
Int. J. Anal. Appl. (2025), 23:307

Solving Integral Equation via Fixed Point Theorem on Neutrosophic Bipolar Cone
Metric Spaces

Gopinath Janardhanan1, Gunaseelan Mani2, Atkinswestley Arulsamy3, Maryam Ali Alghafli4,
Nabil Mlaiki4,∗

1Department of Mathematics, Saveetha School of Engineering, Saveetha Institute of Medical and Technical
Sciences, SIMATS, Chennai 602 105, Tamil Nadu, India

2Department of Mathematics, Vel Tech Rangarajan Dr. Sagunthala R&D Institute of Science
andTechnology, Chennai-600062, Tamil Nadu, India

3Department of Mathematics, K.Ramakrishnan College of Engineering (Autonomous), Trichy-621112,
Tamilnadu, India

4Department of Mathematics and Sciences, Prince Sultan University, Riyadh 11586, Saudi Arabia

∗Corresponding author: nmlaiki2012@gmail.com

Abstract. In this article, we introduce the notion of neutrosophic bipolar cone metric space and prove fixed point

theorems. The authors demonstrate various satisfying contraction mapping results using non-trivial examples. Finally,

we prove existence and uniqueness results of the integral equation to strengthen our obtained result.

1. Introduction

The basic idea of fixed-point theory consists of the notion of metric spaces and the Banach

contraction principle. On metric spaces, numerous generalizations have been made so far [1–4].

This illustrates the style, attractiveness and development of the idea of metric spaces.

Zadeh presented the idea of fuzzy sets [5]. The term "fuzzy" is frequently encountered and

widely utilized in modern research concerning the logical and set-theoretical foundations of math-

ematics. We believe that the primary explanation for this rapid development is simple to under-

stand. The environment we live in, the notion we use, and the data derived from our findings and

metric are all, for the most part, imprecise and inaccurate, which leaves us with a world full with
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clarity. Fuzzy sets,fuzzy languages, fuzzy orderings, and so on allow us to investigate and deal

with the previously specified degree of uncertainty in a strictly formal and mathematical way.

Fuzzy sets have been able to successfully move many mathematical structures within its idea.

In [6], Schweizer and Sklar established the notion of continuous t-norms. The notion of fuzzy

metric spaces was first presented by Kramosil and Michalek [7]. The notion of fuzzy was applied

to classical concepts of metric and metric spaces through continuous t-norms. The resulting notions

were compared with those derived from various statistical generalizations of metric spaces, namely

probabilistic ones. Garbiec [8] provided a fuzzy version of the Banach contraction principle in fuzzy

metric spaces. Some α − φ-fuzzy cone contraction findings were demonstrated by Ur-Reham et

al. [9] using integral type application.

Park et al. [10] created an intuitionistic fuzzy metric space. Konwar [11] established multiple

fixed-point theorems and presented the idea of an intuitionistic fuzzy b-metric space. The concept

of neutrosophic metric spaces was first proposed by Kirişci and Simsek [12]. Some remarkable

fixed-point findings were demonstrated in the context of neutrosophic metric spaces by Simsek

and Kirişci [13]. A few fixed point results were established in the context of neutrosophic metric

spaces by Sowndrarajan et al. [14]. Bipolar metric spaces were first proposed by Mutlu and

Gurdal [15], who also demonstrated fixed point theorems. In the context of bipolar metric spaces,

numerous researchers have recently established a variety of fixed point findings utilizing a variety

of contractions ( [16]- [30]).

Huang and Zhang [31] introduced cone metric spaces and proved several fixed point theorems

for contractive mappings. In a cone b-metric space, Mani et al. [32] have demonstrated a fixed

point result. Several fixed point theorems in a partial cone metric space have been proven by Dey

and Saha [33]. A common fixed point theorem in a partial cone metric space has been proven by

Shateri [34]. In a cone metric space, Arif et al. [35] established an ordered implicit relation and

demonstrated a few fixed point theorems. In a cone A-metric space, Arif et al. [36] established an

ordered implicit relation and demonstrated a few fixed point theorems.

In this paper, we introduce the notion of neutrosophic bipolar cone metric space and prove fixed

point theorems. The main objectives of this paper are as follows:

• To introduce the notion of neutrosophic bipolar cone metric space

• To prove several fixed-point theorems for contraction mappings

• To find the existence and uniqueness results of an integral equation.

2. Preliminaries

In this section, the authors present definitions that will help readers to understand the main

section. LetA be a real Banach space and R ⊆ A. R is called a cone iff

• R is closed, nonempty, and R , {0};

• If a, c ∈ R and a, c ≥ 0, then aϑ+ cρ ∈ R, ∀ ϑ,ρ ∈ R;

• ϑ ∈ R and −ϑ ∈ R =⇒ ϑ = 0.
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ϑ ≤ ρ iff ρ − ϑ ∈ R denotes a partial ordering ≤ with respect to R, where R is a cone R ⊂ A.

While ϑ � ρ stands for ρ − ϑ ∈ int(R), where int(R) indicates the interior of R. Also, we write

ϑ < ρ to show that ϑ ≤ ρ and ϑ , ρ.

The cone R is called normal if there is a number N > 0 such that for all ϑ,ρ ∈ A,

0 ≤ ϑ ≤ ρ implies ||ϑ|| ≤ N||ρ||.

The least positive number satisfying above is called the normal constant ofW.

If every increasing sequence which is bounded above is convergent, then the coneW is said to

be regular. That is, if {ϑν} is a sequence such that

ϑ1 ≤ ϑ2 ≤ · · · ≤ ϑν ≤ · · · ≤ ρ

for some ρ ∈ A, then there is ϑ ∈ A such that ||ϑν − ϑ|| → 0(ν→∞).

Comparatively, if every decreasing sequence that is bounded from below be convergent, then

the cone R is regular. A regular cone is a normal cone. In the following, we assume that A is a

Banach space,≤ is a partial ordering with respect toR and thatR is a cone inAwith intR , ∅. Here,

con-t-nm means continuous triangle norm and con-t-co-nm means continuous triangle co-norm

Definition 2.1. ( [10]) Let ∗ : [0, 1] × [0, 1]→ [0, 1] be a binary operation is said to be con-t-nm if:

(1) ǔ ∗ v̌ = v̌ ∗ ǔ, (∀)ǔ, v̌ ∈ [0, 1];
(2) ∗ is continuous;
(3) ǔ ∗ 1 = ǔ, (∀)ǔ ∈ [0, 1];
(4) (ǔ ∗ v̌) ∗ č = ǔ ∗ (v̌ ∗ č), ∀ ǔ, v̌, č ∈ [0, 1];
(5) If ǔ ≤ č and v̌ ≤ ď, ∀ ǔ, v̌, č, ď ∈ [0, 1], then ǔ ∗ v̌ ≤ č ∗ ď.

Definition 2.2. ( [10]) Let ◦ : [0, 1] × [0, 1]→ [0, 1] be a binary operation is said to be con-t-co-nm if:

(1) ǔ ◦ v̌ = v̌ ◦ ǔ, ∀ ǔ, v̌ ∈ [0, 1];
(2) ◦ is continuous;
(3) ǔ ◦ 0 = 0, ∀ ǔ ∈ [0, 1];
(4) (ǔ ◦ v̌) ◦ č = ǔ ◦ (v̌ ◦ č), ∀ ǔ, v̌, č ∈ [0, 1];
(5) If ǔ ≤ č and č ≤ ď, ∀ ǔ, v̌, č, ď ∈ [0, 1], then ǔ ◦ v̌ ≤ č ◦ ď.

Definition 2.3. ( [11]) Take P , ∅. Let ∗ be a con-t-nm, ◦ be a con-t-co-nm, b ≥ 1 and E,F be fuzzy sets
on P×P× (0,+∞). If (P,E,F , ∗, ◦) fullfils all ϑ,ρ ∈ P and š,π > 0:

(I) E(ϑ,ρ,π) +F (ϑ,ρ,π) ≤ 1;
(II) E(ϑ,ρ,π) > 0;

(III) E(ϑ,ρ,π) = 1⇔ ϑ = ρ;
(IV) E(ϑ,ρ,π) = E(ρ,ϑ,π);
(V) E(ϑ,λ, b(π+ š)) ≥ E(ϑ,ρ,π) ∗ E(ρ,λ, š);

(VI) E(ϑ,ρ, ·) is a non-decreasing function of R+ and limπ→+∞ E(ϑ,ρ,π) = 1;
(VII) F (ϑ,ρ,π) > 0;
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(VIII) F (ϑ,ρ,π) = 0⇔ ϑ = ρ;
(IX) F (ϑ,ρ,π) = F (ρ,ϑ,π);
(X) F (ϑ,λ, b(π+ š)) ≤ F (ϑ,ρ,π) ◦ F (ρ,λ, š);

(XI) F (ϑ,ρ, ·) is a non-increasing function of R+ and limπ→+∞ F (ϑ,ρ,π) = 0,

Then, (P,E,F , ∗, ◦) is called an intuitionistic fuzzy b-metric space.

Definition 2.4. ( [12]) Let P , ∅, ∗ is a con-t-nm, ◦ be a con-t-co-nm, and E,F ,S are neutrosophic sets
on P×P× (0,+∞) is called a neutosophic metric on P, if for all ϑ,ρ,λ ∈ P, then the axioms are satisfied:

(1) E(ϑ,ρ,π) +F (ϑ,ρ,π) +S(ϑ,ρ,π) ≤ 3;
(2) E(ϑ,ρ,π) > 0;
(3) E(ϑ,ρ,π) = 1 for all π > 0, iff ϑ = ρ;
(4) E(ϑ,ρ,π) = E(ρ,ϑ,π);
(5) E(ϑ,λ,π+ š) ≥ E(ϑ,ρ,π) ∗ E(ρ,λ, š);
(6) E(ϑ,ρ, ·) : (0,+∞)→ [0, 1] is continuous and limπ→+∞ E(ϑ,ρ,π) = 1;
(7) F (ϑ,ρ,π) < 1;
(8) F (ϑ,ρ,π) = 0 for all π > 0, iff ϑ = ρ;
(9) F (ϑ,ρ,π) = F (ρ,ϑ,π);

(10) F (ϑ,λ,π+ š) ≤ F (ϑ,ρ,π) ◦ F (ρ,λ, š);
(11) F (ϑ,ρ, ·) : (0,+∞)→ [0, 1] is continuous and limπ→+∞ F (ϑ,ρ,π) = 0;
(12) S(ϑ,ρ,π) < 1;
(13) S(ϑ,ρ,π) = 0 for all π > 0, iff ϑ = ρ;
(14) S(ϑ,ρ,π) = S(ρ,ϑ,π);
(15) S(ϑ,λ,π+ š) ≤ S(ϑ,ρ,π) ◦ S(ρ,λ, š);
(16) S(ϑ,ρ, ·) : (0,+∞)→ [0, 1] is continuous and limπ→+∞S(ϑ,ρ,π) = 0;
(17) If π ≤ 0, then E(ϑ,ρ,π) = 0,F (ϑ,ρ,π) = 0;

Then, (P,E,F ,S, ∗, ◦) is called a neutrosophic metric space.

Definition 2.5. [15] Let P and Q be non-empty sets and % : P×Q → [0,+∞) be a function, implies that

(a) %(ϑ,ρ) = 0 iff ϑ = ρ, ∀ (ϑ,ρ) ∈ P×Q

(b) %(ϑ,ρ) = %(ϑ,ρ), ∀ (ϑ,ρ) ∈ P∩Q

(c) %(ϑ,ρ) ≤ %(ϑ,γ) + %(ϑ1,γ) + %(ϑ1,ρ), for all ϑ,ϑ1 ∈ P and γ,ρ ∈ Q.

The pair (P,Q, %) is called a bipolar metric space.

3. Main results

In this section, we present neutrosophic bipolar cone metric space and shows a few fixed-point

results HereUFPmeans unique fixed point.

Definition 3.1. Let P , ∅, Q , ∅ be two sets and ∗ be a con-t-nm, ◦ be a con-t-co-nm, R is a closed cone
and E,F ,G be neutrosophic sets on P×Q× int(R) is called a neutrosophic bipolar cone metric on P×Q,
if for all ϑ, x ∈ P, ρ,λ ∈ Q and π, ŝ, ŵ ∈ int(R), then the axioms satisfied:
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(i) E(ϑ,ρ,π) +F (ϑ,ρ,π) +G(ϑ,ρ,π) ≤ 3;
(ii) E(ϑ,ρ,π) > 0;

(iii) E(ϑ,ρ,π) = 1 for all π ∈ int(R), iff ϑ = ρ;
(iv) E(ϑ,ρ,π) = E(ρ,ϑ,π);
(v) E(ϑ,λ,π+ š + w̌) ≥ E

(
ϑ,ρ,π

)
∗ E

(
x,ρ, š

)
∗ E

(
x,λ, w̌

)
;

(vi) E(ϑ,ρ, ·) : int(R)→ [0, 1] is continuous and limπ→+∞ E(ϑ,ρ,π) = 1;
(vii) E(ϑ,ρ, ·) is nondecreasing;

(viii) F (ϑ,ρ,π) < 1;
(ix) F (ϑ,ρ,π) = 0 for all π ∈ int(R), iff ϑ = ρ;
(x) F (ϑ,ρ,π) = F (ρ,ϑ,π);

(xi) F (ϑ,λ,π+ š + w̌) ≤ F
(
ϑ,ρ,π

)
◦ F

(
x,ρ, š

)
◦ F

(
x,λ, w̌

)
;

(xii) F (ϑ,ρ, ·) : int(R)→ [0, 1] is continuous and limπ→+∞ F (ϑ,ρ,π) = 0;
(xiii) F (ϑ,ρ, ·) is nondecreasing;
(xiv) G(ϑ,ρ,π) < 1;
(xv) G(ϑ,ρ,π) = 0 for all π ∈ int(R), iff ϑ = ρ;

(xvi) G(ϑ,ρ,π) = G(ρ,ϑ,π);
(xvii) G(ϑ,λ,π+ š + w̌) ≤ G

(
ϑ,ρ,π

)
◦ G

(
x,ρ, š

)
◦ G

(
x,λ, w̌

)
;

(xviii) G(ϑ,ρ, ·) : int(R)→ [0, 1] is continuous and limπ→+∞G(ϑ,ρ,π) = 0;
(xix) G(ϑ,ρ, ·) is nondecreasing;
(xx) If π ≤ 0, then E(ϑ,ρ,π) = 0,F (ϑ,ρ,π) = 1 and S(ϑ,ρ,π) = 1.

Then, (P,Q,E,F ,G, ∗, ◦,R) is called a neutrosophic bipolar cone metric space.

Definition 3.2. Let p̌ : P1 ∪Q1 → P2 ∪Q2 be a mapping, where (P1,Q1) and (P2,Q2) pairs of sets.

(H1) If p̌(P1) ⊆ P2 and p̌(Q1) ⊆ Q2, then p̌ is said to be a covariant map (P1,Q1,E1,F1,G1, ∗, ◦,R)

to (P2,Q2,E2,F2,G2, ∗, ◦,R) and this is written as p̌ : (P1,Q1,E1,F1,G1, ∗, ◦,R) ⇒

(P2,Q2,E2,F2,G2, ∗, ◦,R).
(H2) If p̌(P1) ⊆ Q2 and p̌(Q1) ⊆ P2, then p̌ is called a contravariant map from

(P1,Q1,E1,F1,G1, ∗, ◦,R) to (P2,Q2,E2,F2,G2, ∗, ◦,R) and this is denoted as p̌ :

(P1,Q1,E1,F1,G1, ∗, ◦,R)� (P2,Q2,E2,F2,G2, ∗, ◦,R).

Definition 3.3. Let (P,Q,E,F ,G, ∗, ◦,R) is a neutrosophic bipolar cone metric space, an open ball is then
defined G(ϑ, r,π) with center ϑ, radius r, 0 < r < 1 and π ∈ int(R) is defined by:

G(ϑ, r,π) = {ρ ∈ P : E(ϑ,ρ,π) > 1− r,F (ϑ,ρ,π) < r,G(ϑ,ρ,π) < r}.

Definition 3.4. Let (P,Q,E,F ,G, ∗, ◦,R) is a neutrosophic bipolar cone metric space.

(B1) A point ϑ ∈ P∪Q is called a left point if ϑ ∈ P, a right point if ϑ ∈ Q and a central point if it holds.
(B2) If a sequence {ϑň} ⊂ P is said to be a left sequence and {βn} ⊂ Q is said to be a right sequence.
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(B3) If a sequence {ϑň} ⊂ P∪Q is called converge to a point ϑ iff {ϑň} is a left sequence, ϑ is a right point
and

lim
ň→+∞

E(ϑň,ϑ,π) = 1, lim
ň→+∞

F (ϑň,ϑ,π) = 0,

lim
ň→+∞

G(ϑň,ϑ,π) = 0 for all π ∈ int(R)

or {ϑň} is a right sequence, ϑ is a left point and

lim
ň→+∞

E(ϑ,ϑň,π) = 1, lim
ň→+∞

F (ϑ,ϑň,π) = 0,

lim
ň→+∞

G(ϑ,ϑň,π) = 0 for all π ∈ int(R).

(B4) A sequence {(ϑň, βň)} ⊂ P × Q is said to be a bisequence. If {ϑň} and {βň} are converge then
{(ϑň, βň)} be bisequence is said to be convergent in P×Q.

(B5) If {ϑň} and {βň} are converge to a point β ∈ P ∩ Q then {(ϑň, βň)} be a bisequence is said to be
biconvergent. A sequence {(ϑň, βň)} is a Cauchy bisequence if

lim
ň,m̌→+∞

E(ϑň, βm̌,π) = 1, lim
ň,m̌→+∞

F (ϑň, βm̌,π) = 0, lim
ň,m̌→+∞

G(ϑň, βm̌,π) = 0,

for all π ∈ int(R).
(B6) A neutrosophic bipolar cone metric space is said to be complete if every Cauchy bisequence is

convergent.

Lemma 3.1. Let {ϑň} be a Cauchy sequence in neutrosophic bipolar cone metric space (P,Q,E,F ,G, ∗, ◦,R)

implies that ϑň , ϑm̌ if m̌, ň ∈N with ň , m̌. Then sequence {ϑň} can only reach a single limit point.

Proof. Alternatively, suppose that ϑň → ϑ ∈ Q and ϑň → ρ ∈ P ∩ Q, for ϑ , ρ.

Then, limň→+∞ E(ϑcheckn,ϑ,π) = 1, limň→+∞ F (ϑň,ϑ,π) = 0, limň→+∞G(ϑň,ϑ,π) = 0, and

limň→+∞ E(ϑň,ρ,π) = 1, limň→+∞ F (ϑň,ρ,π) = 0, limň→+∞G(ϑň,ρ,π) = 0, for all π ∈ int(R).
Suppose

E(ϑ,ρ,π) ≥ E
(
ϑ,ϑň,

π
3

)
∗ E

(
ϑň,ϑň+1,

π
3

)
∗ E

(
ϑň+1,ρ,

π
3

)
→ 1 ∗ 1 ∗ 1, as ň,→ +∞,

F (ϑ,ρ,π) ≤ F
(
ϑ,ϑň,

π
3

)
◦ F

(
ϑň,ϑň+1,

π
3

)
◦ F

(
ϑň+1,ρ,

π
3

)
→ 0 ◦ 0 ◦ 0, as ň,→ +∞,

G(ϑ,ρ,π) ≤ G
(
ϑ,ϑň,

π
3

)
◦ G

(
ϑň,ϑň+1,

π
3

)
◦ G

(
ϑň+1,ρ,

π
3

)
→ 0 ◦ 0 ◦ 0, as ň→ +∞.

That is E(ϑ,ρ,π) ≥ 1 ∗ 1 ∗ 1 = 1,F (ϑ,ρ,π) ≤ 0 ◦ 0 ◦ 0 = 0 and G(ϑ,ρ,π) ≤ 0 ◦ 0 ◦ 0 = 0. Thus

ϑ = ρ, this means that the sequence converges to no more than one limit point. �
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Lemma 3.2. Let (P,Q,E,F ,G, ∗, ◦,R) is a neutrosophic bipolar cone metric space. If 0 < θ < 1 and for
all ϑ,ρ ∈ P,π ∈ int(R),

E(ϑ,ρ,π) ≥ E
(
ϑ,ρ,

π
θ

)
,F (ϑ,ρ,π) ≤ F

(
ϑ,ρ,

π
θ

)
,G(ϑ,ρ,π) ≤ G

(
ϑ,ρ,

π
θ

)
(3.1)

then ϑ = ρ.

Proof. By (3.1) such that

E(ϑ,ρ,π) ≥ E
(
ϑ,ρ,

π

θň

)
,F (ϑ,ρ,π) ≤ F

(
ϑ,ρ,

π

θň

)
,

G(ϑ,ρ,π) ≤ G
(
ϑ,ρ,

π

θň

)
, ň ∈N,π ∈ int(R).

Now

E(ϑ,ρ,π) ≥ lim
ň→+∞

E

(
ϑ,ρ,

π

θň

)
= 1,

F (ϑ,ρ,π) ≤ lim
ň→+∞

F

(
ϑ,ρ,

π

θň

)
= 0,

G(ϑ,ρ,π) ≤ lim
ň→+∞

G

(
ϑ,ρ,

π

θň

)
= 0,π ∈ int(R).

Also, by definition of ((iii)), ((ix)), ((xv)), that is, ϑ = ρ. �

Theorem 3.1. Suppose (P,Q,E,F ,G, ∗, ◦,R) is a complete neutrosophic bipolar cone metric space with
0 < θ < 1 and if

lim
π→+∞

E(ϑ,ρ,π) = 1, lim
π→+∞

F (ϑ,ρ,π) = 0 and lim
π→+∞

G(ϑ,ρ,π) = 0 (3.2)

for all ϑ ∈ P , ρ ∈ Q and π ∈ intR. Let p̌ : P∪Q → P∪Q be a map it holds:

(i) p̌(P) ⊆ P and p̌(Q) ⊆ Q;

(ii)

E(p̌ϑ, p̌ρ,θπ) ≥ E(ϑ,ρ,π),

F (p̌ϑ, p̌ρ,θπ) ≤ F (ϑ,ρ,π) and G(p̌ϑ, p̌ρ,θπ) ≤ G(ϑ,ρ,π) (3.3)

for all ϑ ∈ P , ρ ∈ Q and π ∈ intR.

Then p̌ has aUFP.

Proof. Let ϑ0 ∈ P and ρ0 ∈ Q and assume that p̌(ϑň) = ϑň+1 and p̌(ρň) = ρň+1 for all

ň ∈ N ∪ {0}. Then we get (ϑň,Qň)as a bisequence on neutrosophic bipolar cone metric space

(P,Q,E,F ,G, ∗, ◦,R). Now, we have

E(ϑ1,ρ1,π) = E(p̌ϑ0, p̌ρ0,π) ≥ E(ϑ0,ρ0,
π
θ
),

F (ϑ1,ρ1,π) = F (p̌ϑ0, p̌ρ0,π) ≤ F (ϑ0,ρ0,
π
θ
)
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and

G(ϑ1,ρ1,π) = G(p̌ϑ0, p̌ρ0,π) ≤ G(ϑ0,ρ0,
π
θ
),

for all π ∈ intR and ň ∈N. By simple induction, we get

E(ϑň,ρň,π) = E(p̌ϑň−1, p̌ρň−1,π) ≥ E(ϑň−1,ρň−1,
π
θ
) ≥ E

(
ϑň−2,ρň−2,

π

θ2

)
≥ E

(
ϑň−3,ρň−3,

π

θ3

)
≥ · · · ≥ E

(
ϑ0,ρ0,

π

θň

)
,

F (ϑň,ρň,π) = F (p̌ϑň−1, p̌ρň−1,π) ≤ F (ϑň−1,ρň−1,
π
θ
) ≤ F

(
ϑň−2,ρň−2,

π

θ2

)
≤ F

(
ϑň−3,ρň−3,

π

θ3

)
≤ · · · ≤ F

(
ϑ0,ρ0,

π

θň

)
.

and

G(ϑň,ρň,π) = G(p̌ϑň−1, p̌ρň−1,π) ≤ G(ϑň−1,ρň−1,
π
θ
) ≤ G

(
ϑň−2,ρň−2,

π

θ2

)
≤ G

(
ϑň−3,ρň−3,

π

θ3

)
≤ · · · ≤ G

(
ϑ0,ρ0,

π

θň

)
.

We obtain

E(ϑň,ρň,π) ≥ E
(
ϑ0,ρ0,

π

θň

)
,

F (ϑň,ρň,π) ≤ F
(
ϑ0,ρ0,

π

θň

)
, G(ϑň,ρň,π) ≤ G

(
ϑ0,ρ0,

π

θň

)
. (3.4)

and

E(ϑň+1,ρň,π) ≥ E
(
ϑ1,ρ0,

π

θň

)
,

F (ϑň+1,ρň,π) ≤ F
(
ϑ1,ρ0,

π

θň

)
, G(ϑň+1,ρň,π) ≤ G

(
ϑ1,ρ0,

π

θň

)
. (3.5)

Letting ň < m̌, for ň, m̌ ∈N. Then,

E(ϑň,ρm̌,π) ≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ E(ϑň+1,ρm̌,

π
3
)

...

≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ · · · ∗ E(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

∗ E(ϑm̌,ρm̌−1,
π

3m̌−1
) ∗ E(ϑm̌,ρm̌,

π

3m̌−1
),

F (ϑň,ρm̌,π) ≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ F (ϑň+1,ρm̌,

π
3
)

...

≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ · · · ◦ F (ϑm̌−1,ρm̌−1,

π

3m̌−1
)
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◦ F (ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ F (ϑm̌,ρm̌,

π

3m̌−1
),

and

G(ϑň,ρm̌,π) ≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ G(ϑň+1,ρm̌,

π
3
)

...

≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ · · · ◦ G(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ G(ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ G(ϑm̌,ρm̌,

π

3m̌−1
).

Therefore,

E(ϑň,ρm̌,π) ≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ · · · ∗ E(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

∗ E(ϑm̌,ρm̌−1,
π

3m̌−1
) ∗ E(ϑm̌,ρm̌,

π

3m̌−1
)

≥ E(ϑ,ρ,
π

3θň ) ∗ E(ϑ1,ρ0,
π

3θň ) ∗ · · · ∗ E(ϑ0,ρ0,
π

3m̌−1θm̌−1
)

∗ E(ϑ1,ρ0,
π

3m̌−1θm̌−1
) ∗ E(ϑ0,ρ0,

π

3m̌−1θm̌ ),

F (ϑň,ρm̌,π) ≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ · · · ◦ F (ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ F (ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ F (ϑm̌,ρm̌,

π

3m̌−1
)

≤ F (ϑ,ρ,
π

3θň ) ◦ F (ϑ1,ρ0,
π

3θň ) ◦ · · · ◦ F (ϑ0,ρ0,
π

3m̌−1θm̌−1
)

◦ F (ϑ1,ρ0,
π

3m̌−1θm̌−1
) ◦ F (ϑ0,ρ0,

π

3m̌−1θm̌ ),

and

G(ϑň,ρm̌,π) ≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ · · · ◦ G(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

∗ G(ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ G(ϑm̌,ρm̌,

π

3m̌−1
)

≤ G(ϑ,ρ,
π

3θň ) ◦ G(ϑ1,ρ0,
π

3θň ) ◦ · · · ◦ G(ϑ0,ρ0,
π

3m̌−1θm̌−1
)

◦ G(ϑ1,ρ0,
π

3m̌−1θm̌−1
) ◦ G(ϑ0,ρ0,

π

3m̌−1θm̌ ).

Which implies that,

E(ϑň,ρm̌,π) ≥ E(ϑ,ρ,
π

3θň ) ∗ E(ϑ1,ρ0,
π

3θň ) ∗ · · · ∗ E(ϑ0,ρ0,
π

3m̌−1θm̌−1
)

∗ E(ϑ1,ρ0,
π

3m̌−1θm̌−1
) ∗ E(ϑ0,ρ0,

π

3m̌−1θm̌ ),

F (ϑň,ρm̌,π) ≤ F (ϑ,ρ,
π

3θň ) ◦ F (ϑ1,ρ0,
π

3θň ) ◦ · · · ◦ F (ϑ0,ρ0,
π

3m̌−1θm̌−1
)

◦ F (ϑ1,ρ0,
π

3m̌−1θm̌−1
) ◦ F (ϑ0,ρ0,

π

3m̌−1θm̌ ),
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and

G(ϑň,ρm̌,π) ≤ G(ϑ,ρ,
π

3θň ) ◦ G(ϑ1,ρ0,
π

3θň ) ◦ · · · ◦ G(ϑ0,ρ0,
π

3m̌−1θm̌−1
)

◦ G(ϑ1,ρ0,
π

3m̌−1θm̌−1
) ◦ G(ϑ0,ρ0,

π

3m̌−1θm̌ ).

By using (3.2), for each case ň, m̌→ +∞, we obtain

lim
ň,m̌→+∞

E(ϑň,ρm̌,π) = 1 ∗ 1 ∗ · · · ∗ 1 = 1,

lim
ň,m̌→+∞

F (ϑň,ρm̌,π) = 0 ◦ 0 ◦ · · · ◦ 0 = 0

and

lim
ň,m̌→+∞

G(ϑň,ρm̌,π) = 0 ◦ 0 ◦ · · · ◦ 0 = 0.

Which implies that bisequence (ϑň,ρň) is a Cauchy bisequence. From (P,Q,E,F ,G, ∗, ◦,R) is a

complete neutrosophic bipolar cone metric space. Then, {ϑň} → ϑ and {ρň} → ϑ, where ϑ ∈ P∩Q.

Using (v), (xi), (xvii) and (3.2), we get

E(ϑ, p̌ϑ,π) ≥ E
(
ϑ,ϑň+1,

π
3

)
∗ E

(
ϑň+1,ϑň+1,

π
3

)
∗ E

(
ϑň+1, p̌ϑ,

π
3

)
= E

(
ϑ,ϑň+1,

π
3

)
∗ E

(
p̌ϑň, p̌ϑň,

π
3

)
∗ E

(
p̌ϑň, p̌ϑ,

π
3

)
→ 1 ∗ 1 ∗ 1 = 1 as ň→ +∞,

F (ϑ, p̌ϑ,π) ≤ F
(
ϑ,ϑň+1,

π
3

)
◦ F

(
ϑň+1,ϑň+1,

π
3

)
◦ F

(
ϑň+1, p̌ϑ,

π
3

)
= F

(
ϑ,ϑň+1,

π
3

)
◦ F

(
p̌ϑň+1, p̌ϑň+1,

π
3

)
◦ F

(
p̌ϑň+1, p̌ϑ,

π
3

)
→ 0 ◦ 0 ◦ 0 = 0 as ň→ +∞

and

G(ϑ, p̌ϑ,π) ≤ G
(
ϑ,ϑň+1,

π
3

)
◦ G

(
ϑň+1,ϑň+1,

π
3

)
◦ G

(
ϑň+1, p̌ϑ,

π
3

)
= G

(
ϑ,ϑň+1,

π
3

)
◦ G

(
p̌ϑň+1, p̌ϑň+1,

π
3

)
◦ G

(
p̌ϑň+1, p̌ϑ,

π
3

)
→ 0 ◦ 0 ◦ 0 = 0 as ň→ +∞

Hence, p̌ϑ = ϑ.

Now, we examine the uniqueness. Let p̌č = č for some č ∈ P∩Q, then

1 ≥ E(č,ϑ,π) = E(p̌č, p̌ϑ,π) ≥ E
(
č,ϑ,

π
θ

)
= E

(
p̌č, p̌ϑ,

π
θ

)
≥ E

(
č,ϑ,

π

θ2

)
≥ · · · ≥ E

(
č,ϑ,

π

θň

)
→ 1 as ň→ +∞,
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0 ≤ F (č,ϑ,π) = F (p̌č, p̌ϑ,π) ≤ F
(
č,ϑ,

π
θ

)
= F

(
p̌č, p̌ϑ,

π
θ

)
≤ F

(
č,ϑ,

π

θ2

)
≤ · · · ≤ F

(
č,ϑ,

π

θň

)
→ 0 as ň→ +∞,

and

0 ≤ G(č,ϑ,π) = G(p̌č, p̌ϑ,π) ≤ G
(
č,ϑ,

π
θ

)
= G

(
p̌č, p̌ϑ,

π
θ

)
≤ G

(
č,ϑ,

π

θ2

)
≤ · · · ≤ G

(
č,ϑ,

π

θň

)
→ 0 as ň→ +∞,

by using (iii), (ix) and (xv), ϑ = č. �

Theorem 3.2. Suppose (P,Q,E,F ,G, ∗, ◦,R) is a complete neutrosophic bipolar cone metric space with
0 < θ < 1 and if

lim
π→+∞

E(ϑ,ρ,π) = 1, lim
π→+∞

F (ϑ,ρ,π) = 0 and lim
π→+∞

G(ϑ,ρ,π) = 0 (3.6)

for all ϑ ∈ P , ρ ∈ Q and π ∈ int(R). Let p̌ : P∪Q → P∪Q be a map it holds:

(i) p̌(P) ⊆ Q and p̌(Q) ⊆ P;

(ii)

E(p̌ϑ, p̌ρ,θπ) ≥ E(ρ,ϑ,π),

F (p̌ϑ, p̌ρ,θπ) ≤ F (ρ,ϑ,π) and G(p̌ϑ, p̌ρ,θπ) ≤ G(ρ,ϑ,π) (3.7)

for all ϑ ∈ P , ρ ∈ Q and π ∈ int(R).

Then p̌ has aUFP.

Proof. Letϑ0 ∈ P and ρ0 ∈ Q and assume that p̌(ϑň) = ρň and p̌(ρň) = ϑň+1 for all ň ∈N∪{0}. Then

we get (ϑň,Qň)as a bisequence on neutrosophic bipolar cone metric space (P,Q,E,F ,G, ∗, ◦,R).

Now, we have

E(ϑ1,ρ0,π) = E(p̌ρ0, p̌ϑ0,π) ≥ E(ϑ0,ρ0,
π
θ
),

F (ϑ1,ρ0,π) = F (p̌ρ0, p̌ϑ0,π) ≤ F (ϑ0,ρ0,
π
θ
)

and

G(ϑ1,ρ0,π) = G(p̌ρ0, p̌ϑ0,π) ≤ G(ϑ0,ρ0,
π
θ
),

for all π > 0 and ň ∈N. By simple induction, we get

E(ϑň,ρň,π) = E(p̌ρň−1, p̌ϑň,π) ≥ E
(
ϑ0,ρ0,

π

θ2ň

)
,

F (ϑň,ρň,π) = F (p̌ρň−1, p̌ϑň,π) ≤ F
(
ϑ0,ρ0,

π

θ2ň

)
,
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G(ϑň,ρň,π) = G(p̌ρň−1, p̌ϑň,π) ≤ G
(
ϑ0,ρ0,

π

θ2ň

)
and

E(ϑň+1,ρň,π) = E(p̌ρň, p̌ϑň,π) ≥ E
(
ϑ0,ρ0,

π

θ2ň+1

)
,

F (ϑň+1,ρň,π) = F (p̌ρň, p̌ϑň,π) ≤ F
(
ϑ0,ρ0,

π

θ2ň+1

)
.

G(ϑň+1,ρň,π) = G(p̌ρň, p̌ϑň,π) ≤ G
(
ϑ0,ρ0,

π

θ2ň+1

)
.

Letting ň < m̌, for ň, m̌ ∈N. Then,

E(ϑň,ρm̌,π) ≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ E(ϑň+1,ρm̌,

π
3
)

...

≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ · · · ∗ E(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

∗ E(ϑm̌,ρm̌−1,
π

3m̌−1
) ∗ E(ϑm̌,ρm̌,

π

3m̌−1
),

F (ϑň,ρm̌,π) ≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ F (ϑň+1,ρm̌,

π
3
)

...

≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ · · · ◦ F (ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ F (ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ F (ϑm̌,ρm̌,

π

3m̌−1
)

and

G(ϑň,ρm̌,π) ≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ G(ϑň+1,ρm̌,

π
3
)

...

≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ · · · ◦ G(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ G(ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ G(ϑm̌,ρm̌,

π

3m̌−1
).

Therefore,

E(ϑň,ρm̌,π) ≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ · · · ∗ E(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

∗ E(ϑm̌,ρm̌−1,
π

3m̌−1
) ∗ E(ϑm̌,ρm̌,

π

3m̌−1
)

≥ E(ϑ,ρ,
π

3θ2ň ) ∗ E(ϑ0,ρ0,
π

3θ2ň+1
) ∗ · · · ∗ E(ϑ0,ρ0,

π

3m̌−1θ2m̌−2
)

∗ E(ϑ0,ρ0,
π

3m̌−1θ2m̌−1
) ∗ E(ϑ0,ρ0,

π

3m̌−1θ2m̌ ),
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F (ϑň,ρm̌,π) ≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ · · · ◦ F (ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ F (ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ F (ϑm̌,ρm̌,

π

3m̌−1
)

≤ F (ϑ,ρ,
π

3θ2ň ) ◦ F (ϑ0,ρ0,
π

3θ2ň+1
) ◦ · · · ◦ F (ϑ0,ρ0,

π

3m̌−1θ2m̌−2
)

◦ F (ϑ0,ρ0,
π

3m̌−1θ2m̌−1
) ◦ F (ϑ0,ρ0,

π

3m̌−1θ2m̌ ),

and

G(ϑň,ρm̌,π) ≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ · · · ◦ G(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ G(ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ G(ϑm̌,ρm̌,

π

3m̌−1
)

≤ G(ϑ,ρ,
π

3θ2ň ) ◦ G(ϑ0,ρ0,
π

3θ2ň+1
) ◦ · · · ◦ G(ϑ0,ρ0,

π

3m̌−1θ2m̌−2
)

◦ G(ϑ0,ρ0,
π

3m̌−1θ2m̌−1
) ◦ G(ϑ0,ρ0,

π

3m̌−1θ2m̌ ).

Which implies that,

E(ϑň,ρm̌,π) ≥ E(ϑ,ρ,
π

3θ2ň ) ∗ E(ϑ0,ρ0,
π

3θ2ň+1
) ∗ · · · ∗ E(ϑ0,ρ0,

π

3m̌−1θ2m̌−2
)

∗ E(ϑ0,ρ0,
π

3m̌−1θ2m̌−1
) ∗ E(ϑ0,ρ0,

π

3m̌−1θ2m̌ ),

F (ϑň,ρm̌,π) ≤ F (ϑ,ρ,
π

3θ2ň ) ◦ F (ϑ0,ρ0,
π

3θ2ň+1
) ◦ · · · ◦ F (ϑ0,ρ0,

π

3m̌−1θ2m̌−2
)

◦ F (ϑ0,ρ0,
π

3m̌−1θ2m̌−1
) ◦ F (ϑ0,ρ0,

π

3m̌−1θ2m̌ ),

and

G(ϑň,ρm̌,π) ≤ G(ϑ,ρ,
π

3θ2ň ) ◦ G(ϑ0,ρ0,
π

3θ2ň+1
) ◦ · · · ◦ G(ϑ0,ρ0,

π

3m̌−1θ2m̌−2
)

◦ G(ϑ0,ρ0,
π

3m̌−1θ2m̌−1
) ◦ G(ϑ0,ρ0,

π

3m̌−1θ2m̌ ).

Using (3.6), for each case ň, m̌→ +∞, we deduce

lim
ň,m̌→+∞

E(ϑň,ρm̌,π) = 1 ∗ 1 ∗ · · · ∗ 1 = 1,

lim
ň,m̌→+∞

F (ϑň,ρm̌,π) = 0 ◦ 0 ◦ · · · ◦ 0 = 0

and

lim
ň,m̌→+∞

G(ϑň,ρm̌,π) = 0 ◦ 0 ◦ · · · ◦ 0 = 0.

Which implies that bisequence (ϑň,ρň) is a Cauchy bisequence. From (P,Q,E,F ,G, ∗, ◦,R) is a

complete neutrosophic bipolar cone metric space. Then, {ϑň} → ϑ and {ρň} → ϑ, where ϑ ∈ P∩Q.
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Using (v), (xi), (xvii) and (3.6), we get

E(ϑ, p̌ϑ,π) ≥ E
(
ϑ,ϑň+1,

π
3

)
∗ E

(
ϑň+1,ϑň+1,

π
3

)
∗ E

(
ϑň+1, p̌ϑ,

π
3

)
= E

(
ϑ,ϑň+1,

π
3

)
∗ E

(
p̌ϑň, p̌ϑň,

π
3

)
∗ E

(
p̌ϑň, p̌ϑ,

π
3

)
→ 1 ∗ 1 ∗ 1 = 1 as ň→ +∞,

F (ϑ, p̌ϑ,π) ≤ F
(
ϑ,ϑň+1,

π
3

)
◦ F

(
ϑň+1,ϑň+1,

π
3

)
◦ F

(
ϑň+1, p̌ϑ,

π
3

)
= F

(
ϑ,ϑň+1,

π
3

)
◦ F

(
p̌ϑň+1, p̌ϑň+1,

π
3

)
◦ F

(
p̌ϑň+1, p̌ϑ,

π
3

)
→ 0 ◦ 0 ◦ 0 = 0 as ň→ +∞

and

G(ϑ, p̌ϑ,π) ≤ G
(
ϑ,ϑň+1,

π
3

)
◦ G

(
ϑň+1,ϑň+1,

π
3

)
◦ G

(
ϑň+1, p̌ϑ,

π
3

)
= G

(
ϑ,ϑň+1,

π
3

)
◦ G

(
p̌ϑň+1, p̌ϑň+1,

π
3

)
◦ G

(
p̌ϑň+1, p̌ϑ,

π
3

)
→ 0 ◦ 0 ◦ 0 = 0 as ň→ +∞

Hence, p̌ϑ = ϑ.

Let p̌č = č for some č ∈ P∩Q, then

1 ≥ E(č,ϑ,π) = E(p̌ϑ, p̌č,π) ≥ E
(
č,ϑ,

π
θ

)
= E

(
p̌ϑ, p̌č,

π
θ

)
≥ E

(
č,ϑ,

π

θ2

)
≥ · · · ≥ E

(
č,ϑ,

π

θň

)
→ 1 as ň→ +∞,

0 ≤ F (č,ϑ,π) = F (p̌ϑ, p̌č,π) ≤ F
(
č,ϑ,

π
θ

)
= F

(
p̌ϑ, p̌č,

π
θ

)
≤ F

(
č,ϑ,

π

θ2

)
≤ · · · ≤ F

(
č,ϑ,

π

θň

)
→ 0 as ň→ +∞,

and

0 ≤ G(č,ϑ,π) = G(p̌ϑ, p̌č,π) ≤ G
(
č,ϑ,

π
θ

)
= G

(
p̌ϑ, p̌č,

π
θ

)
≤ G

(
č,ϑ,

π

θ2

)
≤ · · · ≤ G

(
č,ϑ,

π

θň

)
→ 0 as ň→ +∞,

by using ((iii)), ((ix)) and ((xv)), ϑ = č. �

Corollary 3.1. Suppose (P,Q,E,F ,G, ∗, ◦,R) is a complete neutrosophic bipolar cone metric space with
0 < θ < 1 and if

lim
π→+∞

E(ϑ,ρ,π) = 1, lim
π→+∞

F (ϑ,ρ,π) = 0 and lim
π→+∞

G(ϑ,ρ,π) = 0 (3.8)
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for all ϑ ∈ P , ρ ∈ Q and π > 0. Let p̌ : P∪Q → P∪Q be a map it holds:

(i) p̌(P) ⊆ P and p̌(Q) ⊆ Q;

(ii)

E(p̌ϑ, p̌ρ,θπ) ≥ min{E(ϑ,ρ,π),E(ϑ, p̌ϑ,π),E(ρ, p̌ρ,π)},

F (p̌ϑ, p̌ρ,θπ) ≤ min{F (ϑ,ρ,π),E(ϑ, p̌ϑ,π),E(ρ, p̌ρ,π)},

and

G(p̌ϑ, p̌ρ,θπ) ≤ min{G(ϑ,ρ,π),E(ϑ, p̌ϑ,π),G(ρ, p̌ρ,π)},

for all ϑ ∈ P , ρ ∈ Q and π > 0. Then, p̌ has aUFP.

Proof. From 3.1 and Lemma 3.2 the proof can be easily proved �

Definition 3.5. Let (P,Q,E,F ,G, ∗, ◦,R) be a neutrosophic bipolar cone metric space. A map p̌ : P∪Q →

P∪Q is an NBC(neutrosophic bipolar cone)-contraction if we can find that 0 < θ < 1, implies that

1
E(p̌ϑ, p̌ρ,π)

− 1 ≤ θ
[

1
E(ϑ,ρ,π)

− 1
]

(3.9)

F (p̌ϑ, p̌ρ,π) ≤ θF (ϑ,ρ,π), (3.10)

and

G(p̌ϑ, p̌ρ,π) ≤ θG(ϑ,ρ,π), (3.11)

for all ϑ ∈ P , ρ ∈ Q and π ∈ int(R).

Now, we prove the theorem for NBC contraction.

Theorem 3.3. Let (P,Q,E,F ,G, ∗, ◦,R) be a complete neutrosophic bipolar cone metric space and if

lim
π→+∞

E(ϑ,ρ,π) = 1, lim
π→+∞

F (ϑ,ρ,π) = 0 and lim
π→+∞

G(ϑ,ρ,π) = 0 (3.12)

for all ϑ ∈ P , ρ ∈ Q and π ∈ int(R). Let Let p̌ : P∪Q → P∪Q be a map it holds:

(i) p̌(P) ⊆ P and p̌(Q) ⊆ Q;

(ii) p̌ is NBC-contraction, for all ϑ ∈ P , ρ ∈ Q and π ∈ int(R).

Then, p̌ has aUFP.

Proof. Let ϑ0 ∈ P and ρ0 ∈ Q and assume that p̌(ϑň) = ϑň+1 and p̌(ρň) = ρň+1 for all

ň ∈ N ∪ {0}. Then we get (ϑň,Qň)as a bisequence on neutrosophic bipolar cone metric space
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(P,Q,E,F ,G, ∗, ◦,R). By using (3.9), (3.10) and (3.11) for all π ∈ int(R), we deduce

1
E(ϑň,ρň,π)

− 1 =
1

E(p̌ϑň−1, p̌ρň−1,π)
− 1 ≤ θ

[
1

E(ϑň−1,ρň−1,π)

]
=

θ

E(ϑň−1,ρň−1,π)
− θ

⇒
1

E(ϑň,ρň,π)
≤

θ

E(ϑň−1,ρň−1,π)
+ (1− θ) ≤

θ2

E(ϑň−2,ρň−2,π)

+ θ(1− θ) + (1− θ)

Continuing like this, we obtain

1
E(ϑň,ρň,π)

≤
θň

E(ϑ0,ρ0,π)
+ θň−1(1− θ) + θň−2(1− θ)

+ · · ·+ θ(1− θ) + (1− θ)

≤
θň

E(ϑ0,ρ0,π)
+ (θň−1 + θň−2 + · · ·+ 1)(1− θ)

≤
θň

E(ϑ0,ρ0,π)
+ (1− θň)

We obtain

1
θň

E(ϑ0,ρ0,π) + (1− θň)
≤ E(ϑň,ρň,π) (3.13)

F (ϑň,ρň,π) = F (p̌ϑň−1, p̌ρň−1,π) ≤ θF (ϑň−1,ρň−1,π) = F (p̌ϑň−2, p̌ρň−2,π)

≤ θ2
F (ϑň−2,ϑρ−2,π) ≤ · · · ≤ θň

F (ϑ0,ρ0,π), (3.14)

G(ϑň,ρň,π) = G(p̌ϑň−1, p̌ρň−1,π) ≤ θG(ϑň−1,ρň−1,π) = G(p̌ϑň−2, p̌ρň−2,π)

≤ θ2
G(ϑň−2,ρň−2,π) ≤ · · · ≤ θň

G(ϑ0,ρ0,π) (3.15)

and

1
θň

E(ϑ1,ρ0,π) + (1− θň)
≤ E(ϑň+1,ρň,π) (3.16)

F (ϑň+1,ρň,π) = F (p̌ϑň, p̌ρň−1,π) ≤ θF (ϑň,ρň−1,π) = F (p̌ϑň−1, p̌ρň−2,π)

≤ θ2
F (ϑň−1,ϑρ−2,π) ≤ · · · ≤ θň

F (ϑ1,ρ0,π), (3.17)

G(ϑň+1,ρň,π) = G(p̌ϑň, p̌ρň−1,π) ≤ θG(ϑň,ρň−1,π) = G(p̌ϑň−1, p̌ρň−2,π)

≤ θ2
G(ϑň−1,ρň−2,π) ≤ · · · ≤ θň

G(ϑ1,ρ0,π). (3.18)
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Letting ň < m̌, for ň, m̌ ∈N. Then,

E(ϑň,ρm̌,π) ≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ E(ϑň+1,ρm̌,

π
3
)

...

≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ · · · ∗ E(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

∗ E(ϑm̌,ρm̌−1,
π

3m̌−1
) ∗ E(ϑm̌,ρm̌,

π

3m̌−1
),

F (ϑň,ρm̌,π) ≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ F (ϑň+1,ρm̌,

π
3
)

...

≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ · · · ◦ F (ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ F (ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ F (ϑm̌,ρm̌,

π

3m̌−1
),

and

G(ϑň,ρm̌,π) ≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ G(ϑň+1,ρm̌,

π
3
)

...

≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ · · · ◦ G(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ G(ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ G(ϑm̌,ρm̌,

π

3m̌−1
).

Therefore,

E(ϑň,ρm̌,π) ≥ E(ϑň,ρň,
π
3
) ∗ E(ϑň+1,ρň,

π
3
) ∗ · · · ∗ E(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

∗ E(ϑm̌,ρm̌−1,
π

3m̌−1
) ∗ E(ϑm̌,ρm̌,

π

3m̌−1
)

≥
1

θň

E(ϑ0,ρ0, π3 )
+ (1− θň)

∗
1

θň

E(ϑ1,ρ0, π3 )
+ (1− θň)

∗ · · · ∗
1

θm̌−1

E(ϑ0,ρ0, π
3m̌−1 )

+ (1− θm̌−1)

∗
1

θm̌−1

E(ϑ1,ρ0, π
3m̌−1 )

+ (1− θm̌−1)
∗

1
θm̌

E(ϑ0,ρ0, π
3m̌−1 )

+ (1− θm̌)
,

F (ϑň,ρm̌,π) ≤ F (ϑň,ρň,
π
3
) ◦ F (ϑň+1,ρň,

π
3
) ◦ · · · ◦ F (ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ F (ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ F (ϑm̌,ρm̌,

π

3m̌−1
)

≤ θň
F (ϑ0,ρ0,

π
3
) ◦ θň

F (ϑ1,ρ0,
π

3m̌−1
) ◦ · · · ◦ θm̌−1

F (ϑ0,ρ0,
π

3m̌−1
)

◦ θm̌−1
F (ϑ1,ρ0,

π

3m̌−1
) ◦ θm̌

F (ϑ0,ρ0,
π

3m̌−1
),
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and

G(ϑň,ρm̌,π) ≤ G(ϑň,ρň,
π
3
) ◦ G(ϑň+1,ρň,

π
3
) ◦ · · · ◦ G(ϑm̌−1,ρm̌−1,

π

3m̌−1
)

◦ G(ϑm̌,ρm̌−1,
π

3m̌−1
) ◦ G(ϑm̌,ρm̌,

π

3m̌−1
)

≤ θň
G(ϑ0,ρ0,

π
3
) ◦ θň

G(ϑ1,ρ0,
π

3m̌−1
) ◦ · · · ◦ θm̌−1

G(ϑ0,ρ0,
π

3m̌−1
)

◦ θm̌−1
G(ϑ1,ρ0,

π

3m̌−1
) ◦ θm̌

G(ϑ0,ρ0,
π

3m̌−1
).

Which implies that,

E(ϑň,ρm̌,π) ≥
1

θň

E(ϑ0,ρ0, π3 )
+ (1− θň)

∗
1

θň

E(ϑ1,ρ0, π3 )
+ (1− θň)

∗ · · · ∗
1

θm̌−1

E(ϑ0,ρ0, π
3m̌−1 )

+ (1− θm̌−1)

∗
1

θm̌−1

E(ϑ1,ρ0, π
3m̌−1 )

+ (1− θm̌−1)
∗

1
θm̌

E(ϑ0,ρ0, π
3m̌−1 )

+ (1− θm̌)
,

F (ϑň,ρm̌,π) ≤ θň
F (ϑ0,ρ0,

π
3
) ◦ θň

F (ϑ1,ρ0,
π

3m̌−1
) ◦ · · · ◦ θm̌−1

F (ϑ0,ρ0,
π

3m̌−1
)

◦ θm̌−1
F (ϑ1,ρ0,

π

3m̌−1
) ◦ θm̌

F (ϑ0,ρ0,
π

3m̌−1
),

and

G(ϑň,ρm̌,π) ≤ θň
G(ϑ0,ρ0,

π
3
) ◦ θň

G(ϑ1,ρ0,
π

3m̌−1
) ◦ · · · ◦ θm̌−1

G(ϑ0,ρ0,
π

3m̌−1
)

◦ θm̌−1
G(ϑ1,ρ0,

π

3m̌−1
) ◦ θm̌

G(ϑ0,ρ0,
π

3m̌−1
).

Using (3.12), for each case ň, m̌→ +∞, we deduce

lim
ň,m̌→+∞

E(ϑň,ρm̌,π) = 1 ∗ 1 ∗ · · · ∗ 1 = 1,

lim
ň,m̌→+∞

F (ϑň,ρm̌,π) = 0 ◦ 0 ◦ · · · ◦ 0 = 0

and

lim
ň,m̌→+∞

G(ϑň,ρm̌,π) = 0 ◦ 0 ◦ · · · ◦ 0 = 0.

Which implies that bisequence (ϑň,ρň) is a Cauchy bisequence. From (P,Q,E,F ,G, ∗, ◦,R) is a

complete neutrosophic bipolar cone metric space. Then, {ϑň} → ϑ and {ρň} → ϑ, where ϑ ∈ P∩Q.

Using ((v)), ((xi)), ((xvii)) and (3.12), we get

E(ϑ, p̌ϑ,π) ≥ E
(
ϑ,ϑň+1,

π
3

)
∗ E

(
ϑň+1,ϑň+1,

π
3

)
∗ E

(
ϑň+1, p̌ϑ,

π
3

)
= E

(
ϑ,ϑň+1,

π
3

)
∗ E

(
p̌ϑň, p̌ϑň,

π
3

)
∗ E

(
p̌ϑň, p̌ϑ,

π
3

)
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≥ E

(
ϑ,ϑň+1,

π
3

)
∗

1
θň+1

E(ϑ0,ρ0, π3 )
+ (1− θň+1)

∗ E

(
p̌ϑň, p̌ϑ,

π
3

)
→ 1 ∗ 1 ∗ 1 = 1 as ň→ +∞,

F (ϑ, p̌ϑ,π) ≤ F
(
ϑ,ϑň+1,

π
3

)
◦ F

(
ϑň+1,ϑň+1,

π
3

)
◦ F

(
ϑň+1, p̌ϑ,

π
3

)
= F

(
ϑ,ϑň+1,

π
3

)
◦ F

(
p̌ϑň+1, p̌ϑň+1,

π
3

)
◦ F

(
p̌ϑň+1, p̌ϑ,

π
3

)
≤ F

(
ϑ,ϑň+1,

π
3

)
◦ θň+1

F (ϑ0,ρ0,
π
3
) ◦ F

(
p̌ϑň+1, p̌ϑ,

π
3

)
→ 0 ◦ 0 ◦ 0 = 0 as ň→ +∞

and

G(ϑ, p̌ϑ,π) ≤ G
(
ϑ,ϑň+1,

π
3

)
◦ G

(
ϑň+1,ϑň+1,

π
3

)
◦ G

(
ϑň+1, p̌ϑ,

π
3

)
= G

(
ϑ,ϑň+1,

π
3

)
◦ G

(
p̌ϑň+1, p̌ϑň+1,

π
3

)
◦ G

(
p̌ϑň+1, p̌ϑ,

π
3

)
≤ G

(
ϑ,ϑň+1,

π
3

)
◦ θň+1

F (ϑ0,ρ0,
π
3
) ◦ G

(
p̌ϑň+1, p̌ϑ,

π
3

)
→ 0 ◦ 0 ◦ 0 = 0 as ň→ +∞.

Hence, p̌ϑ = ϑ. Let p̌č = č for some č ∈ P, then

1
E(ϑ, č,π)

− 1 =
1

E(p̌ϑ, p̌č,π)
− 1

≤ θ

[
1

E(ϑ, č,π)
− 1

]
<

1
E(ϑ, č,π)

− 1,

which is a contradiction.

F (ϑ, č,π) = F (p̌ϑ, p̌č,π) ≤ θF (ϑ, č,π) < F (ϑ, č,π),

which is a contradiction and

G(ϑ, č,π) = G(p̌ϑ, p̌č,π) ≤ θG(ϑ, č,π) < G(ϑ, č,π),

which is a contradiction. Therefore, E(ϑ, č,π) = 1,F (ϑ, č,π) = 0 and G(ϑ, č,π) = 0, hence,

ϑ = č. �

Example 3.1. LetA = R, R = {ϑ ∈ A|ϑ ≥ 0}, P = [0, 1] and Q = {0} ∪N− {1}. Define E,F ,G : P×

Q× int(R)→ [0, 1] as

E(ϑ,ρ,π) =
π

π+ |ϑ− ρ|
,

F (ϑ,ρ,π) =
|ϑ− ρ|

π+ |ϑ− ρ|
,
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F (ϑ,ρ,π) =
|ϑ− ρ|

π
.

Then, (P,Q,E,F ,G, ∗, ◦,R) is a complete neutrosophic bipolar cone metric space with con-t-nm
ǔ ∗ v̌ = ǔv̌ and con-t-co-nm ǔ ◦ v̌ = max{ǔ, v̌}.
Define p̌ : P∪Q → P∪Q by

p̌(ϑ) =


1−3−ϑ

4 , if ϑ ∈ [0, 1],

0, if ϑ ∈N− {1},

for all ϑ ∈ P∪Q and take θ ∈ [ 1
2 , 1), then

E(p̌ϑ, p̌ρ,θπ) = E
(

1− 3−ϑ

4
,

1− 3−ρ

4
,θπ

)
=

θπ

θπ+

∣∣∣∣∣∣1−3−ϑ
4 −

1−3−ρ
4

∣∣∣∣∣∣
=

θπ

θπ+ |3−ϑ−3−ρ|
4

≥
θπ

θπ+
|ϑ−ρ|

4

=
4θπ

4θπ+ |ϑ− ρ|
≥

π
π+ |ϑ− ρ|

= E(ϑ,ρ,π),

F (p̌ϑ, p̌ρ,θπ) = F
(

1− 3−ϑ

4
,

1− 3−ρ

4
,θπ

)

=

∣∣∣∣∣∣ 1−3−ϑ
4 −

1−3−ρ
4

∣∣∣∣∣∣
θπ+

∣∣∣∣∣∣ 1−3−ϑ
4 −

1−3−ρ
4

∣∣∣∣∣∣
=

|3−ϑ−3−ρ|
4

θπ+ |3−ϑ−3−ρ|
4

=
|3−ϑ − 3−ρ|

4θπ+ |3−ϑ − 3−ρ|
≤

|ϑ− ρ|

4θπ+ |ϑ− ρ|
≤
|ϑ− ρ|

π+ |ϑ− ρ|
= F (ϑ,ρ,π)

and

G(p̌ϑ, p̌ρ,θπ) = G
(

1− 3−ϑ

4
,

1− 3−ρ

4
,θπ

)

=

∣∣∣∣∣∣ 1−3−ϑ
4 −

1−3−ρ
4

∣∣∣∣∣∣
θπ

=

|3−ϑ−3−ρ|
4

θπ

=
|3−ϑ − 3−ρ|

4θπ
≤
|ϑ− ρ|

4θπ
≤
|ϑ− ρ|

π
= G(ϑ,ρ,π).

Thus, all the axioms of Theorem 3.1 are fulfilled, and zero is the fixed point for p̌.

4. Application

Let A = R, R = {ϑ ∈ A|ϑ ≥ 0}, P = C([c, a], [0,+∞)) is the set of all continuous functions

defined on [c, a] with values in the interval [0,+∞) and Q = C([c, a], (−∞, 0]) is the set of all
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continuous functions defined on [c, a] with values in the interval (−∞, 0]. Suppose the integral

equation:

ϑ(ω) = ∧(ω) + δ

∫ a

c

f(ω,$)ϑ(ω)ď$ for ω,$ ∈ [c, a] (4.1)

where δ > 0,∧($) is a fuzzy function of $ : $ ∈ [c, a] and f : C([c, a] ×R)→ R+. Define E, F and

G by means of

E(ϑ(ω),ρ(ω),π) = sup
ω∈[c,a]

π

π+ |ϑ(ω) − ρ(ω)|
for all ϑ,ρ ∈ P and π ∈ int(R),

F (ϑ(ω),ρ(ω),π) = 1− sup
ω∈[c,a]

π

π+ |ϑ(ω) − ρ(ω)|
for all ϑ,ρ ∈ P and π ∈ int(R),

and

G(ϑ(ω),ρ(ω),π) = sup
ω∈[c,a]

|ϑ(ω) − ρ(ω)|

π
for all ϑ,ρ ∈ P and π ∈ int(R),

with con-t-nm and con-t-co-nm define by ǔ ∗ v̌ = ǔ · v̌ and ǔ ◦ v̌ = max{ǔ, v̌}. Then (P,E,F ,G, ∗, ◦)

is a complete neutrosophic bipolar cone metric space. Assume |f(ω,$)ϑ(ω) −f(ω,$)ρ(ω)| ≤

|ϑ(ω) − ρ(ω)| for ϑ ∈ P,ρ ∈ Q,θ ∈ (0, 1) and ∀ω,$ ∈ [c, a]. Consider f(ω,$)(δ
∫ a
c

ď$) ≤ θ < 1.

Then, the integral Equation (4.1) has a unique solution.

Proof. Define p̌ : P∪Q → P∪Q by

p̌ϑ(ω) = ∧(ω) + δ

∫ a

c

f(ω,$)ϑ(ω)ď$ for all ω,$ ∈ [c, a].

For all ϑ,ρ ∈ P∪Q, we obtain

E(p̌ϑ(ω), p̌ρ(ω),θπ) = sup
ω∈[c,a]

θπ

θπ+ |p̌ϑ(ω) − p̌ρ(ω)|

= sup
ω∈[c,a]

θπ

θπ+ | ∧ (ω) + δ
∫ a
c
f(ω,$)ϑ(ω)ď$−∧(ω) − δ

∫ a
c
f(ω,$)ϑ(ω)ď$|

= sup
ω∈[c,a]

θπ

θπ+ |δ
∫ a
c
f(ω,$)ϑ(ω)ď$− δ

∫ a
c
f(ω,$)ϑ(ω)ď$|

= sup
ω∈[c,a]

θπ

θπ+ |f(ω,$)ϑ(ω) −f(ω,$)ρ(ω)|(δ
∫ a
c

ď$)

≥ sup
ω∈[c,a]

π

π+ |ϑ(ω) − ρ(ω)|

≥ E(ϑ(ω),ρ(ω),π),

F (p̌ϑ(ω), p̌ρ(ω),θπ) = 1− sup
ω∈[c,a]

θπ

θπ+ |p̌ϑ(ω) − p̌ρ(ω)|

= 1− sup
ω∈[c,a]

θπ

θπ+ | ∧ (ω) + δ
∫ a
c
f(ω,$)ϑ(ω)ď$−∧(ω) − δ

∫ a
c
f(ω,$)ϑ(ω)ď$|
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= 1− sup
ω∈[c,a]

θπ

θπ+ |δ
∫ a
c
f(ω,$)ϑ(ω)ď$− δ

∫ a
c
f(ω,$)ϑ(ω)ď$|

= 1− sup
ω∈[c,a]

θπ

θπ+ |f(ω,$)ϑ(ω) −f(ω,$)ρ(ω)|(δ
∫ a
c

ď$)

≤ 1− sup
ω∈[c,a]

π

π+ |ϑ(ω) − ρ(ω)|

≤ F (ϑ(ω),ρ(ω),π),

and

G(p̌ϑ(ω), p̌ρ(ω),θπ) = sup
ω∈[c,a]

θπ

θπ+ |p̌ϑ(ω) − p̌ρ(ω)|

= sup
ω∈[c,a]

θπ

θπ+ | ∧ (ω) + δ
∫ a
c
f(ω,$)ϑ(ω)ď$−∧(ω) − δ

∫ a
c
f(ω,$)ϑ(ω)ď$|

= sup
ω∈[c,a]

θπ

θπ+ |δ
∫ a
c
f(ω,$)ϑ(ω)ď$− δ

∫ a
c
f(ω,$)ϑ(ω)ď$|

= sup
ω∈[c,a]

θπ

θπ+ |f(ω,$)ϑ(ω) −f(ω,$)ρ(ω)|(δ
∫ a
c

ď$)

≤ sup
ω∈[c,a]

π

π+ |ϑ(ω) − ρ(ω)|

≤ G(ϑ(ω),ρ(ω),π),

Hence, all the axioms of Theorem 3.1 are fulfilled and p̌ has aUFP. Thus integral Equation (4.1)

has a unique solution. �

5. Conclusion

In this paper, we introduced the concept of neutrosophic bipolar cone metric space and proved

fixed point theorems. At last, we presented an application on integral equations.

Acknowledgement: The authors M. A. Alghali and N. Mlaiki would like to thank Prince Sultan

University for paying the publication fees for this work through TAS LAB.

Author’s Contributions: All authors contributed equally to the writing of this paper. All authors

read and approved the final manuscript.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

References

[1] A. Aloqaily, Systems of Linear Equations in Generalized b-Metric Spaces, Int. J. Anal. Appl. 22 (2024), 227.

https://doi.org/10.28924/2291-8639-22-2024-227.

[2] W. Shatanawi, T.A.M. Shatnawi, New Fixed Point Results in Controlled Metric Type Spaces Based on New Con-

tractive Conditions, AIMS Math. 8 (2023), 9314–9330. https://doi.org/10.3934/math.2023468.

https://doi.org/10.28924/2291-8639-22-2024-227
https://doi.org/10.3934/math.2023468


Int. J. Anal. Appl. (2025), 23:307 23

[3] A. Rezazgui, A.A. Tallafha, W. Shatanawi, Common Fixed Point Results via Aϑ-α-Contractions with a Pair and

Two Pairs of Self-Mappings in the Frame of an Extended Quasi b-Metric Space, AIMS Math. 8 (2023), 7225–7241.

https://doi.org/10.3934/math.2023363.

[4] M. Joshi, A. Tomar, T. Abdeljawad, On Fixed Points, Their Geometry and Application to Satellite Web Coupling

Problem in S-Metric Spaces, AIMS Math. 8 (2023), 4407–4441. https://doi.org/10.3934/math.2023220.

[5] L. Zadeh, Fuzzy Sets, Inf. Control. 8 (1965), 338–353. https://doi.org/10.1016/s0019-9958(65)90241-x.

[6] B. Schweizer, A. Sklar, Statistical Metric Spaces, Pac. J. Math. 10 (1960), 313–334. https://doi.org/10.2140/pjm.1960.

10.313.

[7] I. Kramosil, J. Michalek, Fuzzy Metric and Statistical Metric Spaces, Kybernetika 11 (1975), 336–344. https://eudml.

org/doc/28711.

[8] M. Grabiec, Fixed Points in Fuzzy Metric Spaces, Fuzzy Sets Syst. 27 (1988), 385–389. https://doi.org/10.1016/

0165-0114(88)90064-4.

[9] S.U. Rehman, S. Jabeen, S.U. Khan, M.M.M. Jaradat, Some α-φ-Fuzzy Cone Contraction Results with Integral Type

Application, J. Math. 2021 (2021), 1566348. https://doi.org/10.1155/2021/1566348.

[10] J.H. Park, Intuitionistic Fuzzy Metric Spaces, Chaos, Solitons Fractals 22 (2004), 1039–1046. https://doi.org/10.1016/

j.chaos.2004.02.051.

[11] N. Konwar, Extension of Fixed Point Results in Intuitionistic Fuzzy b Metric Space, J. Intell. Fuzzy Syst. 39 (2020),

7831–7841. https://doi.org/10.3233/jifs-201233.
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[27] G. Mani, A.J. Gnanaprakasam, H. Işık, F. Jarad, Fixed Point Results in C∗-Algebra-Valued Bipolar Metric Spaces

with an Application, AIMS Math. 8 (2023), 7695–7713. https://doi.org/10.3934/math.2023386.

[28] G. Mani, R. Ramaswamy, A.J. Gnanaprakasam, V. Stojiljković, Z.M. Fadail, et al., Application of Fixed Point Results
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