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Abstract. In this article, we introduce the notion of neutrosophic bipolar cone metric space and prove fixed point
theorems. The authors demonstrate various satisfying contraction mapping results using non-trivial examples. Finally,

we prove existence and uniqueness results of the integral equation to strengthen our obtained result.

1. INTRODUCTION

The basic idea of fixed-point theory consists of the notion of metric spaces and the Banach
contraction principle. On metric spaces, numerous generalizations have been made so far [1-4].
This illustrates the style, attractiveness and development of the idea of metric spaces.

Zadeh presented the idea of fuzzy sets [5]. The term "fuzzy" is frequently encountered and
widely utilized in modern research concerning the logical and set-theoretical foundations of math-
ematics. We believe that the primary explanation for this rapid development is simple to under-
stand. The environment we live in, the notion we use, and the data derived from our findings and

metric are all, for the most part, imprecise and inaccurate, which leaves us with a world full with
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clarity. Fuzzy sets,fuzzy languages, fuzzy orderings, and so on allow us to investigate and deal
with the previously specified degree of uncertainty in a strictly formal and mathematical way.

Fuzzy sets have been able to successfully move many mathematical structures within its idea.
In [6], Schweizer and Sklar established the notion of continuous t-norms. The notion of fuzzy
metric spaces was first presented by Kramosil and Michalek [7]. The notion of fuzzy was applied
to classical concepts of metric and metric spaces through continuous t-norms. The resulting notions
were compared with those derived from various statistical generalizations of metric spaces, namely
probabilistic ones. Garbiec [8] provided a fuzzy version of the Banach contraction principle in fuzzy
metric spaces. Some a — ¢-fuzzy cone contraction findings were demonstrated by Ur-Reham et
al. [9] using integral type application.

Park et al. [10] created an intuitionistic fuzzy metric space. Konwar [11] established multiple
fixed-point theorems and presented the idea of an intuitionistic fuzzy b-metric space. The concept
of neutrosophic metric spaces was first proposed by Kirisci and Simsek [12]. Some remarkable
fixed-point findings were demonstrated in the context of neutrosophic metric spaces by Simsek
and Kirisci [13]. A few fixed point results were established in the context of neutrosophic metric
spaces by Sowndrarajan et al. [14]. Bipolar metric spaces were first proposed by Mutlu and
Gurdal [15], who also demonstrated fixed point theorems. In the context of bipolar metric spaces,
numerous researchers have recently established a variety of fixed point findings utilizing a variety
of contractions ( [16]- [30]).

Huang and Zhang [31] introduced cone metric spaces and proved several fixed point theorems
for contractive mappings. In a cone b-metric space, Mani et al. [32] have demonstrated a fixed
point result. Several fixed point theorems in a partial cone metric space have been proven by Dey
and Saha [33]. A common fixed point theorem in a partial cone metric space has been proven by
Shateri [34]. In a cone metric space, Arif et al. [35] established an ordered implicit relation and
demonstrated a few fixed point theorems. In a cone A-metric space, Arif et al. [36] established an
ordered implicit relation and demonstrated a few fixed point theorems.

In this paper, we introduce the notion of neutrosophic bipolar cone metric space and prove fixed

point theorems. The main objectives of this paper are as follows:

¢ To introduce the notion of neutrosophic bipolar cone metric space
¢ To prove several fixed-point theorems for contraction mappings

¢ To find the existence and uniqueness results of an integral equation.

2. PRELIMINARIES

In this section, the authors present definitions that will help readers to understand the main

section. Let A be a real Banach space and R € A. Ris called a cone iff
e Ris closed, nonempty, and R # {0};
e Ifa,ce Randa,c>0,thenad +cpeR, VI,peR;
e eRand-3eR — 9 =0.
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9 < piff p— 9 € R denotes a partial ordering < with respect to R, where R is a cone R C A.
While 9 < p stands for p — 9 € int(R), where int(R) indicates the interior of R. Also, we write
9 < p to show that 9 < pand 3 # p.

The cone R is called normal if there is a number N > 0 such that for all 9, p € A,

0 < 9 < p implies |9]| < N|pl.

The least positive number satisfying above is called the normal constant of W.
If every increasing sequence which is bounded above is convergent, then the cone ‘W is said to
be regular. That is, if {§,} is a sequence such that

9 <9< <9< <p

for some p € A, then there is 9 € A such that ||9, — 9|| = 0(v — o).

Comparatively, if every decreasing sequence that is bounded from below be convergent, then
the cone R is regular. A regular cone is a normal cone. In the following, we assume that A is a
Banach space, <is a partial ordering with respect to R and that Ris a cone in A with intR # (. Here,

con-t-nm means continuous triangle norm and con-t-co-nm means continuous triangle co-norm

Definition 2.1. ([10]) Let »: [0,1] x [0, 1] — [0, 1] be a binary operation is said to be con-t-nm if:
(1) i+ = o+l (V)iL, 3 € [0,1];
(2) *is continuous;
(3) i1 =i, (¥)ii € [0,1];
(4) (it*0)*¢ =1

* (0 , 0
(5) Ifti<&and 9 <d,V i1,9,¢,d € [0,1], then i+ 9 < & »d.

Definition 2.2. ([10]) Let o: [0,1] X [0,1] — [0, 1] be a binary operation is said to be con-t-co-nm if:
(1) iiod =0, Vil,de[0,1];
(2) o is continuous;
(3) 100 =0,V e0,1];
(4) (ifov)ol=1i ,
(5) Ifii < Cand ¢ <d, ¥ 11,0,¢,d

(o]
—~
(S

o]
(9%
N—
<
<

0,¢€10,1];
S

=
x
Iy
=«
R

Definition 2.3. ([11]) Take P # 0. Let * be a con-t-nm, o be a con-t-co-nm, b > 1 and &, F be fuzzy sets
onPXPx(0,400). If (P,E,F,*0) fullfilsall 3,p € P and 5, > 0:
G>86%p,)-F?TSJLn)S1/
(I &(8,p,m) >
{an &(9,p,m) = 1 e 3=p
(IV) &(8,p, ) = E(p, 9, 70);
(V) E(S,A,b(n+3)) > 8E(9,p,m)*E(p, A, 9);
(VD) &(9, p,-) is a non-decreasing function of R™ and limy—, 1o E(S, p, 1) = 1;
(VID) F(9,p,m) >0

~~ I~ —~
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(Vi) F(8,p,m1) =0 9 =p;
(IX) F(3,p,m) =F(p,d, ),
(X) F(O,Ab(n+3)) <F(S,p,m)oF (p,A,3);
(XI) F(9,p,-) is a non-increasing function of R* and limz_, 1« F (9, p, 1) =0,
Then, (P,E,F ,+,0) is called an intuitionistic fuzzy b-metric space.

Definition 2.4. ( [12]) Let P # 0,* is a con-t-nm, o be a con-t-co-nm, and E,F, S are neutrosophic sets
on P x P x (0, +00) is called a neutosophic metric on P, if for all 9, p, A € P, then the axioms are satisfied:

(1) &S, p,m) +T(S, p,m)+S8S(9,p,m) <3

(2) E(9,p,m) >

(3) &(9,p,m) = 1foralln >0,iffd=p;
4) &(9,p,m) =&(p,9,m);

(5) E, A, +35) =89, p,m)+E(p, A,3);

6) E(9,p,7): (0,+0c0) — [0,1] is continuous and lim— 1 E(S, p, ) = 1;
(7) F(9,p,m) <1
8) F(8,p,m)=0forallt>0,iff = p;
9) F(S,p,m)=F(p,d,m);
(10) F (3, A, m+38) <F(S,p,m) o F (p, A,3);
(11) ¥(S,p,-): (O +0<>) — [0, 1] is continuous and limy—, 1o F(9,p, ) = 0;
(12) 8(9,p,m) <
(13) S(9,p, ) = Oforalln >0,iff 9 =p;
(14) S(9,p,m) =S(p, 9, n);
(15) S(5,A, t+3) <8(3,p,m) 0S(p, A, 3);
(16) S(9,p,+): (0,400) — [0,1] is continuous and limy_, . S(9, p, ) = 0;
(17) If n <0, then E(8,p, 1) = 0,F (9,p,m) = 0;
Then, (P,E,F,S,*,0) is called a neutrosophic metric space.

Definition 2.5. [15] Let P and Q be non-empty sets and ¢ : P X Q — [0, +0) be a function, implies that
(@) 0(9,p) =0iff S=p, ¥V (9,p) ePxXQ
() 0(3,p) =0(3,p), ¥ (9,p) ePNQ
() o(9,p) <0(8,y)+0(81,7) + 0(91,p), forall 9,91 e Pand y,p € Q.

The pair (P, Q, o) is called a bipolar metric space.

3. MAIN RESULTS

In this section, we present neutrosophic bipolar cone metric space and shows a few fixed-point

results Here U P means unique fixed point.

Definition 3.1. Let P # 0, Q # 0 be two sets and % be a con-t-nm, o be a con-t-co-nm, R is a closed cone
and &, F , G be neutrosophic sets on P x Q x int(R) is called a neutrosophic bipolar cone metric on P X Q,
ifforall 9,x € P, p,A € Qand 7,8, € int(R), then the axioms satisfied:
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+T(8 p,T )+g(‘9/P/77) <3

(i) E(9,p,m)
(it) &(8,p,m) >
(iii) &9,p, ) = 1for all m € int(R), iff 9 = p;
(iv) &9, p,m) = E(p,d, m);
() E(8,A,m+35+®) 2 &(9,p,m)+E(x,p,8)+E(x, A, D);
(vi) &(9,p,-): int(R) — [0,1] is continuous and limp_, 1 E(, p, ) = 1;
(vii) E(9, p, -) is nondecreasing;
(viii) F(8,p,m) < 1
(ix) F(9,p,m) = 0 forall m € int(R), iff O = p;
(x) F(8,p,m) =F(p, S n);
(xi) F(9,A,m+35+®) <F(9,p,7)0 F(x,0,8) 0 F(x, A, %)
(xii) F (9, p,-): int(R) — [0,1] is continuous and limp—, .o F (9, p, 1) = 0;
(xiii) F(9,p,-) is nondecreasing;
(xiv) G(8,p, 1) <
(xv) G(9,p, 1 ) = Ofor all m € int(R), iff 9 = p;
(x0i) G(9,p,m) = G(p, 9, m);
(xvii) G(9,A, 1 +s+w) <G(9,p,m)0G(x,p,3) 0 G(x, A, @);
(xviii) G(9, p,-): int(R) — [0,1] is continuous and lim,_, ;. G(9, p, ) = 0;
(xix) G(9,p,-) is nondecreasing;
(xx) If 1 <0, then 8(9,p,m) =0,F (9, p,m) = 1and S(9,p, ) = 1.

Then, (P,Q,&E,F,G,*,0,R) is called a neutrosophic bipolar cone metric space.

Definition 3.2. Let p : P1 UQ; — P2 U Q, be a mapping, where (P1, Q1) and (P2, Qz) pairs of sets.

(H1) If p(P1) € Po and p(Q1) C Qy, then p is said to be a covariant map (P1,Q1,E1,F1,G1, % 0,R)
to (P2, @, E2,F2,G2,#+,0,R) and this is written as p : (P1,Q1,E1,F1,G1,%0,R) =3
(P2,Q2,E2,F2,G2,#,0,R).

(H2) If p(P1) € @ and p(Qi) < Pa, then p is called a contravariant map from
(P1,@Q1,E1,F1,G1,%0,R) to (P2, Q,E,F2,G2,*,0,R) and this is denoted as p
(P1,Q1,E1,F1,G1,%0,R) S (P2, Q,E2, F2,G2,%0,R).

Definition 3.3. Let (P,Q,E,F,G,*, o, R) is a neutrosophic bipolar cone metric space, an open ball is then
defined G (9, , ) with center 9, radius 1,0 < v < 1 and 1 € int(R) is defined by:

g un) ={peP:EW,p,n)>1-1v,F(9,p,m) <1,G(9,p, 1) <1}.

Definition 3.4. Let (P,Q,E,F, G, * 0,R) is a neutrosophic bipolar cone metric space.

(B1) Apoint § € PUQis called a left point if § € P, a right point if 3 € Q and a central point if it holds.
(B2) If a sequence {8y} C P is said to be a left sequence and {B,} C Q is said to be a right sequence.
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(B3) Ifasequence {9} C PUQ is called converge to a point S iff {9y} is a left sequence, O is a right point

and

lim &8, 9,7) =1, lim F(9,9,n) =0,

f1— 400 f1—-+o00
hT G(9,9,m) =0 forall meint(R)
1— 400

or {9y} is a right sequence, O is a left point and

lim &(9,9,7) =1, lim F(8,9,n) =0,

——4o00 1— 400
Vlirf G(S,%:,m)=0 forall meint(R).
n—-+oo

(B4) A sequence {(94,B1)} € P X Q is said to be a bisequence. If {9} and {Bn} are converge then
(Sﬁ, Bin)} be bisequence is said to be convergent in P X Q.

(B5) If {94} and {By} are converge to a point f € P NQ then {(Sy,Pn)} be a bisequence is said to be
bzconvergent. A sequence {(94, i)} is a Cauchy bisequence if

lim &9, Bm ) =1 lim F(9Bwn)=0 lm GO Bwm) =0,

71,M——~400 n,M—+00 1,M—~0c0

for all m € int(R).
(B6) A neutrosophic bipolar cone metric space is said to be complete if every Cauchy bisequence is

convergent.,

Lemma 3.1. Let {9} be a Cauchy sequence in neutrosophic bipolar cone metric space (P,Q,E,F, G, +,0,R)
implies that Sy # Sy, if m, 11 € IN with 11 # m. Then sequence {8y} can only reach a single limit point.

Proof. Alternatively, suppose that 9; — 9 € Q and 9; — p € PNQ, for ¥ # p.
Then, im0 ESheckn, 3, 1) = 1,limy 100 F (85,9, 1) = 0,limj 100 G(85,9, 1) = 0, and
limji 10 &0, p, 1) = 1L1IMjist0 F (S5, p,m) = 0,limjis 100 G(9n, p, ) = 0, for all m € int(R).
Suppose

8(‘9/ P, 7_() > 8(‘9/ Sﬁ/ g) * S(Sﬁ/ Sﬁ+1/ g) * 8(‘9171+11 P, g)

—1+1+1, as 71,— +oo,

F(S,p,m) < ?(9 i, = ) ( Sit1, o ) (\%Hzﬂ%)
— 00000, as 7,— +oo,

G(9,p,m) < Q(& i, g) o Q(Sh, it 1, g) o Q(Sﬁﬂf [ g)
— 00000, as 71— +oo.

That is 8(9,p,n) =2 1#1+1 =1,F(9,p,m) < 00000 = 0and G(I9,p,1) < 00000 = 0. Thus

9 = p, this means that the sequence converges to no more than one limit point. m]
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Lemma 3.2. Let (P,Q,E,F,G,* 0,R) is a neutrosophic bipolar cone metric space. If 0 < 6 < 1 and for
all 9,p € P, m € int(R),

&9, p,m) > 8(9, P, g),T(S, p,m) < T(S, P, g),Q(S, p,m) < Q(S, o, g) (3.1)
then 9 = p.

Proof. By (3.1) such that

&9, p,m) > 8(8, o, %),T(S, p,m) < 9’(8, o %)

GS,p,m) < Q(S, 0, %),ﬁ € N, 7 € int(R).
Now
Tt
E,p,m) > lim &|9,p,=|=1,
( pTC) h—1>rfoo ( P Qn)
T
< I —|=0,
F(S,p,m) < n_l)r_il:loo 7"(8, P, 6”) 0
G(d,p,m) < Vlir? Q(S, 0, %) = 0,7 € int(R).
Also, by definition of ((iii)), ((ix)), ((xv)), thatis, ¥ = p. O

Theorem 3.1. Suppose (P,Q,E,F,G,*, 0, R) is a complete neutrosophic bipolar cone metric space with
0<0O<1landif

lim &(9,p,m) =1, lirf F(S,p,m)=0 and lim G(9,p,m) =0 (3.2)

TT— 400 TT— 400

forall S € P, p e Qand m € intR. Let p: PURQ — P UQ be a map it holds:
(i) p(P) CPand p(Q) C Q

(ii)
&(pY, pp, Om) = E(9, p, 1),
F (P9, pp,0n) <F(9,p,m) and G(PI,pp,0n) < G(S,p,n) (3.3)
forall ® e P, peQandm € intR.
Then p has a UFP.

Proof. Let 99 € P and py € Q and assume that p(9;) = V541 and p(pn) = pis1 for all

1 € NU({0}. Then we get (95, Qx)as a bisequence on neutrosophic bipolar cone metric space
(P,Q,E,F,G,*0,R). Now, we have

cq = T

&(31,p1,m) = E(PSo, Ppo, 1) 2 E(So, po, )

T

F (91, p1, ) = F (pS0, Ppo, ) < F (Do, po, 6)
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and

g(‘911 Pl/ 7_() = g(ﬁSOI ﬁPOr 7'() < Q(SOI pOI g)/

for all m € intR and 71 € IN. By simple induction, we get

5 y T T
E(Sn, pin, ) = E(POi-1,Ppii-1, 1) = E(n-1, Pi—1, 5) > S(Sﬁ—z, Pin-2, @)

Tt Tt
> 8(‘971—3/ Pin-3, @) =2 8(‘90/ Po, ﬁ)/

y 5 T T
F (S, pin, 1) = F (POn-1, Ppin-1, ™) < F (1i-1, pii-1, 5) < T(Sh—z, Pii-2, @)

< ¢(‘9ﬁ—3/ Pin-3, %) < < ?(80, Po, %)

and
" " i 1
GO, pin, ) = G(POii-1, PPi-1, ) < G(Sn-1, Pin-1, 5) < Q(Sh—z, Pi-2, @)
T e
< Q(Sﬁ—a, Pi-3, @) <--- < Q(So, o, @)
We obtain
Edn, pin,m) = 8(90, Po, %),
T e
7j(‘gfl/ Piis 77) < ¢(80/ Po, a)/ g(sﬁ/ Pis 7—[) < Q(SOI Po, ﬁ) (34)

and

Tt
8(8ﬁ+1/ Pﬁ/ n) = 8(‘91/ pOI a)/

F (Si+1, pn, 1) < ¢(91, 0o, %)l G( 541, pn, 1) < Q(SL o, %) (3.5)

Letting 71 < 11, for 11,m € IN. Then,

T T i
E(On, pn, ) = E(On, pi, g) + E(Snt1, pits g) * E(Sit1, Pins 5)
T T 7
2 &0, pn, ) * €1, pi 5) * -+ E(Si-1, pin-1, 3m-1')

Tt s
* 8(8ﬁ1/ p}’lv/l—ll W) * 8(‘97711 prh/ W)/

TC TC TC
F (S, pin, 1) < F (S, pin, g) o F (Sii+1, pis 5) o F (Sit1, pins 5)

TC Tt TC
<F (Sn s 3) 0 F (Sir, pis 3) -+ 0 F (it pin-1, 3577)
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Tt

i
o 7:(\9,;1, Pi—1, 3771—_1) o T(Snﬁ, Prits 37?1_—1)’
and
4 T 4
GO, pin, 1) < G(O4, pi, 5) o G(Si+1, piis 5) 0 G(Si+1, Prins 5)
T T 4
< g(‘gfl/ Ph/ 5) o g(8ﬁ+l/ Pﬁ/ 5) ©:-+0 g(sm—l/ Prh—lr 377’!—1)
T
o G(Sm, pin-1, i 1) Q(Smlpmfﬁ)-
Therefore,
T i s
E(Si, pi, 1) = E(S4, pa,s 5) *E(Sinr1, pins g) * o x E(Si-1, Prin-1, W)
i 4
*E(Om, Pri-1, 3m —)* S(Smfpnﬁ/%)
T
>&(9,p, +*&E(91, po, *- -2 8E(99, po, ———
T
*83, s areanry *8\9, T )/
( 1 ,00 3111—191’1’1—1) ( 0 PO 3m—16m)
T i T
F (S, piy 10) < F (S, pn, ) © F (Sisr, pi ) 00 F (S, pii-1, 3,;1—_1)
i s
o F (S, pri—1, 3,,1—_1) o F (S, pi, 3111_—1)
T
<F (9,0, 357) © F (1,00, 557) © = F (80,0, z5777555)
4
o F (1, po, W) °F (S0, por Zimrgm )
and
T T 4
GO, pin, 1) < G(O4, pi, —) o G(Vnt1, pis 5) o0 G(Om-1, pin-1, _3m—1)
i
*g(smlpm 1, it 1) Q(Sﬁupﬁu W)
s
<G, p, 36”> G(91, po, 39,1) -0 G(S, po, W)
i
0 G(91, po, W) o G(So, po, W)
Which implies that,
4
SO, pm,m) 2 E(Y, p, +&(91, po, 22 E(S0, po, 5=
i
+E(I1, po, =———) *EDo, po, =),
( 1,Po 3m—16m—1) ( 0, P0 3m—19m)
4
T(Sﬁ, pm, ) < 7:(‘9 p/ 36”) 7:(\91/ ,DO/ 36”) e 07:(80/ PO/ 3},71_19’,;1_1)
T
o F (91, po, W) o F (o, po, W)’
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and
T s
G (8, pin, ) <GS, p, 36”) G (%1, po, 36ﬁ)°"'°§(901P0f '3m_19m—1)
e
o G(91, po, W) o G(9, po, 31 g )-

By using (3.2), for each case 7, i1 — 400, we obtain

lim &8, pw, ) =1x1%---x1=1,

7,Mm——+0o0
lim ¥ (9, pm m) =0000---00=0

1,M— 400

and

lim G(9, pm,m) =0000---00=0.

7,M—+00
Which implies that bisequence (93, pi) is a Cauchy bisequence. From (P,Q,&,F,G,+,0,R) is a
complete neutrosophic bipolar cone metric space. Then, {3} — 9 and {pz} — O, where $ e PN Q.
Using (v), (xi), (xvii) and (3.2), we get

E(9,p9,m) > 8(9 Siv1, = )*8(3h+1,3ﬁ+1, g)*8(9ﬁ+1;f78z g)
= 8(‘9 Siit1, 3 ) *8(}7‘9n/ Psn, )*8(p\9n/ ]9‘9 )
—1*1+x1=1 as 7 — +oo,

T LT
¢(S p ) < 7—-(‘9 811+1/ ) T( n+1s n+1/ 5) o T(Sﬁ+1,p\9, 5)

— 7—-(‘9 ‘971-1-1/ ) © ¢(p‘971+1/ Psn—i-l/ ) © ¢(p‘971+1/ PS )

—00000=0 as 71— 4o

and
. LT
g(sl pS/ ) g(s ‘911+1/ ) o g( n+1, n+1/ ) o g( n+1, PSz g)
— g(s ‘971-1-1/ ) © g(p‘gn—i-l/ Psn—i-]/ ) © g(PSn-H/ P‘9 )
—00000=0 as 71— +o0
Hence, pd = 9.

v

Now, we examine the uniqueness. Let p¢ = ¢ for some ¢ € £ N Q, then

|

1> 8(89,m) = EPEPY, n) = 8(5, 3, g) = 8(;55,;58, 5)

28(5 9 —)2---28(5,8,%)—)1 as 71— +oo,
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0<F(&9,m) = F(pe,pd,m) < T(é, s, g) = T(ﬁé,ﬁs, g)

< 77(5, 9, %) <. < 7"(5, 9, %) —0 as 71— +oo,
and
i i
0<G( 9, n) =aG(pepd,m) < g(ﬁ, 9, 5) = Q(ﬁé,ﬁ@, 5)
Q(CS—)S -~s§(5,8,—)—>0 as 71— +oo,
by using (iii), (ix) and (xv), 9 = ¢. |

Theorem 3.2. Suppose (P,Q,E,F,G,* 0,R) is a complete neutrosophic bipolar cone metric space with
0<0<1landif

lim &9,p,m) =1, lim F(9,p,m) =0 and lim G(9,p,m) =0 (3.6)

TT—+400 TT— 400 TT—+00

forall ® e P, peQand € int(R). Let p: PUQ — P UQ be a map it holds:
(i) p(P) CQand p(Q) C P;

(ii)
&(pd, pp, 0m) = E(p, 9, 1),
F(pS,pp,0n) < F(p,9,n) and GPI,pp,0n) < G(p, S, ) (3.7)
forall 9 € P, p e Qand € int(R).
Then p has a UFP.

Proof. Let 99 € Pand pp € Qand assume thatp(9;) = py and p(pn) = 94+1 forallit € N U {0}. Then
we get (95, Qy)as a bisequence on neutrosophic bipolar cone metric space (P,Q,&,F, G, * 0,R).

Now, we have

8(‘91/ PO/ 7_() == S(fjp()/ ijO/ 7’() > 8(‘90/ PO/ g)/

7:(‘91/ ,001 T() - T(ﬁPO/ﬁSO/ T() < T(SO/ PO/ g)

and

g(sll PO/ T() = g(fijI ﬁSO/ n) < Q(SOI PO; g)/

for all ™ > 0 and 7 € IN. By simple induction, we get

S(Sﬁ/ Pn, T ) S(Ppn 1, Psn; n) > 8(‘90/ Po, 62”)

Tt
F (S, pn, 1) = F (Ppn-1, PO, 70) < T(Sw pos @)f
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g(‘gﬁr Pn,TT ) g(PPn 1/P‘9n/n) Q(SOI Po, GZﬁ)

and
. . TC
E(Sir1, pi, 1) = E(Ppin, POn, ) 2 8(‘90' po, an+1)

b4
F (Sit1, pn, 1) = F (Ppn, pOi, 1) < 7:(‘90' po, 92n+1)

. . Tt
G(Sis1, pi, 1) = G(Ppin, PO, 1) < Q(SO' po, 92n+1)

Letting 71 < 11, for 71,m € IN. Then,

T n T
ESu, pm, 1) = E(Su, pit, g) + E(Sn41, pits 5) * E( i1, Pins 5)
T n i
> &E(Sn, pa, §) + E( 541, Pt 5) -2 E(Sipo1, Prin-1, W)
n n
*8(\9m, Pm-1, 3771 1) 8(‘97’71/ Pris W)/
T T 7
F (S, pain, 1) < F (S, piss g) o F (Siis1, pis 5) o F (Si+1, Prs 3)
< F (S pi, g) o F (Sii+1, pits g) o0 F (S-1, Pri—1, —3,:_1 )
n n
© 7:(‘9;11/ Pm-1, %) o 7:(‘9711/ Pris W)
and
i T I
G, pi, ) < G(On, pin, 5) o G(Sn+1, pis 5) o G(Su+1, Prins 5)
T T T
<GS pis —) o G(Sit1, pits 5) o---0G(Sn-1,Pin-1, i1 )
T
Og( m/pm 1’3771 1) g(‘gmlpm/%)
Therefore,
i T n
E(Ox, pi, 1) = E(On, pis 3)* 81, pn, 7)) %+ * E(ii-1, pii-1, 3,;1__1)
T n
*&E(Sm, Pri-1, 3,71—_1) *&E( Vi, oy %)
I
8(‘9 P, 6211) 8(‘90/ Po, 3020 +1) e *8(80’ po, 3n“1—162nv1—2)
n
«&(30, P, i) * (0, PO, i)
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Tt Tt

T(Sﬁ/ Py T() < 7:( its Pits _) © 7:( 41, Pits 5) -0 T(Sm_l’ Pm-1, 37h—1)
T Tt
o F (S, -1, 3m—_1) o F (S, pins W)
T T T
<F (3, p, 397) o F (S0, po, 362—ﬁ+1) o+ 0% (o, po, 3m—162ﬁ1—2)
T Tt
o F (S0, po, W) o F (S0, po, -1 g2iit )
and
T T Tt
G (S, pm, 1) < G(S, P, 5) ° G(St1, P, g) o0 G(Sm-1, Pri-1, 31 )
T Tt
0 G(Sm, Pi-1, :m) °© G (S, Privs 3,,1__1)
T
= g(s p/ 921,1) g(SO/ pO/ 02n+1 ) © 0 g(SO’ pO’ 31’?[—162??[-2)
T
o) Q(SO, Po, W) o g( 0, P0, 3771—192171 )
Which implies that,
& & i) E & 18
(Sflr Pﬁuﬂ) 2 (3,p, 36211) (‘90/ po, 362n+1) E (80’ po, 3%—162#1—2)
T
+&E(So, po, W) +E(S0, po, 3m_192ﬁz )
T T T
F (S, pm, 1) < F (9, p, %ﬁ) o F (S, po, w—nﬂ) o+ 0 F (S0, po, 3m—132m—2)
T Tt
o F (S0, po, W) o F (o, po, 3i-1g2i ),
and

- ) OQ(SO/ PO/

TC
362ﬁ 362h+1
Tt

TU
o G(S0, po, W) o G(So, po, 3m-1g2 ).

Tt
G pm,m) <GS, p, ) -0 G(So, po, 3m—132m—2)

Using (3.6), for each case 1,111 — 400, we deduce

lim S(Sﬁ,pm,n) 21*1*--'*1:1,

71,Mm——+00

lim  F (94, pm,m) =0000---00=0

1,M——+00

and

hm g(‘gn/pm, )_OOOOOO:O

n m—>+oo

Which implies that bisequence (94, pi) is a Cauchy bisequence. From (P,Q,&,F,G,*,0,R) is a

complete neutrosophic bipolar cone metric space. Then, {3;} — 9 and {ps} — 9, where d e PN Q.
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Using (v), (xi), (xvii) and (3.6), we get
8(‘9/ ﬁS, 7'() 2 8(‘9/ ‘971+1/ g) * 8(‘9ﬁ+1/ 8n+1/ ) * 8(‘971+1/ ﬁsl g)

o va T
- 8(‘9 ‘971-‘1-1/ 3 ) * 8(p\9n/ pSn/ 3 ) * 8(p8n/ p‘gl 5)

—1*1+*1=1 as 71— +oo,

T(S p ) < 7__(‘9 Si’l"rl/ ) ¢( 41, I’l+1/ g) OT(8ﬁ+1/ﬁ‘9/ g)

- 7:(‘9 Sn+1/ ) o ¢(p‘971+1r PSnJrl/ ) o 7:(pSnJrlr PS )
—00000=0 as 7 — +oo

and

G(9,p8,m) < g(s Sni1, = ) g( it i, ) g( n+1,ﬁs,§)

— Q(S 8n+1/ ) o g(PSnJrlz P8n+1/ ) o g(p8n+1/ PS )

—00000=0 as 17— +oo

Hence, pd = 9.
Let p¢ = ¢ for some ¢ € P N Q, then

1> 8(89,m) = &(pS, pé,m) > 8(5, 3, g) = 8(;58,;55, g)
> 8(5, 9, %) > > 8(5, 9, % —1 as 71— +oo,
S LA T W T
0<F(&9,m)=F(pd,pe,n) < T(c, 9, 5) = T(p&,pc, 5)
ST((?,S,%)S ST(&,S,% —0 as 71— 4+
and
e e
0< G599, 1) =GP, pe,m) < 6le, 9, 5) = g(ﬁ&,ﬁé, 5)
Lo T a7 .
SQ(C,S,QZ)S- SQ(C,S,ﬁ —0 as 71— +o,
by using ((iii)), ((ix)) and ((xv)), 9 = ¢. O

Corollary 3.1. Suppose (P,Q,E,F,G,* 0,R) is a complete neutrosophic bipolar cone metric space with
0<0<1landif

lim &(9,p,n)=1, lim F(9,p,m) =0 and lim G(S,p,n) =0 (3.8)

TT— 400 TT— 400 TT—+00
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forall9eP,peQandm>0. Let p: PUQ — P UQ be a map it holds:

(i) p(P) CPand p(Q) C Q
(ii)

E(PS, pp, Ont) = min{E(I, p, n), E(I, pI, n), E(p, pp, ™)},
F (P, pp, Ort) < min{F (9, p, ), E(I, pI, ), E(p, pp, M)},
and
G(pS, pp, Om) < min{G(9, p, 1), &9, p3, ), G(p, pp, 1)},
forall € P,peQandm >0. Then, p has a UF P.
Proof. From 3.1 and Lemma 3.2 the proof can be easily proved m]

Definition 3.5. Let (P,Q,E,F, G, *, o, R) be a neutrosophic bipolar cone metric space. Amap p: PUQ —
P U Q is an NBC(neutrosophic bipolar cone)-contraction if we can find that 0 < 6 < 1, implies that

1 1
e 10|l -1 3.9
E(pS, pp, m) [8(9, p, ) ] G9)
and
G(p3,pp, m) < 0G(9,p,m), (3.11)

forall 9 e P, p € Qand 1t € int(R).
Now, we prove the theorem for NBC contraction.
Theorem 3.3. Let (P,Q,E,F, G, *, 0, R) be a complete neutrosophic bipolar cone metric space and if

lim &(9,p,m) =1, liT F(9,p,m)=0 and lim G(S,p,n)=0 (3.12)

T— 400 T—+00

forall € P, p e Qand r € int(R). Let Let p: PUQ — P UQ be a map it holds:

(i) p(P) CPand p(Q) C Q
(ii) p is NBC-contraction, for all 9 € P, p € Qand n € int(R).

Then, p has a UF P.

Proof. Let 99 € P and py € Q and assume that p(9;) = 9541 and p(pn) = pas+1 for all

i1 € NU({0}. Then we get (9, Qy)as a bisequence on neutrosophic bipolar cone metric space
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(P,Q,E,F,G,*0,R). By using (3.9), (3.10) and (3.11) for all 7t € int(R), we deduce

1 1 [ 1 ]
S _1<80
E(Su, pi, ) E(POu-1,Ppii-1, 1) E(Si-1, pin—1, M)

_ 6 —0
E(S4-1, pii-1, )
2
-1 0 +(1-0) < 0

ESu, pn,m) ~ E(S5i-1, pr1, M)
1 6(1-6)+(1-0)

E(Sii—-2, pii—2, 1)

Continuing like this, we obtain
1 - o'
E(Siu, pr, 1) ~ E(Do, po, )
+---4+60(1-0)+(1-06)
Qﬁ
S -
&E(So, po, 1)
Qﬁ
R
&E(So, po, 1)

+ 0" (1-0)+0"2(1-0)

+ O+ 02+ +1)(1-0)

+(1-0"

We obtain

1

971 ~
&S0 o) + (1-0m)

< &Sy, pin, 1) (3.13)

F (On, pin, 1) = F (POsi-1, Ppin—1, 1) < OF (Si1—1, pin—1, 1) = F (POii—2, PPi—2, 1)
< 927"(\%1_2, 99_2,7'() <---< 9ﬁ7"(\90, Po, 71), (3.14)

G(Su, pi, 1) = G(POii-1, Ppi-1, 1) < OG(Si-1, pii—1, ) = G(POi—2, Ppii-2, )

< 0°G(84i-2, pir2, ™) < -+ < 0"G (S0, po, ) (3.15)
and
! < &(8341, Py ) (3.16)
o = n+1, Pns .
5(\919,00,71) + (1 - 971)

F (i1, pr, 1) = F (PO, Ppin—1, ) < OF (O, pin—1, ) = F (PO3-1, PPii—2, )
< 927:(\%1_1, Sp_z, Tl) <--- < 9%7:(‘91/ Po, 71), (3.17)

G(Siy1, pi, ) = G(POi, Ppii-1, ) < OG(Sn, pi-1, ™) = G(POii-1, Ppii—2, T0)
< 0°G(8i-1, piia, ) < -+ < 0"G (94, po, ). (3.18)
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Letting 71 < 11, for 71,m € IN. Then,

E(Sn, pm, 1) = E(Si, pins g) + E(Sn41, pits g) * E( 141, Piins

3)

Tt

T T
> &(9%, pi, 5) + E(Viiv1, pit, g) oo E( 1, Pt 3"1_—1)

Tt Tt
* 8(‘9711/ Pri-1, %) * 8(‘97h/ Prirs %)/

Tt Tt TC
7:(‘9%/ Py 7‘() < 7:<‘971/ Pis 5) © ¢<8ﬁ+1l P, g) o 7:(‘9%+11 Py 5)

T T T
< F (S, pn, 5) o F (Sii+1, pis g) o0 F (-1, Pri-1, 3m—_1)

Tt Tt
o ?(Sm, P—1, %) o T(Snﬁ/ Prits W)/

and
n T T
G (S, pin, 1) < G(S4, pi, 5) o G(Si+1, pits g) o G(Si+1, Prins g)
T T T
< G(S, pi, 5) 0 G (41, pits 5) o---0G(Sm-1, Prin-1, 3m—_1)
T T
© g(‘gnﬁ/ Pm-1, 3Ih_—1) o g(‘grh/ Py W)
Therefore,
T T T
E(, pm, ) = E(S, pis 5) *E(Sir1, piis 5) -2 E(Oo1, Prin-1, 3m_—1)
T T
* 8(‘9%/ Pm-1, W) * 8(‘9771/ Py W)
1 1
> — — .
g T 10 F5pm +(1-07)
) 1
97?1—1 _ -1
Emma T 170"
* 1 * 1
th—l _ 1—1 th _ N4
S(Sl’po’yﬁn—l) + (1 Qm ) S(SOIPO/S,;,]) + (1 61’]’!)
T T T
F (S, pin,70) < F (S, pin, 5) o F (Snt1, pis 5) o0 F (81, Pin-1, W)
e n
o 7:<‘97h/ Pm—1, %) o 7:(87?11 Prs 31’h_—1)

< 6"F (S0, po, g) o "F (91, po, %) 0+ 0 0" 1F (0, po,

o 0™ 1F (81, po, L) o O™F (S0, po,

Tt
= 1)

T
3m-1 )
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and
Tt Tt
g(sﬁ/ Pn“w T() S g( s pn/ _) g( n+1/ pﬁ/ 5) ©---0 g(snﬁ—lz ,Urh—lr 371\;[__1)
Tt Tt
© Q(Snﬁ, Pri-1, W) © Q(Sﬁq, Py 3m—_1)
Y T - TU Tt
< Qng(SOI ,00/ _) o Qng(slr PO/ nv’l—l ) -0 Gm 1g(‘90/ PO/ 3m 1 )
Tt
em 1g(‘91/ PO, =5 v_ ) Gmg(s()/ PO, =7 3m 1 )
Which implies that,
1 1
E(Su, pi, 1) 2 _ % _
o' » o i
e T (120" g50m (12067
) l
___omt _ pm-1
8(‘90/.00/31;%1) + (1 Qm )
1 1
N __emt 1—pm-1 ! ___er 1— @)’
S(SerO/BWF,l) + ( - ) 6(\907,00/3,;7_1) + ( )
. T TT
F (Vi o, ) < 0"F (S0, po, 5 ) 0 0"F (91, po, g5y ) 0 -0 0" F (S0, po, 357)
TC
o Gm 1?(‘91/ ,00/ 3m 1) 9m¢(80/ PO/ 3m 1)
and
. T Tt
G (S, pm, 1) < 0"G(0, po, 3) 0 0"G (91, po, i ——)o:o 0™ 1G (S0, po, i —)
TC
© 91’11 1g(81/ PO, 75— 3m 1 ) © Gmg(SOI PO, =7 3m 1 )

Using (3.12), for each case 1,11 — +o0, we deduce

lim &9, pw,m) =1%1x---x1=1,

71,M— 00

hm ?(Snrpm, )—000000:0

n m—>+oo

and

lim G(9, pm,m) =0000---00=0.

1,Mm—-+00
Which implies that bisequence (9, pi) is a Cauchy bisequence. From (P,Q,&,F,G,*,0,R) is a
complete neutrosophic bipolar cone metric space. Then, {9;} — 9 and {p;} — 9, where d e PN Q.
Using ((v)), ((xi)), ((xvii)) and (3.12), we get

E(9,p9,1) > 8(8, Sii1, g) : a(shﬂ, Sit1, g) : a(sﬁﬂ,ﬁs, g)

= 8(\9, \9ﬁ+1, 3) 8(p\9n,p\9n, ) *8(p\9n,p\9 )
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i 1 i
> 8(\9, Sﬁ+1, —)* - *S(ﬁSﬁ,ﬁS, —)
Qn+1 v
3 Eopd) +(1- 6n+1) 3

—1+*1+1=1 as 71— +oo,

F(3,p9,m) < T(s Sni1, = ) ?( i1, n+1,§)o¢(sﬁ+1,ﬁs,§)

?d(‘9 ‘971+1/ ) o 7:(17\9114-1/ Psn—i-l/ ) o 7:(17\911-',-1/ PS )

< 7:(\9 Siv1, = 3 ) 0 0" 1F (8, po, = ) T(ﬁsﬁﬂfﬁ& g)
—00000=0 as 71— +o

and

G(3,pd,m)

IA

g(s Sni1, = ) g( it s ) g( nﬂ,ﬁs,g)
Q(S 8n+1/ )OQ(PSnJrlzPSnJrl/ )Og(pSnJrlzPS )

<6(% 951 )0 017 (00 p0, 5 0 6{ponn 50, 5

—00000=0 as #n — +oo.

%

Hence, pd = 9. Let p¢ = ¢ for some ¢ € P, then

which is a contradiction.
F(S,¢m)=F P, pé,n) <O0F(9,¢,n) <F(3,¢m),

which is a contradiction and
G, ¢ n) =@G(ps,pe,m) <0G(9,¢,1) <G(9,¢,m),

which is a contradiction. Therefore, &(9,¢, 1) = 1,F(9,¢,n) = 0 and G(9,¢ ) = 0, hence,
9= ]

Example 3.1. Let A=R, R={9 € AP >0}, P =[0,1] and Q = {0} UIN — {1}. Define &, F,G: P X
Qxint(R) — [0,1] as
T
i+ 19 -pl
19 —pl
n+19-pl

ES,p,n) =

F (S, p,m) =
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19— pl
F(9,p,m) = Tp

Then, (P,Q,E,F,G,*,0,R) is a complete neutrosophic bipolar cone metric space with con-t-nm
il * U = 10 and con-t-co-nm il o ¥ = max{il, U}.

Definep: PUQ — PUQ by

157 ifseo,1],

0,  if9eN-{1,

p(9) =

forall 8 € PUQand take 0 € [3,1), then

_139 1_13p
S(ﬁs,ﬁp,en)za(l — ,@n)

_ omn o On
N B5—37]
-39 _ 1-3 O + =——
67’(+ %_129 7
671 497T T
> = > — 88, p,70),
T on4 B A0S —pl T m (8 —pl &(9,p,m)
59 7 1-37% 1-37°
¢(p8/pp/ Qn) — ¢ , ’67-(
4 4
1-37% _ 1-37F .
4 4 [3-%-3-7|
_ !
[3-8=3-°]|
=39 _1-37¢ On + =——
-3 - 9
phoa el Bepl

T A0m 30 -3°F 4On+[P—pl mt+l-pl

and

1-3°% 1-3°
G(pd,pp,On) = Q( ,971)

4 7 4
1-37% _1-37°
4 4 1379377
— — 4
On O
3= -37° [9-pl 9-pl
= < < = .
on S aon S~ 9@

Thus, all the axioms of Theorem 3.1 are fulfilled, and zero is the fixed point for p.

4. APPLICATION

Let A=R, R={9€ A >0}, P =C([qa],[0,+0)) is the set of all continuous functions
defined on [¢, a] with values in the interval [0, +o0) and Q = C([¢, a], (—0,0]) is the set of all
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continuous functions defined on [¢, a] with values in the interval (—oo,0]. Suppose the integral

equation:
d(w) +6f O(w,0)d(w)do for w,@ € [c,q 4.1)

where 6 > 0, A(®@) is a fuzzy function of @: @ € [¢,a] and U: C([¢, a] X R) — R*. Define &, ¥ and
G by means of

@), plw) ) = P SIS @) = p@)

forall 9,pe® and n €int(R),

e
F (S w),p(w),n) =1- su forall 9,p€e®P and m € int(R),
(3(w), p(w),m) we[ﬁ]ﬂJrlS(w)—P(w)l p (R)
and
S(w) —
G(¥(w),p(w), ) = sup M forall 9,pe® and n € int(R),

we|c,a]
with con-t-nm and con-t-co-nm define by 1i » 9 = 1 - ¥ and 1 o ¥ = max{i, ¥}. Then (P,E,F,G,* 0)
is a complete neutrosophic bipolar cone metric space. Assume |O(w, ®)9(w) — O(w, ®@)p(w)| <
[9(w) — p(w)| for 3 e P,p e Q60 € (0,1) and Yw, @ € [¢,a]. Consider O(w,®)(d fca do) < 06 < 1.

Then, the integral Equation (4.1) has a unique solution.

Proof. Definep: PUQ — PUQ by
a
P (w) = A w) —|—6f O(w,@)9(w)do forall w,@ € [¢,q].

For all 9, p € PUQ, we obtain

on
EPS(w),pp(w), On) = su - v
’ o we[}i} On + |[pd(w) - pp(w)l
— su on
weloa 0T+ A (@) +6 [ O(w,@)(w)do - Aw) =6 [ O(w,@)d(w)da|
o
= Sup Qa Y a v
welea] O+ 10 [ O(w,@)8(w)dd -6 [ O(w, ®)d(w)do|
on

= su

we[}i} on + [0(w, ®)9(w) - O(w, ®)p(w)|(5 [* do)

Tt
> su
a)e[cl,ga] T+ |‘9(w) - P(C‘))|
> E(¥(w), p(w), ),
on

F (Pd(w),pp(w), 6n) =1~ su 5 y
(Pow) Pplw), Om) =1= Sup G5 ) — pp@)]

=1- sup On —
welon) O+ | A (@) +6 [ O(w,@)(w)do - A(w) =6 [ TV(w,@)9(w)da|
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=1- sup m 9vn 5 —
welea] O+ 10 [ O(w, @) (w)dd -6 [* O(w, ®)d(w)do|
o
=1-sup T
welea] O+ [O(w, @)8(w) — O(w, @)p(w)|(6 [ do)
<1- sup I
T weeq THIB(@) - p(w)
<F((w), plw),n),

On
G(Pd(w), pp(w),Om) = su V y
(Pd(w), pp(w), Om) we[};] Or + |pd(w) — pp(w)l

on

= Sup a1 - a =
welca 0T+ | A (w) + (Sfc O(w,0)¥w)do — ANMw) — 5]( O(w,0)¥(w)dao|
on
= Sup Qa )4 a v
weleal O+ 10 [ O(w, )8 (w)do -6 [* O(w, ®)d(w)do|
on

"~ anic 67+ [O(w, @) (@) — O(w, @) p(@)](3 [ da)

< sup
w€[c,q] T+ |‘9(a)) - p(w)l
< G(5(w), pl(@),m),
Hence, all the axioms of Theorem 3.1 are fulfilled and p has a UF P. Thus integral Equation (4.1)
has a unique solution. m|

5. CoNcCLUSION

In this paper, we introduced the concept of neutrosophic bipolar cone metric space and proved

fixed point theorems. At last, we presented an application on integral equations.
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