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Abstract. In this present paper we introduce weaving Hilbert space frames in the continuous case, we propose new
approaches for manufacturing pairs of woven continuous frames, and we obtain new properties in continuous weaving
frame theory related to dual frames. Also, we provide some approaches for constructing continuous weaving frames
by using small perturbations. These methods not only enhance the understanding of frame theory but also open
avenues for practical applications in signal processing and data representation. Future research may further explore

the implications of these findings in more complex systems and their potential interdisciplinary benefits.

1. INTRODUCTION

The concept of frames in Hilbert spaces was introduced by Duffin and Schaffer [7] in 1952 to
study some deep problems in nonharmonic Fourier series. After the fundamental paper [6] by
Daubechies, Grossman, and Meyer, frame theory began to be widely used, particularly in the
more specialized context of wavelet frames and Gabor frames. Continuous frames defined by Alj,
Antoine, and Gazeau [1]. Gabrado and Han in [9] called these frames associated with measurable
spaces. For more about frames, see [2,8,10-24].

Recently, Bemrose et al. [3] have introduced a new concept of weaving frames in separable
Hilbert space. This is motivated by a problem regarding distributed signal processing, where
frames play an important role. Weaving frames has potential applications in wireless sensor

networks that require distributed processing under different frames. The fundamental properties
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of weaving frames were reviewed by Casazza and Lynch in [4]. Weaving frames were further
studied by Casazza, Freeman, and Lynch [5].

In this paper, we give new basic properties of weaving continuous frames related to dual frames
to survey under which conditions a continuous frame with its dual constitutes woven continuous

frames, and we give some approaches for constructing concrete pairs of woven continuous frames.

2. PRELIMINARIES

Throughout this paper, we suppose H is a separable Hilbert space, H,, an m— dimensional
Hilbert space, I the identity operator on H, (%, 1) be a measure space with positive measure .

A family of vectors F = {F.}_cy in a separable Hilbert H is called a Riesz basis if span{F }.cq = H
and there exist constants 0 < Ar < Br < o0, such that

Ar L (e < | fn o Edu(o)P < Br fn . Pdu(c), Vi) € LX),

The constants Ar and Br are called Riesz basis bounds.
A family of vectors F = {F_} ey in a separable Hilbert H is said to be a continuous frame if there

exist constants 0 < Ar < Br < oo, such that

AFlIfIP < ”LKfng)lzd{l(G) < BellfI?, Vf € H, (2.1)

then the constants Ar and Br are called frame bounds.
The family {F_}cy is said to be a Bessel sequence whenever in 2.1, the right hand side holds. In
the case of Ar = Br = 1, {F.}.cy called a Parseval frame. And if Ar = Br it is called a tight frame.

Given a frame F = {F_}, the frame operator is defined by

Srf = L<fng>chP‘(C)~

Itisabounded, invertible, and self-adjoint operator. Also, the synthesis operator T : L2(2, u) — H
defined by Tr(f) = ﬁu
T: : H — L*(U, ), the adjoint of Tr, given by Tr(f)(c) = {{f,F(¢))}cen is called the analysis

operator. The family {S;'F}.cy is also a frame for H, called the canonical dual frame. In general, a

f(c)F(¢c)du(c). The frame operator can be written as Sp = TrT; where

continuous frame {G_} ey C H is called an alternate dual for {F}_cy if

f= f (f,GoFedu(c), f € H. (2.2)
Every dual frame is of the form {S; F. + v} cea, wWith {vc}co a Bessel sequence that satisfies
f (f,vc)Fc = 0. (2.3)

Definition 2.1. A family of continuous frames {F ,}.cu 1<v<n in Hilbert space H is said to be a continuous
woven if there are universal constants A and B so that for every partition {By}1<v<n of U, the family
{Fcv}ces, 1<v<N is a continuous frame for H with bounds A and B, respectively. The family {F. ,}.e®, 1<v<N

is called a continuous weaving.
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If for every partition {By}1<p<n of U, the family {F. ,}.en, 1<v<N 1S a continuous frame for H, then the

family {F_ )} cex1<v<n s called weakly continuous woven.

Casazza, Freeman, and Lynch proved in [5] that the weaker form of weaving is equivalent to

weaving using the uniform boundedness principle.

Theorem 2.1. [5] Given two continuous frames {F_} and {G_} for H, the following are equivalent:

(1) The two continuous frames are continuous woven.
(2) The two continuous frames are weakly continuous woven.

Proposition 2.1. [3] If {F ,}.cu1<v<N is a family of Bessel sequences for H with a Bessel bound B,, for all

1 <v < N, then every weaving is a Bessel sequence with the Bessel bound Zlv\lzl B,.

Proposition 2.2. [3] Let F = {F.}.cu be a continuous frame and T an invertible operator satisfying

A
III=T|? < 3 Then, F and T are continuous woven with the universal lower bound (VA — VB||I - T||)%
Definition 2.2. [3] If Uy and U, are subspaces of ‘H, let

dul(UZ) = inf{”f_g” . f € Ul,g € SU2}
and
du,(Ur) = inf{l|[f - gll : f €Sy, g€},

where Sy, = Sq¢; U U; and Sg¢q is the unit sphere in H. Then, the distance between Uy and Uy is defined as
d(ul, Uz) = min{dul (UQ),duz(Ul)}.

Theorem 2.2. [3] If F = {F.}.eq and G = {G.}.eq are two continuous Riesz bases for H, then the

following are equivalent

(1) F and G are continuous woven.
(2) For every K C U, d(span{F}.ex,span{G}.cxc) > 0.
(3) There is a constant t > 0 so that for every K C ¥,

dry G, := d(Span{F }cek,5paniGe) exc) = t.

We denote K© the complement of K.

3. MAIN RESULT

Now, we try to examining some conditions under which a continuous frame with its approximate

duals is woven. This leads us to construct some concrete pairs of woven frames.
Theorem 3.1. Suppose that F = {F_}.cy is a continuous redundant frame so that
Af
I-SAPP < —. 3.1
I~ SEP < 5 (3.)

Then, F has infinitely many dual frames {G_}. for which and {F_}. are continuous woven.
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Proof. By Proposition 2.2 we have F and {S;'F_} are woven frames for H with the lower bound R :=
( VA - VB|II- S;lll)z. Now, let V = {v.}. be a bessel sequence, which satisfies f = ﬁ21<f’ v Fedu(c),
(f € H) and let € > 0 so that

2By + 2 By /AF < R. (3.2)
Then, Gg := {S;llfC + Boc)c is a dual frame of F, for all 0 < g < ¢. To show F and Gg constitute
woven continuous frames for H, by Proposition 2.1, we need to prove the existence of a lower
bound.

Suppose B C A. Then

[ s EoRaute) [ KF 57+ poofautc)

= [ KpFaRue) + K7D + 7, poofaulc)
f Kf, Foldu(c) f | Kf, g Fl = Kf, o)l Pdu(c)
> [ K FoRdu(@)+ [ KF S FMu()E

f (F, BoPdu(c) f KF, SFE IKF, podldus(c)
> (~p*Bv = 28V/Bv /Ar + R)IIfI.

O

Proposition 3.1. Let F = {F_}.cy be a redundant continuous frame for H and suppose there exists an
operator T € B(H) so that

o A
=TIl < 1,IlI-TSP < B—lf. (3.3)

Then, F has infinitely many approximate dual frames such as {G}cew, for wich {F_}.cu and {Gc}ceq are

continuous woven.

Proof. The sequence {T*S;ng + Uc}cen is an approximate dual of F, with V = {v_}.cy satisfies 3.1.
Also by Proposition 2.2, F and {T*S‘ng}gesg are continuous woven lower with the universal bound

(VAF — VBEII - T*S:Y[)2. Let € > 0, such that
NTvIP + 2eNTvll ISF T VBF < (VA — VBl - T*S7H))?

Then @y = {T*S;'F. + Buc)ce is an approximate dual frame of F for all 0 < § < ¢. Using Theorem

3.1, we obtain that F and ®g are woven continuous frames. O

Theorem 3.2. Let F = {F_}_cy be a continuous frame for H. Then, the following assertions hold:
(1) If G = {Gclcen is a dual frame of F and {F-}.ex U{Gc} cxc for K € W. Then, F and G are continuous
woven.
(2) If F = {F.}.ex is continuous Riesz basis for H. Then, F and its canonical dual are continuous

woven.
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Proof. Let f € H such that f 1{F }.ck U {G,}.cxc. Then, we obtain
IAI? = <f, ) = <f,L<f,G;>ng#(C)>
=(f,fK(f,Gg)F;dy(g»+<f,£<c<f,Gg)ngy(c))

=[G Fu()+ [ 4F G Edu(e)
=0.

Hence f = 0 and consequently span{{F }.ck U{G.}.cxc} = H for K C A. Then F and G are weakly
continuous woven.

For (2),let K c U, X = [ a.Fedu(c) € span{{F.}cek and Y = [ B.S;'Fedu(c) € span{{S; Fe) cxe
with || X|| =1 and ||Y]|| = 1.

Then, we have

IX =12 =1 | acFedu(c)= [ _peS;Fudu(oIP
1 [ acrada(@E 1 [ poSPEA(eIP ~2Rel [ aFidute), | pesiEedute)

1 [ acFudu(@)P +1 [ puSy Eudu() > 1.
K K
Thus, F and G are continuous woven by Theorem 2.2. m|

Example 3.1. Let H = L2(N) and A = (R?, u) where u is the Lebesque measure. Let x| denote the
characteristic function of a set I. Let {¢i}(12) be any non-zero element in H such ¢2 = 2¢1. Then, the
family {L:Typ1} () ew and {LTyda} y, y)en are continuous frames for H with respect to p with frame bounds
Ajand B; fori € {1,2}.
For any subset K of Wand for f € H, we define the function i : A — C by
YY) = 100 y)ax(y) +da(x y)-xe (v, )

where P;(x,y) = (f, L.T,2¢;) , i € {1,2}
We have {LTy}}(x,y)ex Y HxTy2¢} . )ekc is a continuous Bessel sequence with Bessel bound }.icq 5 Bi.
We obtain

W = [ [ KrntiPay+ [ [ LT 200 Py
K K€
> f fK Kf, L. Typ)dxdy + f fK ) Kf, L. Typ)Pdxdy
= f fm Kf, LTy dxdy

> AlIfIP.

Hence {IxquJl}(x,y)Em and {IxTygbz}(xly)eﬂ are woven with universal bounds Ay and Y ey 2, B;.
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Corollary 3.1. Let F = {F_}.ex be a continuous frame for finite dimensional Hilbert space H. Then, F is

continuous woven with all its duals.

Proof. Suppose that G = {G.}.cx is an arbitrary dual continuous frame of F, then the family
{Fclcex U {Gcleke is a continuous frame sequence, for every K C A. Using Theorem 3.2 we have F

and G are continuous woven. O

In the next theorem we show that in infinite dimension Hilbert spaces, continuous frames are

continuous woven with their canonical duals.

Theorem 3.3. Let F = {F_}.cy be a continuous frame for H, so that the norm of its redundant elements be

small enough. Then, F is continuous woven with its canonical dual.

Proof. Without loss of generality, we can write F = {F.}.cex U {F.}.cxgc where K C € and F = {F_}k
is a Riesz basis for H, then by Theorem 3.2, F and S;lF are continuous woven, then F and SgF are

continuous woven with the universal lower bound Af, and

A
[ rEaute) < 3
K F

Then, F is continuous woven with its canonical dual.

Theorem 3.4. Let F = {F_}. and G = {G_} be two continuous frames for H. The followings hold:

€))] IfS;1 > I and SpSrx = SrxSr for all K C U, then {F_}. and {S;lFC}g are continuous woven.

(2) If F and G are two woven continuous Riesz bases and Ty and T, are invertible operators so that
dr e > max{||Ty = Tal[ IT; I, 1Ty = Tall 1IT5 11}
where dpy e is defined as in Theorem 2.2, then T1F and T»G are continuous woven.

Proof. For (1), we consider Fx = {F_}cex U {S;lFC}geKc. Then Fg is a Bessel sequence for all K C ¥,

and

S = [ (FFOFAu(@) + [ (SIS (<)
= Srxf + Sz'SpkcSF f
= Sef = Sexcf + S5 SxcSi f
=Srf+ (S;' =D)Spxc(I+ S5)f, VfeH.

Since (Sp! —1)Spxc (I + S7') is a positive operator , we obtain
Srx > Sr.

Then, T}, is injective and Fi is a continuous frame for all K. Hence, (1) is obtained.
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For (2),let f = fKochngdy(g) and g = fKC BT2Gdu(c) with ||g]l = 1 then

If - g||—||fa TiF.du(c f B.T2G.du(c

= IIIangF du(c f BT1Gdu(c f BT1Gdu(c f BcT2Gdu(c

> ||T1(fagF du(c f BGedu ()= II(T1 — T2) f BGedp(c

fKaG cdp(c) ch,Bchdlu(C)
”ch BcGedu(o)ll ||ch BGedu(o)ll

> |1 ”ch BGedu (Il |

— 1T — Tl ||f BGedu()ll
K€

> (A xelI Ty = 11T = Toll) | fK BGadp(O)

> (dpg ciel I Tall™ = IT1 = T2DITl ™ >

If ||f]l = 1, then we obtain

If—gll =1 f o ToFdp(c) - f & ToFdp(c) + f o ToF.dp(c f B-TaGodu(c
K K

> [ oFudu(e) = [ pGeu(@)lI=IT1~T2) [ aGedu(el
> (dpecxclT3 I~ Ty = AT > 0,

By considering
dy = (dex el T 1T = IT1 = T DIl
and

dy = (dpg grell T, T = IT1 = ToIDITl™

we obtain dr. pg ,gxkc = min{dy, dz} > 0. Thus, the result is obtained. O

A consequence of the above theorem is that the canonical duals of two woven continuous frames

are continuous woven.

Corollary 3.2. Let F = {F.}. and G = {G}. be two Riesz bases for H, so that for every K c A
dry cke > max{lISg" = SNISEI, IS = S5 I ISGll)-

Then, S;lF and SélG are also continuous woven.
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Proof. By Theorem 3.4, we consider f = fKagS;lF;dy(g) and ¢ = fKC BS:'Gedu(c) with [|gll = 1
then

I =gl =1 [ o7 Fudu(e) = [ _peSciGudutc
—IIIaC Sp'F cdu(c f BeSE S;'G du(c f BeSE S;'G cdu(c f S 1G cdu(c
lesgl(faclr du(c f BcGedu(c))Il = II(Sp T f BcGedu(c

_ f acF g fcﬁchdH(C)
> S 1 ch K I _ K
> 8l Ilchﬁg Yo eIy WY

—1IS;" = S ||f BGedu(c)
KC

> (dxellSeIT — 1S5 = Sl | f BGedu(o)l
K
> (e crelSEl ~ 1157 = SZDISGI™ > 0.

If ||f]l = 1, then we obtain

If - gll—llfag Sy Fedu(c) - fagS‘qu( )+ fagS Fedu(c f BT2G du(c

> 1531 [ acFudu(e) = [ _pCadu(e)I-1(S7" - 55 [ aGuu(el
K
> (dpg cellSEIT = 1SEY = S DISEN™ >

By considering

dy = (dex cellSEH I = 11SF = Scl)lIScll ™
dy = (dex cellSGHI™ = 1ISF = Scl)lIScll ™

we obtain dg, pg g GCKC = min{dy, d,} > 0. Thus, the result is obtained. ]

In the following, we obtain some invertible operators T for which F and TF are woven continuous
frames and we give some conditions which continuous frames with their perturbations constitute
woven continuous frames.

Lete = {e;}! , and h = {h;}!_, be orthonormal bases for H,. Also, leta = {a il and b = {b;}!

be sequences of positive constants.

i=1

An operator T : ‘H,, — H,, is called admissible for (e, &1, a, b), if there exists an orthonormal basis

n ,ﬂ'
% ] ;
T e = E ; b_]<el/h]>h]/ (l = 1,2,..., n)
]:

TF is a continuous frame for H, with the frame operator St = TSrT*. By considering ¥ =
{Fi}jek U{TF } jcke, we obtain

{Ai} | for H,, satisfying

57—'[( = SFK + STFKC for K c {1, 2,...,7’[},
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where Srx and Stpgc are the continuous frames operators of {F ]-} j and {Tp].} i respectively. Then,
S the continuous frame operator of Fk, is a positive and invertible operator on H,, and so F and

TF are continuous woven.

Theorem 3.5. Let F = {F }.cq and G = (G }.en are two continuous frames so that for all sequences of

scalars {ac) e, we have

I ! ac(Fo—Go)du(e)ll < allj;[agl-";dy(g)ll + 0| fmagng‘u(g)ll + c(fm Iaglzd‘u(g))%
for some positive numbers a, b, c such that
a+Br +b+/Bc +c < Ar.
Then, F and G are continuous woven.

Proof. Consider Trxc and Tgc as the synthesis operators of Bessel sequences {F_}.ck and {G.}_ckc,
respectively. Then, for every K ¢ W and f € H, we have

(J K FDPAu(e) + [ KF GPdu(c))
f|<fF Rdu(c) f|<fc> (f, E. - Coldu(c)) 2

> ([ KEERu(e) 2= [ KfF= Gofdu(e))'

> VAFHIfIl = I Texe f = Tore I
> (VAF = I Texe f = Toxe) £l
> (VAF —allTell = BIITGll - o) £
> (\JAr —a+/Br —b~/Bs —)lIfll

By (VAr —aVBr —b+/Bg —¢) > 0, the lower bound is obtained.
Clearly {Fj}jex U {G/} jeke 18 Bessel with an upper bound Br + Bg. O

Applying Theorem 3.5, we will obtain the following results.

Corollary 3.3. Let F = {F ey is a continuous frame for H and 0 # f € H. Also, {a_}ey be a sequence

of scalars so that

Ar
0. Pdu(c) < b2E
fug #e) <big

for some b < 1. Then, {F }.cq and {F. + a. f}.cu are continuous woven.

Proof. We have {F. + a. f}.cu is a Bessel sequence with the upper bound
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(VBE + ll{actceull IIf11)2. And for any sequence {a.} ey of scalars

l fu ao(Fe +acf ~F)du()ll = I [ aca-fdu()l

A

< | lacl lac IIfldu(c)
< ( fu lae Pdu (<)) 3( fm lacPdu(c))2IIf

< VB lacfuc))
A
The result follows by Theorem 3.5. m]
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