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Abstract. This paper investigates the output feedback stabilization problem of a class of coupled ODE-PDE cascade
systems. A state feedback controller was designed based on a backstepping transformation. Then, using the unique
measurement signal, a state observer is designed to realize the real-time estimation of the system state. Furthermore,
an observer based output feedback control was established to achieve exponential stability of the system. Finally, we

presented the application of our results in reliability systems and distributed reactor systems.

1. INTRODUCTION
In this paper, we consider the following ODE-PDE system

vr(x, ) = —vy(x,t) + b(x)v(1,t), 0 <x<1,t>0,

v(0,t) = ow(t), t =0,

@(t) = prw(t) + poo(1,t) + U(t), t =0, (1.1)
y(t) =o(1,t), t =0,

v(x,0) = vo(x), w(0) = wp, 0 <x<1,

where v, and v; represent the partial derivatives of v with respect to x and ¢, respectively, a(t)
denotes the derivative of w with respect to t, b(-) € C}[0,1], and o, B1, B2 € R are system parameters
and ¢ # 0. In addition, U(f) is the input and y(¢) is the output of this system. Our goal is to design
a controller using a unique measurement signal y(f) to make the closed-loop system of system
(1.1) exponentially stable.

The system (1.1) includes the heat exchanger equation [1], the centralized and distributed
reactor system [2] and the reliability system ( [3], [4]). For the case where w = 0 and b is a bounded
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exponential function, the exponential stability and differentiability of system (1.1) were studied in
references ( [1], [5]), and the output feedback regulation problem was studied in reference [6]. For
the case where 0 = 1,61 > 0,2 € [0,1] and b is bounded exponential function, in [2] designed a
discrete regulator for system (1.1).

The boundary feedback stabilization problem of first-order hyperbolic unstable partial differ-
ential equations (PDEs) is discussed in [7], and its application in finite dimensional systems with
actuator and sensor delays is studied. Anfinsen and Aamo [8] incorporates first-order actuator and
sensor dynamics into the PDE in [7], and designs the controller and observer for the system. They
designed two types of observers and combined them with state feedback to form output feedback
control laws, which made the closed-loop system exponentially stable. Wang and Jin [9] extends
the results in [8] from the boundary to non-local terms related to any intermediate point. Recently,
observers and output feedback controllers were designed for hyperbolic ODE-PDE coupled sys-
tems in literature ([10], [11], [12], [13], [14]). The state feedback and output feedback controllers for
one-dimensional wave equations were proposed in [15], where the non-local terms are boundary
dependent. The finite-time exponential stability of one-dimensional wave equations was studied
in [16] by designing a state observer and an output feedback controller. Recently, Hu et al. [4]
designed an adaptive observer for multi state repairable systems, the mathematical model of this
system is governed by coupled transport and integro-differential equations.

This paper is inspired by ( [8], [10]) and [16] to investigate the output feedback stabilization
problem of system (1.1). This article has the following innovative points: (i) A state feedback
controller was designed based on backstepping transformation. (ii) Using the unique measurement
signal v(1,t), a state observer was designed to make the observation error system exponentially
decay. (iii) Designed an observer based output feedback controller to ensure finite-time exponential
stability of the closed-loop system (1.1).

The arrangement of this article is as follows: In sections 2, a state feedback controller is designed
and the finite-time stability of the closed-loop system is proved. A state observer was designed
in sections 3. In Sections 4, an output feedback controller was designed and the finite-time
stability of the output feedback closed-loop system was demonstrated. Finally, we presented

some applications of our result.

2. STATE FEEDBACK CONTROL

Taking inspiration from ( [10], [17]), we introduce the following backstepping integral transfor-
mation
hx,t) = [(I+P)o](x,t)

1
— o)~ [ kol

where k(+, -) is the undetermined kernel function. By taking partial derivatives in space and time

(2.1)

for system (2.1), we obtain
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1
he(x, ) = vx(x, t) + k(x, x)v(x, t) —fx‘ ke(x, y)o(y, t)dy, (2.2a)

he(x,t) = —vx(x, t) +b(x)o(1,t) + k(x, 1)v(1,t) = k(x, x)v(x, t)

(2.2b)
—fk(xy v(y, t) dyf (x, y)b(y)o(1, )dy.
X
Adding Egs. (2.2a) and (2.2b) yields

1
(o) +iuxt) == [ [kow) + ()] o, 0dy

) (2.3)
o)+ k1) - [k o0,
X
We choose the kernel function (-, -) as
ke(x,y) +ky(x,y) = 0,
1 (2.4)
k1) = [ kG y)by)dy - b(x).
Then, using Eq. (2.3) and system (2.4) we have
he(x,t) = —hy(x, t). (2.5)
The following Lemma 2.1 indicates that system (2.4) has a unique solution:
Lemma 2.1. The system (2.4) has a unique solution k(x,y) € C(]0,1] x [0,1]) such that
sup [k(x,y)| < MM Gy), (2.6)

O<x,y<1

where My = maxye(o 1] [b(x)I-

Proof. By using a proof similar to [7, Theorem 1], it can be concluded that the result of this lemma
holds true. m|

The inverse transformation of transformation (2.1) is defined as follows

o(x,t) = [(I+P) ] (x,1)

1
= h(x,t) +f m(x, y)h(y,t)dy,

where m(-, -) is an undetermined kernel function. By taking the partial derivatives of the transfor-

(2.7)

mation (2.7) in space and time, we obtain

1
Ox(x,t) = hy(x, t) —m(x,x)h(x,t) + f my(x, y)h(y, t)dy, (2.8a)

vr(x, t) = —hy(x, t) —m(x, 1)h(1,t) + m(x, x)h(x, t) + fl my(x, y)h(y, t)dy. (2.8b)
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From Egs. (2.8a)-(2.8b), we obtain

0 =uovi(x,t) +oe(x, t) —b(x)v(1,t)

1 (2.9)
= f [, ) - 1y (o, ) | ey, )y = (o, 1) + b1, ),
Based on Eq. (2.9), we select the kernel function m(-, -) that satisfies
mx(x/ ]/) +my(x/ ]/) =0, (2.10)
m(x,1) = —b(x).

Through a simple calculation, we obtain that there exists a unique continuous differentiable solu-

tion for system (2.10):
m(x,y) =m(x—y) = -b(x-y+1).

From the transformation (2.1) and the system (1.1), we define

1
h(0,t) =ow(t) - jo‘ k(0,y)v(y, t)dy := p(t). (2.11)

Consequently, system h satisfies

{ he(x,t) = —he(x, 1), (2.12)

h(0,t) = p(t).

Take the derivative of function p(t), and use v(0,t) = ow(t) and k(0,1) = fol k(0,y)b(y)dy —b(0),
from systems (2.12) and (1.1) we obtain

/
pt) = oa(t) - fo K0, y)or(y, D)y

= o [prw(t) + Bav(1,t) + U(t)] + k(0,1)v(1,t) —k(0,0)v(0, t)

1 1
—f(; ky((),y)v(y,t)dy—v(l,t)f k(0,y)b(y)dy (2.13)

0
= (1 =k(0,0))w(t) + aU(t) = (b(0) = ap2)v(1, )

1
- [ k0.0t

Design the following full state feedback controller

U = (k0,0) - mw(t) + 2P

1
+1j(; | (r1 = BOK(O, ) + ky (0, ) | 0(y, t)dy,

o

(2.14)
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"

where y1 > By is the regulation constant. Hence, by Egs. (2.12)-(2.14) we see that system “(h, p)

satisfies

h
h

(x,t) = =hy(x,t), 0<x<1,t>0,
0,t) =p(t), t >0,

(
p(t) = (B1—y)p(t), t 20,
h(x,0) = ho(x), p(0) =po, 0 <x < 1.

(2.15)

Therefore, under the controller (2.14), we obtain the following closed-loop system for system (1.1):

vr(x, t) = —v(x, t) + b(x)v(1,1),
v(0,t) = ow(t),

@(t) = [k(0,0) —y1 + f1] w(t) + %b(o)v(lr t) (2.16)

|1 = BOK(O0, y) + Ky (0, 9) |0 (y, t)dy,

Uo(x), a)(O) = wy.

Now, we consider system (2.16) on space H = L?(0,1) X R, and the norm on H is as follows

1
I, ), = fo f(x)Pdx + 1P, V(fg) € H

Theorem 2.1. For any initial value (vo(-),wo) € H, system (2.16) has a unique solution (v(-,t), w(t)) €
C(0, 00; H) that satisfies

I(0(-, 1), ()l < Mae P17t 1> 1, (2.17)
where My > 0 is a constant and y1 > 1.

Proof. Solving system (2.15), we obtain p(t) = poeP1=71)*,t > 0 and

M t) = {ho(x —t), t<x<1, 219

poe(ﬁl_yl)t’ x < t.

This indicates that i(x, t) and p(t) are exponentially stable when t > 1 and y;1 > Bi.
When t < x <1, using the Egs. (2.1), (2.7)-(2.10) and (2.18), we obtain

1
v(x, t) :ho(x—t)—l—fm(x,y)ho(y—t)dy
xl
—aulx=1)= [ ktxy)ooly—ndy (219

1 1
- [ b(x—y+1>(vo<y—t>— [ Kol -]



6 Int. . Anal. Appl. (2025), 23:284

When x < t, applying the Egs. (2.7), (2.18) and pg = cwo — fo (0, y)vo(y)dy, we have

1

U(x, t) = poe(ﬁl_yl)t _|_ f m(x’ y)poe(ﬁl_yl)tdy
! (2.20)

1 1
= Pyt (Ua)o - f k(0, y)vo(y)dy) (1 - f b(x—y+ 1)dy).
0 x
Then, using Egs. (2.11), (2.15), (2.18) and (2.20), we obtain

1
o) =2p)+2 [ KOy
0 (2.21)

1 1 1 (!
— Ee(ﬁl—n)t (oa)o - f k(0, y)vo(y)dy) + P f k(0, y)v(y, t)dy.
0 0

Therefore, (v(-,t), w(t)) € C(0,00; H) is a solution of system (2.16).
When t > 1, since (vp, wp) € H, Lemma 2.1 and b € C'[0, 1], kernel function (-, -) and function
b(-) are bounded, that is,

sup |k(x,y)| <Ly, sup |b(x)| < Lp. (2.22)

0<x,y<1 0<x<1

where L, L, > 0 are constants. Then, using Egs. (2.20)-(2.22) and Holder inequality, we obtain

o, Ollz1) < P! (lollwol + Lillooll) (14 La), £ > 1, (2.23a)
1 (Br=y1)t
(B < e (Iollewol + Lulfooll) + |v v, )ldy
1 2.23b
< — Bt (|olwol + Lillooll) + ||||v< Bllz(01) (2.23b)

Y
< MpelPrrt > 1,
where M, > 0 is a constant. Hence, combining the inequalities (2.23a) with (2.22), it can be

concluded that Eq. (2.17) is established. m|

Remark 2.1. From system (2.15), it can be seen that increasing the requlation constant y, can make the

convergence speed of the target system faster.

3. STATE OBSERVER
Using the unique measurement signal v(1, t), we design the following state observer
0(x,1) = —0x(x,£) + b(x)0(1,1) + L(x)[v(1, 1) —0(1,1)],

3.1)
ﬁld)(t) + ﬁzﬁ(l,t + ll(t) + yz[v(l,t) - 23(1, t)],
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where ) is the regulation constant and L(x) is the regulation function such that

)/2>ﬁ2—|—ﬁ—1€‘31, ifo >0,
o
B (3.2)
Y2 < B2+ geﬁl, ifo <0,

and
L(x) = b(x) + 0(y2 — B2)e P1™. (3.3)
To demonstrate the asymptotic convergence of the observer mentioned above, we introduce

observer error § = v —9,® = w — ®. Then, system (7, @) satisfies

x, ) = —=0y(x,t) + [b(x) — L(x)]3(1,¢),

00 el ~ 6
&) = Bro(t) + (p2 - y2)o(11),

Theorem 3.1. For any initial value (0o(-), @o) € H, system (3.4) has a unique solution (9(-,t),o(t)) €
C(0, oo; H) that satisfies

1(@(-, 1), @ (1)l < MaeP|al, V> 1, (3.5)
where M3 > 0 and B3 = p1 + (B2 — y2)e P < 0.

Proof. We introduce the following transformation
z(x,t) = 9(x, t) — oe P ¥ (t). (3.6)
Then, under the transformation (3.6), the error system (3.4) can be written as
z¢(x, ) = —zy(x, t),
z(0,t) =0,

B(t) = [pr+o(p2 = y2)e B | (1) + (2= 12)2(1,1),
z(x,0) = zo(x), ®(0) = @o.

System (3.7) can be divided into two parts: z—subsystem and @W—subsystem. Solving z—subsystem,

(3.7)

we obtain
zo(x—t), t<x<1,
z(x,t) = olx=1) (3.8)
0, x <t.
Hence,
z(,t) =0, V> 1. (3.9)

If we take B3 = 1 + o(B2 — y2)eP1, then from Eq. (3.2) we deduce that B3 < 0. By solve

wW—subsystem, we have

t
a(t) = Py + (B2 = y2) f eP3=9)2(1,5)ds. (3.10)
0

Therefore, using Egs. (3.8), (3.10) and (3.6), it can be conclude that (3(-,t), @(t)) € C(0,00;H) is a

solution of system (3.4).



8 Int. . Anal. Appl. (2025), 23:284

Finally, from Egs. (3.9), (3.7) and (3.6) we obtain that @ (t) = ef*'@y and ¥(x,t) = ae P1¥ef3! @
when t > 1. This indicates that Eq. (3.5) is established m|

4. OUTPUT FEEDBACK CONTROL AND MAIN RESULTS

We consider the following output feedback controller

() = (k0,0 - ya(t) + 2“5,
' 41)
1
+= fo |1 = BOK(0, y) + Ky (0, 9)| 8y, )dy.

Then, under the output feedback controller (4.1), we can obtain the following closed-loop system

for system (1.1)

—vy(x,t) + b(x)v(1,1),

a(t) = [K(0,0) =1 + fi] w(t) + ~b(0)o(1L 1

Or(x, t) = —Oﬁx(x, t) +b(x)0(1,t) + L(x)[v(1,t) = 6(1,1)], (4.2)
9(0,1) = ad(t),
O(t) = (K(0,0) =1 + 1) (1) + ~b(0)2(1, )

0
1
i3 [ 01 =Bk + k0o Dy +afo(1,0) - 5(1,1),
0(x,0) = o(x), (0) = wo, (x,0) = to(x), 5(0) = .

The main result of this paper is the following Theorem 4.1:

Theorem 4.1. For any initial value (vo(-), wo,90(-),d0) € H X H, the closed-loop system (4.2) has a
unique (weak) solution (v(-,t),w(t),0(-,t),&(t)) € C(0,00; H X H) such that

l(v(-, 1), w(t),0(, t), @) axa < Mall (vo(+), wo, Do(+), Do) lle™¢t, ¥t > 1, 4.3)
where My > 0 and & = minfyy — 1, —(B1 + (B2 — y2)e F1)} > 0.

To prove Theorem 4.1, we consider the following equivalent transformation

v (I+1P)~! 0 0 0)\(h
0 Lo+P)' 0 o0
Yl = o[+ P) Pl (4.4)
o (I+1P)~! 0 -1 0|5
) 0 ir+pP)? o -\
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Then, the system (4.2) is equivalent to

h(x,0) = ho(x),p(0) = po, 9(x,0) = To(x), @(0) = @o.
where

oC(t) = —0(k(0,0) = y1)@(t) = (b(0) — 0B2)0(1, 1)

1
) fo (1= BOK(O0, ) + Ky (0, )|y, B)dy.

The system (4.5) can be divided into two parts (9, @) —subsystem and (h, p)—subsystem. Since

(4.6)

Theorem 3.1 we know that subsystem (7, @) has a unique solution on C(0, co; H). In the following,

we need to prove (I, p) has a unique solution on C(0, co; H).
Lemma 4.1. For any initial value (ho(-), po) € H, the subsystem (h, p) of system (4.5) has a unique solution
(h(-,t),p(t)) € C(0, 00; H) that satisfies

(h(-,t), p(£)llr < Mse™, Vi >1, (4.7)

where Ms > 0 and & = min{y1 — 1, —(B1 + o (B2 —y2)eP1)} > 0.

Proof. According to (4.6), Theorem 3.1 and Lemma 2.1, there exist constants Mg > 0 and 3 < 0
such that
0C()] < lolIk(0,0) = ylld ()] + [6(0) — aBalla(1, )|

1
+ f (01 = BOK(O, y) + Ky (0, )| 15y, By (48)

< Mg|@olefst, t>1.

The subsystem (1, p) of system (4.5) can be written as

he(x,t) = —hy(x, t),
h(0,t) = p(t),
p(t) = (B1—y1)p(t) +0C(t),
h(x,0) = ho(x), p(0) = po.
The system (4.9) can be divided into two parts h—subsystem and p—subsystem.
First, we solve the p—subsystem of system (4.9). Using py = cwo — fol k(0,y)vo(y)dy, from system
(4.9) we obtain

1 t
p(t) = et (awo— f k(O,y)vo(y)dy)+ f P11 (=3) 50 (5)ds. (4.10)
0 0
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Hence, using Eqgs. (4.8), (2.22) and the Cauchy-Schwarz inequality, there exist constants My > 0
and ¢ = min{y; — 1, —(B1 + (B2 — y2)eP1)} > 0 such that

t
(1) < e ([ollwol + Lallvoll) + Meldol f elPr=r1)(t=s)+Fss g
0

- M| ol - 4.11

— B (|ollwol + Lillool) + ——=2 LU (p(Br=y1)t _ pfst (4.11)

e ollw v e e

(tkwol + Lalfool) + 2= ( )
< My(Jollwol + Lillvoll 4 l@ol)e ™, ¢ > 1.

By solve the h—subsystem of system (4.9), we obtain

ho(x—t), t<x<1,

M) = ity 4 [ elbiori-s)
elProripy + [T el 5o (s)ds, x <t.

(4.12)
Therefore, using Egs. (4.8), (2.22) and the Cauchy-Schwarz inequality, we obtain the establishment
of Eq. (4.7). O

Using Theorem 3.1 and Lemma 4.1, we obtain the following result:

Lemma 4.2. For any initial value (ho(-),po,o(-),@0) € H X H, system (4.5) has a unique solution
(h(-,£),p(t),0(-,t),@(t)) € C(0,00; Hx H) such that

W(i(-, ), p(t),5(-, 1), @ () lxer < Msll (o (+), po, Do (), @o) le™, Yt > 1, (4.13)

where Mg > 0 and & = min{y1 — 1, —(B1 + o (B2 —y2)eP1)} > 0.

Proof of Theorem 4.1. Since the initial value (ho(-), po, do(:), @o) of system 4.5 in H X H,
by Theorem 3.1 and Lemma 4.1, system (4.5) has a unique solution (h(-,t),p(t),9(-,t),o(t)) €
C(0, 00; H x H) that makes Eq. (4.13) hold true. Therefore, using the transform (4.4), we obtain that
(v(-,1),w(t),0(-,t),d(t)) € C(0,00;H x H) is a solution of closed-loop system (4.2). In addition,
since Egs. (4.4) and (4.13), it can be conclude that Eq. (4.3) is established. m|

5. APPLICATIONS

In this section, we present our results for application in reliability systems and centralized and
distributed reactor systems.
1. Lumped and distributed reactors system. We consider the unstable coupled ODE-PDE

cascade system with cyclic flow [2]

vr(x, t) = —vy(x, 1) + boeb(l‘x)v(l,t), 0<x<1,t>0,

v(0,t) = w(t), t 20,

w(t) = prw(t) + Bav(1,t) + U(t), t =0, (5.1)
y(t) =o(1,t), t=0,

v(x,0) = v(x),w(0) = wpy, 0 <x<1,

where w(t) denotes the dynamics of the scalar property w € R, v(x, t) represents the transport of
a scalar property v(-, ) € L?>(0,1) through a reactor, 1 > 0 is the constant term responsible for the
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generation of w, and f; € [0, 1] is the recycle in the system input stream are system parameters and
bo,b € R. In addition, U(t) is the input and y(t) is the output of system (5.1). When w = 0, the
exponential stability and differentiability of system (1.1) were studied by ( [1], [5]), and the output
teedback regulation problem was studied in [6]. Cassol and Dubljevic [2] designed a discrete
regulator for system (5.1) by using the Cayley-Tustin time discretization transformation [18].
Moreover, in this article, we designed an output feedback controller for system (1.1), which
includes system (5.1), in the continuous time domain.

Hence, the result of Theorem 4.1 indicates the output feedback stabilization problem of the
ODE-PDE cascade system (5.1).

2. Reliability system. We consider the following simple reliable system ( [3], [4])

1
po(t) = =Apo(t) +f p(x)p1(x, t)dx +U(t), t>0,

0
Ip1(x, t) = =dwp1(x, t) —pu(x)p1(x,t), 0<x<1, t>0,
p1(0,t) = Apo(t), t=0,

y(t) = b HO%p(1 ), 120,
po(0) =poo, p1(x,0)=p1o, 0<x<1.

The above system describes a simple device which transfer its state between good state 0 and
failure mode 1. Here A represents the constant failure rate of the device for failure mode; p(x)
represents the time-dependent repair rate when the device is in state 1 and has an elapsed repair
time of x € [0, 1]; po(t) represents the probability that the device is in state 0, i.e., the good state, at
time t; p1(x, t) represents the probability density (with respect to repair time) that the failed device
is in state 1 and has an elapsed repair time of x at time t. U(t) is the input and y(¢) is the output of
system (5.1). When U(t) = 0 and y(t) = 0, the well-posedness and asymptotic behavior of system
(5.2) have been well addressed using Cp—semigroup theory in the existing literature ( [19], [20]).
Recently, Hu et al. [4] designed an adaptive observer for system (5.2). For more explanation of
system (5.2), we suggest that readers refer to references ( [3], [4], [19], [20]).

We define the following state transformations

o(x,t) = ef5~<é>f’ép1 (x,t), w(t) = po(t) (5.3)

and 0 = A, p1 = —A,B0(L,t) fo (x, t)dx, then system (5.2) can be written as

system (1.1) as the following form
a(t) = pro(t) + pao(1, 1) + U(),
t(x, 1) = —vy(x, 1)

v(0,t) = ow(t), (5.4)

<
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Hence, the result of Theorem 4.1 indicates the output feedback stabilization problem of reliable

system (5.2).

6. CONCLUSION

This paper investigates the output feedback stabilization problem of a class of coupled ODE-PDE
systems. A state feedback controller for the system was designed based on the novel backstepping
transformation. Then, a state observer was designed using the unique measurementsignal v(1, -) to
achieve real-time estimation of the system state. Furthermore, an observer based output feedback
control was established to achieve exponential stability of the system. Our result shows that
the output feedback control can make the closed-loop system exponentially stable. Finally, we
demonstrated the application of our results in some simple reliability systems and distributed

reactor systems.
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