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Abstract. In this work, using the concept of piecewise fractional order differential operators and fixed point theory,
existence results for the general Cauchy type dynamical system are studied. Further, Ulam-Hyers (U.H) stability
and generalized U.H stability results are also investigated for the considered systems under the Caputo-Fabrizio type
piecewise derivative. As an application of the considered system, biological prey-predator model, under piecewise

fractional order differential operators having non-singular kernel are also studied.

1. INTRODUCTION

Fractional Calculus (FC) is a special area of applied analysis, which explore integrals and
derivatives to non-integer orders. It provides the generalization of classical concepts. The notion
of (FC) has very remarkable uses in the concept of analytic functions. The generalization of the
classical definitions of fractional, For instance, distortion inequalities [1], convolution structures for

different subclasses of analytical functions and the works in the research monographs, coefficient
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estimates, and characterization properties [2]. It plays a vital role in mathematical modeling, being
very applicable in engineering and some other areas of science [3—6]. During the last few decades,
itis becomes an active research field and got the attention of many researchers. The time fractional
derivative possesses a memory effect because the information it contains about the functions is
from earlier points. Such types of derivatives are considered historical and non-local distributed
properties, that are needed for more accurate and better explanation and understanding of dynamic
and complex system behavior [7-9].

The furthermost, meaningful definitions are Riemann-Liouville and Caputo [10], fractional
derivatives; however, despite the results calculated by Riemann-Liouville and Caputo fractional
derivatives having limitations, such as the singularity of their kernel at the endpoint of the interval.
To overcome this problem, the Caputo-Fabrizio derivative (CFD) in [11], is studied, which is a new
derivative with fractional order having no singularity in its kernel. The main benefit of Caputo-
Fabrizio derivative is that, it uses an exponential kernel instead of a power-law kernel, making it
easier to use in real-world applications, numerical calculations, and theoretical analysis. Based on
this new approach (CFD), some interesting results have been investigated in [12,13].

The Cauchy problem has prevalent applications across numerous an engineering and scientific
disciplines. The study of partial differential equations (PDEs) and their characteristics is greatly
aided by the presence of Cauchy problems [14,15]. Numerous mathematical methods, such the
Fourier and Laplace transforms, which are used to solve PDEs in a variety of situations, have also
been developed as a result of it. Fixed point theory plays an important role in non-linear functional
analysis. In metric spaces, S. Banach developed the fixed point theorem, also known as the Banach
contraction principle, which is used in the existence theory.This theorem ensures that fixed points
exist uniquely for self-mappings. The investigation of real-world problems through mathematical
models usually involves the use of differential operators. Since real world problems involve
major or short term changes that often cannot be explained by using usual ordinary or fractional
operators [16], because usual fractional order operators also involve long memory concepts rather
than short memory. This difficulty mostly causes the production of insufficient information, and
hence the phenomenon cannot be well explained. Therefore, recently researchers pointed out that
using piecewise calculus instead of classical or fractional calculus can explain the said effect more
brilliantly [17-19].

As these operators are built on kernels that exhibit some qualities in nature, some of these
could be captured using the idea of piecewise differentiation and integration. Examples include
processes that resemble the generalized Mittag-Leffler function, power law processes, and fading
memory processes. A coupled system of Cauchy type problems under the piecewise derivative in
the Caputo sense was studied by Shah et al. [20], keeping in mind the significance of the novel idea
of piecewise approach of fractional order differential equations. In the same way, in [21], a Cauchy

type non local dynamical coupled system under the Caputo piecewise derivative was studied.
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Motivated by the above contribution, in this work we are going to study the existence results
for the following general Cauchy problem of piecewise equation with Caputo-Fabrizio derivative

under initial conditions as

PCFDoR(t) = F1(t, R(t), S(t)); t € [0, T],
PCFDoS(t) = Fo(t, R(t), S(t)); t € [0, T],

(1.1)
R(O) =Ry,
S(0) = Sy,
where P“P DU represents the Piecewise Caputo-Fabrizio derivative of order 0 < ¢ < 1, and

Fi, Fo : [0,T] x IR X IR — IR, are given to continuous functions. Morovere, the U.H and
generalized U.H stability results are also investigated for the considered systems under the Caputo-
Fabrizio type piecewise derivative. As an application of the considered system, prey-predator
model under piecewise fractional order differential operators having non-singular kernel are also
studied.

2. PRELIMINARIES

Next we recall some basic definitions and results of piecewise fractional calculus which can be
found in [20].

Definition 2.1. If f is a continuous function, then the fractional-order piecewise derivative of the classical

and exponential decay kernel o € (0, 1] is defined as

f’(t); ift € ﬁl = [O, tl],

gCFDgf(t) - CFyo ;
f th(t),' lft € ﬁz = (t1,T].

Here, EF D represents a Caputo-Fabrizio derivative (CFD), for t € By which is defined as

Fopet) - 722 | | ()| |

where M(0) is the normalization function and M(0) = M(1) = 1.

Definition 2.2. Consider a continuous function £, then the piecewise integral with fractional order ¢ € (0, 1]
is defined by

f
f(x)dx; iftepy =[0,t],
L) =4
1-0 o

mf(f) + M(o) . f(x)dx; if t € po = (4, T).
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Definition 2.3. [21] Suppose f be a continuous function, then piecewise Riemann Liouville integral, with
order o € (0,1], is defined as

ftlf(x)dx; iftepr =10t
U =T
I(0) f (t=x)'"f(x)dx; if t € po = (1, T].

ty

Clearly, PRLI° represents ordinary integral in [0, 1], and Riemann-Liouville integral in (t1, T).

Definition 2.4. [21] If f is a continuous function, then piecewise Caputo fractional derivatives is defined
as

f(t);  iftepr=[0t]
CDYE(t); if tepo=(t,T]-

Here, ng represents a Caputo derivative, for t € .

0 DYf(t) =

Lemma 2.1. If f is a continuous function, then the solution of the following problem under piecewise
equation with CFD,

PCFDIy () = £(t); is given by

y(O) + f 1 f(x)dx; lft € ﬁl = [0, tl],
y<t> - f— o o

y(tl) + mf(t) + M(O’) tltf(x)dx; lft S ‘32 = (tl,T].

Theorem 2.1. [20]In Z X Z, if E € Z X Z is a closed, convex, and non-empty subset, then A = (A1, B1)
and B = (A, By) operators exist such that:

1). A(R,S) +B(R,S) €E;Y(R,S) e Zx Z.

2).When B is a completely continuous operator and A is contraction. Then there exist at least one fixed point
(R,S), such that A(R,S) + B(R,S) = (R, S).

3. ExisTeNcE REsuLts

In this section we will study the existence for the consider model (1.1), for this we need the
following definitions. Let

Z1 ={R:[0,T] > IR;R € C[0,T]},
Z» ={S:[0,T] » IR; S € C[0,T]},

be the Banach spaces and the norm defined by [|R(t)|| = SUPeo,1] IR(HI, IS(H)]l = SUPye(o,1] IS()]

respectively. Another Banach space is the product of Z; and Z,, with a norm defined as follows:

I (R, S) lI= IR+ IISI.
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Lemma 3.1. By using Lemma (2.1), the solution of the proposed dynamical system (1.1) is given by

Rio) - {7%0+ [ B, R(x), S(x))dx; ift € B,
R(t1) + F5F1(ER(E), S(1) + 355 [ F1 (6 R(x), S(x)dx;  if t € o,
s - {30+ [ Ea(x, R(x), S(x))dx; ift €,
S(x1) + FEF(ER(E), S(1) + 35 [1 P2, R(x), S(x))dx; if t € po.

Further, we will utilize the following assumptions:

(Hy). For fixed real numbers Ly, > 0, with F; : [0,7] XIRxIR — IR, and at each
(R,S), (R,8) in Z; x Z,, with i = 1,2. We have

IFi(t,R,S) = Fi(t, R, S)| < LE{IR - R + S - S|}
(Ha). Let for constants a > 0, Cr, > 0,0 < D, < 1, where i=1, 2. We have

IFi(t,R(t), S(t))I < ap,(t) + Cr,(H)IR(t)| + Dr,IS(t)1.
Moreover, we assume that
a* = suplar,(t)|, b* = sup|Cr,(t)|, ¢ =sup|Dr,(t)l <1, B=[0,T].
tep tep tep

To derive existence theory, we used the following operators.

0= (01,02) :Z1XZ2 —>Z1XZ2; by

O(R,S) = (01(R), 02(S))

These operators further can be expressed as:

f1
Ro +f Fi(x,R(x),S(x))dx; if t€pa,
Ol (R/S) = 0 (31)
o

M(o) ftFl(Xﬁ(X),S(X))dx; if t € o

5]

R(t1) + 1-

mﬂ(t,ﬂ(t),S(t)) +

f1
So+ f F>(x, R(x), S(x))dx; if tep,
02(R,S) = ° (3.2)
o

m f: Fr(x,R(x),S(x))dx; if t € Ba.

Theorem 3.1. The proposed coupled system (1.1), has a unique solution under the assumption (Hi),
if max{Kj, Kx}<1, where

S(t) + 1-

sz(t,R(t),S(t)) +

Ky =t1(L, +LE,),

1—a+o(T—t1))
M(o) '

Ky = (Lf, + Lp,)(
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Proof. LetR, S, R, S in Z1 X Zy, then proceeds the following cases.
Case 1. When ¢ € [0, t1], then from (3.1).

I01(R,S) - 01(R, S|

IA

tq
f |F1(x,R,S) - F1(x, R, S)|dx
0

IA

1 _
f Lr IR =Rl +|S — Sl}dx
0

IA

tLp, (IR-RI+1S - Sl)
by taking supremum, we get
I01(R,8) = O1(R, S)Il < LiLp (IR - RI + IS~ SI) (3.3)
Similarly
102(R, 8) = O2(R, S)Il < LiLR (IR~ RI + IS~ S} (3.4)
Adding (3.3) and (3.4), after simplification,we get
IO(R, S) = O(R, )l < tr(Lr, + Le IR = RI +|S = SI}
Since K; = t1(Lg, + Lr,), therefore,
IO(R, 8) = O(R, S)Il < Ka{IR = R +1S - S (3:5)
Case 2. When ¢ € (t1, T|, then from (3.2).

T
|01(R,8) = 01(R,8)| < ;%IH(L R,S) —F1(t,R,S)| + Aﬁfﬁ IF1(x,R,S) = F1(x,,R,S)|dx
Using (H1)

T
O1(R, S) = O1(R, S)| < ;%LH{”R —RI+1IS - Sli} + Aﬁ ftl Lr (IR = Ril + IS — Sli}dx
Taking supermum of both side and simplifying.
1-0+0(T-t)
M(o)

101(R,S) = O1(R, S)Il < Lpl( ){IIR—V?II +1IS - Sl (3.6)

On the same way

1-0+0(T-t)
M(o)

Combining (3.6) and (3.7), and after simplication, we get

1-0+0(T-t)
M(o)

102(R, S) = O2(R, S)Il < LFz( ){IIR—?II +1IS - Sl (3.7)

IO(R,S) = O(R, S)Il < (Lr, + Lr,) ( ) (IR =R+ IS - S}

since

o +LF2)(1—0—|—O(T—t1))

M(o)

IO(R,S) - O(R, Sl < KAll(R, S) + (R, Sl (3.8)
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From relations (3.5) and (3.8), we have

’ T KANR S) - (R 3

Itis obvious that O is contraction if max{Kj, Kz} < 1. According to the Banach contraction principle,

O has a single fixed point, which is the solutions of dynamical system (1.1). m|

Theorem 3.2. Under the assumptions (Hi)-(Hy), the proposed coupled system (1.1), has at least one
solution if the condition max{Lr, + Lr,, }A;(‘;(Lpl +Lr,)} <1 hold.

Proof. Here, we first defined the operators A = (A1, B1) and B = (A, By).

Ro+F1(t,R,S); t € By,
AR { 0+ Fi( ); t€B

R(t1) + 372 F1(t, R, S); t € o,

So+F>(t,R,S); te By,
By(S) = 0+ Faf ); t€ B
S(tl) + ﬁPz(t,R,S); tEﬁz,

[ Fi(x, R, S)dx; t € By,

A2(R) = t
{% ftl Fi(x, R, S)dx; t € Ba,

t1
Fr(x,R,S)dx; t € B4,
Ba(s) = {0 PRLORSNG e
%ftl Fa(x,R,S)dx; t € pa.
Case(1). Let E be a non-empty, closed, convex subset of Z X Z, such that
E={(RS)eZxZ:|(RS)<r}

where

tfat+ A . X ) . . . )
rz oo prel A =Rl +1Sol, a = ay, +ap, p=maxfay +ap, cp +cp ), X' =t +1.

*

Step(1) When t € [0, t1], then we have

IA(R, 8) + B(R, S)Il <sup {[Rol + IF1(t, R, S)| + |Sol + [F2(t, R, S)|

tG‘Bl
t1 fq

+f |F1(x,R,S)|dx+f IFz(x,R,S)Idx},
0 0

<sup {|[Rol + [Sol + ar, () + Cr,|R| + Dr, S| + ar, (t) + Cr,IR| + D, |S|
tE‘Bl

+ (ar, (t) + Cr,IRI + Dr, St + (ar, () + Cr,IRl + Dp, S|t ,
={IRol + S0l + a, (£) + by IRl + c5. 11| + af, (£) + b RN + ¢, IISI| + (af, (1)
+ 03 IR+ ¢ IS E + (af (£) + By IRI+ ¢ IS4},
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= {IRol + IS0l + (ap, () +ap, (1)) (1 +1) + (b}, + b )IRI(t +1)
+ (g |+ ¢, ISt + 1),
Since
A =|Rol +1Sol, a = ap (£) +ap (), b="bp + b, c=cp|+cp) F'=t+1.
Therefore,

JA(R,S) + B(R,S)|| <{IA +at* + bt'||R|| + ct*[|S|]},
IA(R,S) + B(R, S)|| <{IA +at* + Fpll(R, S)II},

ta+ A
As, 1> ;
S T2 T ok So;
IA(R,S) +B(R,S)II<r

AR S) +B(R,S) € E

Step(2). When ¢ € (t1, T]; then we have

1-0 1-0
A ——|F ——|F
I (R’SHB(R’S)“Sstélﬁf{m(tl)HM(a)' 1(t,7€,S)I+S(t1)+M(O)| 2(L,R,S)|+

o g o t
—_— IF1(x, R, S)|dx + —— |F2(x, R, S)|dx},
Wy ), RS s [ RS

1-0

<A{IR(t1)| + 1S(t1) + m(a;l +ag,) + (b, + bp)IRI + (cg, + cx,)IISII
o

M) ((ag, +az,) + (b5, + b3 IR + (cf, + c;,)ISI) (T - 1),

Let B = [R(t1)] +|S(t)l

< {ﬁ + ﬁ(” + blIRI + clISIl) + M(Za) (a+ bR + clISIN(T - tl)},

Since

max{b,c} = p,

1-0 o

< {ﬁ+ M (o) (a+pll(R,S)II) + M (o)

(a+ pll(R, S)II)(T - tl)} <,

IA(R,S) + B(R, S)Il < {IA +ax" + x"pll(R, S)II},

As, 1> ta+ A
1-pt*
IA(R,S) +B(R S <,

A(R,S)+B(R,S) € E.

So;
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Case(2). We show that A is contraction, for this

{ua(t,ve, S)~Fi(t,R,S)|; t € B,

JA1R — A1R|| < sup v
]\%IFl(t,R,S) —F1(t,R,S)|; t € Ba.

tGﬁl

L (IR = RIl + IS = SI}; t € p1,

JATR — A1R|| < - ) '
W Le IR = Ril+ IS = SlI); ¢ € B2.

similarly

Le,{IIR=RIl + IS = SI}; t € p1,

1BR~BiRll < | _ :
W LelIR =Rl + IS = SlI); ¢ € B2.

(Lp, + LE)HIR = RI+1IS = SII}; t € p1,

L0 (Lp, + L)) (IR - R + IS = S} ¢ € o

[A1R = A1RIl + |IB1R ~ B1RI| < {
M(o)

max{Lr, + Lr,, A%(Lpl +Lp)l=K<1

AR, S) - AR, S)I <K|I(R,S) - (R S
A is contraction. Next we show that B = (A, B) is bounded.
|

IF1(x, R, S)ldx; t € 1,
lA2R]| < sup ¢ V0

T
e | 2 | F dx; t
M(U) jt; I 1<x1 R/S)l X, L€ ﬁZI

t1
f {lag, (t)] + Cr,IR| + Dr,|Sl}dx; t € B1,
lA2R|| < sup {0

T
o
<p M(o) ftl {lap1 (£)] + Cr, IRl + Dp, Sl}dx; t € B,

tq
f {lag ()1 + bg IR + ¢ Sll}dx; t € B,
[A2R| < +°

T
o . ) * |
mft; {lag ()] + bFlllﬂH +CF1||S”}dx, te B,

at, (H)] + b5 ||RI| + c% ||S|}Hq; t € B,
LRy < |1 D1+ B IR+ G 1Sl € o 59
sz, ()] + 03 IR+ ¢, ISINT = 1); £ € o.
Similarly
at. (8| + 0L IRl + ¢t ||SIHq; ¢ € B,
s O R A R 5.10)
mislaz, (8)]+ b [RI| -+ IRINT — ); x € o.
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Adding (3.9) and (3.10),

(@, +ap) + (b, + b )IRI+ (cg, +;)ISINI; £ € By,
(@, +a) + (0, + BRI+ (¢, + G )ISIDNT = 11); £ € o,

1A2RI + lIB2RI| <

leta = ap +ag, b= bF1 + bFz’ C=Cp +Cp,

{a + DIRI + clISIl)}t1; t € B1,
{a +BIRI + clISINHT = t); t € Bo,

1A2RI + [IB2RI| <

Let max{b,c} = pand ||(R, S| <,

a—+ t1; t € By,
IB(R, S < 1@ TP e R
Aﬁ(ﬂ%—rp)(T—tl); t € Ba.
Let

max{(a + pr)x1, Aﬁ(cz +pr)(T-t)} =Q

IB(R, S)Il < Q2
B is bounded. All the conditions are satisfied, so by theorem 2.1, the proposed dynamical system
has at least one solution. ]
4. STABILITY ANALYSIS

In this section we will investigate Ulam-Hyers (U-H) and generalized (U-H) stability results
for our proposed coupled system. We recall basic definition of Ulam-Hyers stability and its
generalization from [20].

Consider the operatpr ¢ : Z —Z, such that ZZ=7xZ satisfies

Y(v) =v, forveZ (4.1)

Definition 4.1. The solution of the operator (4.1), is U-H stable if for every ¢ > 0, and let v € Z, be any
solution of the inequality

-yl <e, (4.2)
there exist a unique solution v of (4.2), with a constant K > 0, satisfies the following inequality
v -7l < Ke (4.3)

Definition 4.2. Our proposed coupled system (1.1), is said to U-H stable if there exist a constant Ky ,, =
(K1, Ky), such that for some €1, = (&1 + €2) >0, and for every solution (U, V) € Z1 X Zy, of the inequalities

[PCEDIR(t) — F1(t, R(t), S(1))| < 1,

(4.4)
[PCEDIS(t) — Fa(t, R(t), S(1))] < 2.
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There exist a unique solution (R, S) € 71 X Z» with
I(R,S) = (R,S)| < Ki€1,2 (4.5)

Definition 4.3. Our proposed coupled system (1.1), is said to be generalized Ulam-Hyer stable, if there exist
a nondecreasing function ¥ (&) € C(R™,R™), with ¥(0)=0, such that for any solution (R, S) € Z1 X Z; of
the inequality (4.5), there exist a unique solution (R, S)€ Z1 X Z, of (1.1), which satisfies

I(R,S) - (R S)Il < Ky¥(e) (4.6)

Remark 4.1. Consider a function h:[0, T] — R is independent of the solution (U,V) € Z1 X Zy, such that
h(0)=0,then
|h(t)| < e tel0,T].
Lemma 4.1. The solution of the problem
PEEDOR(t) = Fi(t,R(t), R(t)) + h(t), )
PCFDIS(t) = Fa(t, R(t),S(t)) + h(t).

Satisfies the following relations.

IR(t) (Ro + [ R, R,S)dx)l <te,

R(F) - (R(tl) + SRR S) + [ Fi(xR, S)dx)l < lootelth),
and
1S(H) - (so + [ Fax, R,S)dx)l < hea,

1S(t) - (S(tl) + AR, S) + [ Fa(x R, S)dx)| < looseltoh)

Proof. By using lemma (2.1), the solution of system (4.7) given by

. {Ro + [ R R, S)dx + [ h(x)dx; ifte By,
R(t1) + 5 (Fi(ERS) + 1(t) + 355 [; (FL(x, R, S) +h(x))dx; ift € po.

(1) = So + fotl Fa(x, R, S)dx + fotl h(x)dx; t ift€p,
S(t) + ]\%(Pz(t,ﬂ,S) +h(t) + 77 ftl (Fa(x, R, S) +h(x))dx; ift € po.

Applying remark (4.1), we can get

IR(t) (7{0 + [ R, R,S)dx)l <te,

R(E) — (R(t) + 25 F1 (LR, S) + [ Fy (xR, Sy < Tl

and
1S(t) — (So + [ Ea(x, R,S)dx)l <tes,

IS(t) _(S(tl) + w5 (LR S) + ftj pz(x,yg,s)dx)| < %82'
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Theorem 4.1. The solution of the proposed system (1.1), is Ulam-Hyers stable if the following conditions
are hold

K = tl(Lpl +LF2) <1,
1-0+4+0(T-t)
M(o)

K, = (Lpl +LF2)( )< 1.

Proof. To prove the above theorem we used assumption (H;) and lemma (4.7). Let (R, S) € Z1 X Z;
is a unique solution and (R, S) € Z; X Z be any solution of the coupled system (1.1).
Case(1). When t € p1 = [0, 1],

IR=RIl = sup,ep IR— (Ro+ [ [Fi(x,R,S) + g(x)]dx)l,
< her + sup;eg, IR ( R0+f0 [F1(x, R, S)dx)|,

< hier +supyeg |+ fotl [F1(x,R,S) + F1(x, R, 8)]dx],

IA

IR —RIl trer + tLe, (IR — Rl + IS - SII), (4.8)
Similarly

IS - Sl

IA

tiea + x1LE, (IR = Rl + IS = SII). (4.9)
Adding (4.8) and (4.9) we get,

A

IR-RI+ S-Sl < t(e1+e2) +t(Lr, + L) (IR-RI+ IS - SlI),
51
1-#H (L}:1 + Lpz)

€1,2,

||(R,S) - (72/3)” <

Case(2). When x € f, = (1, T], we have

IR-R| = stélﬁE)IR—(R(tl)Jr;/Iz;) [F1(f,7?,3)+h(f)]+M((70) Lt[F1<xf7?f3>+h(x)]dx)|'
< ;420)5 + G(]\Z(_(;gl)gl +sup IR - (R(t) + ;ﬁﬂ(t,%&
n MLG)IPl(x,R,S)dx)H;%s;rﬁflﬂ(tﬁ&—Fl(t,RS)I
n ((ja)lelxRS —F1(x,R,8)ldx,
< et T s 8L (R R+ 1S - S
IS 7 S F)

M(o)
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1-0+4+0(T-t)  1-0+0d(T-t)
M) T T Moy

IR =Rl < Le, (IR =Rl + IS — SI). (4.11)

On the same way

1-0+0(T-t) 1-0+0(T-t)

-S| < Lr, (JIR-R - Sl). 412
IS =Sl < M(o) € M(o) E (1l I+ IS = SII) (4.12)
Adding (4.11) and (4.12),
_ o l1-0+0(T-t) l-0+40(T-t) _ .
- -8 < L L - -S|l
IR=RI+ S-Sl < M(o) (e1+ &)+ M(o) (L, + Lp, IR = Rl + IS = S
1-0+40(T-t)
Let A = M(G) , then K = A(Lpl + LFZ)’
I(RS) = (R,S)ll < —=—e @.13)
% % = 1 —Kz)) 1,2 :
X1 A
Let K =
et m(ZX{l—Kl'l—Kz))}'
From (4.10) and (4.13), we have
”(RI S) - (7?/ S)” < K€1,2/ (414)
Hence the solution is Ulam-Hyer stable. Replacing ¢1, by ¥(¢) in Eq.(25), we have
I(R,S) - (R Sl < KY(e) (4.15)
with ¥(0)=0. Which shows that the solution is generalized Ulam-Hyer stable. m]
5. ArprricaTiON OF CAUCHY PROBLEM TO PREY-PREDATOR MODEL
Consider the following coupled system of Prey-predator model [22].
PEEDPR(t) = mR(t) = iR(H)S(t) = ¢1(t, R(t),S(t)),
PEEDYS(t) = aR(H)S(t) - ba2S(t) = ¢1(t R(¢),S(1)), 51)
R(0) = y1,
S(0) =2,

wherew € (0,1]and y1,y, > 0. Additionally, itis stated that the functions ¢;(i = 1,2) : TXIR?> — IR
are continuous. The populations of predators and prey are indicated by the variables S(t) and
R(t), respectively. The maximum per capita growth rate and the impact of predators on the prey
growth rate are described by the prey’s parameters a; and by, respectively. The parameters a; and
by of the predator, respectively, represent the death rate per capita of the predator and the impact
of prey on the predator’s growth.
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Lemma 5.1. The solution of piecewise differential equation

PCFD;”G(t) = H(t,G(t)),

is given by
G(0) + f " H, G if ey = [0,4],
G(t) = ’ ,
G(t) + ;%H(t,c(t)) + 1\% H(G()dvif € fa = (1, T],

6. UNIQUENESS AND EXISTENCE ANALYSIS OF THE MODEL

In this section, both uniqueness and existence results for the considered model, under piecewise

Caputo- Fabrizio derivatives are presented. For this we further, elaborate lemma (5.1) as:
PCFDYL(t) = N(t,L(1)),0 <w < 1.

Lo+ " N (x,L(x))dx; if t € pp = [0, 1],

L(t) = 0 : t
L(t:) + A%N(t,L(t)) + A%ft N (x,L(x))dx; if t € o = (11, T].
where
Ly =1 o =" w1
S(t), 2, S(t),
B DR(t), te ﬁl/
N(LL(E) = CEDWR(t); t € Ba,

DS(t),' te ‘31,
CFDwS(t); t € Ba.

Consider the Banach space E1=C[0,T], such that 0 < T < co and norm defined by E; is
IIL]l = max | L(f) | .
te[0,T]
The Lipschitz and growth condition [23] can be defined as

Cy : There exist constantKy > 0, YN and Le Eq such that
IN(t,L) = N(+ L) < KnIL - L.

Cy : There exist constants,Cn > 0, and Ny > 0,

IN(t,L(t))| < CyILI 4+ Ny

Theorem 6.1. Under the assumption (Cy) the proposed model (5.1), has at least one solution.
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Proof. Let B be a non-empty, convex, and closed subset of E; such that
B={L€E; :|ILll <Ry}
For any L € E;, consider the operator Q: B — B
tq
1(0)] +f IN(x,L(x))ldx; if t € By = [0,t1],
0

QDI < ;

IL(t1)] + ﬁIN(U(f))I + t IN(x, L(x)ldx;if t € B2 = (1, T].

M(w)

ty
IL(0)] +f0 [CNILI 4+ Nnds; if t € B,

<
- t
IL(1)] + %[CNW + Np+ %ft [ChILl+ Nnldx; if £ € Bo.
IL(0)] + [CNIILII+ Nylta; if t € pa
L)l < _
QBN+ ;T;U)[CN”L” + Nl + %[CNIILII%-NN](f—h)ﬂffEﬁz-
L - 1, th Eﬁl 61
QL) < i if t €. (6.1)

From (6.1), it is clear that Q(B)CB. Further, we show that Q is completely continuous.
Case(1): Lett; <t; € [0, ]

QW) Q) (1) < [ INCGeL(x))idx — f N, K ()l
0 0

< (CNIILI+ Nu) (ki — £5)
IQ(L)(t:) — Q(L) ()l = 0,as t; — ¢
Case(2): When t;, t; € (t;, T], then we have

QL) () - QL) = 7 tliw(x,L(x))ux—% h"w(x,ux))ux

SMww) ( t:i IN(x, L(x))|dx — j:j |N(x,L(x))|dx)

< M‘("w> (CNIILI+ N ) (1 = 1)
IQ(L)(t:) = Q(L)(¢))l = 0,as t; — ¢

So Q is bounded and equi-continuous. Thus, Q has at least one fixed point according to the
Schauder fixed point theorem. There is thus at least one solution for the suggested model (5.1) in

this way:. O



16 Int. ]. Anal. Appl. (2025), 23:301

Theorem 6.2. Under the hypothesis (Cy) the considered model (5.1), has unique solution, if the following
condition is satisfied.

1- t—t
max{@l = 7<Nt1, 92 = 7(/\/ ZU]—\I/—I(Z)U() 1)} <1

Proof. LetL, L € Bon [0,#].

IQ(L) — Q(L)Il = max

tE[O,tl]

fo N L) ) fo " N L(x)dx

IA

ty
maxf KnIL — L|dx
0

tE[O,tl]

< L-L | Knts
IQ(L) —Q(L)Il <61 [IL-L |

Next we consider the interval (¢1,T].

Q(L) - Q(L)] s;ﬁlN(t,L) ~ N(t, L)+ A% ttW(x,L) — N (x,L)ldx
< LE;”) KL =Ll + st~ LIt~ 1)

I0(L) - QL) <y - =)

IQ(L) - Q(L)Il <6alIL — LI

IL-L]|

So clearly
O1IIL—L||; if t€[0,t]
OolIL—LJ; if t € (t1,T]

According to the Banach contraction theorem, Q has a single fixed point since it is a contraction.

IQ(L) - Q(L)II <

As a result, the suggested model (5.1) has a unique solution.. O

7. STABILITY ANALYSIS OF THE PROPOSED MODEL

We investigate the Ulam-Hyers stability of the suggested model in this section.

Definition 7.1. The considered model is said to be Ulam-Hyers stable if for all £ > 0 and
IPSEDPL(t) = N (£, L(1)) < £,0 <w < 1.
There exist a unique solution L and a constant H > 0 such that
IIL - LIl < HE.
Further, if there exist a non decreasing function ¢ : [0,00) — R, with ¢(0)=0 such that
IL = LIl < Hp (&),

then the proposed model is said to be generalized Ulam-Hyers stable.
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Remark 7.1. Consider a function ¢:[0, T] — R is independent of K€ Z, such that ¢(0)=0, then

lp(t) < &tel0,T] (7.1)
PEEDYPL(E) = N (L)) + ¢(t) (7.2)

The solution of the above perturbed problrm is computed as;

L(0) —i—fol[N(x,L(x)) + ¢(x)]dx; if t € p,

1w
M(w)

L(t) =

L(t1) + IN(5,L(1) + d(D)] +J\%ft IN(x, L(x)) + ¢ (x)]dx; if t € Bo.

Theorem 7.1. Consider the remark (7.1) the solution of the proposed model (5.1), is Ulam-Hyers stable if
the following condition is satisfied,

t 1-w+w(t—t)
1-Knti” M((w) = Kn[l—w + w(t—t)]
Proof. Case(1): When t € [0, t1],

<1.

max|

I =Tl =suplL = (L(0) + [ NG L() + (),
teﬁ] 0
<sup|L-(L(0) + fl [N(x,L(x)) 4+ ¢(x)]dx)| + sup | 1 N (x,L)dx| —sup | 1 N (x,L)dx|,
tepy 0 tepy 0 tepy 0

<t1&+ KntallL - LI,

_ t
IL-L| sm(s (7.3)
Case(2): When t € (11, T,
- 1-w - w t -
IL-L|| = igﬁ}; IL-L(t) + W[N(ti(t)) +¢(t)] + Wf; [N(x,L(x)) + ¢(x)]dxl,

1-w w f
+sup|——N(t, L —l-—fo,L dx|,
teﬁE)'M(w (t,L) M) Js (x,L)dx]

1-w w !
—sup|—N(t,L) + —— N (x,L)dx|,
g M(w (L) M(w) Ji, (L)

1-w+w(t—t)
M(w)

IL - LIl <6& + KnOlIL - LI,

After simplification and 0 = , we have

IL-L|l <

_mé (7.4)

by using

B h 0
= e o)
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From (7.3) and (7.4), we get
IL-LI < HE

Hence, the solution is Ulam-Hyers stable, further by replacing & by ¢(&) with ¢(0) = 0, we have
IL LIl < H (&)

Thus the solution is also generalized Ulam-Hyers stable. m]

8. NuMERICAL ScHEME UNDER P1ECEWISE DERIVATIVE

In this section, we present numerical scheme for Cauchy type problem under piecewise deriva-

tive. Since by lemma (2.1), we have

_ipy _ [RoF B Ei(x R(x), S(x))dx; ift € By,
R(t1) + s Fa(tR(1), S(D) + 317y [, Fi (6, R(x), S(x))dx; if t € a.
)dx; ifte ﬁ1,

s - 1S ' F2(x,R(x), S(x)
S(x1) + FEE4R(E), S(1) + 3755 [ P2, R(x), S(x))dx; if t € a.
Putting t = t,41
Rty — 1R Do [ P R, S
R(11) + iy [P (00, RY(6), 8" (6)) = Fa (b1, R0, S O] + gy T 7 Fi(e R (), S(x) .
() = SO—I—Zk Ofk“ Fa(x, R(x), S(x))dx,
LS+ Fa (R0, (0) = Falby1, RO, SO + 5y Ty i Fan Rx), S())

Replacing it by Newton polynomial interpolation formula, the following scheme can be obtain.

Ro+ Li_s [%Fl(fk—zﬁk_z(f)zsk_z(f)) = 3F1(to1, REN(E), () + BF1 (ke Rk(f)zsk(f))]éf
Rltut1) = {R(0) + 375 [F1(ta, R (1), S" (1)) = Fy (b1, R*H (1), 8" (1)]

+ 30 Yiiia [%Fl(fk—zrﬂkfz(f)rskfz(f)) = $F1 (b, R1(E), S7L(H) + B (1, Rk(f)/sk(t))]ét-
So+ Lis [BF2(tea, R2(2), S2(1) = §Fa(tog, RE1(E), SE1(1) + BEa (1, RE(2), SK(1) |ot,
S(tps1) = {S(x1) + ﬁ[Fz(fn,R"(t),S"(t)) = Fy(ty-1, R*H(H), S*71(1))]

+3ite7 Lk=it3 [SF2(thoa, R2(1), SE2(1) = 4F5 (g, REL(1), SEL(E)) + BEa (1, RE(2), SK (1)) [ot.

9. ExamprLEs oF CaucHY TYPE PROBLEMS

In this part, we present several examples of Cauchy type problems utilizing piecewise Caputo-

Fabrizio derivative.

Example 9.1. Consider the following Cauchy type problem with piecewise derivatives as
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in [R(1)|+IS(t
PCFDIR(f) = SEIESEL 5 € (0,1], t € [0,10],
R(t in S(t
PFDrS(t) = RULHSSWL 5 ¢ (0,1), ¢ € [0, 10], o)
R(0) = 0.3,
S(0) = 0.4.
Then Lp, = Ly, = =5, taking t1=1 and T=10.
1
K1 =t (Lpl —|—Lp2) = %
1-0+4+0(T-t) 9
Ky =(L L .
2 =(Lp, + Fz)( M(o) 25

Therefore max{Ki, Kz}=max{5, 5=} < 1, also max{Lr, + L, ﬁ(lgl + Lp,)}=max{zg, 2} < 1. So by

Theorem 3.2 at has at least one solution,and by Theorem3.1 the solution is unique. Since the condition of
Ulam-Hyers stability is satisfied so the solution is Ulam-Hyers stable, Moreover the solution is generalized

Ulam-Hyers stable.

0.34 ‘ ‘ ‘ ‘ 0.415
0.33 1
- 0.41¢
0.32¢ 1 ~
0.31r —0.904 —0.90
0.95 0.95
—0.99 —0.99
0.3 : : : ‘ 0.4 : : : :
0 2 4 t 6 8 10 0 2 4 6 t 8 10

Ficure 1. Numerical illustration of solutions for Example 9.1 at different fractional order ¢ € (0.80, 1.0).

0.36 ‘ ‘ ‘ ‘ 0.415
0.34f 1 041}
N ~
0.32F —0.651 0.405¢ 065
—0.70 —0.70
0.75 0.75
—0.80 —0.80
0.3 ‘ ‘ ‘ ‘ 0.4 ‘ ‘ ‘ ‘
0 2 4 t 6 8 10 0 2 4 6t 8 10

Ficure 2. Numerical illustration of solutions for Example 9.1 at different fractional order ¢ € (0.60, 0.80].
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0.38 ‘ ‘ ‘ ‘ 0.42
0.36| 0.415¢
S N
0.34r 0.41+
—0.45
0.32f 0.405 —0.50|
0.55
—0.60
0.3 : : : 0.4 : : : :
0 2 4 t 6 8 10 0 2 4 t 6 8 10

Ficure 3. Numerical illustration of solutions for Example 9.1 at different fractional order o € (0.40, 0.60].

0.45 ‘ ‘ ‘ ‘ 0.44
. 0.43}
4 N
> 0.42}
—0.05
0.351 —0.054
—0.15|| 0.41¢ —0.15]
0.3 ‘ ‘ ‘ 23] 04 ‘ ‘ ‘ ——
0 2 4 t 6 8 10 O 2 4 t 6 8 10

Ficure 4. Numerical illustration of solutions for Example 9.1 at different fractional order ¢ € (0,0.40).

In figures 1-4, we have presented the numerical results for the given problems by using different

fractional orders to understand the piecewise dynamics of the problems.

10. GRAPHICAL SOLUTION OF THE PROPOSED PREY-PREDATOR MODEL

In this section, the graphical solution of the proposed model [22]. is presented.

Parameters Description of Parameters Numerical values
a Per capita growth rate of the prey 0.001187
b The impact of predators on the prey growth rate 0.00225
az Per capita death rate of the predators 0.00225
by The impact of prey on the predators growth rate 0.000375
71 The population of the prey at t=0 5
V2 The population of the predators at t=0 10

Table 1. Values of parameters for the considered model
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—0.85|| _ 15
I —0.90|| 5 . |
g4 —o0.95) g 14
= —0.99|| 3
23] 1813
8_ o
[0}
o L 4 = L H
22 g 12 —0.85
< o —0.90
o 1 [ ) e 11 [ _095
o —0.99
0 ‘ ‘ 10 ‘ ‘ ‘ ‘
0 50 100 150 200 250 0 50 100 150 200 250
t t

Figure 5. Graphical illustration of approximate solutions of system 5.1 for different fractional orders
o € (0.80,0.99).

5 : 15
—0.65|| <
—0.70|.8 14|
4 [ [1 4= 14
IS —075 &
Sg —080|| 5 15|
o o
8 2B} ]
>,2’ ’% 12 —0.65
o S —0.70
o1y 111} ——0.75]
o —0.80
0 ‘ 10 ‘ ‘ ‘ ‘
0 50 100 150 200 250 0 50 100 150 200 250
t t

Ficure 6. Graphicalillustration of approximate solutions of system (5.1) for different fractional orders
o € (0.60,0.80].

5 ‘ 15 ‘
_8-;‘2 < —0.45
47 TS 14 ¢ —0.50
5 —0.55|| © 14 —055
=l 1 olor :
& S’, —
Q2 1612t
s
o1yt 10117,
o
0 10 ‘ ‘ ‘ :
0 50 100 150 200 250 0 50 100 150 200 250

t t

Ficure 7. Graphicalillustration of approximate solutions of system (5.1) for different fractional orders
o € (0.40,0.60].
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5 15
—0.05 §
c4 —0.15 &
2 0255 19
S 3] —0.35) &
o o
S 2
%2’ 1S 5l—005
o1t 19 0.25
o —0.35
0 0 ‘ ‘ ‘ ‘
0 50 100 i 150 200 250 0 50 100 ¢ 150 200 250

Ficure 8. Graphicalillustration of approximate solutions of system (5.1) for different fractional orders
o € (0,0.40).

Here in figures 5-8, we have presented the illustration of approximate solutions of system (5.1)

for different fractional orders graphically to investigate the concerned dynamics.

11. CoNCLUSION

This study introduces some new ideas on piecewise equations under CFD. We have developed
certain conclusions pertaining to the existence, uniqueness, and stability analysis of Cauchy type
problems, keeping in mind the significance of fractional calculus in the recent past. Both nonlinear
functional analysis and the fixed point approach have been used to establish the relevant results.
Sufficient conditions have been established to ensure that the suggested Cauchy issue has at least
one solution and that it is unique. Moreover, nonlinear analysis tools have been used to infer its
stability. To illusterate the rsults, a Biological Prey-Predator model and one arbitrery example are
given. There have also been certain graphical presentations. It is evident that these derivatives
more effectively convey the abrupt shift in behavior.

Future research will address how to handle piecewise equation boundary value problems under

different fractional order derivatives.
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