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ABSTRACT.  Nowadays, as water pollution is increasing from agricultural sectors due to nitrogen and phosphorus, 

phycoremediation is used to remove nutrients with microalgae.  In this paper, a mathematical model is developed to 

use the extended Monod model to analyze the growth of microalgae that have adsorbed nutrients by considering 

various flow velocities and levels of nitrogen as effects of biomass concentration.  This model has been calculated with 

the numerical finite difference method using the Saulyev technique.  Numerical simulations show results for various 

scenarios with flow velocities and levels of nitrogen that affect the growth of microalgae . 

 

1. Introduction 

These days, one of the most significant environmental problems facing the government 

and scientists is water contamination.  As more organic and inorganic compounds are released 

into the environment, especially surface water sources such as lakes, ponds, rivers, and oceans, 

which is home to various plant and animal species that rely on both the amount and quality of 

the water to exist, is affected [1,2].  Since diffuse sources, primarily agriculture, account for three-

quarters of global nitrogen (N) water pollution, agriculture continues to be one of the major 

contributors to water pollution with fertilizers and pesticides [1].  In Organization for Economic 
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Co-operation and Development (OECD) countries, it was found that between 20 and 80 percent 

of nitrogen (N) and phosphorus (P), which contaminated surface water sources, are derived from 

agricultural sections [3] such as fertilizers, which were the first source of contaminants [4]. 

According to evidence from Statista, the global consumption of agricultural fertilizers containing 

nitrogen and phosphorus has steadily risen from 1965 to 2022.  Nitrogen fertilizer demand has 

increased dramatically on a global scale.  It was noted that usage of phosphorus fertilizers was 

also on the rise, albeit at a slower rate than that of nitrogen, as shown in Figure 1 [5,6]. In addition, 

runoff from agriculture comprises excess water from rainfall and irrigation [3].  This runoff 

frequently contains a variety of pollutants that contribute to agricultural water pollution, 

including pesticide leaching, nutrient runoff, and poor livestock waste management.  These 

pollutants lead to high levels of phosphorus and nitrogen, which can cause eutrophication and 

the development of toxic algal blooms that deplete oxygen and kill fish.  Additionally, it may 

contaminate drinking water, harm aquatic life [7], and cause adverse health effects like cancer, 

thyroid and neural tube abnormalities, diabetes, and blue baby syndrome (methemoglobinemia) 

[8].   

 

 

Figure 1. Global consumption of agricultural fertilizers from 1965 to 2022, by nutrient  

(N and P₂O₅), in million metric tons. 
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Protection of water sources and quality is imperative due to severe water pollution and 

the worldwide shortage of water resources. People must be educated about the environment and 

the harmful impacts of water pollution to stop these negative effects [2].   One appropriate and 

long- term strategy for addressing environmental problems associated with diffuse water 

pollution from agriculture is the application of nature-based solutions (NBSs).  Utilizing natural 

mitigating processes, NBSs can facilitate the recovery of otherwise lost resources (such as 

nutrients) and aid in the removal of various toxins from agricultural wastewater such as nitrogen 

affects various habitats among these. However, a variety of decontamination processes exist, such 

as plant uptake, microbial degradation, substrate adsorption and filtration, precipitation, 

sedimentation, and volatilization [9].  The bioremediation method is one of the NbS that has the 

potential for treating wastewater that uses microorganisms like microalgae; it is called 

phycoremediation [10].  Microalgae are known to be pollution scavengers for various substances 

and have demonstrated significant promise in eliminating pollutants from wastewater. 

According to the experimental investigation, Botryococcus sp.  demonstrated a favorable outcome 

in the phycoremediation treatment of wastewater by slowing down the rate of nutrient 

infiltration and enabling efficient growth.  Because microalgae can collect and transform 

wastewater nutrients into biomass, biomass was produced during phycoremediation [1]. 

Mathematical modeling is an important tool for understanding the dynamics of behavior, 

involving physical, chemical, biological, and other processes, which can be made possible, which 

can also be used to simulate the effects of various scenarios under various environmental 

conditions and to examine the way environmental problem-solving works. Partial differential 

equations are one of the most practical methods for numerically simulating system dynamics, 

and one example is the advection-diffusion equation, which models diffusion and transport 

issues [11] as in [12]-[17]. To solve the equations for numerical approximation and guarantee 

correctness, the finite difference method uses numerical techniques. This scheme of the Saulyev 

technique is its explicitness and unconditional stability [18] that is the best option for real-world 

applications of models with somewhat large time steps since numerical solutions are consistent, 

monotonic, robust, and efficient [19] in accurately approximating solutions across the provided 

interval. There are research studies that have conducted mathematical modeling that are solving 

partial differential equations using the Saulyev technique, such as In [20], FTCS and the Saulyev 

technique are used in this one-dimensional mathematical model of river salinity assessment that 

takes into account the impacts when fresh water comes from the barrage dam. The Saulyev 
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technique yields precise approximations and ensures a stable solution across any grid spacing. In 

[21], using the Saulyev technique, a straightforward numerical simulation of advection-

dispersion-reaction processes is shown. By taking into account the maximum concentration level, 

it is impacted by increasing the mass decaying rate, which is a good approximation. In [22], 

conducting the approximate conceptual design of the shoreline evolution in each year and over 

an extended period of time, they use the FTCS and Saulyev techniques to perform a non-

dimensional shoreline evolution model with a groin structure model that takes groin structural 

impacts into account. In situations where the number of grids has increased, the Saulyev 

technique can be quite beneficial. 

The majority of microalgae growth models rely on modified Monod kinetics, which 

frequently require the identification of several parameters. Temperature, water pH, light 

intensity, and nutrition availability all have an impact on microalgae growth. One of the most 

effective models for describing the direct correlation between a certain growth rate and the 

concentration of a critical substrate is the Monod equation. All of these variables that affect 

microalgae development are taken into account by the Monod model, which is used to calculate 

microalgae growth [23]. 

The main aim of this paper is to establish a mathematical model to explain the 

development of microalgae in the stream. We provide a one-dimensional advection-dispersion-

reaction equation, a dynamic behavior model of microalgae development that uses the Saulyev 

technique-based finite difference method to account for scenarios of biomass concentrations of 

Botryococcus sp., which consider nitrogen levels in agricultural wastewater areas that affect 

microalgae growth. For this model, we run five simulations that examine its dependence on 

various nitrogen levels and flow velocities using parameters from laboratory experiments and 

the findings of a numerical analysis. We conduct a comparison and discussion of the 

breakthrough concentration curves acquired for the various circumstances. 

 

2. Dispersion model 

Here we propose a simple one-dimensional spatial- temporal model that shows biomass 

concentrations in a stream.  We focus on the growth of microalgae for agricultural wastewater. 
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This process can be explained using an advection-diffusion-reaction equation and the specific 

growth rate, which extends the Monod model that relates nitrogen, phosphorus, and light 

intensity [23] as follows: 
2
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where parameters of this model describe meanings, as 

x  space (m) 

t  time (d) 

max  the maximum specific growth rate of microalgae (d-1) 

  the specific growth rate of microalgae (d-1) 

nK  the half saturation constants for nitrogen (mg/L)   

pK  the half saturation constants for phosphorus (mg/L)   

IK  the half saturation constants for light intensity (µmol/m2 s1) 

nC  the nitrogen concentration (mg/L) 

mC  the biomass concentration (mg/L) 

pC  the phosphorus concentration (mg/L) 

I  the light intensity (µmol/m2 s1) 

M    the maximal microalgae-specific production rate (d-1) 

m  the loss rate of microalgae (d-1) 

u  the water flow velocity of stream (m/s) 

D  the microalgae diffusion coefficient (m2/s) 
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3. Numerical Techniques  

In this section, we examine the numerical scheme of the finite difference method, a 

popular numerical technique for determining the approximate solutions of an initial and 

boundary conditions value problem.  For the one- dimensional advection- diffusion- reaction 

equation, we employ Saulyev finite difference techniques. 

3.1  Saulyev technique 

 Asymmetric approximations for parabolic equations, such as advection diffusion 

equations, which are frequently employed to address environmental challenges, were introduced 

by Saulyev (1964).  The answer is provided as an explicit approximation with unconditional 

stability [17]. 

These expressions are Saulyev scheme expansions, which can be written as the 

discretization derivative terms for time and space, respectively. 

Let ( , )C x t  denote n
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3.2  Applied model with Saulyev technique  

The biomass concentrations are approximated by using Saulyev scheme.  We can solve 
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(3.3) is the result of rearranging (3.2), which is represented as 
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Substituting (3.5) into (3.3), the right-side equation gives the following expression for 

solution: 
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4. Simulation Results  
In this section, we simulate numerical computation results that illustrate the growth of 

microalgae in the stream's aquatic ecosystem by showing biomass concentrations. We determine 

the various velocities of stream flow and nitrogen levels, which consider how they affect the 

biomass concentrations. We conducted five simulations using equation (3.6) for our calculations. 

Here we assume that the length of the stream and the time are 2L =  (200 m) and 1T =      

(20 d) such that Δ   0.01x=  and Δ 0.01t = .  We determine the initial and boundary conditions for 

the microalgae, and we provide the set of parameter values that follow. 

The initial 

( ,0) 25,                    0 2mC x x=                                                (4.1) 

and boundary conditions                     

( )
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m
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The values of all biologically reasonable parameters are listed in Table 1. 
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Table 1.  Numerical values of the model's parameters, along with references and estimates. 

Symbol Values Source Symbol Values Source 

max  4.588 [23] I  300.000 [23] 

nK  328.200 [23] M  0.990 estimated 

pK  2.413 [23] m  0.400 estimated 

IK  120.000 [23] D  0.09 estimated 

pC  267.000 [23]    

 

4.1 Simulation I 

We determine that this stream has the water flow velocity that is possible to follow values 

of 0.05 m/s, we explore the effect of the nitrogen concentration levels are 20, 300, 600, and 1200 

mg/L that append with growth of microalgae. 

  

(a) (b) 

  

(c) (d) 

 

Figure 2. The simulated solution of biomass concentrations (mg/L) at a steam velocity of 

0.05 m/s for different nitrogen levels: (a) 
nC  = 20 mg/L, (b) 

nC  = 300 mg/L,  

(c) 
nC  = 600 mg/L, and (d) 

nC  = 1200 mg/L. 
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(a) (b) 

 

Figure 3. Comparison of the simulated solutions of biomass concentrations (mg/L) at  

a steam velocity of 0.05 m/s for different nitrogen levels of 20, 300, 600, and 1200 mg/L 

through (a) spatial measurements at 10 and 20 d and (b) temporal measurements 

at 100 and 200 m. 

 

Table 2. The biomass concentrations (mg/L) at a steam velocity of 0.05 m/s for different 

nitrogen levels of 20 and 300 mg/L. 

nC   20 mg/L 300 mg/L 

x (m)/ 

t (d) 
0 50 100 150 200 0 50 100 150 200 

0 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 

5 26.284 29.119 29.148 29.148 29.872 26.284 30.399 30.443 30.443 31.488 

10 26.649 33.964 34.387 34.415 35.655 26.649 41.748 42.558 42.600 45.566 

15 27.117 39.598 41.025 41.192 43.021 27.117 68.002 72.522 72.949 81.603 

20 27.718 46.279 49.471 49.978 52.562 27.718 142.105 163.823 166.780 198.166 

 

Table 3. The biomass concentrations (mg/L) at a steam velocity of 0.05 m/s for different 

nitrogen levels of 600 and 1200 mg/L. 

nC   600 mg/L 1200 mg/L 

x (m)/ 

t (d) 
0 50 100 150 200 0 50 100 150 2000 

0 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 

5 26.284 31.015 31.067 31.067 32.273 26.284 31.573 31.632 31.632 32.988 

10 26.649 46.737 47.808 47.860 52.103 26.649 52.146 53.515 53.576 59.330 

15 27.117 96.159 104.261 104.972 122.634 27.117 138.641 152.863 154.045 188.087 

20 27.718 328.148 397.106 406.202 525.278 27.718 851.538 1087.042 1118.158 1575.154 



10  Int. J. Anal. Appl. (2026), 24:39 

 

 

4.2 Simulation II 

We determine that this stream has the water flow velocity that is possible to follow values 

of 0.35 m/s, we explore the effect of the nitrogen concentration levels are 20, 300, 600, and 1200 

mg/L that append with growth of microalgae. 

  
(a) (b) 

  
(c) (d) 

 

Figure 4. The simulated solution of biomass concentrations (mg/L) at a steam velocity of  

0.35 m/s for different nitrogen levels: (a) 
nC  = 20 mg/L, (b) 

nC  = 300 mg/L,  

(c) 
nC  = 600 mg/L, and (d) 

nC  = 1200 mg/L. 

  
(a) (b) 

Figure 5. Comparison of the simulated solutions of biomass concentrations (mg/L)  
at a steam velocity of 0.35 m/s for different nitrogen levels of 20, 300, 600, and 1200 mg/L 

through (a) spatial measurements at 10 and 20 d and (b) temporal measurements 
at 100 and 200 m. 
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Table 4. The biomass concentrations (mg/L) at a steam velocity of 0.35 m/s for different 

nitrogen levels of 20 and 300 mg/L. 

 

nC  20 mg/L 300 mg/L 

x (m)/ 

t (d) 
0 50 100 150 200 0 50 100 150 200 

0 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 

5 26.284 29.434 29.515 29.515 30.143 26.284 30.816 30.934 30.935 31.858 

10 26.649 34.278 35.252 35.308 36.313 26.649 42.505 44.355 44.457 46.989 

15 27.117 39.384 42.421 42.808 44.264 27.117 68.395 78.103 79.280 86.764 

20 27.718 44.914 51.248 52.555 54.672 27.718 138.718 183.025 192.108 220.787 

 

Table 5 The biomass concentrations (mg/L) at a steam velocity of 0.35 m/s for different nitrogen 

levels of 600 and 1200 mg/L. 

nC   600 mg/L 1200 mg/L 

x (m) / 

t (d) 
0 50 100 150 200 0 50 100 150 200 

0 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 

5 26.284 31.483 31.619 31.620 32.693 26.284 32.089 32.241 32.242 33.454 

10 26.649 47.827 50.273 50.406 54.094 26.649 53.633 56.758 56.926 62.001 

15 27.117 97.661 115.168 117.301 133.110 27.117 142.391 173.312 177.146 208.582 

20 27.718 325.347 468.078 499.124 615.063 27.718 862.200 1356.812 1473.451 1948.896 

 

 

4.3 Simulation III 

We determine that this stream has the water flow velocity that is possible to follow values 

of 0.65 m/s, we explore the effect of the nitrogen concentration levels are 20, 300, 600, and 1200 

mg/L that append with growth of microalgae. 
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(a) (b) 

  

(c) (d) 

 

Figure 6. The simulated solution of biomass concentrations (mg/L) at a steam velocity of 

0.65 m/s for different nitrogen levels: (a) 
nC  = 20 mg/L, (b) 

nC  = 300 mg/L,  

(c) 
nC  = 600 mg/L, and (d) 

nC  = 1200 mg/L. 
 

  

(a) (b) 
 

Figure 7. Comparison of the simulated solutions of biomass concentrations (mg/L) at a 

steam velocity of 0.65 m/s for different nitrogen levels of 20, 300, 600, and 1200 mg/L 

through (a) spatial measurements at 10 and 20 d and (b) temporal measurements 

at 100 and 200 m. 
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Table 6. The biomass concentrations (mg/L) at a steam velocity of 0.65 m/s for different 

nitrogen levels of 20 and 300 mg/L. 

 

nC   20 mg/L 300 mg/L 

x (m)/ 

t (d) 
0 50 100 150 200 0 50 100 150 200 

0 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 

5 26.284 29.750 29.951 29.954 30.497 26.284 31.238 31.519 31.524 32.340 

10 26.649 34.290 36.186 36.390 37.219 26.649 42.756 46.366 46.742 48.945 

15 27.117 38.371 43.511 44.726 46.015 27.117 66.456 83.350 87.176 94.174 

20 27.718 42.256 51.703 55.287 57.605 27.718 126.694 196.580 223.102 254.417 

 

Table 7. The biomass concentrations (mg/L) at a steam velocity of 0.65 m/s for different 

nitrogen levels of 600 and 1200 mg/L. 

 

nC   600 mg/L 1200 mg/L 

x 

(m)/ 

t (d) 

0 50 100 150 200 0 50 100 150 200 

0 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 25.000 

5 26.284 31.959 32.277 32.283 33.239 26.284 32.614 32.967 32.974 34.060 

10 26.649 48.288 53.072 53.567 56.838 26.649 54.361 60.485 61.119 65.691 

15 27.117 95.207 126.057 133.130 148.398 27.117 139.609 194.726 207.672 239.036 

20 27.718 296.895 527.433 621.279 755.096 27.718 793.235 1610.555 1974.865 2563.336 

 

4.4 Simulation IV 

We compare the biomass concentrations in the stream at different velocities of 0.05, 0.35, 

and 0. 65 m/s, along with nitrogen concentrations of 20, 300, 600, and 1200 mg/L, while 

considering spatial measurements taken at 10 and 20 d. 
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(a) (b) 

  

(c) (d) 
 

Figure 8. Comparison of the simulated solutions of biomass concentrations (mg/L) through 

spatial measurements at 10 and 20 d at different steam velocities of 0.05, 0.35, and 0.65 m/s  

for different nitrogen levels of (a)
nC = 20 mg/L, (b)

nC = 300 mg/L, (c)
nC = 600 mg/L, and 

 (d)
nC = 1200 mg/L. 

 

 

4.5 Simulation V 

We compare the biomass concentrations in the stream at different velocities of 0.05, 0.35, 

and 0. 65 m/s, along with nitrogen concentrations of 20, 300, 600, and 1200 mg/L, while 

considering temporal measurements taken at 10 and 20 d. 
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(a) (b) 

  

(c) (d) 
 

Figure 9. Comparison of the simulated solutions of biomass concentrations (mg/L) through 

temporal measurements at 100 and 200 m. at different steam velocities of 0.05, 0.35, and 

0.65 m/s for different nitrogen levels of (a)
nC = 20 mg/L, (b)

nC = 300 mg/L,  

(c)
nC = 600 mg/L, and (d)

nC = 1200 mg/L. 

 

5. Discussion  
For performing numerical results from simulation studies, we simulate biomass 

concentrations at water flow velocities of 0.05, 0.35, and 0.65 m/s, corresponding to nitrogen 

levels of 20, 300, 600, and 1200 mg/L, as detailed:  Figure 2 to Figure 7  and Table 2 to Table 7 

illustrate Simulation I to Simulation III, showing that all three simulations show the direction of 

microalgae growth in the same way, wherein biomass concentration levels correlate with water 

flow velocity and nitrogen concentration levels, and alterations in biomass concentration levels 

would be enhanced to follow the distance and duration, as microalgae progressively assimilate 

nitrogen, leading to a continuous increase in biomass concentration levels.  Simulation IV, 

depicted in Figure 8, illustrates the relationship between distance and varying water flow 

velocities concerning nitrogen concentration levels.  At a low velocity of 0. 05 m/s, the initial 
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distance, which is the result of increased biomass concentrations due to the slow water flow, 

accumulates higher nitrogen concentrations. Therefore, facilitating enhanced nitrogen uptake by 

microalgae at medium (0.35 m/s) and high velocities (0.65 m/s), biomass concentrations at 0.35 

m/s are greater than those at 0.65 m/s. After some distance at a flow velocity of 0.05 m/s, biomass 

concentration levels declined as there was an accumulation of nitrogen concentrations 

decreasing, while at flow velocities of 0. 35 m/s and 0. 65 m/s, biomass concentration levels 

increased.  The rapid flow led to the accumulation of nitrogen concentrations, which increased 

nitrogen uptake by microalgae.  Simulation V, illustrated in Figure 9, compares the temporal 

aspect of biomass concentration levels across various water flow velocities.  As time progressed, 

biomass concentration levels increased due to increased nitrogen accumulation, which in turn 

enhanced the nitrogen uptake by microalgae, thereby elevating biomass concentration levels. This 

increase is contingent upon water flow velocities of 0. 05, 0. 35, and 0. 65 m/s and nitrogen 

concentration levels of 20, 300, 600, and 1200 mg/L, respectively. 

6. Conclusion  
In this study, we used Saulyev technique from the finite difference approach to develop a 

dynamic model for microalgae growth based on nitrogen removal along the stream. The biomass 

concentration levels that arise from the interaction between nitrogen concentration levels in 

agricultural wastewater areas and water flow velocities are displayed in the numerical 

simulations. The performance results in a low velocity, which causes high nitrogen concentrations 

to build up due to the initial distance, the slow water flow, and the ensuing higher biomass 

concentrations. Conversely, at high velocity, a decrease in nitrogen uptake by microalgae reduces 

biomass concentration. After a period at low velocity, the levels of biomass concentration 

decreased as nitrogen concentrations accumulated, whereas at high velocity, the levels of biomass 

concentration rose. The fast flow caused nitrogen concentrations to build up, which in turn 

enhanced microalgae's intake of nitrogen. Furthermore, biomass concentration levels are 

dependent on nitrogen concentration levels, meaning that higher nitrogen concentrations result 

in higher biomass concentration levels. Thus, the biomass concentration levels are influenced by 

the various water flow velocities and nitrogen concentration levels.  In this simulation, we created 

a basic model that explains a real-world use of microalgae that allows pollution removal and 

active self-purification management. The model's adaptability to streams with varying features 

was demonstrated. The model is consistent and can be used to generate scenarios as part of a 
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general strategy to conserve or improve the management of water quality and be cost-efficient 

and environmentally friendly in wastewater treatment in agricultural wastewater areas. This is 

because flow velocities and nitrogen concentration levels are important factors in shaping the 

model response and must take into account microalgae growth to control biomass concentration. 

This makes pollution prevention necessary. 
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