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Abstract. It is well established that the Cauchy problem for second-order differential equations serves as a canonical
model of gradient conservative or weakly damped dynamical systems, widely applied in mechanics, astronomy,
molecular and structural dynamics, acoustics, and radio-frequency systems. Exact solutions are usually attainable only
for linear or simple functions, whereas in most other cases approximate solution methods are employed. In this work,
we make use of the Sobolev method to develop an optimal explicit difference formula of the Stormer type for the Cauchy

problem of second-order differential equations.

1. INTRODUCTION

Ordinary differential equations are widely used in various fields of science, engineering, and
mathematics for modeling physical, biological, and dynamical systems [1-5].

The analytical solution of ordinary differential equations presents significant difficulties or
becomes impossible for complex differential equations [6-8]. Therefore, numerical methods play
an important role in approximating the solutions of such equations.

Among the types of problems for ordinary differential equations, the Cauchy problem is of par-
ticular importance, where the values of the unknown function and its derivatives are specified at
the initial point. Many researchers have developed various methods for the approximate solution

of ordinary differential equations with initial conditions. In [9], spectral schemes were developed
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using Legendre polynomials as basis functions. Moreover, spectral methods are based on rep-
resenting the solution as a series of basis functions, such as Legendre polynomials, Chebyshev
polynomials, and Fourier series ( [6], [10], [11]).

In [12], the Euler method and the fourth-order Runge-Kutta method are applied to the numerical
solution of the Cauchy problem.

In [13], efficient multi-step block methods for the direct solution of general second-order Cauchy
problems are considered. This work is an extension of [14].

It should be noted that the literature contains a wide variety of methods for the direct approx-
imation of the solution to the Cauchy problem [15-18]. It is known that the first appearance of
block methods is associated with [19]. A considerable number of works have been published on
this topic. An interesting monograph in this field was written by Brugnano and Trigiante [20].

In [21], an implicit three-point block method is proposed for the direct solution of second-order
ordinary differential equations.

In [22], new types of functionally fitted block methods are proposed for second-order Cauchy
problems.

In [23], a transformation of an integro-differential equation into a system of weakly coupled

local evolution equations is presented.

(3)
2

for the approximate solution of the Cauchy problem for a second-order differential equation, and

In [24], an implicit optimal difference formula in the Sobolev space L,” (0, 1) was constructed
an error bound for the constructed formula was derived.

For the approximate solution of first-order Cauchy problems, optimal difference formulas in
Hilbert spaces were constructed using the Sobolev method in [25-29]. By using this method, it
is possible to construct not only optimal difference formulas but also optimal quadrature and
interpolation formulas (for example, [30-32]).

In this work, we consider the approximate solution of the following second-order ordinary
differential equation

vy’ =f(xy), x€l0, 1], (1.1)
subject to the initial conditions
y(0) = yo, ¥’ (0) = uo. (1.2)
Let the differential equation in the form (1.1) with the initial conditions (1.2) have a unique solution
on the segment x € [0, 1]. It is required to find the approximate solution of this problem on the
interval [0, 1]. Let us divide this interval into N parts of length h = &, and denote the solution of
problem (1.1)—(1.2) at the points x, = nh, n =0, 1, ..., N by y(x,), while its approximate values
will be denoted by V.

2. PROBLEM STATEMENT

To obtain an approximate solution of problem (1.1)-(1.2), we consider the following general
difference formula [33,34]:
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Zk" C[Blo[B] - W Z clh] ] = 0. (2.1)

Here, C[g] and C(I) [,8] are the unknown coefficients of the difference formula, h = ;, [B] = hp, (B =
0,1, ..., k),and ¢(x) € ( 1). L; )(O, 1) is a Sobolev space, which is defined as follows:

L§4)(O, 1) = {qo :[0,1] » R | ¢® (x) is absolutely continuous on [0,1], ¢™* (x) € L,(0, 1)}
In the space L§4) (0, 1), the inner product of any two functions ¢ and 1 is defined as follows [35]:

1

W) = f o® (x) Y (x)dx. 22)

0

Similarly, in the space L£4) (0, 1) , the norm of a function corresponding to the inner product (2.2)

1 3
ol <o,1>\|[ [ <¢<4><x>)2dx] 03
0

In the considered formula (2.1), the difference between the given sums

k k
=Y clslolel -2 Y Vgl p]
p=0 p=0

oo [ K k
= [ |X clelote—n) -1 Y COVlplo (xhp)
— =0 p=0

is called the error of the difference formula (2.1). For the obtained expression (2.4), the following

is defined as follows:

(2.4)
@(x)dx

error functional belonging to the dual space L§4)*(0, 1) corresponds, and it has the form

k

k
£(x) = )" ClBlo(x—np) =12 Y CV[B]6" (x~ hp), (2.5)
p=0 B=0

where Lg})*(O, 1) is the dual space of L§4) (0, 1), and 6(x) is the Dirac delta function. Based on the

Cauchy-Schwarz inequality, we obtain the following estimate:

(€ @) < el o [ll o 2.6)

Thus, the error (2.4) of the difference formula (2.1) is bounded from above by the norm of the error
functional (2.5) taken from the dual space L§4)*(O, 1) and the norm of the functions ¢ taken from

the space Lgl) (0, 1). For the error functional ¢, the following conditions hold:
(6,x%) =0, a=0,1,2, 3. 2.7)

From the condition (2.7) above, we obtain the following orthogonality conditions for the coeffi-

cients:
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Y.ClB=o, 28)
p=0
k
Y Clpl-(hp) =0, 2.9)
p=0
k k
Y clpl-(np)* 212y W [g] =0, (2.10)
B=0 B=0
k k
Y Clpl-(hp)’ —62 Y IV [g] () = 0. (2.11)
p=0 p=0

Thus, the norm of the error functional depends on the coefficients C [] va C() [8], as well as
on the grid points i (B =0,1,...,,N). In the optimal difference formula under consideration, the
norm of the error functional is minimized with respect to the coefficients C ) [B]. The coefficients
C[B] are chosen, in the sense of Dahlquist, to be stable so that they satisfy condition (2.8). The

norm of the functional is a number. From this, the following problems arise.

Problem 2.1. To find the expression of the square of the norm of the error functional of the difference formula
(2.1) in the space LS (0,1).

It is clear that the norm of the error functional £ depends on the coefficients C{l [§] and the nodes
[8]. The problem of minimization of the quantity ||£]| by coefficients C!) [g] is a linear problem and
by nodes [B] is, in general, a complicated and non-linear problem. We consider the problem of
minimization of the quantity ||£|| by coefficients C!I) [§] when the nodes [g] are fixed.

If there are coefficients & (D[] that minimize the norm of the error functional, that is,

o =

aL (o, 1)‘

then they are called the optimal coefficients and the corresponding difference formula
k k
Y Clelolgl-n) cV[glg"[p] =0
p=0 p=0

is called the optimal difference formula in the space Lg}‘) (0,1).

Thus, in order to construct the optimal difference formula in the space L£4) (0,1) we need to

solve the next problem.
Problem 2.2. Find the coefficients c( [B] that give the quantity (2.12) when the nodes [B] are fixed.

3. THE UPPER BOUND OF THE ERROR OF THE DIFFERENCE FORMULA

To calculate the norm of the error functional ¢, we use the concept of the extremal function

introduced by Sergey Sobolev [35], that is,
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4)+ 4
(& vl = |le[Ls ©, 1| e L8 0,1)
where 1, is the extremal function.
Since the space L§4) (0,1) is a Hilbert space, by the Riesz theorem on the general form of a linear

continuous functional (see [36]), there exists a unique function 1, in this space that satisfies the

following equalities:
(€ @) = e @),
and

el = |

where (¢, p) ) denotes the inner product of the functions ¢, and ¢ in the space L( ) (0,1)

For the extremal funct1on of the error functional £ and for the square of its norm, the following

theorems hold:

Theorem 3.1. In the Sobolev space L§4) (0,1), for the extremal function of the error functional € of the
difference formula (2.1), the following expression holds:

pe(x) = f(X) *Gy(x) + P3(x),

(X)

where G4(x) = |2x|7, and it satisfies the equalzty = 0(x), and P3(x) is a cubic polynomial.

Theorem 3.2. For the square of the norm of the error functional corresponding to the difference formula
(2.1), the following equality holds:

|5 01“ —ZZC V] Gs(h — hy)

— =
—thZZc Y1GY (hB = hy) +h4ZZC” [y] G (hp - hy).

w-my| -, hp—hy|’ hp—hy|*
Here G4(hp —hy) = | '32,7,” , Gy(hB—hy) = | 52'5!;4 , Gy (hp—hy) = | ﬁ2.3!)| :

The proof of this theorem follows from the proofs of Theorems 3.1 and 3.2 in [37] for the case
m=4.
Thus, Problem 2.1 is solved.

4. FINDING THE CONDITIONAL MINIMUM FOR THE NORM OF THE ERROR FUNCTIONAL

Now we proceed to solve Problem 2.2. For this, we minimize the square of the norm of the error
functional ¢ of the difference formula (2.1) with respect to the coefficients CI[g]. That is, we use
the method of Lagrange multipliers, which is applied in finding the extremum of a multivariable

function.
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Thus, we construct the following Lagrangian function:

3
A(CW,d) =P =2 ) do (£,2%)
a=0

From the function A (C(”), d), we set the partial derivatives with respect to CIl'[8] and d,, equal to

Zero: oA
=0, p=01,..k
ac) 1A P
I\
Tda—o, 0(—0,1,2,3.
As a result, we obtain the following system of equations:
k
2 Z c Vg —hy) +do+di- 1] = Y. Cly|G 4 (B~ hy), p=0,1,..,k 4.1)
=0
k ¢}
Y chpr=1, (4.2)
y=0
k o
Y cOply=k-1. (4.3)
y=0

The solution of the system of linear equations (4.1)—(4.3) with respect to the unknowns (Oj(”) [Bl, do,
and d; represents the critical points of the function A (C(”) , d). The solutions obtained, in accordance
with conditions (2.8)—(2.11), provide the conditional minimum of the norm of the error functional.
It is known that, in the sense of Dahlquist [38,39], the stability of the difference formula (2.1)

depends only on the coefficients C [] , = 0,1, ..., k. Thus, in this work we choose the coefficients

k
C[B] so that they are stable in the sense of Dahlquist and satisfy the equality ), C[y] = 0, as

y=0
follows:
0, fory=0,...,k=3
1, fory=k-2,
Clyl = (44)
-2, fory=k-1,
1, fory=k
In the system of equations (4.1)—(4.3), we set (oj(”) [k] = 0 and consider constructing an explicit

(Stormer type) difference formula. In that case, the system (4.1)—(4.3) takes the following form:

k
W2 Z ct D(hp—hy) +do+dy-[g] = Y CHIGY (hp—hy), p=0,1,..k=1,  (45)
y=0
k-1 o
chpyl =1, (4.6)
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k-1

Y C0py] ey =k-1, (4.7)

y=0
where (Oj (If) [y], ¥ =0,k -1, are the unknown coefficients, and dy, d; are unknown constants.

Now, by solving the system of equations (4.5)—(4.7) using Sobolev’s method, we obtain the

optimal explicit coefficients.

5. FINDING THE COEFFICIENTS OF THE OPTIMAL EXPLICIT DIFFERENCE FORMULA

Theorem 5.1. In the Sobolev space L§4) (0,1), the coefficients of the unique explicit optimal difference
formula of Stormer type corresponding to the difference formula (2.1) are determined as follows:

o 3(1+4q) !
01~ e

°(I) 3¢ f_ b
—_ g ), p=Tk=3,

VB =~ (4" -q7). p
2k-3

C(”)[k—Z] _ l + M/

20 " 10(1—g%2)
o 3(q+q*?
E—1] =2 (9:+47)

20 10(1—gq) (1-g2-2)
Here, g = 3 — 2 is the root of the quadratic Euler polynomial.
q q polty

Proof. We denote the right-hand side of equation (4.5) by f4(hp):

k

falgl =) CIGY (p—hy), p=0J—1. (5.1)

}/:O

Now, we find the explicit form of expression (5.1) in the form of a piecewise function.

Using G} (h = hy) = g > 5,7/ i and expression (4.4), we can rewrite equality (5.1) in the following
form:

S ol
ﬁ[ﬁ]zZC[y] 5 —2 S [|ﬁ k+2| ~2|g- k+1| +|8- k|] (5.2)
y=0 )

In (5.2), we expand the absolute value for g € 0,k — 2:
5
filf] = 5| (B k+2)° =28~k + 1)+ (8- 1]
_ —Z[zﬁ — 6B (k—1) +B(6(k— 12 +1) - (k- 1)(2(k - 1) + 1)]
For f = k-1 we obtain:

h5 5 5 h5 hS
fulB) = 5 [k=1—k+2F =2k =1 -k + 1P + k= 1-K] = 57 2 = T
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Thus,
—h—5[2ﬁ3 6p2(k—1) + p(6(k-1)2+1) - (k—1)(2(k - 1)2 + 1)] B=0,k-2,
falp] = 5 (5.3)
oL B=k-1.

Now we can write equation (4.5) in the following form:

hZZc” |G (hB—hy) +do +dy - [B] = fu [B]. (5.4)

Denoting the right-hand side of equation (5.4) by Uy4[B], we can also write it in the following form:

Uy [B] = Vi [B] +do +dv - [B]. (5.5)
In equation (5.5), V4[] is given by

_ Z CW [y) GV (hB - hy). (5.6)
hB — 3
Since in equation (5.6) we have G}V (hp —hy) = | ﬁz 3l ')/ | it follows that
S p-m" =2 5
vilpl =1 ) Vg = 5 3,ZC“ g
y=0 y=
For f < 0 we have
h5 o k=1 o
— 1) — ) (D 17 .43
2. 3!ZC 0.3l [IB Bﬁ (k-1) +3ﬁyz;)c V ;Z(‘)C -y ]/
and for > k-1 we have
5 k=1
Vilpl = o |~ 362 1) +3ﬁZC” 2= Y EW ).
2.3! =

We can rewrite Uy[f] as follows:

7
~5i|F 3= 1) + dg +drlp)] B <o,
Uslp] = Al =01, k-1, 57)
L P 2 + 4 g+
S|P -3k +df +dfpl], gk,
Here d; = do-+ 45 L. CO ] 97, di = dy & i W )92, 4 = do— 25 T E0 ] 93,
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Now, substituting f = 0 and = k — 1 into equation (5.7), we obtain the following results.

For f = 0 we have
7

dy = 7; (k- 1)(2(k=1)2+1). (5.8)
For f = k—1 we obtain
P 3_ g+
dg :§+§(k_l) —dh(k-1). (5.9)

Equations (5.8) and (5.9) thus give the explicit forms of d; and dg’ corresponding to the boundary
values p =0and f = k- 1.
Substituting expressions (5.8) and (5.9) into equation (5.7), we obtain the final form of U4[B] as

follows:
h5
—5[253 —6p*(k—1) + (k- 1)(2(k -1+ 1)] +d7[l, B<0O,
Us[p] = | full, B=0,1,... k-1, (5.10)

hS
41

[2ﬁ3—6/32(k—1)+4(k—1)3+%]+d1+h(/3—k+1), B>k-1.

Since C() [y] = 0for B <0and B > k—1, we can rewrite Uy[B] in the convolution form as
Uy [B) = W2CW (8]« GIY [B] +do +dy - B]. (5.11)

Now, from equation (5.11), in order to determine the coefficients C(l'[8], we make use of the
following operator [40]:

APl 1gl > 2,

Az
-8+ —, p=0.
. P

where Ay = 6V3gand g = V3 -2.
Applying the operator D, [f] to both sides of equation (5.11), we obtain

Uy 8]+ D2 [8] = W2CW 8]+ GLY 8]+ Dy [B] + do D2 [B] +di - [B] * D2 [8].

o

Since GLY[B] * Da[f] = 8[8], 6[] + CW[8] = CW[g], Da[p] dy = 0, and Da[g] +d; - [f] = 0, we can
write

(8] = 1~ Da[B] « Us 8] (5.13)

Expanding equation (5.13), we obtain

o 5 s s
CWig) =1 LT =K+ 11+ Y Dalp +)(Us (7] - f1-91) + Zsz[ﬁ (Ui ] fm)},
=

r=1
(5.14)
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here, U, [y] and U, [y] are the expressions of equation (5.10) for § < 0 and f > k — 1, respectively,
while f[y] denotes the expression of f4[y] for = 0,k —2.
Now, by applying operator (5.12) to formula (5.14), we separately determine the form of the

optimal coefficients cl [Blforp=1,k-3and p =k—-2:
cl 8] = agf +bg""F, p=1,k-3, (5.15)
(oj(ll)[k_z] — % +ag=2 +bg,
where a and b are respectively equal to the following:

= —Az Zv/V i - f[=). (5.16)

A 6 L
b_z_ofﬁ“‘zyz.lqy (U by +k=1=fly+k-1]) (5.17)

If we determine the coefficients C() [0] and i [k — 1] using equations (4.6) and (4.7), respectively,
we obtain the following;:

_ _ k1 _

(C’:(H) [O] _ 1 B (a b) (1 q ) _ aq_bqk 1,
20 (k—1) 6(k—1) 1-¢g
—b) (1 -4~ k-1 _

C()[k 1] = 19%-18 (a )( q ) aq bq.

206-1) 6(k=1) 1-q

Now, by expanding both the left-hand side and the right-hand side of equation (4.5) in powers
of f and equating the corresponding coefficients, we determine the values of 2 and b. In our case,
the right-hand side of equation (4.3) has been evaluated in formula (5.3). Therefore, we can rewrite
the right-hand side as

S+do+d1-[ﬁ],
where
_ ZE ) [y] G (- hy). (5.18)
y=0
Since in the sum (5.18) we have
1 - hyl® hy|3
v
G (hp —hy) = 223

we can rewrite and compute it as follows:

— 12 Z ciy hﬁ hV _2 Z & 0 hﬁ hV)

(hB —hy) ° (hB—h
hZZC” ﬁ 7)? hZZC” ﬁ V) — K - Ko.
y=0
First, we calculate the sum Kj:
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hﬁ hy) /i W(k-1) h °
— 2 || 3 l — (n 3
= Zc = B -— =+ 7B).C 73 2,01
Now we simplify the sum Kj:
K = hZ g é(”) (h:B _h)/)3 o h ]’l hZ C || hﬁ hy)3
1= 1Y Wy S — o) g + Z Y
y=0 y=
Substituting the coefficients c [y] from formula (5.15), we obtain
h? e ¥ 3
=2 c 34 = - k=1
Ki = ZC0o](ng)? + = yZ‘l(hﬁ hy) (aq” +bg7). (5.19)

In formula (5.19), let us change variables: set f —y = y; and denote )1 again by . Then the

summation limit changes to f — 1, and we have

-1 -1
B o
Ki=ZCO0Ip)° +Za ) a7y +b ) g y3]- (5.20)
y=0 y=0

We compute this sum using the following known formula:

N L Rl

1=

(5.21)

where A'y? denotes the i-th order finite difference of )?, and

k
AP = AlyP Yy AiyP = Z (ﬁ)y”‘“ AOM.
u=0

If in formula (5.21) we substitute g~! in place of g, we obtain the following summation formula:

—n+1

Zq yp_ilzp:i( )i Cq- 12(1 07) yP'”

Let us denote the tirst sum in expression (5.20) by K3 and evaluate it. Then we obtain

p-1 2
_ q 5, 3B 3(q+1)
Ky=)Y g#7)° =- [ﬁ+ +B :
y=0 q_l q_l (q_l)z

Next, let us denote the second sum in expression (5.20) by K4 and compute it:

p-1 p-1
Ky = qu—l—ﬁer ~y3 _ qk—l—ﬂ ) Z 7 ‘7/3
)/:O )/:0

By applying formula (5.21) to this sum, we obtain
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£ o)
Thus, the sum S takes the following form:
o e
i)
- % ?+ Wﬁz - %5[5:210&(”)@] e+ ’f—iifﬂ'ﬂm >

By adding do + d; - [B] to expression (5.22) and collecting the terms of the left-hand side of equation
(4.5) with respect to the powers of 5, we obtain the following:

k-1
2,5(a , ba k-1
ﬁh(1z+ 2 4 )

o

cho] aq |

3,5
ph 6 6(q—1)+6(q—1) 12

. (5.23)

. 1 k-1
s(a@+1) b+ TN 2 o e BN 23
+ Bh ( + 4;)C [yly” +dih +12;)C [yly” + do.

(-1 12(g-1)

Now, by equating the coefficients of the powers of f in expression (5.23) with the coefficients of
the powers of  on the right-hand side of equation (4.5), that is, in formula (5.3), we determine the

values of 2 and b. First, let us rewrite formula (5.3) in terms of the powers of g:

_h53+h5(k—1)ﬁ2_(k2 k 7)5 Bk 7k 1

o 1 T 5wt G Tt u & (5.24)

12 4 24 8

By equating the coefficients of 8 and % in expressions (5.23) and (5.24), we obtain the following

system of equations:

cho] q__ gt 11
6 -1 -1) 12 12’
6(g=1) 6(7-1) (525)
a ., bg*1 +k—1 k-1
12 12 4 4
Solving the system (5.25), the values of 2 and b are obtained as follows:
3qk—1
=- , 5.26
T - (5.26)
3
b= ——m——. 5.27
10 (1 — g%-2) (5:27)

Using the values of @ and b, we can rewrite the coefficients CI[], B = 0,k — 1 as follows:
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k—
E(”)[O]: 3(1+q)q !
10(1-¢%2)(1-9q)°
0 3¢ f_ P
C [‘B]__lo(l—qZk‘z)(q _q ) ﬁzl’k_?”
2k-3
Sy L, 20
20 10(1—g%*-2)’
o 3(q+g*?
oy 2 (9+42)

20 10(1-q) (1-g%2)
Thus, Theorem 5.1 is fully proved and Problem 2.2 is also solved.

6. COMPUTATION OF THE NORM OF THE ERROR FUNCTIONAL OF THE EXPLICIT OPTIMAL DIFFERENCE

4
FORMULA IN THE SOBOLEV SPACE Lg )(O, 1)

(4)
2

explicit difference formula is expressed by the following formula:

2k—2
“f |L§4)*(O' 1 “2 - (53421(1)0 400 (1q—:)q(1 - qZk—Z))h7’

Theorem 6.1. In the Sobolev space L, (0, 1), the square of the norm of the error functional of the optimal

where q = /3 — 2 is the root of the Euler polynomial of order two.

Proof. Initially, we determine the unknown coefficient d; by equating expressions (5.16) and
(5.26). Calculating the sum in (5.16), we obtain

Ay 2 Ay
= o (6k—1)%+1)+ %dl. (6.1)
We equate (6.1) with (5.26):
ﬁ(6(k—1)2+1)+£d— I 6.2)
24q hqg ' 10(1-¢2%2) '
From equation (6.2), we find d;:
~ 3h4qk h4 5

R T el ﬂ(6(k— 12 +1).

Now, we determine the coefficient d;” by equating expressions (5.17) and (5.27). Here as well, if

we first expand and simplify the sum in expression (5.17), it is equal to the following:

Ay (k1)

b= 0 I g (6.3)
We equate (6.3) with (5.27):
Ay | Aa(k-1)2 A, 3
2 e s ) 6.4
20 4q htg 1 10 (1-q%-2) ©4)

From equation (6.4), we find d;:
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d+:h4_q+h4(k—1)2_ 3htq '
120 4 1045 (1 — g2%-2)
Using the values of d] and d, we obtain di:

+ q_5 3q 4
di =1 (dy +4d) = 20 = - —— |
Ay (1-g+1)

To determine dy, we need the explicit form of the unknown coefficient daL. Since da is known

from formula (5.8), we have
W Kk-1)°% kqk-1) 3h°q(k—1)

+ - -
0 120 12 120 10A; (1 - qz"—z)'
Therefore (k- 1) ) (k-1)
_ 1+(k-1)(5-9g 3q(k-1
_1 +) 5
do = 3 (do + do ) - ( 240 20A; (1 - qz"‘z))h

In explicit form, according to Theorem 3.2, the square of the norm is given by the following:

e 0.1 = ch Cly) Gs(hp ~hy)
p=0

—2hZZZC Y1GY (hB — hy) +h4kZ1‘kic ) [y GY (hB - hy).
B=0y=0
(6.5)

Now, let us compute (6.5):

k

H€|L 01'|_iic V] Gs (B — hy) hzzc“ 1Y CIBIGY (g~ hy) + do + i []
=

0y=0 y=0 p=0
k-1
—ZZC Y Ga(hp—hy) =12 Y CVy] [falp] +do + i [B]] = Ty + Ta.
B=0y=0 y=0
where
ZZC ] Gs(hg —hy),
hZZc” Bl +do +di[B] -

Now, let us compute T7 and T» separately and then add them together. First, we compute T7:

W )’ 31
T, = ZZC VIGs(hp ~hy) = ~8G4(h) +2Ga(2h) = ~85— + 25— = oo,

Now, we calculate Ts:

T2 = ]’ZZZC 1) +d0+d1b/]]
y=0
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k-2

RCOE-1]filk~1] -1 Y CO] fily] WPy~ 1 (k—1)dy.
y=0
After simplification, we obtain
h7 o h7 (k - 1)3
T=-5 CW[k-1)-rdf -1’ (k-1)d] + — (6.6)

Substituting & (In [k—1], dar, and d;’ into (6.6), we have

39 h7 3(q - q2k_2) I’l7.

Ty = —
2 20 - 5! 10 - 5! (1 _ q2k—2)
Now, adding T and T»:
roar 3L 39 3(q+9%72) (421 g+ q%2 ,
PTI2T 12600 2050 T qp.5 (1-q2-2) \50400  400(1—¢q)(1-¢*2)

Therefore, the square of the norm is

2k-2
||€|L§4)*(0’1)“2 B (53421(1)0 - 400(151—:)621 - qZk—Z)) 7

Thus, Theorem 6.1 is completely proved.

7. CONCLUSION

In conclusion, it can be stated that in this work, the extremal function was derived for com-
puting the norm of the error functional of the explicit optimal difference formula constructed for
the approximate solution of second-order ordinary differential equations in the Sobolev space
L§4) (0,1). Based on the obtained extremal function, an analytical expression for the square of the
norm was established. To determine the optimal coefficients, the method of Lagrange multipliers
was applied, and the corresponding Lagrangian function was constructed. By equating the partial
derivatives of the Lagrangian with respect to the unknown variables to zero, a system of equations
was obtained. This system was solved using the Sobolev method, yielding explicit forms of the
optimal coefficients. Utilizing these coefficients, the square of the norm of the error functional was
computed. Thus, an exact upper bound for the error of the constructed difference formula was
established.
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