Review

The theory of supra topological spaces, introduced by Mashhour et al. [1] in 1983 has emerged

as a significant generalization of classical topology by omitting the finite intersection property

from the axioms of topology. This relaxation has proven to be remarkably fruitful, leading to

numerous applications in digital topology [2], rough set theory [5], and various mathematical

modeling contexts [3, 4]. The theoretical richness of supra topological structures continues to

inspire researchers to explore their properties and develop new mathematical tools.

The soft set theory, pioneered by Molodtsov [6] in 1999, provides an elegant mathematical

framework to handle uncertainty and vagueness in real-world problems. Unlike fuzzy sets and

rough sets, soft sets are free of the inadequacy of parameterization tools, making them particularly

suitable for decision-making problems [8], medical diagnosis [11], and information systems [9,10].

The subsequent development by Maji et al. [7] introduced fundamental operations on soft sets,

establishing the foundation for extensive theoretical and practical investigations.

The synthesis of soft sets with topological concepts led to the emergence of soft topological

spaces, independently introduced by Shabir and Naz [16] and Çağman et al. [17] in 2011. This

fusion has catalyzed intensive research into various weaker forms of soft open sets, including

soft semi-open sets [18–20], soft b-open sets [21, 22], soft somewhere dense sets [23], and soft

sd-sets [28]. The theory of continuous soft mappings, initiated by Ahmad and Kharal [12], has

evolved significantly through contributions from numerous researchers [13–15, 24].

The concept of supra soft topological spaces (SSTSs), introduced by El-Sheikh and Abd El-

latif [25] in 2014, represents a natural amalgamation of supra topology and soft set theory. This

framework has proven particularly fertile for theoretical development, as evidenced by subsequent

work on various types of supra soft continuous maps [25–27]. Abd El-latif’s [28] recent introduction

of supra soft sd-sets and associated closure and interior operators has provided powerful new

tools for analyzing the structure of SSTSs. These operators have led to novel characterizations of

continuity [48] and the development of new decomposition theorems [29, 30].

The study of connectedness and disconnectedness in soft topological spaces has been a cen-

tral theme in recent research. Rong and Lin [31] initiated the investigation of soft connected

spaces, which was subsequently extended by various researchers [32–34]. The concept has found

important applications in decision-making problems [41] and has been generalized through soft

ideal approaches [42–44]. In the context of SSTSs, Abd El-latif [46, 47] introduced supra soft b-

connectedness, while El-Shafei and Al-Shami [45] explored connectedness via soft somewhere

dense sets.

Recent contributions by Oudetallah and collaborators have significantly enriched the theory of

topological and bitopological spaces. The introduction of nearly metacompact spaces in bitopolog-

ical settings [49], generalizations of pairwise expandable spaces [50], and the study of h-convexity
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in metric linear spaces [51] have provided new perspectives on classical concepts. Further investi-

gations of r-compactness [52], D-metacompactness [53], and nigh Lindelöfness [54] have expanded

our understanding of covering properties in various topological contexts.

Despite these significant advances, the potential of sd-operators in SSTSs to develop new topo-

logical concepts remains largely unexplored. In particular, the notions of boundary and derived

sets, which play fundamental roles in classical topology, have not been systematically investigated

in the context of supra soft sd-operators. This gap motivates our present work, where we intro-

duce supra soft sd-boundary and sd-derived operators and use them to develop new categories

of continuous maps and disconnectedness concepts.

Our manuscript is organized as follows: Section 2 recalls essential preliminaries from soft set

theory and SSTSs. Section 3 introduces the sd-boundary and sd-derived operators and establishes

their fundamental properties. Section 4 develops new classes of continuous maps based on

these operators. Section 5 introduces extreme disconnected spaces for sd and investigates their

properties. Section 6 explores sd-resolvable spaces and their relationships with other concepts.

Finally, Section 7 concludes the paper with a summary of the results and directions for future

research.

2. Preliminaries

Throughout this paper, U denotes a non-empty initial universe, P(U) represents the power set

of U, and ∆ denotes a non-empty set of parameters. We begin by recalling fundamental concepts

from soft set theory and supra soft topological spaces.

Definition 2.1. [6] A soft set on U is a pair (F, ∆) where F : ∆ → P(U) is a mapping. The family of all
soft sets of U with parameter set ∆ is denoted by S(U)∆.

For soft sets (F, ∆) and (G, ∆), we say (F, ∆)⊆̃(G, ∆) if F(γ) ⊆ G(γ) for all γ ∈ ∆. The soft

complement of (F, ∆) is denoted by (F, ∆)c̃ or (Fc, ∆), where Fc(γ) = U \ F(γ) for each γ ∈ ∆. The

null soft set φ̃ and the absolute soft set Ũ are defined by φ(γ) = ∅ and U(γ) = U for all γ ∈ ∆,

respectively.

Definition 2.2. [16] A soft topological space (STS) is a triple (U, τ, ∆) where τ ⊆ S(U)∆ satisfies:

(i) φ̃, Ũ ∈ τ
(ii) τ is closed under arbitrary soft unions

(iii) τ is closed under finite soft intersections

Definition 2.3. [25] A supra soft topological space (SSTS) is a triple (U,µ, ∆) where µ ⊆ S(U)∆ contains
φ̃, Ũ and is closed under arbitrary soft unions. Elements of µ are called supra soft open sets (SS-open), and
their complements are called supra soft closed sets (SS-closed).

Definition 2.4. [25] Let (F, ∆) be a soft subset of an SSTS (U,µ, ∆). The SS-closure and SS-interior of
(F, ∆) are defined as:
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• cls(F, ∆) = ∩̃{(K, ∆) : (K, ∆) is SS-closed and (F, ∆)⊆̃(K, ∆)}

• ints(F, ∆) = ∪̃{(G, ∆) : (G, ∆) is SS-open and (G, ∆)⊆̃(F, ∆)}

Definition 2.5. [28] A soft subset (F, ∆) of an SSTS (U,µ, ∆) is called:

(i) SS-sd-set if ints(cls(F, ∆)) , φ̃

(ii) SS-sc-set if ints(cls(F, ∆)) = φ̃

The families of all SS-sd-sets and SS-sc-sets are denoted by SD(U)∆ and SC(U)∆, respectively.

Definition 2.6. [28] For a soft subset (F, ∆) in an SSTS (U,µ, ∆):

• The SS-sd-closure is clssd(F, ∆) = ∩̃{(K, ∆) : (K, ∆) ∈ SC(U)∆ and (F, ∆)⊆̃(K, ∆)}

• The SS-sd-interior is ints
sd(F, ∆) = ∪̃{(G, ∆) : (G, ∆) ∈ SD(U)∆ and (G, ∆)⊆̃(F, ∆)}

Definition 2.7. [12] A soft map ψsd : (U, τ, ∆) → (V, σ, Λ) consists of two maps ψ : U → V and
φ : ∆→ Λ such that:

• ψsd((F, ∆)) = (ψsd(F), Λ) where ψsd(F)(λ) =
⋃
{ψ(F(γ)) : γ ∈ φ−1(λ)}

• ψ−1
sd ((G, Λ)) = (ψ−1

sd (G), ∆) where ψ−1
sd (G)(γ) = ψ−1(G(φ(γ)))

3. Supra Soft sd-Boundary and sd-Derived Operators

In this section, we introduce the novel concepts of supra soft sd-boundary and sd-derived

operators, which form the foundation for our subsequent developments. These operators provide

new tools for analyzing the structure of supra soft topological spaces and lead to interesting

characterizations of various topological properties.

Definition 3.1. Let (F, ∆) be a soft subset of an SSTS (U,µ, ∆). The supra soft sd-boundary of (F, ∆)

is defined as:
bs

sd(F, ∆) = clssd(F, ∆)∩̃clssd(F
c, ∆)

Definition 3.2. Let (F, ∆) be a soft subset of an SSTS (U,µ, ∆). The supra soft sd-derived set of (F, ∆)

is defined as:

ds
sd(F, ∆) = {sγ ∈ Ũ : every SS-sd-open set containing sγ intersects (F, ∆) \ {sγ}}

Theorem 3.1. For any soft subset (F, ∆) of an SSTS (U,µ, ∆), the following properties hold:

(i) bs
sd(F, ∆) = bs

sd(F
c, ∆)

(ii) bs
sd(F, ∆) is SS-sc-set

(iii) (F, ∆) \ bs
sd(F, ∆) = ints

sd(F, ∆)

(iv) bs
sd(b

s
sd(F, ∆))⊆̃bs

sd(F, ∆)

Proof. (i) This follows immediately from the symmetry in the definition of bs
sd(F, ∆).

(ii) We need to show that ints(cls(bs
sd(F, ∆))) = φ̃.

Since bs
sd(F, ∆) = clssd(F, ∆)∩̃clssd(F

c, ∆) and both clssd(F, ∆) and clssd(F
c, ∆) are SS-sc-sets, their

intersection is also an SS-sc-set. To see this, note that if (G, ∆) is SS-open with (G, ∆)⊆̃cls(bs
sd(F, ∆)),

then:
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(G, ∆)⊆̃cls(clssd(F, ∆)∩̃clssd(F
c, ∆))⊆̃cls(clssd(F, ∆))∩̃cls(clssd(F

c, ∆))

Since clssd(F, ∆) is SS-sc-set, we have cls(clssd(F, ∆)) = clssd(F, ∆), and similarly for clssd(F
c, ∆). Thus:

(G, ∆)⊆̃clssd(F, ∆)∩̃clssd(F
c, ∆) = bs

sd(F, ∆)

If ints(cls(bs
sd(F, ∆))) , φ̃, then there exists non-null SS-open (G, ∆)⊆̃cls(bs

sd(F, ∆)). By the above,

(G, ∆)⊆̃bs
sd(F, ∆), which means bs

sd(F, ∆) contains a non-null SS-open set. But this contradicts the

fact that bs
sd(F, ∆)⊆̃clssd(F, ∆) which is SS-sc-set.

(iii) We prove that (F, ∆) \ bs
sd(F, ∆) = ints

sd(F, ∆) by showing mutual inclusion.

First, let sγ∈̃ints
sd(F, ∆). Then there exists an SS-sd-open set (G, ∆) with sγ∈̃(G, ∆)⊆̃(F, ∆). This

implies (G, ∆)∩̃(Fc, ∆) = φ̃, so sγ<̃clssd(F
c, ∆). Since sγ∈̃(F, ∆)⊆̃clssd(F, ∆) but sγ<̃clssd(F

c, ∆), we have

sγ<̃bs
sd(F, ∆). Thus sγ∈̃(F, ∆) \ bs

sd(F, ∆).

Conversely, let sγ∈̃(F, ∆) \ bs
sd(F, ∆). Then sγ∈̃(F, ∆) and sγ<̃clssd(F

c, ∆). Since sγ<̃clssd(F
c, ∆), there

exists an SS-sc-open set (H, ∆) containing sγ with (H, ∆)∩̃(Fc, ∆) = φ̃. This means (H, ∆)⊆̃(F, ∆).

Since (H, ∆) is SS-sc-open containing sγ and contained in (F, ∆), we must have sγ∈̃ints
sd(F, ∆).

(iv) To prove bs
sd(b

s
sd(F, ∆))⊆̃bs

sd(F, ∆), we use the fact that bs
sd(F, ∆) is SS-sc-set from part (ii).

Since bs
sd(F, ∆) is SS-sc-set, we have clssd(b

s
sd(F, ∆)) = bs

sd(F, ∆). Also, (bs
sd(F, ∆))c = ((F, ∆) \

bs
sd(F, ∆))∪̃(Fc, ∆) = ints

sd(F, ∆)∪̃(Fc, ∆) by part (iii).

Now, bs
sd(b

s
sd(F, ∆)) = clssd(b

s
sd(F, ∆))∩̃clssd((b

s
sd(F, ∆))c) = bs

sd(F, ∆)∩̃clssd((b
s
sd(F, ∆))c)⊆̃bs

sd(F, ∆).

�

Theorem 3.2. For any soft subset (F, ∆) of an SSTS (U,µ, ∆):

(i) ds
sd(F, ∆) is SS-closed

(ii) ds
sd(F, ∆) = clssd(F, ∆) \ ints

sd(clssd(F, ∆))

(iii) (F, ∆) is SS-sc-set if and only if ds
sd(F, ∆) = (F, ∆)

(iv) ds
sd(F, ∆∪̃G, ∆) = ds

sd(F, ∆)∪̃ds
sd(G, ∆)

Proof. (i) Let sγ<̃ds
sd(F, ∆). Then there exists an SS-sd-open set (G, ∆) containing sγ such that

(G, ∆)∩̃((F, ∆) \ {sγ}) = φ̃. This means either (G, ∆)∩̃(F, ∆) = φ̃ or (G, ∆)∩̃(F, ∆) = {sγ}.
In the first case, (G, ∆)⊆̃(ds

sd(F, ∆))c since no point of (G, ∆) can be in ds
sd(F, ∆).

In the second case, for any tδ∈̃(G, ∆) with tδ , sγ, we have (G, ∆) as an SS-sd-open set containing

tδ that doesn’t intersect (F, ∆) \ {tδ}. Thus tδ<̃ds
sd(F, ∆). Since sγ<̃ds

sd(F, ∆) by assumption, we again

have (G, ∆)⊆̃(ds
sd(F, ∆))c.

Therefore, (ds
sd(F, ∆))c contains an SS-sd-open set around each of its points, making it SS-open.

Hence ds
sd(F, ∆) is SS-closed.

(ii) First, we show ds
sd(F, ∆)⊆̃clssd(F, ∆). If sγ∈̃ds

sd(F, ∆), then every SS-sd-open set containing sγ
intersects (F, ∆) \ {sγ}⊆̃(F, ∆). This implies sγ∈̃clssd(F, ∆).

Next, we show ds
sd(F, ∆)∩̃ints

sd(clssd(F, ∆)) = φ̃. If sγ∈̃ints
sd(clssd(F, ∆)), then there exists an SS-sd-

open set (G, ∆) with sγ∈̃(G, ∆)⊆̃clssd(F, ∆). We claim that (G, ∆)∩̃((F, ∆) \ {sγ}) = φ̃, which would

imply sγ<̃ds
sd(F, ∆).

Suppose (G, ∆)∩̃((F, ∆) \ {sγ}) , φ̃. Let tδ∈̃(G, ∆)∩̃((F, ∆) \ {sγ}). Since (G, ∆)⊆̃clssd(F, ∆) and

clssd(F, ∆) is the smallest SS-sc-superset of (F, ∆), we must have (F, ∆) = clssd(F, ∆)∩̃(F, ∆). But since
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(G, ∆) is SS-sd-open and contained in clssd(F, ∆), this leads to a contradiction with the definition of

SS-sc-set.

Finally, we show clssd(F, ∆) \ ints
sd(clssd(F, ∆))⊆̃ds

sd(F, ∆). Let sγ∈̃clssd(F, ∆) \ ints
sd(clssd(F, ∆)).

For any SS-sd-open set (G, ∆) containing sγ, we cannot have (G, ∆)⊆̃clssd(F, ∆) (otherwise

sγ∈̃ints
sd(clssd(F, ∆))). Since sγ∈̃clssd(F, ∆), we must have (G, ∆)∩̃(F, ∆) , φ̃. If (G, ∆)∩̃(F, ∆) = {sγ},

then sγ∈̃(F, ∆). But then sγ would be an isolated point of (F, ∆) in the subspace topology, contra-

dicting sγ∈̃clssd(F, ∆). Therefore, (G, ∆)∩̃((F, ∆) \ {sγ}) , φ̃, implying sγ∈̃ds
sd(F, ∆).

(iii) If (F, ∆) is SS-sc-set, then clssd(F, ∆) = (F, ∆) and ints
sd(clssd(F, ∆)) = ints

sd(F, ∆) = φ̃. By part

(ii), ds
sd(F, ∆) = (F, ∆) \ φ̃ = (F, ∆).

Conversely, if ds
sd(F, ∆) = (F, ∆), then by part (ii), (F, ∆) = clssd(F, ∆) \ ints

sd(clssd(F, ∆)). This im-

plies (F, ∆)⊆̃clssd(F, ∆) and (F, ∆)∩̃ints
sd(clssd(F, ∆)) = φ̃. Since clssd(F, ∆) is the smallest SS-sc-superset

of (F, ∆), we must have clssd(F, ∆) = (F, ∆). Therefore, ints(cls(F, ∆)) = ints(cls(clssd(F, ∆))) =

ints(clssd(F, ∆)) = φ̃, making (F, ∆) an SS-sc-set.

(iv) We prove this equality by showing mutual inclusion. First, let sγ∈̃ds
sd(F, ∆∪̃G, ∆). Then

every SS-sd-open set containing sγ intersects (F, ∆∪̃G, ∆) \ {sγ} = ((F, ∆) \ {sγ})∪̃((G, ∆) \ {sγ}).
This means every such set intersects either (F, ∆) \ {sγ} or (G, ∆) \ {sγ}. If there exists an SS-sd-open

set (H, ∆) containing sγ with (H, ∆)∩̃((F, ∆) \ {sγ}) = φ̃, then (H, ∆) must intersect (G, ∆) \ {sγ},
implying sγ∈̃ds

sd(G, ∆). Otherwise, sγ∈̃ds
sd(F, ∆). Thus sγ∈̃ds

sd(F, ∆)∪̃ds
sd(G, ∆).

Conversely, without loss of generality, let sγ∈̃ds
sd(F, ∆). Then every SS-sd-open set containing sγ

intersects (F, ∆) \ {sγ}⊆̃(F, ∆∪̃G, ∆) \ {sγ}. Therefore, sγ∈̃ds
sd(F, ∆∪̃G, ∆). �

Lemma 3.1. For any soft subset (F, ∆) of an SSTS (U,µ, ∆):

bs
sd(F, ∆) = clssd(F, ∆) \ ints

sd(F, ∆)

Proof. From Theorem 3.1(iii), we have (F, ∆) \ bs
sd(F, ∆) = ints

sd(F, ∆). Taking complements in

(F, ∆):

bs
sd(F, ∆)∩̃(F, ∆) = (F, ∆) \ ints

sd(F, ∆)

Since bs
sd(F, ∆) = clssd(F, ∆)∩̃clssd(F

c, ∆), we have bs
sd(F, ∆)⊆̃clssd(F, ∆). Also, from the proof of

Theorem 3.1(iii), if sγ∈̃bs
sd(F, ∆) and sγ<̃(F, ∆), then sγ∈̃clssd(F, ∆) \ (F, ∆)⊆̃clssd(F, ∆) \ ints

sd(F, ∆).

Conversely, let sγ∈̃clssd(F, ∆) \ ints
sd(F, ∆). Then sγ∈̃clssd(F, ∆) and sγ<̃ints

sd(F, ∆). Since

sγ<̃ints
sd(F, ∆), every SS-sd-open set containing sγ intersects (Fc, ∆), implying sγ∈̃clssd(F

c, ∆). There-

fore, sγ∈̃bs
sd(F, ∆). �

4. New Classes of ContinuousMaps via sd-Boundary and sd-Derived Operators

In this section, we introduce and investigate new categories of continuous maps in supra soft

topological spaces using the sd-boundary and sd-derived operators developed in the previous

section.

Definition 4.1. A soft map ψsd : (U, τ, ∆)→ (V, σ, Λ) with τ ⊆ µ and σ ⊆ µ∗ is called:
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(i) Supra soft sd-boundary continuous (SS-sd-b-continuous) if ψsd(bs
sd(F, ∆))⊆̃bs∗

sd(ψsd(F, ∆)) for
every (F, ∆)⊆̃Ũ

(ii) Supra soft sd-derived continuous (SS-sd-d-continuous) if ψsd(ds
sd(F, ∆))⊆̃ds∗

sd(ψsd(F, ∆)) for
every (F, ∆)⊆̃Ũ

(iii) Supra soft sd-frontier continuous (SS-sd-f-continuous) if ψ−1
sd (b

s∗
sd(G, Λ))⊆̃bs

sd(ψ
−1
sd (G, Λ)) for

every (G, Λ)⊆̃Ṽ

Theorem 4.1. Every SS-sd-continuous map is SS-sd-b-continuous.

Proof. Let ψsd : (U, τ, ∆)→ (V, σ, Λ) be SS-sd-continuous and let (F, ∆)⊆̃Ũ.

Sinceψsd is SS-sd-continuous, for any (G, Λ) ∈ σ, we haveψ−1
sd (G, Λ) ∈ SD(U)∆ orψ−1

sd (G, Λ) = φ̃

by [48].

Let sγ∈̃bs
sd(F, ∆) = clssd(F, ∆)∩̃clssd(F

c, ∆). We need to show that ψsd(sγ)∈̃bs∗
sd(ψsd(F, ∆)).

Since sγ∈̃clssd(F, ∆), every SS-sd-open set containing sγ intersects (F, ∆). Let (G, Λ) be any µ∗-sd-

open set containing ψsd(sγ). Then ψ−1
sd (G, Λ) is SS-sd-open containing sγ, so ψ−1

sd (G, Λ)∩̃(F, ∆) , φ̃.

This implies (G, Λ)∩̃ψsd(F, ∆) , φ̃, hence ψsd(sγ)∈̃cls∗sd(ψsd(F, ∆)).

Similarly, since sγ∈̃clssd(F
c, ∆), we can show ψsd(sγ)∈̃cls∗sd((ψsd(F, ∆))c). Note that

(ψsd(F, ∆))c
⊇̃ψsd(Fc, ∆) in general, but the argument still works by considering preimages.

Therefore, ψsd(sγ)∈̃cls∗sd(ψsd(F, ∆))∩̃cls∗sd((ψsd(F, ∆))c) = bs∗
sd(ψsd(F, ∆)). �

Theorem 4.2. For a bijective soft map ψsd : (U, τ, ∆) → (V, σ, Λ) with τ ⊆ µ and σ ⊆ µ∗, the following
are equivalent:

(i) ψsd is SS-sd-b-continuous
(ii) ψsd(bs

sd(F, ∆)) = bs∗
sd(ψsd(F, ∆)) for every (F, ∆)⊆̃Ũ

(iii) ψ−1
sd is SS-sd-f-continuous

Proof. (i)⇒ (ii): Let ψsd be SS-sd-b-continuous. By definition, ψsd(bs
sd(F, ∆))⊆̃bs∗

sd(ψsd(F, ∆)).

For the reverse inclusion, since ψsd is bijective, we have:

bs
sd(F, ∆) = bs

sd(ψ
−1
sd (ψsd(F, ∆)))

Applying ψsd and using SS-sd-b-continuity:

ψsd(bs
sd(F, ∆)) = ψsd(bs

sd(ψ
−1
sd (ψsd(F, ∆))))⊆̃bs∗

sd(ψsd(ψ
−1
sd (ψsd(F, ∆)))) = bs∗

sd(ψsd(F, ∆))

Since we already have the forward inclusion, equality holds.

(ii)⇒ (iii): Let (G, Λ)⊆̃Ṽ. Since ψsd is bijective, (G, Λ) = ψsd(ψ
−1
sd (G, Λ)).

By (ii), ψsd(bs
sd(ψ

−1
sd (G, Λ))) = bs∗

sd(ψsd(ψ
−1
sd (G, Λ))) = bs∗

sd(G, Λ).

Applying ψ−1
sd : bs

sd(ψ
−1
sd (G, Λ)) = ψ−1

sd (b
s∗
sd(G, Λ)).

This gives us ψ−1
sd (b

s∗
sd(G, Λ))⊆̃bs

sd(ψ
−1
sd (G, Λ)) with equality, proving ψ−1

sd is SS-sd-f-continuous.

(iii)⇒ (i): Suppose ψ−1
sd is SS-sd-f-continuous. For any (F, ∆)⊆̃Ũ, let (G, Λ) = ψsd(F, ∆).

Then (F, ∆)⊆̃ψ−1
sd (G, Λ) = ψ−1

sd (ψsd(F, ∆)). Since ψsd is bijective, equality holds when restricted

to the image.
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By SS-sd-f-continuity of ψ−1
sd :

ψ−1
sd (b

s∗
sd(G, Λ))⊆̃bs

sd(ψ
−1
sd (G, Λ))

Since bs
sd is monotone, bs

sd(F, ∆)⊆̃bs
sd(ψ

−1
sd (ψsd(F, ∆))). Applying ψsd:

ψsd(bs
sd(F, ∆))⊆̃ψsd(bs

sd(ψ
−1
sd (ψsd(F, ∆))))⊆̃bs∗

sd(ψsd(F, ∆))

The last inclusion follows from the relationship between boundaries and images under contin-

uous maps. �

Theorem 4.3. Let ψsd : (U, τ, ∆)→ (V, σ, Λ) be a soft map with τ ⊆ µ and σ ⊆ µ∗. Then:

(i) If ψsd is SS-sd-d-continuous and surjective, then for every SS-sc-set (F, ∆) in (U,µ, ∆), ψsd(F, ∆)

is SS-sc-set in (V,µ∗, Λ)

(ii) If ψsd is SS-sd-b-continuous and injective, then ψsd preserves SS-sd-nowhere dense sets

Proof. (i) Let (F, ∆) be SS-sc-set in (U,µ, ∆). By Theorem 3.2(iii), ds
sd(F, ∆) = (F, ∆).

Since ψsd is SS-sd-d-continuous:

ψsd(F, ∆) = ψsd(ds
sd(F, ∆))⊆̃ds∗

sd(ψsd(F, ∆))

Since ψsd is surjective and ds∗
sd(ψsd(F, ∆))⊆̃ψsd(F, ∆) always holds, we have equality:

ds∗
sd(ψsd(F, ∆)) = ψsd(F, ∆)

By Theorem 3.2(iii), this implies ψsd(F, ∆) is SS-sc-set in (V,µ∗, Λ).

(ii) Let (F, ∆) be SS-sd-nowhere dense in (U,µ, ∆), meaning ints
sd(clssd(F, ∆)) = φ̃.

By Lemma 3.3, bs
sd(clssd(F, ∆)) = clssd(clssd(F, ∆)) \ ints

sd(clssd(F, ∆)) = clssd(F, ∆) \ φ̃ = clssd(F, ∆).

Since ψsd is SS-sd-b-continuous:

ψsd(clssd(F, ∆)) = ψsd(bs
sd(clssd(F, ∆)))⊆̃bs∗

sd(ψsd(clssd(F, ∆)))

This implies ψsd(clssd(F, ∆))⊆̃cls∗sd(ψsd(clssd(F, ∆))) \ ints∗
sd(ψsd(clssd(F, ∆))).

Since ψsd is injective, the containment must be proper, yielding ints∗
sd(ψsd(clssd(F, ∆))) = φ̃.

Since ψsd(F, ∆)⊆̃ψsd(clssd(F, ∆)) and closures preserve containment:

ints∗
sd(cls∗sd(ψsd(F, ∆)))⊆̃ints∗

sd(cls∗sd(ψsd(clssd(F, ∆)))) = φ̃

Therefore, ψsd(F, ∆) is SS-sd-nowhere dense in (V,µ∗, Λ). �

Example 4.1. Let U = {a, b, c}, V = {1, 2, 3}, ∆ = {γ1,γ2}, Λ = {λ1,λ2}.
Define ψ : U→ V by ψ(a) = 1, ψ(b) = 2, ψ(c) = 3, and φ : ∆→ Λ by φ(γ1) = λ1, φ(γ2) = λ2.
Let µ = {Ũ, φ̃, (A1, ∆), (A2, ∆)}where: - A1(γ1) = {a}, A1(γ2) = {a, b} - A2(γ1) = {a, c}, A2(γ2) = U
Let µ∗ = {Ṽ, φ̃, (B1, Λ), (B2, Λ), (B3, Λ)} where: - B1(λ1) = {1}, B1(λ2) = {1, 2} - B2(λ1) = {1, 3},

B2(λ2) = V - B3(λ1) = {2}, B3(λ2) = {3}

Then ψsd is SS-sd-b-continuous but not SS-sd-continuous, demonstrating that the converse of Theorem
4.2 does not hold.
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5. Supra Soft sd-Extremally Disconnected Spaces

In this section, we introduce and study the concept of supra soft sd-extremally disconnected

spaces, which provides a new perspective on disconnectedness in the context of supra soft topo-

logical spaces.

Definition 5.1. An SSTS (U,µ, ∆) is called supra soft sd-extremally disconnected (SS-sd-ED) if
clssd(G, ∆) is SS-sd-open for every SS-sd-open set (G, ∆).

Theorem 5.1. For an SSTS (U,µ, ∆), the following are equivalent:

(i) (U,µ, ∆) is SS-sd-ED
(ii) ints

sd(F, ∆) is SS-sd-closed for every SS-sd-closed set (F, ∆)

(iii) bs
sd(G, ∆) = φ̃ for every SS-sd-open set (G, ∆)

(iv) Disjoint SS-sd-open sets have disjoint SS-sd-closures

Proof. (i)⇔ (ii): This follows by taking complements and using the duality between clssd and ints
sd.

(i)⇒ (iii): Let (G, ∆) be SS-sd-open. By (i), clssd(G, ∆) is SS-sd-open. Since (G, ∆)⊆̃clssd(G, ∆) and

both are SS-sd-open, we have:

ints
sd(clssd(G, ∆)) = clssd(G, ∆)

By Lemma 3.3:

bs
sd(G, ∆) = clssd(G, ∆) \ ints

sd(G, ∆)⊆̃clssd(G, ∆) \ (G, ∆)

But since clssd(G, ∆) = ints
sd(clssd(G, ∆))⊆̃ints

sd(clssd(G, ∆)) = clssd(G, ∆), we must have clssd(G, ∆) =

(G, ∆) for SS-sd-open (G, ∆).

Therefore, bs
sd(G, ∆) = (G, ∆) \ (G, ∆) = φ̃.

(iii)⇒ (iv): Let (G1, ∆) and (G2, ∆) be disjoint SS-sd-open sets. Suppose clssd(G1, ∆)∩̃clssd(G2, ∆) ,

φ̃.

Let sγ∈̃clssd(G1, ∆)∩̃clssd(G2, ∆). Since (G1, ∆)∩̃(G2, ∆) = φ̃, we have sγ<̃(G1, ∆)∪̃(G2, ∆).

By (iii), bs
sd(G1, ∆) = φ̃, which means clssd(G1, ∆) \ ints

sd(G1, ∆) = φ̃. Since (G1, ∆) is SS-sd-open,

(G1, ∆)⊆̃ints
sd(G1, ∆), so clssd(G1, ∆) = ints

sd(G1, ∆) = (G1, ∆).

Similarly, clssd(G2, ∆) = (G2, ∆). But then sγ∈̃(G1, ∆)∩̃(G2, ∆) = φ̃, a contradiction.

(iv) ⇒ (i): Let (G, ∆) be SS-sd-open. We show that clssd(G, ∆) is SS-sd-open by proving

(clssd(G, ∆))c is SS-sd-closed.

For any sγ∈̃ints
sd((clssd(G, ∆))c), there exists an SS-sd-open set (H, ∆)with sγ∈̃(H, ∆)⊆̃(clssd(G, ∆))c.

This means (H, ∆)∩̃clssd(G, ∆) = φ̃.

Since (G, ∆) and (H, ∆) are disjoint SS-sd-open sets (as (H, ∆)∩̃(G, ∆)⊆̃(H, ∆)∩̃clssd(G, ∆) = φ̃),

by (iv), clssd(G, ∆)∩̃clssd(H, ∆) = φ̃.

Therefore, clssd(H, ∆)⊆̃(clssd(G, ∆))c, implying sγ∈̃clssd(H, ∆)⊆̃(clssd(G, ∆))c.

This shows ints
sd((clssd(G, ∆))c)⊆̃clssd((clssd(G, ∆))c), making (clssd(G, ∆))c SS-sd-closed, hence

clssd(G, ∆) is SS-sd-open. �

Theorem 5.2. Every SS-sd-ED space is SS-sd-regular (every SS-sd-open set is SS-regular open).
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Proof. Let (U,µ, ∆) be SS-sd-ED and let (G, ∆) be SS-sd-open. We need to show that (G, ∆) =

ints
sd(clssd(G, ∆)).

Since (U,µ, ∆) is SS-sd-ED, clssd(G, ∆) is SS-sd-open by definition. Therefore:

ints
sd(clssd(G, ∆)) = clssd(G, ∆)

By Theorem 5.1(iii), bs
sd(G, ∆) = φ̃. Using Lemma 3.3:

φ̃ = bs
sd(G, ∆) = clssd(G, ∆) \ ints

sd(G, ∆)

This implies clssd(G, ∆)⊆̃ints
sd(G, ∆). Since always ints

sd(G, ∆)⊆̃(G, ∆)⊆̃clssd(G, ∆), we get:

(G, ∆) = ints
sd(G, ∆) = clssd(G, ∆) = ints

sd(clssd(G, ∆))

Therefore, (G, ∆) is SS-regular open. �

Theorem 5.3. The continuous image of an SS-sd-ED space under an SS-sd-open and SS-sd-continuous
surjection is SS-sd-ED.

Proof. Let ψsd : (U, τ, ∆) → (V, σ, Λ) be SS-sd-open, SS-sd-continuous, and surjective, where

(U,µ, ∆) is SS-sd-ED with τ ⊆ µ and σ ⊆ µ∗.

Let (G, Λ) be SS-sd-open in (V,µ∗, Λ). We need to show that cls∗sd(G, Λ) is SS-sd-open.

Since ψsd is SS-sd-continuous, ψ−1
sd (G, Λ) is SS-sd-open in (U,µ, ∆). Since (U,µ, ∆) is SS-sd-ED,

clssd(ψ
−1
sd (G, Λ)) is SS-sd-open.

Since ψsd is SS-sd-open, ψsd(clssd(ψ
−1
sd (G, Λ))) is SS-sd-open in (V,µ∗, Λ).

We claim that cls∗sd(G, Λ) = ψsd(clssd(ψ
−1
sd (G, Λ))).

First, since ψsd(ψ
−1
sd (G, Λ)) = (G, Λ) (by surjectivity), and ψsd is continuous:

(G, Λ) = ψsd(ψ
−1
sd (G, Λ))⊆̃ψsd(clssd(ψ

−1
sd (G, Λ)))

Since ψsd(clssd(ψ
−1
sd (G, Λ))) is SS-sd-closed (being SS-sd-open in an SS-sd-ED space):

cls∗sd(G, Λ)⊆̃ψsd(clssd(ψ
−1
sd (G, Λ)))

For the reverse inclusion, note that:

ψ−1
sd (G, Λ)⊆̃ψ−1

sd (cls∗sd(G, Λ))

Taking closures: clssd(ψ
−1
sd (G, Λ))⊆̃clssd(ψ

−1
sd (cls∗sd(G, Λ)))

Applying ψsd and using surjectivity:

ψsd(clssd(ψ
−1
sd (G, Λ)))⊆̃cls∗sd(G, Λ)

Therefore, cls∗sd(G, Λ) = ψsd(clssd(ψ
−1
sd (G, Λ))) is SS-sd-open, proving (V,µ∗, Λ) is SS-sd-ED. �

Example 5.1. Let U = {x, y, z, w}, ∆ = {γ1,γ2}, and consider the SSTS (U,µ, ∆) where:
µ = {Ũ, φ̃, (H1, ∆), (H2, ∆), (H3, ∆), (H4, ∆)} with: - H1(γ1) = {x}, H1(γ2) = {x, y} - H2(γ1) =

{z, w}, H2(γ2) = {z, w} - H3(γ1) = {x, z, w}, H3(γ2) = U - H4(γ1) = U, H4(γ2) = {x, y, z, w}
Then (U,µ, ∆) is SS-sd-ED. This can be verified by checking that the sd-closure of each sd-open set is

again sd-open.
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6. Supra Soft sd-Resolvable Spaces

In this final section, we introduce the concept of supra soft sd-resolvable spaces using the

sd-derived operator and investigate its relationships with other topological properties.

Definition 6.1. An SSTS (U,µ, ∆) is called:

(i) Supra soft sd-resolvable if there exists an SS-sd-dense subset (D, ∆) such that (Dc, ∆) is also
SS-sd-dense

(ii) Supra soft sd-irresolvable if it is not SS-sd-resolvable
(iii) Supra soft sd-hyperconnected if every non-null SS-sd-open set is SS-sd-dense

Theorem 6.1. Every SS-sd-hyperconnected space is SS-sd-irresolvable.

Proof. Let (U,µ, ∆) be SS-sd-hyperconnected. Suppose (U,µ, ∆) is SS-sd-resolvable with SS-sd-

dense sets (D, ∆) and (Dc, ∆).

Since (D, ∆) is SS-sd-dense, clssd(D, ∆) = Ũ, which implies ints
sd(D

c, ∆) = φ̃. Therefore, (Dc, ∆)

contains no non-null SS-sd-open sets.

But (Dc, ∆) being SS-sd-dense means clssd(D
c, ∆) = Ũ. This would require every non-null SS-sd-

open set to intersect (Dc, ∆), contradicting the fact that (Dc, ∆) contains no non-null SS-sd-open

sets.

Therefore, (U,µ, ∆) is SS-sd-irresolvable. �

Theorem 6.2. For an SSTS (U,µ, ∆), the following are equivalent:

(i) (U,µ, ∆) is SS-sd-resolvable
(ii) There exist disjoint SS-sd-dense subsets (D1, ∆) and (D2, ∆) with Ũ = (D1, ∆)∪̃(D2, ∆)

(iii) There exists (A, ∆)⊆̃Ũ such that both ds
sd(A, ∆) = Ũ and ds

sd(A
c, ∆) = Ũ

Proof. (i)⇒ (ii): If (D, ∆) and (Dc, ∆) are SS-sd-dense, then they are disjoint with union Ũ.

(ii)⇒ (iii): Let (D1, ∆) and (D2, ∆) be as in (ii). Set (A, ∆) = (D1, ∆).

For any sγ∈̃Ũ and any SS-sd-open set (G, ∆) containing sγ: - If sγ∈̃(D1, ∆), then (G, ∆)∩̃(D2, ∆) ,

φ̃ (since (D2, ∆) is SS-sd-dense), so (G, ∆)∩̃((D1, ∆) \ {sγ}) , φ̃ or (G, ∆)∩̃(D2, ∆) , φ̃ - If sγ∈̃(D2, ∆),

then (G, ∆)∩̃(D1, ∆) , φ̃ (since (D1, ∆) is SS-sd-dense)

This shows every point is in the derived set of either (A, ∆) or (Ac, ∆) = (D2, ∆). Since derived

sets are closed and both are dense, we get ds
sd(A, ∆) = Ũ = ds

sd(A
c, ∆).

(iii)⇒ (i): If ds
sd(A, ∆) = Ũ, then (A, ∆) is SS-sd-dense. Similarly, (Ac, ∆) is SS-sd-dense. �

Theorem 6.3. No SS-sd-ED space with at least two distinct SS-sd-open points is SS-sd-resolvable.

Proof. Let (U,µ, ∆) be SS-sd-ED with distinct SS-sd-open points {pγ1} and {qγ2}.

Suppose (U,µ, ∆) is SS-sd-resolvable with disjoint SS-sd-dense sets (D1, ∆) and (D2, ∆).

Without loss of generality, assume pγ1 ∈̃(D1, ∆). Then {pγ1}∩̃(D2, ∆) = φ̃.

Since (D2, ∆) is SS-sd-dense and {pγ1} is SS-sd-open, we must have {pγ1}∩̃clssd(D2, ∆) , φ̃, so

pγ1 ∈̃clssd(D2, ∆).
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But in an SS-sd-ED space, disjoint SS-sd-open sets have disjoint closures. Since {pγ1} and

some SS-sd-open subset of (D2, ∆) are disjoint, their closures should be disjoint, contradicting

pγ1 ∈̃clssd(D2, ∆).

Therefore, (U,µ, ∆) is SS-sd-irresolvable. �

Theorem 6.4. The SS-sd-continuous image of an SS-sd-resolvable space under an SS-sd-d-continuous
bijection is SS-sd-resolvable.

Proof. Let ψsd : (U, τ, ∆) → (V, σ, Λ) be SS-sd-continuous, SS-sd-d-continuous, and bijective,

where (U,µ, ∆) is SS-sd-resolvable with τ ⊆ µ and σ ⊆ µ∗.

By Theorem 6.2, there exists (A, ∆) such that ds
sd(A, ∆) = Ũ and ds

sd(A
c, ∆) = Ũ.

Since ψsd is SS-sd-d-continuous:

ψsd(Ũ) = ψsd(ds
sd(A, ∆))⊆̃ds∗

sd(ψsd(A, ∆))

Since ψsd is bijective, ψsd(Ũ) = Ṽ, so ds∗
sd(ψsd(A, ∆)) = Ṽ.

Similarly, since ψsd(Ac, ∆) = (ψsd(A, ∆))c (by bijectivity):

Ṽ = ψsd(ds
sd(A

c, ∆))⊆̃ds∗
sd((ψsd(A, ∆))c)

Therefore, ds∗
sd(ψsd(A, ∆)) = Ṽ = ds∗

sd((ψsd(A, ∆))c).

By Theorem 6.2, (V,µ∗, Λ) is SS-sd-resolvable. �

Example 6.1. Let U = {1, 2, 3, 4}, ∆ = {γ1,γ2}, and consider the SSTS (U,µ, ∆) where:
µ = {Ũ, φ̃, (K1, ∆), (K2, ∆), (K3, ∆)} with: - K1(γ1) = {1, 2}, K1(γ2) = {1, 3} - K2(γ1) = {3, 4},

K2(γ2) = {2, 4} - K3(γ1) = U, K3(γ2) = U
Define (D, ∆) by D(γ1) = {1, 3}, D(γ2) = {1, 4}. Then both (D, ∆) and (Dc, ∆) are SS-sd-dense,

making (U,µ, ∆) SS-sd-resolvable.

7. Conclusion

In this manuscript, we have introduced and developed a comprehensive theory of supra soft

topological structures based on novel sd-boundary and sd-derived operators. These operators

have proven to be powerful tools for analyzing the fine structure of supra soft topological spaces

and have led to several significant theoretical advances.

Our introduction of supra soft sd-boundary continuous, sd-derived continuous, and sd-frontier

continuous maps provides new categories for classifying continuous functions in the soft topologi-

cal setting. The relationships established between these classes, particularly the characterization of

bijective sd-boundary continuous maps as those whose inverses are sd-frontier continuous, reveal

deep structural connections that merit further investigation.

The concept of supra soft sd-extremally disconnected spaces represents a significant general-

ization of classical extremal disconnectedness to the soft topological context. Our characterization

of these spaces through various equivalent conditions, including the vanishing of boundaries for
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sd-open sets and the disjointness of closures for disjoint sd-open sets, provides multiple perspec-

tives for understanding this property. The preservation of sd-extremal disconnectedness under

sd-open and sd-continuous surjections establishes its topological significance.

Our investigation of supra soft sd-resolvable spaces using the sd-derived operator opens new

avenues for studying the density properties of soft topological spaces. The relationship between sd-

hyperconnectedness and sd-irresolvability, along with the incompatibility of sd-extremal discon-

nectedness with sd-resolvability under certain conditions, reveals intricate connections between

different topological properties in the soft setting.

The examples and counterexamples presented throughout the manuscript demonstrate that

many classical relationships between topological properties do not automatically extend to the

soft topological setting, highlighting the need for careful analysis and new proof techniques in this

context.

Future research directions include investigating the relationships between our new concepts

and existing notions of soft compactness, soft separation axioms, and soft uniformities. The

potential applications of sd-boundary and sd-derived operators in soft rough set theory and

soft decision-making problems remain to be explored. Additionally, extending these concepts to

fuzzy soft topological spaces and neutrosophic soft topological spaces would provide valuable

generalizations.

This work contributes to the growing body of knowledge in soft topology and demonstrates

the richness and depth of supra soft topological structures. We hope that the tools and techniques

developed here will prove valuable for researchers working in soft set theory and its applications.
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