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ABSTRACT. Within the broader framework of quadri-partition neutrosophic soft bi-topological spaces (QPNSBTS), the 

concept of quadri-partition neutrosophic soft locally compact space (QPNSLCS) is introduced in this research. It 

strengthens the theoretical foundation for handling uncertainty in complex topological structures by demonstrating 

that local compactness, particularly when combined with the Hausdorff requirement, entails the existence of compact 

neighbors and compactness in subspaces. The key concepts and theorems illustrate how compactness can be 
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effectively used in the context of neutrosophic soft sets, which are a more powerful way to handle unclear and 

ambiguous data in advanced mathematical and practical applications. Furthermore, a number of machine learning 

algorithms are used to explore the concept of a tangent similarity between two quadri-partition neutrosophic soft 

sets. Additionally, the current study includes a number of studies and visualizations to evaluate the effectiveness of 

different clustering algorithms and dimensionality reduction techniques. Each of the graphics in the findings 

illustrates a distinct method for viewing and comprehending complex data. The K-means++ initialization (Fig. 6.1) 

serves as an illustration of how the algorithm's initialization step improves clustering accuracy by choosing centroid 

(data points) that are widely distributed, reducing the likelihood of subpar clustering performance. More training is 

required since hidden units are only activated with low activations, according to restricted Boltzmann Machine 

(RBM) activation patterns (Fig. 6.2). Additionally, the Linear Discriminant Analysis (LDA) plots (Fig. 6.4) and 

Heatmaps (Fig. 6.3) might provide helpful details regarding the organization and segregation of the datasets. The 

discussion of the results, which can be devoted to their applicability in terms of clustering, dimensionality reduction, 

and feature learning, is based on these methods and the associated visual models. 

 

1. Introduction 

A primary focus of computational intelligence has been the search for reliable mathematical 

models to describe the prevalent uncertainty and indeterminacy of real-world decision-making 

situations. This journey began with Zadeh's groundbreaking work on fuzzy set theory [1], 

which elegantly expanded on classical set theory by introducing the concept of membership 

grades, allowing for the representation of imprecise data. The generalization of this word into 

intuitionistic fuzzy sets (IFS), where each element is specified in terms of a membership level (µ) 

and non-membership level (v), was another way to extend the human tendency toward 

hesitation. A similar pattern emerged concurrently with Molodtsov's novel theory of soft sets 

[3], which addressed parametric uncertainties by mapping a collection of parameters to subsets 

of a universal set. When Maji, Biswas, and Roy [4] presented the idea of fuzzy soft sets, creating 

a versatile hybrid model in the treatment of imprecision as well as parameterization, the fusion 

of the two significant paradigms became a reality. A plethora of hybrid models, including 

interval-valued vague soft sets [6], vague soft sets [5], and soft expert sets [7], were developed 

as a result of this combination, each of which added expressiveness to certain application 

domains. Smarandache created the broad generalization of neutrosophy [8] and the associated 

idea of the neutrosophic set [9]. This paradigm offers a unique ability to deal with contradictory, 

indeterminate, and incomplete information since it explicitly treats the degree of truth-

membership (T), indeterminacy-membership (I), and falsity-membership (F) separately, going 

beyond previous models. 

Maji's groundbreaking concept of the neutrosophic soft set (NSS) [10] was the next step in 

fusing neutrosophy and soft set theory. This excellent structure makes advantage of the 

representational power of neutrosophy and the parametric flexibility of soft sets to provide a 

comprehensive model of uncertain data where the simultaneous judgment of parameters is 

truth, indeterminacy, and falsity. Numerous academics have expanded NSS's theoretical and 
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practical foundation. Deli and Broumi's [11] growth of the theory into neutrosophic soft 

matrices and a decision-making process, as well as Deli's [12] transition to the interval-valued 

space to express finer imprecision, serve as examples. Alkhazaleh [13] introduced time-

neutrosophic soft sets to address the dynamic of real-world situations. The element of relations 

that form the basis of logical reasoning and multi-attributes decision-making (MADM) is at the 

heart of the application of these set theories. Relationship The fuzzy relation [14], intuitionistic 

fuzzy soft relation, neutrosophic soft relation, and single-valued neutrosophic relations [16,17] 

are the sets that the relation study has evolved alongside. These relational structures provide 

the tools required to specify functions and the structure of sophisticated algorithms. This study 

introduces a novel idea, the Complex Neutrosophic Soft Expert Relation, which is based on this 

outstanding background. This novel framework combines the two-dimensional geometry of 

complex numbers, the evaluative power of expert sets, the parametricity of soft sets, and the 

three-dimensional analysis of certainty of neutrosophic sets. By doing this, it provides a clear 

and efficient mathematical language to organize complex, time-sensitive, and expert decision-

making problems under uncertainty, with the ultimate goal of enhancing the precision and 

reliability of outcomes in domains such as computer-aided reasoning, artificial intelligence, and 

information retrieval. Classical results have been extended to b-metric, fuzzy, and fractional 

metric spaces by more recent studies in fixed point theory [42,43,46]. Through the introduction 

of novel contractions and functions, this study provides the structures for proving the existence 

and uniqueness of the solutions [45]. This is directly used to nonlinear models and fractional 

various equations [41,44], which is beneficial both theoretically and practically. Modern 

problems necessitate sophisticated computational techniques. Modern problems necessitate 

sophisticated computational techniques. As Elbes et al. [47] have shown with reference to 

COVID-19 identification based on X-rays, deep learning can be utilized to perform strong 

diagnostics in healthcare. The ability of IoT technology to transform the educational 

environment was also demonstrated by Kanan et al. [48]. Using a fractional-order PID controller 

as the foundation for these applications, Batiha et al. [49] offered precise control of robotic 

systems. 

Literature Review: Applications of neutrosophic sets 

First put forth by Florentin Smarandache, the neutrosophic logic is a mathematical paradigm 

that has emerged as a ground-breaking technique for characterizing ambiguity, inconsistency, 

and uncertainty in a wide range of domains. Truth (T), indeterminacy (I), and falsity (F) are the 

three independent membership functions that describe information according to this theory. As 

a result, several generalizations have been developed and are increasingly being used in 

practical contexts. Relevance In the fields of medicine, engineering, the military, image 

processing, and computer science, standard neutrosophic sets and their generalizations—such 
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as neutrosophic soft sets, refined neutrosophic sets, and double-valued neutrosophic sets—have 

been applied to solve real-world issues that are marked by imprecision and incomplete 

information. In the medical field, neutrosophic sets and single-valued neutrosophic sets have 

been used to enhance the diagnostic procedure. These models allow symptoms to be 

represented in an ambiguous way, which allows similarity measures to be used to match 

patient data to known disease phenotypes. This allows doctors to handle incomplete or 

mismatched data [18]. 

When more than one expert and more than one parameter are taken into account, such as when 

selecting the best treatment alternatives by adding up the evaluations based on several 

parameters like cost, efficacy, and side effects, the neutrosophic soft set extension is very helpful 

[20]. Refined neutrosophic sets offer a finer granularity in increasingly complicated biological 

data and divide indeterminacy into sub-parts like uncertainty and contradiction. This is 

especially important in genomic studies, where the level of gene expression may be caused by 

noise or contradicting evidence [21]. 

Neutrosophic methods are also helpful in military and engineering settings. In engineering 

applications, the neutrosophic sets are utilized to record unknown failure reasons or supplier 

performance metrics, as well as to undertake reliability analysis and supply chain decisions [22]. 

The same ideas are used in military operations to evaluate the dangers and make judgments in 

the command situation by differentiating between information that has been confirmed to be 

accurate, information that has not been verified, and misinformation, which is a realistic 

representation of the fog of war [23]. Double-valued neutrosophic sets, which can introduce two 

perspectives, can also be used to expand these applications. For instance, in fault diagnosis, one 

value can be used to indicate the degree of confidence and another to indicate the severity of the 

problem, leading to more robust engineering systems [25]. Similar to this, military intelligence's 

dual-valued measurements enhance situational awareness by allowing the integration of 

information from many sources, including satellite photography and human agents [24]. 

Neutrosophic theory has important implications for signal and image processing. In this 

instance, advanced segmentation and denoising algorithms can be implemented using 

neutrosophic sets, where pixels are transformed into a space where indeterminacy is a clear 

indicator of noise and uncertainty. This approach has shown more effective than traditional 

fuzzy algorithms in processing medical imaging, such as CT and MRI scans, where noise poses 

a significant challenge to accurate diagnosis [26, 27]. These characteristics are further enhanced 

by refined neutrosophic sets, which enable more precise and practical picture augmentation 

algorithms and can discriminate between categories of indeterminacy, such as cloud cover and 

sensor noise in satellite imagery [21]. Science of computers Work on decision-making and 

computational intelligence uses neutrophilic systems. Neutrosophic soft sets serve as the 
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foundation for sophisticated multi-criteria decision-making models, which are employed in 

domains like human resource allocation, where subjective assessments vary, and recommender 

systems, where user preferences are not always predetermined [20, 28]. Apart from soft sets, 

standard neutrosophic sets are helpful in building robust machine learning. For example, AI 

systems that can reason with ambiguous data and neutrosophic clustering algorithms that use 

indeterminacy degrees to work with noisy data are examples of how machine learning can 

become more like human reasoning [29, 30]. 

Overall, the literature shows how neutrosophic sets and their generalizations can be used to 

solve challenging real-world issues in a variety of fields. These tools continue to support 

advancements in data science, healthcare, defense, and technology by providing a methodical 

yet flexible approach to modeling and handling uncertainties, confirming their growing 

importance in both theoretical and applied research. Recent advancements in multi-criteria 

decision-making (MCDM) have increasingly focused on enhanced uncertainty modeling and 

more flexible preference designs. Numerous cutting-edge methods, such as Hyper-fuzzy 

VIKOR and DEMATEL, have improved the analytical capabilities of traditional MCDM 

frameworks [34]. At the same time, interval-valued Fermatean neutrosophic super hyper 

structures have provided strong solutions to complex decision-making environments, 

particularly in healthcare [35]. Moreover, the ranking and assessment systems are still enhanced 

by bipolar fuzzy preference models using protracted VIKOR-based approaches [36]. At the 

same time, significant progress has been made in the analytical and numerical principles of 

neutrosophic and fuzzy systems. New numerical techniques have been employed to enhance 

the solvability of neutrosophic singular boundary value problems, including LPM-based 

polynomial methods [37]. Additionally, graph-theoretic methods have been applied to deepen 

the understanding of threshold conversion dynamics in neutrosophic structures [38]. 

 Additional contributions include new trigonometric and weighted operator-based frameworks 

of (gamma, tau)-rung fuzzy sets [39], as well as new topological constructions derived from 

symbolic n-plithogenic intervals [40]. Alongside these developments, novice researchers in 

topological superconductors continue to demonstrate the applicability of sophisticated 

mathematical models in supporting cutting-edge physical applications [50]. 

Motivation for research  

The literature does not presently contain any neutrosophic set applications that use the IRIS 

dataset and incorporate the following techniques: 

1. Principal Component Analysis (PCA) of IRIS Data: PCA reduces the number of dimensions in 

a dataset by breaking down features into orthogonal components. Neutrosophic PCA can 

capture non-determinate correlations between the features or uncertainty in the contribution of 

variances. 
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2. t-SNE (t-Distributed Stochastic Neighbor Embedding) of IRIS Data: t-SNE shows high-

dimensional data in 2D/3D. By permitting truth, indeterminacy, and falsity memberships in 

similarity calculations, a neutrosophic t-SNE could address cluster membership ambiguity. 

3. Using K-Means++ to cluster IRIS data: K-Means++ improves on initial centroid selection. 

Cluster validity may be eliminated when neutrophilic K-Means++ divides the data points into 

groups with membership, indeterminacy, and non-membership degrees. 

4. IRIS Data and the RBM (Restricted Boltzmann Machine) Hidden Layer: Generative neural 

networks, or RBMs, are used to learn features. Neutrosophic units, which are hidden units that 

explain unclear activations, can be modeled using a neutrosophic RBM. 

5. Global Linear Optimization, or GLO IRIS Data: GLO is utilized globally to solve linear issues. 

It is possible to optimize under indeterminate parameters by using neutrosophic constraints. 

6. IRIS Data with Latent Dirichlet Allocation (LDA): Although LDA is usually used in text, it 

may also be used to model features and space subjects. Neutrosophic LDA could be topic-

modelling features whose topic assignments are non-determinate. 

7. IRIS Data Independent Component Analysis (ICA): ICA is a technique for breaking down 

mixed signals into their component parts. The issue of component independence or 

indeterminacy in mixing matrices may be resolved via neutrophilic ICA. 

8. IRIS Data (Normalized)- K-Means Clustering: Scales the features, however, neutrosophic K-

Means can also deal with uncertainty in scaled values or cluster allocations.. 

9. Static visualizations of distributions are called bar graphs and 3D bar graph plots. The 

memberships of truth, indeterminacy, and falsehood in classes or features could be visualized 

via neutrophilic versions. 

10. Parallel Coordinates in 3D t-SNE: Multivariate data is displayed using the parallel 

coordinates. Their cross-dimensional trajectories would be uncertain when using neutrosophic 

t-SNE. 

11. Spline and Original Points Splines balance the patterns in data movement in a smooth 

function curve. Neutrosophic splines could be used to model curves with an unknown 

smoothing parameter or the undetermined fits. 

10. IRIS Data FPCA: PCA is extended to functional data using FPCA. Neutrosophic FPCA can 

be used to determine the Eigen-functions of a given functional under unknown functional 

observations. 

Novelty of research  

Presenting Quadri-partition Neutrosophic Soft Locally Compact Spaces (QPNSLCS) inside the 

context of QPNSTS, a novel approach to the issue of uncertainty and indeterminacy in 

topological structures, is what makes this segment distinctive. 
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Local compactness with the Hausdorff condition, which ensures the preservation of the 

compact neighborhoods within the subspaces, and the variety of data visualization techniques, 

such as K-means++, RBM, Heatmaps, LDA, and ICA, are the results of the study. Data points 

and their categories are further understood through the use of color mappings and number 

tables in the study's clear and detailed visuals, which analyze linkages and patterns in 

complicated datasets. Combining these methods on a single research offers a comprehensive 

approach to feature analysis, clustering, and data representation that is uncommon in a single 

framework. 

2. Preliminaries  

This segment addresses the basic functions 

To begin with, the idea of neutrosophic soft sets was first established by Maji [20]. Later, Deli 

and Bromi [16] refined and modified this concept, as detailed below: 

Definition 2.1.  É represents a collection of parameters, and Ũ denotes an initial universe 

set. 𝑃(Ũ) denotes the set of all NSs for Ũ. A set defined by a set valued function Ӻ ̃ that 

represents a mapping of the form Ӻ ̃ ∶ É → P  (Ũ) is  called NSS (Ӻ̃, É) over Ũ, with Ӻ̃ being the 

approximate function of this NSS. In other terms, the NSS can be described as a set of ordered 

pairs, (Ӻ̃, É) = {(ȩ , 〈ᶍ, 𝑇Ӻ̃(ȩ )(ᶍ), 𝐼Ӻ̃(ȩ )(ᶍ), 𝐹Ӻ̃(ȩ )(ᶍ)〉 ∶ ᶍ ∈ Ũ) ∶ ȩ  ∈  É}. 

𝑇Ӻ̃(ȩ )(ᶍ), 𝐼Ӻ̃(ȩ )(ᶍ), 𝐹Ӻ̃(ȩ )(ᶍ) ∈ [0,1] are the truth, indet𝑒𝑟minacy, and fal𝑠ity-membership funct𝑖ons 

of Ӻ̃(𝑒) ∈ [0,1].The inequality0 ≤ 𝑇Ӻ̃(ȩ )(ᶍ) + 𝐼Ӻ̃(ȩ )(ᶍ) + 𝐹Ӻ̃(ȩ )(ᶍ) ≤ 3 is clear since the supremum 

of each 𝑇, 𝐼, and 𝐹 is 1. 

Definition 2.2. [31] Let (Ӻ̃, É) be NSS. (Ӻ̃, É)c 𝑖𝑠 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡 of (Ӻ̃, É)    

(Ӻ̃, É)c= {(ȩ , 〈ᶍ, ӺӺ̃(ȩ )(ᶍ), 1 − 𝐼Ӻ̃(ȩ )(ᶍ), 𝑇Ӻ̃(ȩ )(ᶍ)〉 ∶ ᶍ ∈ Ũ) ∶ ȩ  ∈  É} 

Obvious that, ((Ӻ̃, É)𝑐)c =(Ӻ̃, É). 

Definition 2.3 [32] Let (Ӻ̃, É) and (Ғ̃, É) be two NSSs. (Ӻ̃, É) ⊆̃ (Ғ̃, É) if 𝑇Ӻ̃(ȩ )(ᶍ) ≤

𝑇Ғ̃(ȩ )(ᶍ), 𝐼Ӻ̃(ȩ )(ᶍ) ≤ 𝐼Ғ̃(ȩ )(ᶍ), 𝐹Ӻ̃(ȩ )(ᶍ) ≥ 𝐹Ғ̃(ȩ )(ᶍ)∀ȩ  ∈  É, ∀ᶍ. 

Definition 2.4 [32] Let (Ӻ1̃, É) and (Ӻ2̃, É) be two NSSs. Then union of these sets is denoted 

by (Ӻ1̃, É)⋃(Ӻ2̃, É) = (Ӻ3̃, É) with 

(Ӻ3̃, É) = {(ȩ , 〈ᶍ, 𝑇Ӻ̃3(ȩ )(ᶍ), 𝐼Ӻ̃3(ȩ )(ᶍ), 𝐹Ӻ̃3(ȩ )(ᶍ)〉 ∶ ᶍ ∈ Ũ) ∶ ȩ ∈  É} 

Where 

{

𝑇Ӻ̃3(e)(ᶍ)   = 𝑚𝑎𝑥{𝑇Ӻ̃1(ȩ )(ᶍ), 𝑇Ӻ̃2(ȩ )(ᶍ)},

𝐼Ӻ̃3(e)(ᶍ)   = 𝑚𝑎𝑥{𝐼Ӻ̃1(ȩ )(ᶍ), 𝐼Ӻ̃2(ȩ )(ᶍ)},

𝐹Ӻ̃3(e)(ᶍ)   = 𝑚𝑖𝑛{𝐹Ӻ̃1(ȩ )(ᶍ), 𝐹Ӻ̃2(ȩ )(ᶍ)}.

 

Definition 2.5 [32] Let (Ӻ1̃, É) and (Ӻ2̃, É) be two NSSs. Then intersection of these sets is 

symbolized by (Ӻ1̃, É)⋂(Ӻ2̃, É) = (Ӻ3̃, É) with 
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(Ӻ3̃, É) = {(ȩ , 〈ᶍ, 𝑇Ӻ̃3(ȩ )(ᶍ), 𝐼Ӻ̃3(ȩ )(ᶍ), 𝐹Ӻ̃3(ȩ )(ᶍ)〉 ∶ ᶍ ∈ Ũ) ∶ ȩ  ∈  É} 

Where 

{

𝑇Ӻ̃3(e)(ᶍ)   = 𝑚𝑖𝑛{𝑇Ӻ̃1(ȩ )(ᶍ), 𝑇Ӻ̃2(ȩ )(ᶍ)},

𝐼Ӻ̃3(e)(ᶍ)   = 𝑚𝑖𝑛{𝐼Ӻ̃1(ȩ )(ᶍ), 𝐼Ӻ̃2(ȩ )(ᶍ)},

𝐹Ӻ̃3(e)(ᶍ)   = 𝑚𝑎𝑥{𝐹Ӻ̃1(ȩ )(ᶍ), 𝐹Ӻ̃2(ȩ )(ᶍ)}.

 

Definition 2.6 [32] Let (Ӻ1̃, É) and (Ӻ1̃, É) are NSSs. Then (Ӻ1̃, É)\(Ӻ2̃, É) is denoted by (Ӻ1̃, É)\

(Ӻ2̃, É) = (Ӻ3̃, É) with  

(Ӻ3̃, É) = {(ȩ , 〈ᶍ, ӺӺ̃3(ȩ )(ᶍ), 𝐼Ӻ̃3(ȩ )(ᶍ), 𝐹Ӻ̃3(ȩ )(ᶍ)〉 ∶ ᶍ ∈ Ũ) ∶ ȩ  ∈  É} 

Where 

{

𝑇Ӻ̃3(e)(ᶍ)   = 𝑚𝑖𝑛{𝑇Ӻ̃1(ȩ )(ᶍ), 𝐹Ӻ̃2(ȩ )(ᶍ)},

𝐼Ӻ̃3(e)(ᶍ)   = 𝑚𝑖𝑛{𝐼Ӻ̃1(ȩ )(ᶍ), 1 − 𝐼Ӻ̃2(ȩ )(ᶍ)},

𝐹Ӻ̃3(e)(ᶍ)   = 𝑚𝑎𝑥{𝐹Ӻ̃1(ȩ )(ᶍ), 𝑇Ӻ̃2(ȩ )(ᶍ)}.

 

Definition 2.7 [32] I: A NSS (Ӻ1̃, É) is said to be null NSS if𝑇Ӻ̃(ȩ )(ᶍ) = 0, 𝐼Ӻ̃(ȩ )(ᶍ) = 0, 𝐹Ӻ̃(ȩ )(ᶍ) =

1 ∶ ∀ȩ  ∈  É, ∀ᶍ ∈ Ũ. It is denoted by 0(Ũ,É). 

2. A NSS (Ӻ1̃, É) is said to be absolute NSS if𝑇Ӻ̃(ȩ )(ᶍ) = 1, 𝐼Ӻ̃(ȩ )(ᶍ) = 1, 𝐹Ӻ̃(ȩ )(ᶍ) = 0; ∀ᶍ ∈

Ũ, ∀ȩ  ∈  É . It is symbolized as1(Ũ,É). 

1(Ũ,É)
𝑐 = 0(Ũ,É) = , 0(Ũ,É)

𝑐 = 1(Ũ,É) is obvious.  

3. Basic of quadri-partitioned neutrosophic soft sets 

Definition 3.1 [33] É represents a collection of parameters, and Ũ denotes an initial universe 

set. 𝑃(Ũ) denotes the set of all NSs for Ũ. A set defined by a set valued function Ӻ ̃ that 

represents a mapping of the form Ӻ ̃ ∶ É → P (Ũ) is called QPNSS (Ӻ̃, É) over Ũ, with Ӻ̃ being the 

approximate function of this NSS. In other terms, the QPNSS can be described as a set of 

ordered pairs, (Ӻ̃, É) = [(ȩ, 〈ᶍ, ȺƀTF̃(ȩ)(ᶍ) ,  ƦęTF̃(ȩ)(ᶍ) , ƦęFF̃(ȩ)(ᶍ) , ȺƀFF̃(ȩ)(ᶍ) : ᶍ ∈ Ũ〉) : ȩ ∈ É]with  

ŧȺƀTF̃(ȩ)(ᶍ) ,  ƦęTF̃(ȩ)(ᶍ) , ƦęFF̃(ȩ)(ᶍ) , ȺƀFF̃(ȩ)(ᶍ) ∈ [0,1] are, called the absolute true, relative true, relative 

false, 𝑎𝑛𝑑 𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑓𝑎𝑙𝑠𝑒- 𝑚𝑒𝑚𝑏𝑒𝑟𝑠ℎ𝑖𝑝 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 of Ӻ̃ (ȩ) and all of which lie within the interval 

[0,1] with 0 ≤ ȺƀTF̃(ȩ)(ᶍ) +  ƦęTF̃(ȩ)(ᶍ) + ƦęFF̃(ȩ)(ᶍ) + ȺƀFF̃(ȩ)(ᶍ) ≤ 4 is clear since the supremum of 

each is 1. 

Definition 3.2 [33] The complement of QPNSS (F̃, É)is denoted by (F̃, É)
c
 and is given as :  

(F̃, É)
c

= [(ȩ, 〈ᶍ, ȺƀFF̃(ȩ)(ᶍ) ,  ƦęFF̃(ȩ)(ᶍ) , ƦęTF̃(ȩ)(ᶍ) , ȺƀTF̃(ȩ)(ᶍ): ᶍ ∈ Ũ〉) : ȩ ∈ É] , ((F̃, É)
c
)

c
= (F̃, É).  

Definition 3.3 [33] (F̃, É) is sub set of (G̃, É) if  ȺƀTF̃(ȩ)(ᶍ) ≼ ȺƀTG(ȩ)(ᶍ), ƦęTF̃(ȩ)(ᶍ) ≼

 ReTG̃(ȩ)(ᶍ), ƦęFF̃(ȩ)(ᶍ) ≽ ƦęFG̃(ȩ)(ᶍ)  , ȺƀFF̃(ȩ)(ᶍ) ≽  ȺƀFG̃(ȩ)(ᶍ),∀ ȩ ∈ É  𝑎𝑛𝑑 ∀  ᶍ ∈ Ũ.   

Definition 3.4 [33] The union of two QPNSSs (F̃, É), (G̃, É) is given as (F̃, É)⋃̃(G̃, É) = (H̃, É) with 

(H̃, É) = [(ȩ, 〈ᶍ, ȺƀTH̃(ȩ)(ᶍ) ,  ƦęTH̃(ȩ)(ᶍ) , ƦęFH̃(ȩ)(ᶍ) , ȺƀFԼ(ȩ)(ᶍ): ᶍ ∈ Ũ〉) : ȩ ∈ É] 
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With   ȺƀTH̃(ȩ)(ᶍ) = ɱȧx [ȺƀTF̃(ȩ)(ᶍ) , ȺƀTG(ȩ)(ᶍ)] ,  RȩTH̃(ȩ)(ᶍ) = ɱȧx [RȩTF̃(ȩ)(ᶍ) , ƦęTG(ȩ)(ᶍ)], 

 RȩFH̃(ȩ)(ᶍ) = ɱɨn [ReFF̃(ȩ)(ᶍ) , ƦęFG(ȩ)(ᶍ)] ,  FH̃(ȩ)(ᶍ) = ɱɨn [ȺƀFF̃(ȩ)(ᶍ) , ȺƀFG(ȩ)(ᶍ)]. 

Definition 3.5 [33] The intersection of QPNSSs (F̃, É), (G̃, É) is denoted by  (F̃, É)⋂̃(G̃, É) =

(H̃, É)and is given as 

(H̃, É) = [(ȩ, 〈ᶍ, ȺƀTH̃(ȩ)(ᶍ) ,  ReTH̃(ȩ)(ᶍ) , ƦęFH̃(ȩ)(ᶍ) , ȺƀFԼ(ȩ)(ᶍ): ᶍ ∈ Ũ〉) : ȩ ∈ É] 

Where, AbTH̃(ȩ)(ᶍ) = ɱȧx [ȺƀTF̃(ȩ)(ᶍ) , ȺƀTG(ȩ)(ᶍ)] ,  ƦęTH̃(ȩ)(ᶍ) = ɱɨn [ƦęTF̃(ȩ)(ᶍ) , ƦęTG(ȩ)(ᶍ)], 

 RȩFH̃(ȩ)(ᶍ) = ɱȧx [ƦęFF̃(ȩ)(ᶍ) , ƦęFG(ȩ)(ᶍ)] ,  FH̃(ȩ)(ᶍ) = ɱȧx [ȺƀFF̃(ȩ)(ᶍ) , ȺƀFG(ȩ)(ᶍ)]. 

Definition 3.6 [33] The difference of two QPNSSs (F̃, É), (G̃, É) 𝑖𝑠 (H̃, É) = (F̃, É)⋂̃(G̃, É)
c
  𝑎𝑛𝑑 is 

given as  (H̃, É) = [(ȩ, 〈ᶍ, ȺƀTH̃(ȩ)(ᶍ) ,  ƦęTH̃(ȩ)(ᶍ) , ƦęFH̃(ȩ)(ᶍ) , ȺƀFԼ(ȩ)(ᶍ) : ᶍ ∈ Ũ〉) : ȩ ∈ É] with  

AbTH̃(ȩ)(ᶍ) = ɱɨn [ȺƀTF̃(ȩ)(ᶍ) , ȺƀFG(ȩ)(ᶍ)] ,  ReTH̃(ȩ)(ᶍ) = ɱɨn [ƦęTF̃(ȩ)(ᶍ) , ƦęFG(ȩ)(ᶍ)], 

 ƦęFH̃(ȩ)(ᶍ) = ɱȧx [ƦęFF̃(ȩ)(ᶍ) , ƦęTG(ȩ)(ᶍ)] ,  FH̃(ȩ)(ᶍ) = ɱȧx [ȺƀFF̃(ȩ)(ᶍ) , ȺƀFG(ȩ)(ᶍ)]. 

Definition 3.7 [33] The family of all QPNSSs is QNSS(Ũ̃, É). If τ ⊂ QPNSS (Ũ̃, É), thenτ is 

QPNSTS on Ũ ̃if(1).0(〈Ũ〉 ,É), 1(〈Ũ〉 ,É) ∈ τ, (2).The union of any number of 𝑄𝑃𝑁𝑆𝑆𝑠 in τ ∈  τ. 

(3).𝑇he intersection of a fi𝑛ite number of 𝑄𝑃𝑁𝑆𝑆𝑠 𝑖𝑛  τ ∈ τ, then (Ũ ̃, τ, É) is QPNSTTS over Ũ ̃. 

4. P- Compactness in quadri-partitioned neutrosophic topological spaces (QPNSBTS) 

The notion of QPNS compactness in QPNSBTS and QPNS p-compact space is covered in this 

section. We define and discuss the notion of reducibility to finite sub-covers, which is one of the 

features of a QPNS cover. A number of intriguing theorems demonstrate that a QPNS p-

compact space possesses the finite intersection property of its QPNS p-closed sets and that the 

intersection of QPNS p-closed sets is non-empty. We further prove that a QPNS p-closed 

subspace of a QPNS p-compact space is QPNS p-compact and that non-overlapping QPNS p-

open subsets exist that divide disjoint QPNS p-compact subsets of a QPNS p-Hausdorff space. 

This contribution has improved the theoretical underpinnings of the QPNS spaces and has 

proven helpful in the research of compactness in the soft topological spaces. 

Definition 4.1 Let (Ũ, 𝜏1, 𝜏2, É) be a QPNSBTS 𝑜𝑣𝑒𝑟 Ũ  , (ϔ̃, É)𝑏𝑒 𝑎 𝑄𝑃𝑁𝑆𝑆 , then (ϔ̃, É) is (1): 

𝑄𝑃𝑁𝑆 𝑠-open  𝑖𝑓  𝑄𝑃𝑁𝑆𝑐𝑙 (𝑄𝑃𝑁𝑆𝑖𝑛𝑡(ϔ̃, É)) ⊇̃ (ϔ̃, É) 

(2): 𝑄𝑃𝑁𝑆𝐵𝑇𝑆 𝑝-𝑜𝑝𝑒𝑛) if 𝑄𝑃𝑁𝑆int (𝑄𝑃𝑁𝑆𝑐𝑙(ϔ̃, É)) ⊇̃ (ϔ̃, É) 

Definition 4.2 The class of sub-set of Ũ  is (Ժ̃, É) = {(Ժ̃, É)𝑖}. If (Ը̃, É) ⊆̃ Ũ if (Ը̃, É) ⊆̃ Ս(Ժ̃, É)𝑖. The 

class {(Ժ̃, É)𝑖} is referred to be QPNScover of (Ը̃, É). Since members of the aforementioned class 

are finite, countable, and QPNS p-open, this cover is referred to as finite, countable, and QPNS 
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p-open according as the members of the above class are finite, countable and QPNS p-open. (i) 

(Ը̃, É)
1

= (Ժ̃, É)1Ս(Ժ̃, É)2Ս(Ժ̃, É)3 

(ii) if (Ը̃, É)
1

= {(Ժ̃, É)𝑖: 𝑖 ∈̃ 𝐼} 

(Ը̃, É)
2

= {(Լ̃, É)𝑗: 𝑗 ∈̃ 𝐼} are two QPNS cover  of a set (Ը̃, É) 

i.e. (Ը̃, É) ⊆̃ Ս(Ժ̃, É)𝑖 and (Ը̃, É) ⊆̃ Ս(Լ̃, É)𝑗 so that  candidate of  (Ը̃, É)
2
 is also candidate of (Ը̃, É)

1
 

. Then (Ը̃, É)
2
is referred to be QPNS sub-cover of (Ը̃, É)

1
 

Definition 4.3 If (Ը̃, É)) = {(Ժ̃, É)
𝑖
: 𝑖 ∈̃ 𝐼} is a class of QPNS and (Ը̃, É) ⊆̃ Ũ 𝑠. 𝑡. (Ը̃, É) ⊆̃ Ս(Ժ̃, É)𝑖 

then (Ը̃, É) = {(Ժ̃, É)𝑖: 𝑖 ∈̃ 𝐼} is a QPNS p-cover. If (Ժ̃, É)𝑖1
, (Ժ̃, É)𝑖2

, (Ժ̃, É)𝑖3
, … . (Ժ̃, É)𝑖𝑘

 are from 

(Ը̃, É) s.t. (Ը̃, É) ⊆̃ (Ժ̃, É)𝑖1
Ս(Ժ̃, É)𝑖2

Ս(Ժ̃, É)𝑖3
, … . Ս(Ժ̃, É)𝑖𝑘

 or (Ը̃, É) ⊆̃ Ս𝑛=1
𝑘 (Ժ̃, É)𝑖𝑘 . Then (Ը̃, É) =

{(Ժ̃, É)𝑖: 𝑖 ∈̃ 𝐼} can be shrunk to finite sun-cover. 

Definition 4.4 If (Ũ, 𝜏1, 𝜏2, É) be a QPNSBTS over Ũand (Ը̃, É) ⊆̃ Ũ) then this set (Ը̃, É)is  compact 

if every QPNS p-open covering of (Ը̃, É) can be reduced  to FSC . 

Definition 4.5 If Ũ̃ isQPNS. The collection ofQPNS sub-sets of  Ũ̃ say {(Ը̃, É)
𝛼

: 𝛼 ∈ 𝐼 }  have FIP if 

we can search out soft QPNS (finite) sub-collection  

{(Ը̃, É)
𝛼1

, (Ը̃, É)
𝛼2

, (Ը̃, É)
𝛼3

… … … . (Ը̃, É)
𝛼𝑛

} 𝑠. 𝑡 

(Ը̃, É)
𝛼1

Ռ̃(Ը̃, É)
𝛼2

Ռ̃(Ը̃, É)
𝛼3

Ռ̃ … … … . Ռ̃(Ը̃, É)
𝛼𝑛

≇ Φ̃ 

or ∏ (Ը̃, É)
𝛼𝑖

≇ Φ̃𝑛
𝑖=1 . 

Theorem 4.6 Assume that each class of QPNS p-closed sets with finite intersection property has 

a non-empty intersection if and only if (Ũ̃, 𝜏1, 𝜏2, É)  is QPNS p-compact. 

Proof.  Assume that  (Ũ̃, 𝜏1, 𝜏2, É)  is QPNS p-compact and  {(Ը̃, É)
𝛼

: 𝛼 ∈ 𝐼 } be a class of QPNS p-

CSs satisfying  FIP that is ∏ (Ը̃, É)
𝛼𝑖

≇ Φ̃𝑛
𝑖=1 . If  ∏ (Ը̃, É)

𝛼𝑖
≅ Φ̃𝑛

𝑖=1  ⟹ (∏ (Ը̃, É)
𝛼𝑖

𝑛
𝑖=1 )𝑐 ≅ Φ𝑐 . this 

implies that (∐ (Ը̃, É)
𝛼𝑖

𝑛
𝑖 )𝑐 ≅ Φ𝑐 . ImpliesŨ

≈

≅ (∐ (Ը̃, É)
𝛼𝑖

𝑛
𝑖 )𝑐. This means {(Ը̃, É)

𝛼
: 𝛼 ∈ 𝐼 } ≅

{(Ը̃, É)
1

𝑐
, (Ը̃, É)

2

𝑐
, (Ը̃, É)

3

𝑐
… } forms QPNS p-OC of Ũ. But (Ũ̃, 𝜏1, 𝜏2, É)  is QPNS p-compact. So  

Ũ ≅ ∐ (Ը̃, É)
𝑖𝑘

𝑛
𝑘≅1̃ )𝑐 . This implies (∏ Ը̃, É𝑖𝑖

)𝑛
𝑖=1

𝑐
≅ Ũ

≈
𝑐. Implies [(∏ (Ը̃, É)

𝑖𝑘
)𝑛

𝑘=1
𝑐
]

𝑐
≅ Φ̃. This 

implies∏ (Ը̃, É)
𝑖𝑘

) ≅𝑛
𝑘=1̃ Φ̃ which is not possible. Hence∏ (Ը̃, É)

𝛼𝑖
≇ Φ̃𝑛

𝑖=1 . On converse we are 

prove is QPNS p-compact. If  not QPNS p-compact. Implies least one QPNS p-OC is there which is 

not reducible to FSC. Let that QPNS p-OC be {(Ժ̃, É)
𝑖
: 𝑖 ∈ 𝐼 }. Since this is QPNS p-open cover of 

Ũ. So  Ũ ≅ ∐ (Ը̃, É)
𝑖𝑖∈𝐼  .ButŨ ≇ ∐ (Ժ̃, É)

𝑖𝑘

𝑚̃
𝑘≅1̃ . This implies∏ (Ժ̃, É)

𝑖𝑘

𝑐
≇𝑚̃

𝑘=1̃ Φ̃. Where (Ժ̃, É)
𝑖𝑘

𝑐
 are 

soft p-closed. But ∏ (Ժ̃, É)
𝑖

𝑐
𝑖∈𝐼 ≇ Φ̃. This implies  Ũ ≇ ∐ (Ժ̃, É)𝑖𝑖∈𝐼

≈

 which is possible. Hence Ũ is 

QPNS p-compact.  
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Theorem 4.7 If  (Ũ̃, 𝜏1, 𝜏2, É)  is QPNSTS, p-CSS of a QPNS p-CS is QPNS p-compact. 

Proof. Assume (Ũ̃, 𝜏1, 𝜏2, É)  is QPNSTS 𝑠. 𝑡. it is QPNS p-compact, (Ը̃, É) is a QPNS p-CSS. Let 

{(Ժ̃, É)
𝑖
: 𝑖 ∈ 𝐼 }  be QPNS p-OC of (Ը̃, É). Since {(Ժ̃, É)

𝑖
: 𝑖 ∈ 𝐼 }is QPNS p-𝑜𝑝𝑒𝑛 𝑐𝑜𝑣𝑒𝑟 𝑜𝑓 (Ը̃, É) so 

(Ը̃, É) ⊆̃ ∐ (Ժ̃, É)𝑖𝑖∈𝐼

≈

. Now Ũ ≅ (Ը̃, É)Ս(Ը̃, É)𝑐.Now (Ը̃, É)Ս(Ը̃, É)𝑐 ⊆̃ ∐ (Ժ̃, É)𝑖𝑖∈𝐼

≈

Ս(Ը̃, É)𝑐.Ũ ≅

(∐ (Ժ̃, É)𝑖)𝑖∈𝐼

≈

Ս(Ը̃, É)𝑐. Since (Ը̃, É) is QPNS p-closed this implies (Ը̃, É)𝑐 is QPNS p-open. 

The soft family {(Ժ̃, É)
𝑖
: 𝑖 ∈ 𝐼 } together with (Ը̃, É)𝑐 form QPNS p-open cover ofŨ. But Ũ is given 

to be QPNS p-compact. So the above QPNS p-OC can be reduced to finite QPNS  sub-cover. That 

isŨ ≅ (∐ (Ժ̃, É)
𝑖𝑘

)𝑛
𝑘≅1̃ Ս(Ը̃, É)𝑐.  This implies (Ը̃, É) ⊆̃ (∐ (Ժ̃, É)

𝑖𝑘
)𝑛

𝑘≅1̃ Ս(Ը̃, É)𝑐. But(Ը̃, É)Ռ(Ը̃, É)𝑐 ≅

Φ̃. So(Ը̃, É) ⊆̃  (∐ (Ժ̃, É)
𝑖𝑘

)𝑛
𝑘≅1̃ .This implies {(Ժ̃, É)

𝑖
: 𝑖 ∈ 𝐼 } which QPNS p-open cover is of (Ը̃, É) is 

reduced to finite QPNS  sub-cover. So (Ը̃, É)is QPNS p-compact. 

 

 

Fig: 4.3 
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Fig: 4.4 

Theorem 4.8 Assume QPNS p-Hausdorff space Ũ. If (Ը̃, É) is QPNS p-compact SS and let 

ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ Ũ − (Ը̃, É). 𝑇ℎ𝑒𝑛 𝑡ℎ𝑒𝑟𝑒 𝑒𝑥𝑖𝑠𝑡𝑠 QPNS p-OS (Ժ̃, É) and (Լ̃, É) s.t. ş⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Ժ̃, É) 

, (Ը̃, É) ⊆̃ (Լ̃, É) and (Ժ̃, É)Ռ(Լ̃, É) ≅ Φ̃. 

Proof.  Ũ̃ is given to be  QPNS p-Hausdorff space, for each ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Ը̃, É) there exists 

QPNS p-Oss  (Ժ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É )and (Լ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) respectively such 

that (Ժ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) Ռ(Լ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É)  ≅ Φ̃. Now {(Լ̃
𝑥
≈, É): ş⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Ը̃, É)} is QPNS p-OC of 

(Ը̃, É) and (Ը̃, É) being QPNS p-𝑐ompact, there exists finitely many points 

of ş1
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, ş2
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, ş3
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, ş4
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, … … … . şn
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉 of (Ը̃, É) such 

that(Ը̃, É) ⊆̃ ⋃ (Լ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)𝑛

𝑖=1 . Let (Լ̃, É) ≅ ⋃ (Լ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)𝑛

𝑖=1  and(Ժ̃, É) ≅

⋂ (Ժ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)𝑛

𝑖=1 . Then (Լ̃, É) and (Ժ̃, É) 𝑎𝑟𝑒 𝑐𝑙𝑒𝑎𝑟𝑙𝑦 QPNS p-OSs 𝑠. 𝑡.  ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈

(Ժ̃, É) ⊆̃ (Լ̃, É) . More over(Ժ̃, É)Ռ(Լ̃, É) ≅ Φ̃, ifу⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Լ̃, É), then if у⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Լ̃, É) 

implies that у⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Լ̃şi

⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) for some şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉impliesу⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉

(Ժ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É). Since (Ժ̃ş⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)Ռ(Լ̃ş⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)  ≅ Φ̃ implies у⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉

⋂ (Ժ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)𝑛

𝑖=1  impliesу⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉ (Ժ̃, É). 
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Theorem 4.9 Let (Ը̃, É)  and (ϖ̃, É) be dis-joint QPNS p-compact SSs of a QPNS p-Hausdorff of Ũ. 

Then, there exists disjoi𝑛t QPNS p-Oss  (Ժ̃, É) and (Լ̃, É) 𝑠. 𝑡. , (Ը̃, É) ⊆
≈

(Ժ̃, É)and  (ϖ̃, É) ⊆̃ (Լ̃, É). 

Proof. ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Ը̃, É). Since(Ը̃, É)Ռ(Ժ̃, É)  ≅ Φ̃, у⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉ (Ժ̃, É); Now, (ϖ̃, É) is a 

QPNS p-compact SS of a QPNS p-Hausdorff of Ũ
≈

 and ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉ (ϖ̃, É), so there exists QPNS p-

OSs (Ժ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) and (Լ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) such that ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈

(Ժ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É), (Ժ̃, É) ⊆̃  (Լ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) and (Ժ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É)Ռ(Լ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) ≅ Φ̃. Clearly, 

{(Ժ̃ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) : ş⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Ը̃, É)} is QPNS p-OC of (Ը̃, É)  and (Ը̃, É)  being soft QPNS p-

compact there exists finitely many points 

ş1
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, ş2
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, ş3
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, ş4
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉, … … … . şn
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉in (Ը̃, É) such that 

(Ը̃, É) ⊆̃ ⋃ (Ժ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É) .𝑛

𝑖=1  Let (Ժ̃, É) ≅ ⋃ (Ժ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)𝑛

𝑖=1  and (Լ̃, É) ≅

⋂ (Լ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É)𝑛

𝑖=1 . Then, (Ը̃, É) ⊆̃  (Ժ̃, É) and (ϖ̃, É) ⊆̃  (Լ̃, É). Since (Ժ̃, É) ⊆
≈

(Լ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É) 

for each 𝑖. Clearly, (Ժ̃, É) and (Լ̃, É) are QPNS p-open sets. Also, (Ժ̃, É)Ռ(Լ̃, É) ≅, (Ժ̃, É)Ռ(Լ̃, É) ≅

Φ̃,for, if у⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Ժ̃, É) implies у⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∈ (Ժ̃şi
⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉
, É) for some ş⋋

〈ƿ1,ƿ2,ƿ3,ƿ4〉𝑖
 

implies у⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉ (Լ̃şi

⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É) implies у⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉ ⋂ (Լ̃şi

⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉

, É)𝑛
𝑖=1  implies 

у⋋
〈ƿ1,ƿ2,ƿ3,ƿ4〉 ∉ (Լ̃, É).  

 

Fig: 4.7 
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Theorem 4.10 Let ( 𝑌̃, 𝜏1, 𝜏2, É) be a QPNS sub-space of ( Ũ, 𝜏3, 𝜏4, É) then 𝑌̃ is QPNS p-cover w.r.t 

the QPNSBTS 𝜏1Ս𝜏2 𝑖𝑓𝑓 𝑌̃ is QPNS p- covers w.r.t. the QPNSBTS 𝜏3Ս𝜏4. 

Proof. Let {(Լ̃, É)
𝑖
: 𝑖 ∈ 𝐼 } be a soft 𝜏1Ս𝜏2QPNS p-open cover of𝑌̃, then 𝑌̃ ∐ (Լ̃, É)𝑖𝑖∈𝐼

≈

 this 

implies(Լ̃, É)
𝑖

∈ 𝜏1Ս𝜏2 implies there exists(Ժ̃, É)
𝑖

∈ 𝜏3Ս𝜏4 such that (Լ̃, É)
𝑖

= (Ժ̃, É)
𝑖
Ռ(𝜏3Ս𝜏4) such 

that (Լ̃, É)
𝑖

= (Ժ̃, É)
𝑖
Ռ𝑌̃ ⊆̃ (Ժ̃, É)

𝑖
 implies there exists (Ժ̃, É)

𝑖
∈ 𝜏3Ս𝜏4 such that (Լ̃, É)

𝑖
⊆̃ (Ժ̃, É)

𝑖
  

implies  ∐ (Լ̃, É)𝑖𝑖∈𝐼

≈

⊆
≈

∐ (Ժ̃, É)𝑖𝑖∈𝐼

≈

 . But 𝑌̃ ⊆̃ ∐ (Լ̃, É)𝑖𝑖∈𝐼

≈

  so that 𝑌̃ ⊆̃ ∐ (Ժ̃, É)𝑖𝑖∈𝐼

≈

 .This proves 

∐ (Ժ̃, É)𝑖𝑖∈𝐼

≈

 is soft (𝜏3Ս𝜏4)QPNS p-open cover of 𝑌̃ which is known to be QPNS p-compact w.r.t. 

(𝜏3Ս𝜏4) and hence the QPNS cover {(Ժ̃, É)
𝑖
: 𝑖 ∈ 𝐼 } must be shrinkable to a finite QPNS sub-cover, 

say, {(Ժ̃, É)
𝑖𝑟

: 𝑟 = 1,2,3, … , 𝑛} then 𝑌̃ ⊆̃ ∐ (Ժ̃, É)
𝑖𝑟

𝑛̃
𝑟≅1̃ from which 𝑌̃Ռ𝑌̃ ⊆

≈
𝑌̃Ռ (∐ (Ժ̃, É)

𝑖𝑟

𝑛̃
𝑟≅1̃ ) =

∐ (𝑌̃Ռ(Ժ̃, É)
𝑖𝑟

)𝑛̃
𝑟≅1̃ = (∐ (Լ̃, É)

𝑖𝑟

𝑛̃
𝑟≅1̃ ) or 𝑌̃ ⊆

≈
∐ (Լ̃, É)

𝑖𝑟

𝑛̃
𝑟≅1̃  this shows that {(Լ̃, É)

𝑖𝑟
: 1 ≤ 𝑟 ≤ 𝑛 } is soft 

(𝜏1Ս𝜏2)  open-cover of 𝑌̃.Hence 𝑌̃is QPNS p-compact. Conversely, Let ( 𝑌
≈

, 𝜏1, 𝜏2, É) is QPNSsub-

space of ( Ũ, 𝜏3, 𝜏4, É). Also suppose that 𝑌̃is QPNS p-compact. To prove that 𝑌̃is QPNS p-

compact.  Let  {(Ժ̃, É)
𝑖
: 𝑖 ∈ 𝐼 } be soft 𝜏3Ս𝜏4 open cover of 𝑌̃so that  𝑌̃ ⊆̃ ∐ (Ժ̃, É)𝑖𝑖∈𝐼

≈

  from which 

𝑌̃Ռ𝑌̃ ⊆̃ 𝑌̃Ռ (∐ (Ժ̃, É)
𝑖

𝑛̃
𝑟≅1̃ ) or 𝑌̃Ռ (∐ (𝑌̃Ռ(Ժ̃, É)

𝑖

𝑛̃
𝑟≅1̃ ) on taking (Լ̃, É)

𝑖
= (𝑌̃Ռ(Ժ̃, É)

𝑖
 we 

get𝑌̃ ⊆̃ (∐ (Լ̃, É)
𝑖

𝑛̃
𝑟≅1̃ ). (Ժ̃, É)

𝑖
∈ 𝜏3Ս𝜏4implies that (Լ̃, É)

𝑖
= 𝑌̃Ռ (∐ (Ժ̃, É)

𝑖

𝑛̃
𝑟≅1̃ ) ∈ (𝜏3Ս𝜏4)  so it is 

clear that {(Լ̃, É)
𝑖
: 𝑖 ∈ 𝐼 } is  (𝜏3Ս𝜏4)QPNS p-open cover  𝑌

≈
 which is known to be (𝜏3Ս𝜏4)QPNS p- 

compact and hence this soft cover must be reducible to QPNS finite sub-cover say {(Լ̃, É)
𝑖𝑟

: 1 ≤

𝑟 ≤ 𝑛 }. this implies 𝑌̃ ⊆̃ (∐ (Լ̃, É)
𝑖

𝑛̃
𝑟≅1̃ ) = (∐ (⊆̃ Ռ(Ժ̃, É)

𝑖𝑟

𝑛̃
𝑟≅1̃ )  or 

𝑌̃ ⊆̃ (∐ (𝑌̃Ռ(Ժ̃, É)
𝑖𝑟

𝑛̃
𝑟≅1̃ ) ⊆̃ (∐ (Ժ̃, É)

𝑖𝑟

𝑛̃
𝑟≅1̃ )  or 𝑌̃ ⊆̃ (∐ (Ժ̃, É)

𝑖𝑟

𝑛̃
𝑟≅1̃ )   this shows  (𝜏3Ս𝜏4)QPNS p-

compact.  
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Fig: 4.10 

 

5. Exploring tangent similarity measure for enhanced data classification and pattern 

recognition  

One analytical technique for determining the degree of similarity between two vectors (data) is 

the tangent similarity measure (TSM). It is widely used in a variety of machine learning, image 

processing, and data analysis applications. By taking into account the geometric orientation of 

the data points, TSM will be able to uncover hidden patterns and associations that would have 

been impossible to find with just distance-based measurements. It is frequently used in data 

analysis, machine learning, and image processing. In the context of a military mission, TSM can 

be used to classified potential targets based on surveillance data. This is accomplished by 

contrasting a target's operational characteristics with the currently available categorized 

profiles. The likelihood of comparing and classifying threats is then increased, and the degree to 

which a target is classified into pre-established threat classifications is estimated. The 

classification and pattern recognition tasks are aided by a number of machine learning and 

visualization measures. Sig: K-means++ algorithm, Restricted Boltzmann Machine (RBM),GLO, 
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LDA, ICA, K-Means clustering to the IRIS, Bar graph,3D-Bar Graph, PC for a 3D t-SNE 

transformation, CC, FDA, FPC. 

5.1 Tan similarity measures: 

Let Ԣ𝑖 = (𝐴𝑏𝑇𝑖𝑘 , 𝑅𝑒𝑇𝑖𝑘 , 𝑅𝑒𝐹𝑖𝑘, 𝐴𝑏𝐹𝑖𝑘), Ԋ𝑗 = (𝐴𝑏𝑇𝑗𝑘 , 𝑅𝑒𝑇𝑗𝑘 , 𝑅𝑒𝐹𝑗𝑘, 𝐴𝑏𝐹𝑗𝑘) are two DNSSs. Each set is 

represented by four components for each feature k: 

𝐴𝑏𝑇𝑖𝑘: Absolute truth membership of feature 𝑘 for Ԣ𝑖. 

𝑅𝑒𝑇𝑖𝑘: Relative truth membership degree of feature 𝑘 for Ԣ𝑖. 

𝑅𝑒𝐹𝑖𝑘: Relative false membership degree of feature 𝑘 for Ԣ𝑖. 

𝐴𝑏𝐹𝑖𝑘: Absolute false membership degree of feature 𝑘 for Ԣ𝑖. 

The values typically satisfy: 𝐴𝑏𝑇𝑖𝑘 , 𝑅𝑒𝑇𝑖𝑘, 𝑅𝑒𝐹𝑖𝑘 , 𝐴𝑏𝐹𝑖𝑘 ∈ [0,1] 

Similarly, for object Ԋ𝑗: 

𝐴𝑏𝑇𝑖𝑘: Absolute truth membership of feature 𝑘 for Ԋ𝑗. 

𝑅𝑒𝑇𝑖𝑘: Relative truth membership degree of feature 𝑘 for Ԋ𝑗. 

𝑅𝑒𝐹𝑖𝑘: Relative false membership degree of feature 𝑘 for Ԋ𝑗. 

𝐴𝑏𝐹𝑖𝑘: Absolute false membership degree of feature 𝑘 for Ԋ𝑗. 

The values typically satisfy: 𝐴𝑏𝑇𝑗𝑘 , 𝑅𝑒𝑇𝑗𝑘 , 𝑅𝑒𝐹𝑗𝑘, 𝐴𝑏𝐹𝑗𝑘 ∈ [0,1] 

The tangent similarity measure between Ԣ𝑖 and Ԋ𝑗 is defined as:  

𝑇𝑎𝑛𝑔𝑒𝑛𝑡𝑄𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

1

𝑛
∑ {1 − 𝑡𝑎𝑛

𝜋

12
(|𝐴𝑏𝑇𝑖𝑘 − 𝐴𝑏𝑇𝑗𝑘| + |𝑅𝑒𝑇𝑖𝑘 − 𝑅𝑒𝑇𝑗𝑘| + |𝑅𝑒𝐹𝑖𝑘 − 𝑅𝑒𝐹𝑗𝑘| + |𝐴𝑏𝐹𝑖𝑘 − 𝐴𝑏𝐹𝑗𝑘|)}

𝑛

𝑖=1
. 

5.2 Tangent similarity in military target classification and machine learning 

One analytical technique for determining how similar two vectors (data) are to one another is 

the tangent similarity measure (TSM). It has numerous uses in data analysis, image processing, 

and machine learning. TSM can provide information on latent patterns and associations that are 

not visible when utilizing distance-based measurements because of the geometric orientation of 

the data points. In military applications, TSM can also be used to classify potential targets based 

on surveillance data. 

Comparing an object of interest's operating characteristics to pre-existing profiles is how this is 

done. Both the likelihood of accurately comparing and classifying the risks and the degree to 

which a target is categorized within pre-existing danger categories are raised. Tasks involving 

pattern recognition and classification can benefit from a variety of machine learning and 

visualization approaches. 

Principal Component Analysis (PCA) of the IRIS data reduces the dimensionality of the data by 

transforming features into orthogonal components; Neutrosophic PCA can model the 

uncertainty in variance contribution or feature relationship that may be indeterminate; t-

Distributed Stochastic Neighbor Embedding (t-SNE) is used to visualize the data in 2D or 3D, 
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and the data may have a high number of dimensions; a neutrosophic t-SNE would deal with an 

ambiguous cluster boundary by using truth, indeterminacy, and falsity memberships in 

similarity calculations; K-Means++ Clustering improves the initial centroid choice; and 

neutrosophic K-Means++ can place data points into the clusters in varying membership 

degrees, indeterminacy, and non-membership, which improves cluster validity. 

Generative neural networks that learn features are called Restricted Boltzmann Machines 

(RBMs). A neutrosophic RBM can model neutrosophic arbitrary activations as a kind of hidden 

layers. Neutrosophic restrictions may be used to solve the goals with unknown parameters in 

Global Linear Optimization (GLO), which tackles problems globally. Although it can be used to 

model feature space subjects, Latent Dirichlet Allocation (LDA) is most frequently used to text. 

There may be ambiguous subject allocations for neutrophilic LDA. Mixed signals are separated 

into individual components via ICA. Neutrosophic ICA can resolve component independence 

or mixing matrix ambiguity. 

K-Means normalization of IRIS data Features are scaled by clustering. Uncertainty in scaled 

values or grouping assignments may also be handled via the neutrosophic K-Means. Although 

neutrosophic versions may convey truth, indeterminacy, and falsity memberships between 

classes or features, Bar Graphs and 3D Bar Graphs are used to represent distributions. In 3D t-

SNE, the multivariate data is displayed using parallel coordinates. These could be neutrosophic 

t-SNE ambiguous pathways through dimensions. Original data points and smooth spline 

functions are used to illustrate trends. Neutrosophic splines can be represented by curves with 

uncertain smoothing parameters or uncertain fits. Neutrosophic FPCA may produce Eigen-

functions utilizing uncertain functional data, and the IRIS data has Functional Principal 

Components (Eigen-functions) to functional data. 

 5.3 Visualizing complexity: PCA, t-SNE, UMAP, and ICA applications 

Assume that we have knowledge of a set of potential military targets, specifically  𝑇 =

{𝑇1, 𝑇2, 𝑇3, 𝑇4}, which is a particular operationally significant object. It could be a convoy of 

supplies, a collection of man-made parts, a mobile command center, or even a communications 

hub. A collection of surveillance or reconnaissance data 𝑆 = {𝑆1, 𝑆2, 𝑆3, 𝑆4} can be assigned to 

each target. Radar signatures, thermal imaging, electronic emission monitoring, and movement 

observation are a few examples of sufficient sources of this type of information. 

These crucial intelligence leads aid in the identification and description of every target. Every 

target has been touched or indexed: 𝐶 = {𝐶1, 𝐶2, 𝐶3, 𝐶4}.. These categories could include 

communication hubs, logistical clusters, mobile decoys, and high-value strategic assets that 

must be removed or dealt with right away. Each target's working attribute consists of the 

following four structural components: The deviations of the grating's appealing pattern on an 

electrical or thermal surface are measured by AbS (Abnormal Signal Signature). 
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The target signal's proximity to anticipated threat parameters is measured by RelT (Relevant 

Threat Threshold). Abnormal Fluctuation (AbF) is the abnormal change in the target behavior 

or sign, whereas RelF (Relative Fluctuation) is the change of the electronic or thermal signal 

employed in operating dynamic. Each target will be modeled as a feature vector based on these 

criteria. The cotangent similarity metric is then used to compare this to the other vectors of 

known targets. When two vectors are involved, the cosine of the angle represents the similarity 

score. The likelihood that the current target falls into a known threat profile increases with the 

cosine value's proximity to 1. The targets can be automatically classified into the high accuracy 

category in real-time by comparing the surveillance data with the threat models that are 

currently in use. As a result, the decision-makers may quickly identify their targets, assess their 

danger level, and rank them according to how crucial they are for engagement or surveillance. 

To improve combat field intelligence and guarantee quicker, evidence-based decision-making, 

the software is used in fluid generation workplaces. 

 

Table 5.3.1: Tangent similarity matrix for target intelligence feature extraction (T × S) 

 𝑆1 𝑆2 … 𝑆𝑛 

𝑇1 𝐴𝑏𝑇11, 𝑅𝑒𝑙𝑇11, 

𝑅𝑒𝑙𝐹11, 𝐴𝑏𝐹11 

𝐴𝑏𝑇12, 𝑅𝑒𝑙𝑇12, 

𝑅𝑒𝑙𝐹12, 𝐴𝑏𝐹12 

… 𝐴𝑏𝑇1𝑛, 𝑅𝑒𝑙𝑇1𝑛, 

𝑅𝑒𝑙𝐹1𝑛, 𝐴𝑏𝐹1𝑛 

𝑇2 𝐴𝑏𝑇21, 𝑅𝑒𝑙𝑇21, 

𝑅𝑒𝑙𝐹21, 𝐴𝑏𝐹21 

𝐴𝑏𝑇22, 𝑅𝑒𝑙𝑇22 

𝑅𝑒𝑙𝐹21, 𝐴𝑏𝐹22 

… 𝐴𝑏𝑇2𝑛, 𝑅𝑒𝑙𝑇2𝑛, 

𝑅𝑒𝑙𝐹2𝑛, 𝐴𝑏𝐹2𝑛 

… … … … … 

𝑇𝑚 𝐴𝑏𝑇𝑚1, 𝑅𝑒𝑙𝑇𝑚1, 

𝑅𝑒𝑙𝐹𝑚1, 𝐴𝑏𝐹𝑚1 

𝐴𝑏𝑇𝑚2, 𝑅𝑒𝑙𝑇𝑚2, 

𝑅𝑒𝑙𝐹𝑚2, 𝐴𝑏𝐹𝑚2 

… 𝐴𝑏𝑇𝑚𝑛, 𝑅𝑒𝑙𝑇𝑚𝑛, 

𝑅𝑒𝑙𝐹𝑚𝑛, 𝐴𝑏𝐹𝑚𝑛 
 

 

The un-coded surveillance parameters of every target 𝑇𝑖 gathered by every data source 𝑆𝑖 are 

displayed in this table. AbS (Abnormal Signature), RelT (Relevant Threat Threshold), RelF 

(Relative Fluctuation), and AbF (Abnormal Fluctuation) are used to simulate a threat for each 

target-source combination by providing a thorough examination of the 4-dimensional feature 

vectors at each cell.  
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Table 5.3.2: Analytical matrix for operational target detection and classification (T × S → C) 

Row-I 𝑺𝟏  𝑺𝟐 𝑺𝟑 𝑺𝟒 Row-II 𝑪𝟏  𝑪𝟐 𝑪𝟑 𝑪𝟒 

𝑻𝟏  

(

0.5
0.7
0.3
0.4

) (

0.6
0.4
0.3
0.8

) (

0.3
0.5
0.8
0.9

) (

0.9
0.2
0.4
0.6

) 

𝑺𝟏  

(

0.3
0.5
0.7
0.8

) (

0.7
0.6
0.2
0.3

) (

0.5
0.4
0.6
0.9

) (

0.3
0.2
0.4
0.7

) 

𝑻𝟐  

(

0.4
0.7
0.5
0.7

) (

0.2
0.4
0.6
0.9

) (

0.3
0.4
0.5
0.8

) (

0.7
0.4
0.6
0.4

) 

𝑺𝟐  

(

0.2
0.3
0.7
0.8

) (

0.6
0.7
0.4
0.5

) (

0.3
0.6
0.8
0.4

) (

0.4
0.3
0.6
0.2

) 

𝑻𝟑  

(

0.7
0.6
0.8
0.3

) (

0.2
0.8
0.7
0.5

) (

0.6
0.3
0.2
0.4

) (

0.6
0.2
0.7
0.3

) 

𝑺𝟑  

(

0.4
0.7
0.5
0.6

) (

0.6
0.3
0.4
0.5

) (

0.7
0.3
0.2
0.4

) (

0.5
0.6
0.3
0.4

) 

𝑻𝟒  

(

0.4
0.6
0.8
0.3

) (

0.3
0.6
0.2
0.9

) (

0.5
0.8
0.4
0.3

) (

0.4
0.6
0.8
0.4

) 

𝑺𝟒  

(

0.3
0.6
0.4
0.8

) (

0.9
0.3
0.2
0.5

) (

0.4
0.3
0.8
0.6

) (

0.3
0.8
0.9
0.4

) 

 

This table displays the cotangent similarity values based on the target feature vectors and a 

comparison with the targets' known operational characteristics (e.g., C₁: high-value asset, C₂: 

decoy, C₃: communication node, C₄: logistical unit). The un-normalized cosine similarity 

between each target (T) and its surveillance data (S) is provided in Row-I (T × S). In the 

meantime, the cotangent proximity of each data source foreground to the classified operation 

profile is displayed in Row-II (S × C). By classifying or grouping the targets into groups based 

on the sort of threat they are associated to or the type of operations they are involved in, the 

provided approach enables prioritizing the actions (attack, monitor, ignore, etc.). Ԣ𝑖 and 

Ԋ𝑗have the following tangent similarity: 

 𝑇𝑎𝑛𝑔𝑒𝑛𝑡𝑄𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

1

𝑛
∑ {1 − 𝑡𝑎𝑛

𝜋

12
(|𝐴𝑏𝑇𝑖𝑘 − 𝐴𝑏𝑇𝑗𝑘| + |𝑅𝑒𝑇𝑖𝑘 − 𝑅𝑒𝑇𝑗𝑘| + |𝑅𝑒𝐹𝑖𝑘 − 𝑅𝑒𝐹𝑗𝑘| + |𝐴𝑏𝐹𝑖𝑘 − 𝐴𝑏𝐹𝑗𝑘|)}

𝑛

𝑖=1
. 

For 𝑛 = 4 then 𝑅1 + 𝐶1 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.5 − 0.3| + |0.7 − 0.5| + |0.3 − 0.7| + |0.4 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.2| + |0.4 − 0.3| + |0.3 − 0.7| + |0.8 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.4| + |0.5 − 0.7| + |0.8 − 0.5| + |0.9 − 0.6|)}

+
1

4
{1 − tan

𝜋

12
(|0.9 − 0.3| + |0.2 − 0.6| + |0.4 − 0.4| + |0.6 − 0.8|)}

= 0.1687 + 0.1900 + 0.1900 + 0.1687 = 0.7174 
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For 𝑛 = 4 then 𝑅1 + 𝐶2 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.5 − 0.7| + |0.7 − 0.6| + |0.3 − 0.2| + |0.4 − 0.3|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.6| + |0.4 − 0.7| + |0.3 − 0.4| + |0.8 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.6| + |0.5 − 0.3| + |0.8 − 0.4| + |0.9 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.9 − 0.9| + |0.2 − 0.3| + |0.4 − 0.2| + |0.6 − 0.5|)}

= 0.2171 + 0.2036 + 0.1614 + 0.2237 = 0.8058 

For 𝑛 = 4 then 𝑅1 + 𝐶3 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.5 − 0.5| + |0.7 − 0.4| + |0.3 − 0.6| + |0.4 − 0.9|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.3| + |0.4 − 0.6| + |0.3 − 0.8| + |0.8 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.7| + |0.5 − 0.3| + |0.8 − 0.2| + |0.9 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.9 − 0.4| + |0.2 − 0.3| + |0.4 − 0.8| + |0.6 − 0.6|)}

= 0.1759 + 0.1540 + 0.1307 + 0.1830 = 0.6436 

For 𝑛 = 4 then 𝑅1 + 𝐶4 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.5 − 0.3| + |0.7 − 0.2| + |0.3 − 0.4| + |0.4 − 0.7|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.4| + |0.4 − 0.3| + |0.3 − 0.6| + |0.8 − 0.2|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.5| + |0.5 − 0.6| + |0.8 − 0.3| + |0.9 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.9 − 0.3| + |0.2 − 0.8| + |0.4 − 0.9| + |0.6 − 0.4|)}

= 0.1759 + 0.1687 + 0.1614 + 0.1142 = 0.6202 

For 𝑛 = 4 then 𝑅2 + 𝐶1 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.4 − 0.3| + |0.7 − 0.5| + |0.5 − 0.7| + |0.7 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.2| + |0.4 − 0.3| + |0.6 − 0.7| + |0.9 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.4| + |0.4 − 0.7| + |0.5 − 0.5| + |0.8 − 0.6|)}

+
1

4
{1 − tan

𝜋

12
(|0.7 − 0.3| + |0.4 − 0.6| + |0.6 − 0.4| + |0.4 − 0.8|)}

= 0.2104 + 0.2303 + 0.2104 + 0.1687 = 0.8198 

For 𝑛 = 4 then 𝑅2 + 𝐶2 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 
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1

4
{1 − tan

𝜋

12
(|0.4 − 0.7| + |0.7 − 0.6| + |0.5 − 0.2| + |0.7 − 0.3|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.6| + |0.4 − 0.7| + |0.6 − 0.4| + |0.9 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.6| + |0.4 − 0.3| + |0.5 − 0.4| + |0.8 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.7 − 0.9| + |0.4 − 0.3| + |0.6 − 0.2| + |0.4 − 0.5|)}

= 0.1759 + 0.1614 + 0.1968 + 0.1968 = 0.7309 

For 𝑛 = 4 then 𝑅2 + 𝐶3 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.4 − 0.5| + |0.7 − 0.4| + |0.5 − 0.6| + |0.7 − 0.9|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.3| + |0.4 − 0.6| + |0.6 − 0.8| + |0.9 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.7| + |0.4 − 0.3| + |0.5 − 0.2| + |0.8 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.7 − 0.4| + |0.4 − 0.3| + |0.6 − 0.8| + |0.4 − 0.6|)}

= 0.2036 + 0.1830 + 0.1687 + 0.1968 = 0.7521 

For 𝑛 = 4 then 𝑅2 + 𝐶4 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.4 − 0.3| + |0.7 − 0.2| + |0.5 − 0.4| + |0.7 − 0.7|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.4| + |0.4 − 0.3| + |0.6 − 0.6| + |0.9 − 0.2|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.5| + |0.4 − 0.6| + |0.5 − 0.3| + |0.8 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.7 − 0.3| + |0.4 − 0.8| + |0.6 − 0.9| + |0.4 − 0.4|)}

= 0.2036 + 0.1830 + 0.1830 + 0.1759 = 0.7455 

For 𝑛 = 4 then 𝑅3 + 𝐶1 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.7 − 0.3| + |0.6 − 0.5| + |0.8 − 0.7| + |0.3 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.2| + |0.8 − 0.3| + |0.7 − 0.7| + |0.5 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.4| + |0.3 − 0.7| + |0.2 − 0.5| + |0.4 − 0.6|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.3| + |0.2 − 0.6| + |0.7 − 0.4| + |0.3 − 0.8|)}

= 0.1759 + 0.1968 + 0.1759 + 0.1464 = 0.6950 

For 𝑛 = 4 then 𝑅3 + 𝐶2 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 
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1

4
{1 − tan

𝜋

12
(|0.7 − 0.7| + |0.6 − 0.6| + |0.8 − 0.2| + |0.3 − 0.3|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.6| + |0.8 − 0.7| + |0.7 − 0.4| + |0.5 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.6| + |0.3 − 0.3| + |0.2 − 0.4| + |0.4 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.9| + |0.2 − 0.3| + |0.7 − 0.2| + |0.3 − 0.5|)}

= 0.2104 + 0.1968 + 0.2303 + 0.1759 = 0.8134 

For 𝑛 = 4 then 𝑅3 + 𝐶3 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.7 − 0.5| + |0.6 − 0.4| + |0.8 − 0.6| + |0.3 − 0.9|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.3| + |0.8 − 0.6| + |0.7 − 0.8| + |0.5 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.7| + |0.3 − 0.3| + |0.2 − 0.4| + |0.4 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.4| + |0.2 − 0.3| + |0.7 − 0.8| + |0.3 − 0.6|)}

= 0.1687 + 0.2171 + 0.2303 + 0.2036 = 0.8197 

For 𝑛 = 4 then 𝑅3 + 𝐶4 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.7 − 0.3| + |0.6 − 0.2| + |0.8 − 0.4| + |0.3 − 0.7|)}

+
1

4
{1 − tan

𝜋

12
(|0.2 − 0.4| + |0.8 − 0.3| + |0.7 − 0.6| + |0.5 − 0.2|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.5| + |0.3 − 0.6| + |0.2 − 0.3| + |0.4 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.6 − 0.3| + |0.2 − 0.8| + |0.7 − 0.9| + |0.3 − 0.4|)}

= 0.1387 + 0.1759 + 0.2171 + 0.1687 = 0.7004 

For 𝑛 = 4 then 𝑅4 + 𝐶1 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.4 − 0.3| + |0.6 − 0.5| + |0.8 − 0.7| + |0.3 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.2| + |0.6 − 0.3| + |0.2 − 0.7| + |0.9 − 0.8|)}

+
1

4
{1 − tan

𝜋

12
(|0.5 − 0.4| + |0.8 − 0.7| + |0.4 − 0.5| + |0.3 − 0.6|)}

+
1

4
{1 − tan

𝜋

12
(|0.4 − 0.3| + |0.6 − 0.6| + |0.8 − 0.4| + |0.4 − 0.8|)}

= 0.1968 + 0.1759 + 0.2104 + 0.1900 = 0.7731 

For 𝑛 = 4 then 𝑅4 + 𝐶2 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 
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1

4
{1 − tan

𝜋

12
(|0.4 − 0.7| + |0.6 − 0.6| + |0.8 − 0.2| + |0.3 − 0.3|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.6| + |0.6 − 0.7| + |0.2 − 0.4| + |0.9 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.5 − 0.6| + |0.8 − 0.3| + |0.4 − 0.4| + |0.3 − 0.5|)}

+
1

4
{1 − tan

𝜋

12
(|0.4 − 0.9| + |0.6 − 0.3| + |0.8 − 0.2| + |0.4 − 0.5|)}

= 0.1900 + 0.1830 + 0.1968 + 0.1464 = 0.7162 

For 𝑛 = 4 then 𝑅4 + 𝐶3 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.4 − 0.5| + |0.6 − 0.4| + |0.8 − 0.6| + |0.3 − 0.9|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.3| + |0.6 − 0.6| + |0.2 − 0.8| + |0.9 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.5 − 0.7| + |0.8 − 0.3| + |0.4 − 0.2| + |0.3 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.4 − 0.4| + |0.6 − 0.3| + |0.8 − 0.8| + |0.4 − 0.6|)}

= 0.1759 + 0.1759 + 0.1830 + 0.2171 = 0.7519 

For 𝑛 = 4 then 𝑅4 + 𝐶4 ⇒ 𝑇𝑎𝑛𝑄𝑃𝑁𝑆𝑆(Ԣ𝑖, Ԋ𝑗) = 

                                  
1

4
{1 − tan

𝜋

12
(|0.4 − 0.3| + |0.6 − 0.2| + |0.8 − 0.4| + |0.3 − 0.7|)}

+
1

4
{1 − tan

𝜋

12
(|0.3 − 0.4| + |0.6 − 0.3| + |0.2 − 0.6| + |0.9 − 0.2|)}

+
1

4
{1 − tan

𝜋

12
(|0.5 − 0.5| + |0.8 − 0.6| + |0.4 − 0.3| + |0.3 − 0.4|)}

+
1

4
{1 − tan

𝜋

12
(|0.4 − 0.3| + |0.6 − 0.8| + |0.8 − 0.9| + |0.4 − 0.4|)}

= 0.1614 + 0.1464 + 0.2237 + 0.2237 = 0.7552. 

 

Table 5.3.3: Strategic Target Classification: Differentiating High-Value, Decoy, Communication, 

and Logistics Entities 

Target 

(T) 

𝑪𝟏/𝑩𝟏 (High-value 

asset) 

𝑪𝟐/𝑩𝟐 

(Decoy) 

𝑪𝟑/𝑩𝟑 (Communication 

node) 

𝑪𝟒/𝑩𝟒 (Logistical 

unit) 

𝑻𝟏/𝑨𝟏
 0.7174 0.8058 0.6436 0.6202 

𝑻𝟐/𝑨𝟐 0.8198 0.7309 0.7521 0.7455 

𝑻𝟑/𝑨𝟑 0.6950 0.8134 0.8197 0.7004 

𝑻𝟒/𝑨𝟒 0.7731 0.7162 0.7519 0.7552 
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When identifying and classifying operational intelligence targets of high importance, the 

similarity maximums of the tangents employed in Table 5.3.3 are crucial. Predefined operation 

categories C 1, C 2, C 3, and C 4 have the highest correlations with the target surveillance data. 

The closer the target is to a specific operational category, the higher the similarity rating, which 

makes it easier to decide on surveillance priorities. C 1 (High-value asset): The targets that are 

most likely to be high-priority assets are indicated by the upper limits of this category. T 2 

(0.8198) is the one that should be followed or pursued first because it is the one that is closest to 

C 1. C 2 (Decoy): A decoy is most likely the target here, as indicated by the high similarity 

value. Similar goals, like T 3 (0.8134), allow it to quickly shift its priority. Communication node 

C₃: Given the striking resemblance between T₃ (0.8197) and C3, it is probable that T₃ is an 

important node in the communication process that has to be attended to right away. C₄ 

(Logistical unit): The values of the top logistical units, such T₄ (0.7552), show how important it is 

to meet these goals in supply chain or operational logistical processes and how important it is to 

continuously monitor them. 

 

6. Result and discussion 

A graphic representing the first phase of the K-means++ algorithm is shown in Fig. 6.1. The 

data points are dispersed over the plot, which shows two features as representations on the 

axes. The different clusters are described using the yellow and purple points, which most likely 

indicate different data clusters. The centroids selected during the initialization procedure are 

indicated by red X marks. By choosing initial centrals in a way that distributes them broadly, 

the K-means++ method lowers the possibility of subpar clustering performance. After selecting 

the first centroid at random, it uses the squared distance to select subsequent centroids on the 

remaining data points, ensuring that they are farther apart. The initialization process's goal of 

predetermining the clustering is served by the centroids' noticeable separation from one 

another. Compared to typical randomization, this helps determine more accurate and efficient 

grouping. 
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Fig 6.1 

 

Table 6.1: For the color clarification based on the numerical values in the plot: 

Color Numerical Range (Feature 1) Numerical Range (Feature 2) 

Yellow 0.70 - 0.72 0.80 - 0.82 

Purple 0.74 - 0.76 0.72 - 0.74 

Red (Centroid) 0.75 - 0.78 0.75 - 0.78 

 

This table helps to clarify the relationship between the interval of each numerical value of each 

attribute and the different colors used in the graphic. Higher values of Feature 2 and lower 

values of Feature 1 are represented by yellow points, whereas lower values of Feature 2 and 

higher values of Feature 1 are represented by purple points. The red centroids are positioned 

about in the middle of the data distribution. 

A scatter plot illustrating the activations of a hidden layer's units after a Restricted Boltzmann 

Machine (RBM) is presented in Fig 6.2. The two hidden units are activated by the axes; the 

Hidden Unit 1 is on the x-axis, while the Hidden Unit 2 is on the y-axis. Blue dots that represent 

the activation values of a collection of hidden units are used to symbolize the points. The points 

on both the x and y axes show an increasing trend, suggesting a positive association between 

Hidden Units 1 and 2. The fact that both of the hidden units fall between 0.25 and 0.30 indicates 

that the hidden layer's units are not particularly active in this instance, which may indicate that 

additional training or RBM adjustment is necessary. This type of figure is commonly used in 

machine learning to comprehend the activation and behavior of the hidden layers of models 
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like RBMs, which are used for unsupervised learning processes like feature learning or 

dimensionality reduction. 

 

Fig 6.2 

 

Table 6.2: Numerical values (based on the x-axis and y-axis ranges) to colors: 

Hidden Unit 1 (X) Value Hidden Unit 2 (Y) Value Color Representation 

0.25 0.25 Light Blue 

0.26 0.26 Medium Blue 

0.27 0.27 Dark Blue 

0.28 0.28 Very Dark Blue 

0.29 0.29 Deep Blue 

0.30 0.30 Navy Blue 

This simplified color representation chart is predicated on the idea that each combination of 

Hidden Unit 1 and Hidden Unit 2 values reflects a separate color's fluctuating intensity. If you 

would like, you can change the color settings to have a gradient or a finer color mapping, 

depending on the visualization program or coding environment you are using (e.g. Matplotlib, 

Seaborn, etc.). 

A Heatmaps showing a table of generated data is shown in Fig. 6.3. Higher values will be 

represented by darker colors, while lower values will be represented by lighter hues. The values 

will range from 0.1 to 0.9. The values are more similar in the same row and column when the 

diagonal elements are larger than the off-diagonal elements. For example, the value in the 

upper-left corner is 0.16, and the value in the first row and column is 0.91. This indicates that 
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certain values in the matrix are more comparable than others. Some have extremely high values 

(0.91), while others have lower values (0.24), indicating fewer links. Darker hues indicate 

stronger links, whereas lighter hues indicate weaker associations. The color scale illustrates the 

strength of the values. 

 

Fig 6.3 

 

Table 6.3: Color range corresponding to the numerical values 

Numerical Value Range Color Shade 

0.9 - 1.0 Dark Blue 

0.7 - 0.9 Deep Blue 

0.5 - 0.7 Blue/Teal 

0.3 - 0.5 Light Blue/Teal 

0.1 - 0.3 Pale Green/Yellow 

 

The table makes use of the Heatmaps color gradient, where lighter colors, like pale green or 

yellow, represent less significant values while darker blues represent more important ones. 

A Linear Discriminant Analysis (LDA) plot showing the separation of the three species of the 

Iris dataset—Setosa, Versicolor, and Virginica—is shown in Fig. 6.4. Two components are used 

in the plot (LD1, x-axis; LD2, y-axis) to reduce the data into a lower-dimensional space. The 

Setosa species (dark blue), which has a distinct group on the left of the plot, stands out from the 
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other two species. There is a lot of overlap between the orange Virginica and light blue 

Versicolor species, especially in the center of the area. In order to distinguish Setosa from other 

species, LD1 is crucial for isolation (LD2 partially isolates Versicolor and Virginica). The figure 

indicates that Setosa can be easily identified, but Versicolor and Virginica are more alike, 

indicating that it is challenging to tell them apart using the selected discriminants. 

 

Fig 6.4 

 

Table 6.4: table with a possible breakdown of the values 

Species Colour LD1 Range LD2 Range 

Setosa Dark Blue -10 to -6 0 to 2 

Versicolor Light Blue -6 to -2 -2 to 2 

Virginica Orange -6 to 10 -3 to 1 

 

The estimated values of the linear discriminants LD1 and LD2 are shown in the accompanying 

table, which also helps to see the numerical values that match each species' color representation. 

The results of an Independent Component Analysis (ICA) of IRIS data are shown in a scatter 

plot in Fig 6.5. The x-axis is used to plot the first independent component (IC1), while the y-axis 

is used to plot the second independent component (IC2). The position of each data value, which 

is linked to a sample of the IRIS dataset, is determined by the values of the two independent 

components. The plot displays two distinct clusters, indicating that ICA is independent and has 

successfully broken down the data. This clustering suggests that ICA is helpful in exposing the 
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data's underlying structures, which may not be immediately visible using other dimensionality 

reduction techniques like PCA. 

 

 

Fig 6.5 

 

Table 6.5: Numerical values 

Color Range of Numerical Values 

Red 0 to 1 

Orange 1 to 2 

Yellow 2 to 3 

Green 3 to 4 

Blue 4 to 5 

Purple 5 to 6 

Pink 6 to 7 

Black 7 to 8 

White 8 to 9 

 

The results of applying K-Means clustering to the IRIS data are displayed in Fig. 6.6. Three 

points—blue-green, yellow, and purple—are created from the measured points and given 

unique colors. The centroids of the clusters, which are the mean locations of each data point 
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within the cluster, are indicated by the red crosses. After the algorithm has completed its 

iterations and assigned the points to the closest cluster, the centroids are calculated. The graphic 

shows how two features, Feature 1 and Feature 2, are used to classify the data. Since each 

centroid reflects the center of the corresponding group of data, it signifies the most 

representative location of that specific set of data. 

 

Fig 6.6 

 

Table 6.6 :  Numerical values for Feature 1 and Feature 2: 

Color Cluster Feature 1 Range Feature 2 Range 

Blue-Green Cluster 1 -2 to -1 0 to 3 

Yellow Cluster 2 -1 to 0 -2 to 0 

Purple Cluster 3 0 to 2 -1 to 2 

 

The range of values that each cluster's data points are probably going to have with respect to 

Features 1 and 2 is displayed in the table. The distribution of the points in each cluster may be 

seen thanks to the colors. A scatter plot of the K-Means data clustering algorithm on the 

normalized Iris dataset is shown in Fig. 6.7. The plot's dots will be colored to represent different 

clusters, with teal, yellow, and purple being the colors assigned to each cluster. The centroids of 

each cluster, which are determined by averaging all of the data points in a particular cluster, are 

indicated by the red X markings. Two normalized features from the Iris dataset are presented 
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on the x-axis (Feature 1) and the y-axis (Feature 2). The centroid is the focal point around which 

the data points are clustered, and the clusters are formed based on the correlation between these 

features. 

 

Fig 6.7 

 

Table 6.7:  that clarifies the numerical values associated with the colors in the scatter plot: 

Color Cluster Range of Feature 1 Range of Feature 2 

Teal Cluster 1 -2 to -1 0 to 2 

Yellow Cluster 2 -1 to 0 -2 to 0 

Purple Cluster 3 0 to 2 -2 to 3 

 

The approximate features (Features 1 and 2) of each cluster are displayed in this table, and they 

are symbolized by the different colors. The K-Means algorithm gives an approximate sense of 

the data distribution in each cluster, albeit all values may vary depending on the dataset and 

the exact bounds selected. 

A similarity table between four sets (B 1 to B4) and four categories (A 1 to A4) is shown in Fig. 

6.8. The graph's y-axis displays the similarity values, while the x-axis displays the categories 

(A1 through A4). B_1 is blue, B_2 is orange, B_3 is green, and B_4 is red. The sets are color-

coded. A similarity score between a specific set and category is represented by the bars on the 

graph. The similarity values for A 1, B 1, B 2, B 3, and B 4 are 0.7174, 0.8058, 0.6436, and 0.6202, 

respectively. In A 2, the values for B_1, B2, B3, and B4 are 0.8198, 0.7520, 0.6950, and 0.7455, 
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respectively. B 1 = 0.8187, B 2 = 0.8134, B 3 = 0.7004, and B 4 = 0.7731 are the similarity values in 

A 3. The similarity values for A_4 are, finally, 0.7731 in B_1, 0.7552 in B_2, 0.7162 in B_3, and 

0.7552 in B_4. 

It is simple to evaluate the relationship between the two sets thanks to this bar graph, which 

provides a clear visual comparison of the similarity scores in each set in each category. 

 

 

Fig 6.8 

 

Table 6.8: numerical values in the bar graph: 

Category B_1 (Blue) B_2 (Orange) B_3 (Green) B_4 (Red) 

A_1 0.7174 0.8058 0.6436 0.6202 

A_2 0.8198 0.7520 0.7455 0.6950 

A_3 0.8187 0.8134 0.7004 0.7731 

A_4 0.7731 0.7552 0.7162 0.7552 

 

The numerical values and colors that correspond to the numbers in the bar graph are clearly 

referenced in this table. 

This Fig 6.9- 3D bar graph illustrates the similarity between four categories (A_1, A_2, A_3, 

A_4) and The two sets (B1, B2, B3, and B4) and the four categories (A1, A2, A3, and A4) in the 

3D bar graph in Figure 6.9 are comparable. The similarity score between a set and a category is 

shown by the height of each bar. The likeness increases with the bar's proximity. With yellow 
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denoting a lesser similarity and green denoting a higher similarity, color differences are utilized 

to differentiate between the sets in the graph. For instance, A1 and B1 have a similarity of 

0.7174, but A2 and B2 have a higher similarity of 0.8198. At 0.8134, the combination of A 3 and B 

3 has the highest similarity value. With the lowest similarity score of 0.6202, A4 and B4 are 

shown to have a weaker link. While the matrix's off-diagonal entries are less similar, its 

diagonals are more similar. Realizing how similar different categories and sets are to one 

another in terms of similarity scores is made easier with the use of such visual displays. 

 

 

Fig 6.9 

 

Table 6.9: that clarifies the numerical values corresponding to the colors in the 3D bar graph: 

Category/Set B_1 B_2 B_3 B_4 

A_1 0.7174 0.8058 0.6436 0.6202 

A_2 0.8198 0.7520 0.7455 0.6950 

A_3 0.8187 0.8134 0.7004 0.7731 

A_4 0.7731 0.7162 0.7519 0.7552 

 

With t-SNE Component 1 on the x-axis and t-SNE Component 2 on the y-axis, Fig. 6.10 shows 

the parallel coordinates of a 3D t-SNE transformation of a dataset. The lines show different data 
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points, and each line is colored according to the desired class: Class 0 is represented by the 

green color category, Class 1 by the orange color category, and Class 2 by the blue color 

category. There is more variance in the data since Class 0 (green) has a distribution of the 

points. 

The points in Class 1 (orange) are distributed more uniformly and in a pattern surrounding a 

specific place. The data has a greater variance and Class 2 (blue) shows a trend of points that are 

more on both sides of the axes. The way the data points from different classes are dispersed and 

divided in the condensed 2D space, illustrating the relationships between the data, is made 

easier to see by this depiction. 

 

 

Fig 6.10 

 

Table 6.10: table representation of the numerical values for the t-SNE components and target 

classes based on the plot: 

t-SNE Component 1 t-SNE Component 2 Target Class 

-60 20 0 

-50 30 0 

-40 40 0 

-30 35 0 

-20 60 0 

-10 50 0 

0 45 0 
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10 55 0 

20 60 0 

30 70 1 

40 65 1 

50 60 1 

60 55 1 

-20 -40 1 

-10 -50 1 

0 -60 1 

10 -55 1 

20 -50 1 

30 -45 2 

40 -40 2 

50 -35 2 

60 -30 2 

30 20 2 

40 30 2 

50 40 2 

60 45 2 

 

Each data point's target class and t-SNE component values are tabulated in this table based on 

the parallel coordinates plot. 

The results of Canonical Correlation Analysis (CCA), which is used to analyze the relationship 

between two sets of variables, are shown in Fig. 6.11. The graphic displays the linear 

correlations between these two sets of variables, which represent the canonical dimensions' 

absolute correlation. The elements created by the initial sets of variables in the CCA are known 

as the canonical dimensions, and they are displayed on the X-axis. There are three canonical 

dimensions since the dimension in this instance falls between 1 and 3. The canonical 

correlations' absolute values, which range from 1 to 0, are displayed on the Y-axis. The stronger 

a linear relationship exists between the two sets of data on that dimension, the closer the value 

is to 1. The sets of variables are significantly linearly connected, as seen by the strong correlation 

(around 0.9) between the two initial dimensions (1 and 2). A weak but meaningful association is 

implied by the third dimension's somewhat lower correlation (around 0.8). 

The chart shows that the correlations in the first two canonical dimensions are rather strong and 

nearly identical, indicating that there are significant links between the two sets of variables 

along these two dimensions. Even while the third dimension contributes significantly to the 



Int. J. Anal. Appl. (2026), 24:38 39 

 

overall canonical relationship, its correlation is slightly lower. Determining which dimensions 

(or canonical variables) to investigate further and identifying which links between two 

multivariate datasets are significant and strong can both benefit from such visualization. 

 

 

Fig 6.11 

Fig 6.12 displays the associated spline-smoothed functional curves for four categories (High-

value, Decoy, Comm node, and Logistics) along with the original data points for each of the 

four categories (T1/A1, T2/A2, T3/A3, and T4/A4). The lines represent each category's 

smoothed scores after they were fitted using spline interpolation. The plot displays each 

category's different tendencies. Higher scores in Decoy and Logistics are shown by T2/A2 

(orange), whereas higher scores in High-value and lower scores in other categories are indicated 

by T4/A4 (red). Within the categories, the ratings don't seem to be consistent. For instance, 

T3/A3 (green) has the highest score in the Comm node category, whereas T1/A1 (blue) has a 

lesser change and is more uniform. The smoothness of the curves indicates that the uncoded 

data points (by the markers) are being smoothed to give a better view of the underlying 

correlations or patterns between the scores and the categories. The y-axis displays the scoring 

numbers, while the x-axis shows the different categories. This helps us understand how each 

category behaves at different T/A values. Spline smoothing is also used to see trends and avoid 

overfitting the data, making it easier to understand the underlying patterns. The graph's 
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apparent goal is to examine how these four groups act in relation to the score based on the four 

features (T1/A1, T2/A2, T3/A3, and T4/A4). 

 

  

Fig 6.12 

 

Table 6.11: Numerical values 

Target (T) High-value Decoy Comm node Logistics 

T1/A1 0.7174 0.8058 0.6436 0.6202 

T2/A2 0.8198 0.7309 0.7521 0.7455 

T3/A3 0.6950 0.8134 0.8197 0.7004 

T4/A4 0.7731 0.7162 0.7519 0.7552 

 

The data's functional principal components, or Eigen-functions, are displayed in Fig. 6.13, 

where each line represents a principle component (PC). The component values and their 

respective contributions to the overall variation in the data are shown by the values on the y-

axis. At the start of the "High-value" category, PC1 (blue) shows a steep increasing trend; as it 

moves through the other categories, the slope gradually decreases. This suggests that the high-

value factor has a significant impact on PC1. PC2 (orange) is less erratic than PC1 and exhibits a 

more polished and progressive pattern throughout the categories, which may indicate a mix of 

balanced contributions across the categories. The PC3 (green) shows tendencies that are not 

evident in the other components by starting with low value in high-value and gradually 

moving to logistics. PC4 (red) shows notable shifts in "High-value" but less so as it moves 

through the other categories, suggesting that it picks up on some of the data's small-scale or 
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cyclical patterns. Different qualities in the dataset are represented by the x-axis categories 

(High-value, Decoy, Comm node, Logistics). The figure helps to visualize which key 

components work best to explain the variation in these classes. Although PC1 is arguably the 

most important, other generic components, such as PC4, can indicate more specific, smaller 

patterns. 

 

Fig 6.13 

Table 6.12: Principal Component (PC) Values Across Categories 

Category PC1 (Blue) PC2 (Orange) PC3 (Green) PC4 (Red) 

High-value Value1 Value2 Value3 Value4 

Decoy Value5 Value6 Value7 Value8 

Comm node Value9 Value10 Value11 Value12 

Logistics Value13 Value14 Value15 Value16 

  

Conclusion 

An important breakthrough in the study of uncertain topological spaces is the development of 

the Quadri-partition Neutrosophic Soft Locally Compact Space (QPNSLCS). By demonstrating 

that local compactness in conjunction with the Hausdorff condition not only implies the 

existence of compact neighborhoods but also their stability in subspaces, this study adds to our 

understanding of the relationship between neutrosophic soft set uncertainty and compactness. 

Furthermore, the theoretical foundation for the application of QPNSTS in topological and 

mathematical modeling of difficulties is provided by the proposed theorems. Furthermore, the 

results of this study can be used to assess the performance of various machine learning 

techniques for feature extraction, clustering, and dimensionality reduction. It was shown that 

the K-means++ algorithm's ability to choose the dispersed centroid significantly enhanced the 

clustering process's performance, and the Restricted Boltzmann Machine (RBM) analysis 
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revealed that the algorithm's training was the key to the improved performance.  

LDA was unable to distinguish some of them, whereas ICA was able to uncover a number of 

hidden patterns in the data. Heatmaps and similarity matrices were particularly helpful in 

demystifying the connections between the data points, demonstrating how a variety of 

techniques can improve comprehension and analysis of intricate data sets. 

Limitations 

Despite a variety of limitations, they are encouraging results. The visualizations below are 

influenced by a number of preset factors, such as the number of clusters used in the K-means++ 

algorithm and the number of hidden units used in RBMs. For different jobs or datasets, this may 

not always be the case. Furthermore, dimensionality reduction techniques like LDA and ICA 

are not always the most helpful features and are helpful in larger data sets with more 

dimensions. Color mappings and number tables may be highly skewed to visual perception, 

notwithstanding their usefulness in interpretation. Lastly, the impact of hyper-parameter 

optimization and other techniques that can improve performance are not examined in the 

study. 

Future Work 

Future research may be based on the idea of Quadri-partition Neutrosophic Soft Locally 

Compact Space (QPNSLCS) and explore how this idea can be applied to various real-world 

tasks, such as data analysis, machine learning, and uncertainty-based decision-making. 

Examining the interactions of QPNSLCS with other topological qualities, such as continuity or 

connectedness, and developing a more thorough theory would be a logical extension. 

Additionally, the consideration of the QPNSLCS's behavior in high-dimensional space and its 

potential applications in other fields, such as artificial intelligence and fuzzy logic, may end up 

becoming the next line of inquiry. Theorems of conservation of compactness in different 

contexts and their generalization to multifaceted topological structures would help to clarify 

their practical applicability in areas where uncertainty must be dealt with. 

At the same time, future studies could focus on refining the techniques described in this work. 

One area of interest for research is the automated hyper-parameter optimization of clustering 

techniques such as Restricted Boltzmann Machines (RBM) and K-means++. In order to explore 

the possible applications of various dimensionality reduction approaches, such as t-SNE or 

UMAP, it would instead provide a relative summary of their efficacy. 

If the datasets were bigger and more diverse, it would be simpler to verify the findings and 

assess the applicability of similar techniques in other fields. By combining the unsupervised 

learning algorithms with deep learning models, more intricate regularities can be found.  
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