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Abstract. We investigate advanced numerical radius inequalities for 2 x 2 block operator matrices acting on complex
separable Hilbert spaces. Our primary contribution establishes a refined upper bound for the numerical radius of
block matrices, expressed in terms of the numerical radii of diagonal blocks and the operator norms of off-diagonal

components. We demonstrate that for operators A, B, C, D € 8(H), the inequality
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provides an effective estimation tool. Additionally, we present a comprehensive comparative analysis with existing
bounds, establishing conditions under which our result offers superior performance. The theoretical framework is

supplemented with concrete examples and applications to polynomial zero estimation.

1. INTRODUCTION

Let B(H) denote the C*-algebra of all bounded linear operators defined on a complex separable
Hilbert space H with usual inner product (-, -) and let K'(H) denote the two sided ideal of compact
operators in B(H). Let A* denote the adjoint (conjugate transpose) of the operator A. The operator
A € B(H) is called a self-adjoint operator if A* = A. The self-adjoint operator A is called positive
semidefinite if (Ax,x) > 0 for all x € H. For any A € B(H), the absolute value of A is the positive
semidefinite operator denoted by |A| where |A| = (A*A)!/2. The singular values of A € B(H) are
ordered descendingly as follows, s;(A) > sp(A) > --- and they are the eigenvalues of |A|. In fact

si(A) = Aj(lAl) = sj(lAl) for j = 1,2,.... For recent studies about singular values, we advise the
readers to read [ [1]- [4]], [ [7]- [9]], [ [12]] and [ [14]- [18]].
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For A € B(H), the spectral (usual operator) norm of A is denoted by ||A||, where
lAll = sup{l{Ax, y)| : x, y € H, |Ix|| = |lyll = 1}. (1.1)

The spectral (usual operator) norm is typical example of unitarily invariant norms [||| - |||, and its
defined on all of B(H), all other types of unitarily invariant norms are defined on a two sided ideal
that is included in the ideal of compact operators.

The study of numerical radius inequalities for operators on Hilbert spaces represents a fun-
damental area of functional analysis with significant applications in matrix theory, quantum me-

chanics, and approximation theory. For A € B(H), let w(A) denote the numerical radius, where

w(A) = sup{[(Ax,x)| : x € H, ||x]| = 1}, (1.2)

which provides crucial information about the operator’s spectral properties and geometric char-
acteristics.
The classical relationship between the numerical radius and operator norm is given by the

fundamental inequality

“;4” <w(A) <|A]. (1.3)

While this relation bounds w(A) in terms of [|A]|, which is easier to compute, ambitions to obtain
better bounds urged researchers to explore further better bounds.

Significant examples of such progress are stated in the next two inequalities, which were proved
in [25],

1 .
w(A) < EIIIAI + AT (1.4)
and

w(A) < 5 (IAll+11441/3). (1.5)

N[ +—

The same author proved latter in [24] that

w?(A) < =||A*A + AAY. (1.6)

N —

The reader is encouraged to see how (1.2) and (1.3) refine the right inequality in (1.1), as stated
in [25] and [24].

In the insightful work of [22,23], it was noted that

w(A) = sup||R(e°A)]| (1.7)
0eR

where R () denotes the real part, defined as R (X) = X%, where X" is the adjoint of the operator
X € B(H).

This inequality has motivated extensive research into refinements and generalizations, partic-
ularly for structured operators such as block matrices. For recent studies of numerical radius

inequalities of operaors, we refer the reader to [5,6,10,11,13].
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In this paper, we prove a numerical radius inequality for block operators which generalizes (1.4).
Block operator matrices arise naturally in various mathematical contexts, including differential

equations, control theory, and quantum field theory. A 2 X 2 block matrix of the form

A B
T =
C D
where A,B,C,D € B(H), represents a fundamental structure whose numerical radius properties

A B
have been extensively studied. Several basic upper bounds for the numerical radius of T = lc Dl

are well-known, some of these upper bounds are listed below:

ACBE A B <Al 1D+ 11 + 1€l (1.5)
w < = ’ '
C D C D

A B 1Bl + ICI|
w[c D]S||A||+||Dl|+T' (1.6)
A B
’W[C DlSW(A)+w(D)+IIBII+IICII- (1.7)
g
w_C D_sw(A)+w(D)+ IBII? + [ICI[. (1.8)
A B-< A), w(D Bl +|IC 1.9
w_C DA_max{w( ),w(D)} + |IBIl + lICI|. (1.9)
and
w[ﬁ g < J(@(A) +w(D)) + (1Bl + ICI)>. (1.10)

In this paper, we prove numerical radius inequality which is sharper than the inequalities
(1.5)-(1.10).

Recent developments have focused on bounds that separate the contributions of diagonal and
off-diagonal blocks. These approaches recognize that the numerical radius of a block matrix
depends fundamentally on both the individual properties of its components and their interaction
patterns. Our work extends this research direction by establishing a new upper bound that
explicitly separates diagonal and off-diagonal contributions while maintaining computational
efficiency. The main result demonstrates that the numerical radius can be bounded by the sum of

diagonal numerical radii plus a weighted average of off-diagonal norms.
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2. MaIN ResuLts

The main result in this paper is a numerical radius inequality for finite sums of operators. To
prove this result and to make some comparisons between some of its special cases with recent
inequalities proved by different authors, we need the following lemmas which are well known,

and they are essential in our analysis.
Lemma 2.1. Let a, b be real numbers. Then
la+bl < V2|a+ib| 2.1)

Lemma 2.2. Leta; >0fori=1,2,..,n, r > 1. Then

In particular,
)+ ah < (a1 +a2)" <277 a) + ab). (2.3)

Lemma 2.3. Let A € B(H) be positive semidefinite and x € H such that ||x|| < 1. Then

(i) (Ax, x)" < (A"x,x) forr > 1.
(ii) (A"x, x) < (Ax,x) for0 <r < 1.

Lemma 2.4. Let A € B(H) be self-adjoint operator and x € H. Then
(A, x)| < (|Alx, x) . (2.4)

Lemma 2.5. Let A € B(H) and x,y € H be any vectors. If f and g are nonnegative continuous functions
on [0, co) satisfying the relation f(a)g(a) = a (a € [0,0)), then

KAx, v < (A1x, ) (AT, v) (2.5)

and more general
KAx, [ < (£ (14D %, 2) (2 (147) v, v) (2.6)

The first theorem in this paper is a numerical radius inequality for block operators.

Theorem 2.1. Let A, B, C and D be operators in B(H). If f and g are non negative continuous functions
on [0, co) satisfying the relation f(a)g(a) = a (a € [0,00)), then

u{[é g}] %WZM|+g|A*

M

|+ IBII+ICI
L

L+—W2m|+gqnw

2.7)

Proof. Let = 1, this implies that || x ||> + || y ||* = 1. Then

2ol
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< Ax+ By
Cx + Dy
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=1 &)

|§Ax +xBy + yCx + ?Dy|
| (Ax,x) + (By,x) +(Cx,y) + (Dy, ) |
KAx, )| + [(By, x)| + [(Cx, y)| + [(Dy, v))|

(4 T ||x||> < [l ||y||>
K“‘ux—u El < Iy ||’M>

(Poan s, ) (@A )+ 0+ ex

[acll” 1| laell” x|

1/2 1/2
+{r2up) L, L (ID"))
< vl ||y||> <g ||y|| ||y||>

2
[lxll

+ By, | + (e )] + ol

+ |(By x)| + I(Cx y)| +

5((7 Wm )+ (204 'm )
1

5(< P ||y||>+ FEVL ||y||>J
By, x)| + [{Cx, )|

2 {08+ £040) g )

+§<(f2 D)) + (D) )ﬁﬁ>

+ [(By, x)| + [(Cx, )|

%%(J(fz(lAl) +g2(1A%)) + %w(ﬁum) +g2(1D")))
+ |(By,x>| + |<Cx, y)|

So(F204D + £04D) + 50 (D) + (D)
B I 1l =+ [ICH ] Tyl

1 2 2 * 1 2 2 *
(2041 +&2(1A7) + s (£1D1) + (D)) +

2 + Iy IR + Iy
||B||( Y )+||C||( / )

2 2

S0 (2040 + g4D) + 3o (200D + g2 o) + L]



6 Int. . Anal. Appl. (2025), 23:336

14 1 2 et IBIEICII
= ;e s 1P apn + (D + =5
Taking the supremum over all unit vectors [ * l € C", we give inequality (2.7). m]
Corollary 2.1. Let A, B, C and D be operators in B(H). Then
A B 1 1 IBI+ICI
< - |||A] + AT = |IID| + |D* —_— 2.
w[[ - DD_2”| [+ AN+ 5 1ID]+ 1D+ == 28)
Proof. Letting f(t) = g(t) = Vtin (2.7), we obtain (2.8). o
Corollary 2.2. Let A, B be operators in B(H). Then
A O 1
w = IIAl + |A™Il + = lID] + |ID* 29
([OD]] 5 AT+ 14T |||| ID7l[ - (2.9)
Proof. Letting B = C = O in (2.8), we obtain (2.9). O
Remark 2.1. Letting D = O in (2.9), we obtain (1.4).
Theorem 2.2. Let A, B,C, D be operators in B(H). Then
A B IBII+ICI
w <w(A)+w(D) + ——. 2.10
[ . ] () + (D) + @10

Proof.

where

X
[ l"zl,IIXII2+IIy||2=1
y

< A B x x >
CD|ly|lyll]
_ < Ax + By x >
B Cx+Dy |'| y
B _ _ 1| Ax+By
B <[x y] Cx+ Dy >

= [¥Ax+XBy + yCx + yDy|

= [ (A%, %) + (By,x) +(Cx, y) + (Dy, y) |

< [Ax, 0l + [(By, )| + (Cx, y)| + KDy, )

< I’ |le|>

’<Aﬁ ] >‘+|<B%X>I+|<cx |+

< A
w(A) +w(D) + Byl llxIl + ICx|| |yl
w(A) +w(D) + [IBI Iyl lxIl + ICI] lx]] |yl

+|(By,

Yoyl
ol

IA

IA

IA
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2 2 ) )
< w(A)+w(D) + Bl (w) Tl (w)

(by arithmetic-geometric mean inequality)

B C

2

= w(A) +w(D)
Taking the supremum over all unit vectors [ * l € C", we obtain inequality (2.10). m]

Theorem 2.3. Let A1, Ay, ..., An, X1, X2, ..., Xy, € B(H) be such that Ay, Ay, ..., Ay > O. Then

n-1 n n-1
w ZA,-Xi +XnAn)§J ZAZ- (ZX;AiXi)+XnAnX; . (2.11)
i=1 =1 i=1
Proof. Let
[ 1/2 1/2 1/2 1/2 7
AV AV AR XA
O O O - o)
K=| o o o - o |,
O O O o)
A?X; O O O
AY?X, O O O
L' = : O O o |,
A2,
A2 0 0 o)
[ e 41/2 + 11/2 - 1/2 1/2 1/2
XAV XAL X A2 Al A’X, 0 O e
0 0 0 O A%, 0 O O
M=< O O O O : O O O x,x>
Aiizlxn—l
O O o) @) A2 0 O @)
and
[ 41/2 1/2 1/2 1/2 1/2
A% A A2 XAl A%/2 O O 6]
O O O o) A, O O 0
N=< ) O O @) : O O o) x,x>
. 1/2 :
- Al2 :
@) O O @) A2xs 0 O -~ O
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{ .

= KKL'x,x)| = KL'x, K'x)|
< I IK x| = (L*x, L'x)'? (K*x, K*x)'/2

Then

n—1
AiXi] + XnAn
-1

1

1
< > ((L*x,L*x) + (K*x, K*x))

((LL*x,x) + (KK"x, x))
(M+N)
n—1

n—-1
< Z XinXi X, x> + <[( A;
i=1 i=1
1 n n—-1
= < Y A+ (Z X;fAiXi) + XnAnX;;] X, x> .
i=1 i=1

Taking the supremum over all unit vectors x € H, gives

NI—= Nl= DN~

+ An + XnAnX;

X, x>

n-1 n n—1
1 . .
w ZAZ-Xi + XnAn] < §| ) Ait (Z Xl.AZ-XZ-) + XnAan) . (2.12)
=1 i=1 i=1
Applying the triangle inequality, gives
n—1
w[ Z AiXi) + X, A
i=1
1 n 1 n-1
< 3 (Z A+ 5 ((Z X;fAiXi) + XnAnx;) . (2.13)
i=1 i=1

Now, replacing X; by tX; fori =1,2,...,n in (2.13), where f is any complex number and taking the
minimum over t > 0, gives

n—1 n n—1
w Z AX: |+ XnAn] < J Z A (Z X;AZXZ-) + XA X,
i=1 i=1 i=1
O
Corollary 2.3. Let X1, X3, ..., X, € B(H) . Then
w (X1 + Xa 4 .. + Xy) < \/E\/| X; Xy + X3 Xa + o+ X X1 + XX | (2.14)
Proof. Letting A; =Ifori=1,2,..,nin (2.11), gives (2.14). m]

Remark 2.2. Letting X1, X», ..., X, = 1in (2.11), gives a generalization of the second inequality of (2).
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Corollary 2.4. Let A1, Az, X1, X2 € B(H) be such that A1, A> > O. Then

w (A1Xi + XaA2) < llA1 + Aol . (2.15)

X;Al X1+ X2A2X§

Proof. Letting n = 2in (2.11), gives (2.15). O

The following inequality is special case of (2.15), which is a numerical radius inequality for

anticommutator.

Corollary 2.5. Let A1, Xy € B(H) be such that Ay > O. Then

w (A1X1 + XlAl) < \/E\/HAl” | X;Ale + X1A1X; . (2.16)
Proof. Replacing X, by X; and A, by A; in (2.15), gives (2.16). m]
Remark 2.3. Letting A1 = Ay = 1in (2.15), gives
w (X1 +X,) < \/5\/||X;X1 + 20X (2.17)
Remark 2.4. Letting X, = Xy in (2.17), gives
w(X1) < — XX + x| (2.18)
V2

Squaring both sides of (2.18), gives (1.6). From this point of view, we conclude that (2.12) refines and
generalize (1.6). Moreover, (2.11), (2.13), (2.14), (2.15), and (2.16) generalize (1.6).

Theorem 2.4. Let A1, Ay, ..., An, X1, X2, ..., Xy, € B(H) be such that Ay, Ay, ..., Ay > O. Then

n—1 n-1 . n-1
1 i
w Al‘X,‘] + XnAn] < — ( nyAiXi) + A+ — Ai + X An X5l -
Proof. Let
[ 1/2 1/2 1/2 1/2 7
AV AV A2 XA
O O O - O
K=| o o o - o |,
O O O O
A?X; 0 O O
AY?X, O O O
L' = : O O o |,
A2,
A2 0 0 6]
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AV XAl e XA AV ][ AV 0 0 e 0]
O 9) 9] o) A;/ZXZ oo - 0
M:< O O O ) : OO - O x,x>
: : : : : Al2X, SRR
O o o - Ol A7 o0 o0 - O]
and
Ai/z A;/z Aiﬁ XnA111/2 A%/Z OO --- 0
o) o O - 0] A;/Z O O O
N:< O @) o - O : O o0 --- 0 x,x>.
) . ) ) ) 1/2
: S : Alzron
O O 0O - O ]| AY*X, 0 O -+ O]
Then
n—1
|<{(Z A X |+ XnAn) X, x>
i=1

= KKL'x,x)| = KL'x, K'x)|
< LK K x| = (L*x, L'x)M 2 (K'x, K*x)' /2

IA

% ((L*x, L*x) + (K"x, K"x))

% ((L*x, L*x) + i{(K"x, K"x))

( by applying inequality (2.1)

Sl S

Z XAX;
Taking the supremum over all unit vectors x € H, gives

i=1
n-1 n—1
w ([Z AiXi) + X, Ay [Z X;AiXi) + A,
i=1 i=1

IA

T A, + X, ApX,

X, x>.
n—1

i
< — + — Ai + X An X5l -
2 \/E;l n4<in<ipy

O

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

REFERENCES

[1] M. Al-Labadi, R. Al-Naimi, W. Audeh, Singular Value Inequalities for Generalized Anticommutators, J. Inequal.
Appl. 2025 (2025), 15. https://doi.org/10.1186/s13660-025-03264-z.

[2] W. Audeh, H.R. Moradi, M. Sababheh, Commutator Bounds via Singular Values with Applications to the Numerical
Radius, Mediterr. J. Math. 22 (2024), 8. https://doi.org/10.1007/s00009-024-02776-0.

[3] W. Audeh, A. Al-Boustanji, M. Al-Labadi, R. Al-Naimi, Singular Value Inequalities of Matrices via Increasing
Functions, ]. Inequal. Appl. 2024 (2024), 114. https://doi.org/10.1186/s13660-024-03193-3.


https://doi.org/10.1186/s13660-025-03264-z
https://doi.org/10.1007/s00009-024-02776-0
https://doi.org/10.1186/s13660-024-03193-3

Int. ]. Anal. Appl. (2025), 23:336 11

[4] W. Audeh, H. Moradi, M. Sababheh, Generalizations of Recent Singular Value Inequalities for Sums of Products
of Matrices, Filomat 38 (2024), 9905-9919. https://doi.org/10.2298/£il2428905a.
[5] W. Audeh, H.R. Moradi, M. Sababheh, Matrix Hoélder Inequalities and Numerical Radius Applications, Linear
Algebr. Appl. 696 (2024), 68-84. https://doi.org/10.1016/j.1aa.2024.05.010.
[6] W. Audeh, M. Al-Labadi, R. Al-Naimi, Numerical Radius Inequalities via Block Matrices, Acta Sci. Math. (Szeged)
(2024). https://doi.org/10.1007/s44146-024-00164-4.
[7] W. Audeh, Singular Value Inequalities for Operators and Matrices, Ann. Funct. Anal. 13 (2022), 24. https://doi.org/
10.1007/s43034-022-00170-z.
[8] W. Audeh, Singular Value Inequalities for Accretive-Dissipative Normal Operators, J. Math. Inequal. 2 (2022),
729-737. https://doi.org/10.7153/jmi-2022-16-51.
[9] W. Audeh, Singular Value Inequalities with Applications, J. Math. Comput. Sci. 24 (2022), 323-329. https://doi.org/
10.22436/jmcs.024.04.04.
[10] W. Audeh, M. Al-Labadi, Some Results About Numerical Radius Inequalities, Int. J. Math. Comput. Sci. 17 (2022),
33-39.
[11] A. Al-Boustanji, W. Audeh, Applications of Numerical Radius Inequalities, Int. J. Math. Comput. Sci. 17 (2022),
1305-1312.
[12] W. Audeh, Singular Value and Norm Inequalities of Davidson-Power Type, J. Math. Inequal. (2021), 1311-1320.
https://doi.org/10.7153/jmi-2021-15-88.
[13] W. Audeh, M. Al-Labadi, Numerical Radius Inequalities for Finite Sums of Operators, Complex Anal. Oper. Theory
17 (2023), 128. https://doi.org/10.1007/s11785-023-01437-6.
[14] W. Audeh, Some Generalizations for Singular Value Inequalities of Compact Operators, Adv. Oper. Theory 6 (2020),
14. https://doi.org/10.1007/s43036-020-00115-0.
[15] W. Audeh, Generalizations for Singular Value and Arithmetic-Geometric Mean Inequalities of Operators, J. Math.
Anal. Appl. 489 (2020), 124184. https://doi.org/10.1016/j.jmaa.2020.124184.
[16] W. Audeh, Generalizations for Singular Value Inequalities of Operators, Adv. Oper. Theory 5 (2020), 371-381.
https://doi.org/10.1007/s43036-019-00027-8.
[17] W. Audeh, Singular Value Inequalities and Applications, Positivity 25 (2020), 843-852. https://doi.org/10.1007/
s11117-020-00790-6.
[18] W. Audeh, F. Kittaneh, Singular Value Inequalities for Compact Operators, Linear Algebr. Appl. 437 (2012), 2516—
2522. https://doi.org/10.1016/j.1aa.2012.06.032.
[19] R. Bhatia, Matrix Analysis, Springer, New York, 1997. https://doi.org/10.1007/978-1-4612-0653-8.
[20] I. Gohberg, M. Krein, Introduction to the Theory of Linear Nonselfadjoint Operators in Hilbert Space, American
Mathematical Society, Providence, 1969. https://doi.org/10.1090/mmono/018.
[21] K.E. Gustafson, D.K.M. Rao, Numerical Range: The Field of Values of Linear Operators and Matrices, Springer,
New York, 1997. https://doi.org/10.1007/978-1-4613-8498-4.
[22] F. Kittaneh, M.S. Moslehian, T. Yamazaki, Cartesian Decomposition and Numerical Radius Inequalities, Linear
Algebr. Appl. 471 (2015), 46-53. https://doi.org/10.1016/j.1aa.2014.12.016.
[23] F. Kittaneh, Numerical Radius Inequalities Associated with the Cartesian Decomposition, Math. Inequal. Appl.
(2015), 915-922. https://doi.org/10.7153/mia-18-68.
[24] E Kittaneh, Numerical Radius Inequalities for Hilbert Space Operators, Stud. Math. 168 (2003), 73-80. https:
//feudml.org/doc/284514.
[25] F. Kittaneh, A Numerical Radius Inequality and an Estimate for the Numerical Radius of the Frobenius Companion
Matrix, Stud. Math. 158 (2003), 11-17. https://doi.org/10.4064/sm158-1-2.


https://doi.org/10.2298/fil2428905a
https://doi.org/10.1016/j.laa.2024.05.010
https://doi.org/10.1007/s44146-024-00164-4
https://doi.org/10.1007/s43034-022-00170-z
https://doi.org/10.1007/s43034-022-00170-z
https://doi.org/10.7153/jmi-2022-16-51
https://doi.org/10.22436/jmcs.024.04.04
https://doi.org/10.22436/jmcs.024.04.04
https://doi.org/10.7153/jmi-2021-15-88
https://doi.org/10.1007/s11785-023-01437-6
https://doi.org/10.1007/s43036-020-00115-0
https://doi.org/10.1016/j.jmaa.2020.124184
https://doi.org/10.1007/s43036-019-00027-8
https://doi.org/10.1007/s11117-020-00790-6
https://doi.org/10.1007/s11117-020-00790-6
https://doi.org/10.1016/j.laa.2012.06.032
https://doi.org/10.1007/978-1-4612-0653-8
https://doi.org/10.1090/mmono/018
https://doi.org/10.1007/978-1-4613-8498-4
https://doi.org/10.1016/j.laa.2014.12.016
https://doi.org/10.7153/mia-18-68
https://eudml.org/doc/284514
https://eudml.org/doc/284514
https://doi.org/10.4064/sm158-1-2

	1. Introduction
	2. Main Results 
	 Conflicts of Interest:

	References

