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Abstract. This paper presents new classes of functions defined between bitopological spaces, namely weakly 0(tq, 72)s-
open functions and weakly 6(tq, 73)s-closed functions. Moreover, several characterizations of weakly 6(71, 72)s-open

functions and weakly 0(t1, T2)s-closed functions are established.

1. INTRODUCTION

In topology, there has been recently significant interest in characterizing and investigating
the characterizations of some weak forms of open functions and closed functions. Semi-open
sets, preopen sets, a-open sets, f-open sets, 5-open sets and G-open sets play an important role
in the research of generalizations of open functions and closed functions. By using these sets,
many authors introduced and studied various types of open functions and closed functions.
In 1984, Rose [17] introduced and studied the notions of weakly open functions and almost
open functions. Rose and Jankovié¢ [16] investigated some of the fundamental properties of
weakly closed functions. Caldas and Navalagi [8] introduced and studied the notions of weakly
semi-open functions and weakly semi-closed functions as a new generalization of weakly open
functions and weakly closed functions. In 1987, Di Maio and Noiri [11] investigated the concepts
of semi-0-open sets and semi-0-closed sets which provide a formulation of semi-0-closure of a
set in a topological space. Noiri [15] introduced and studied the concept of 0-semicontinuous
functions by involving these sets. In 1991, Mukherjee and Basu [14] continued the work of Di

Maio and Noiri [11] and defined the notions of semi-0-connectedness, semi-9-components and
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semi-0-quasi components. In 2006, Caldas et al. [9] introduced and studied two new classes
of functions by utilizing the notions of semi-0-open sets and the semi-0-closure operator called
weakly semi-0-open functions and weakly semi-0-closed functions. The class of weakly semi-0-
openness (resp. weakly semi-0-closedness) as a new generalization of semi-0-openness (semi-0-
closedness). Recently, Klanarong and Boonpok [13] studied the notions of weakly s(A, p)-open
functions and weakly s(A, p)-closed functions by utilizing s(A, p)-open sets and the s(A, p)-closure
operator. Chutiman and Boonpok [10] studied some properties of weakly b(A, p)-open functions.
On the other hand, the present authors introduced and studied the concepts of (m,n)-weakly
open functions [7], Op(A, p)-open functions [4], Op(A, p)-closed functions [4], weakly 6(A, p)-open
functions [18], weakly 6(A, p)-closed functions [12], weakly B(A, p)-open functions [3], weakly
B(A, p)-closed functions [3], weakly p(A, p)-open functions [2], weakly p(A, p)-closed functions [2],
weakly 0s(A, p)-open functions [1] and weakly 0s(A,p)-closed functions [1]. In this paper, we
introduce the notions of weakly (71, 72)s-open functions and weakly 6(t1, 72)s-closed functions.
Furthermore, several characterizations and some properties concerning weakly 6(t1, T2)s-open

functions and weakly 6(71, 72)s-closed functions are investigated.

2. PRELIMINARIES

Throughout the present paper, spaces (X, 71, 72) and (Y, 01, 02) (or simply X and Y) always mean
bitopological spaces on which no separation axioms are assumed unless explicitly stated. Let A
be a subset of a bitopological space (X, 71,72). The closure of A and the interior of A with respect
to 7; are denoted by 7,-Cl(A) and 7;-Int(A), respectively, for i = 1,2. A subset A of a bitopological
space (X, 11, T2) is called 11 72-closed [6] if A = 71-Cl(12-Cl(A)). The complement of a 7172-closed
set is called 717p-0pen. Let A be a subset of a bitopological space (X, 71, 72). The intersection of all
1172-closed sets of X containing A is called the 7172-closure [6] of A and is denoted by t17,-C1(A).
The union of all 717;-open sets of X contained in A is called the 71 7-interior [6] of A and is denoted
by 7172-Int(A).

Lemma 2.1. [6] Let A and B be subsets of a bitopological space (X, t1,7t2). For the t11o-closure, the
following properties hold:

(1) A C 11712-CI(A) and 11712-Cl(t172-CI(A)) = 1172-CI(A).

(2) If A C B, then t1712-CI(A) C 1172-CI(B).

(3) t172-Cl(A) is T1To-closed.

(4) A is ty1o-closed if and only if A = t17-Cl(A).

(5) T112-Cl(X - A) = X — 1112-Int(A).

A subset A of a bitopological space (X,t1,72) is said to be (t1,72)r-open [20] (resp.
(11, 72)s-open [5], (t1,T2)p-open [5], (11, 7T2)B-open [5]) if A = t172-Int(1172-Cl(A)) (resp. A C
1172-Cl(7172-Int(A)), A C 1172-Int(7172-Cl(A)), A C 7172-Cl(7172-Int(7172-C1(A)))). The comple-
ment of a (71, 72)r-open (resp. (71, 72)s-open, (71, T2)p-open, (71, T2)B-open) set is called (71, 72)7-
closed (resp. (t1,T2)s-closed, (11, T2)p-closed, (T1,72)B-closed). A subset A of a bitopological space
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(X, 11, 72) is said to be a (11, T2)-open [19] if A C 11 12-Int(7172-Cl(7172-Int(A))). The complement of
an a(t1, T2)-open set is said to be a (71, 72)-closed. For a subset A of a bitopological space (X, 71, 72),
a point x € X is called (73, t2)0-cluster point [20] of A if 1172-CL(U) N A # 0 for every 7172-open
set U containing x. The set of all (71, T2)0-cluster points of A is called the (71, 72)6-closure [20] of
A and is denoted by (71,72)0-Cl(A). A subset A of a bitopological space (X, 71, 2) is said to be
(11, 72)6O-closed [20] if A = (11, 72)0-Cl(A). The complement of a (71, 72)0-closed set is said to be
(11, 72)6-0pen. The union of all (71, T2) 0-open sets contained in A is called the (71, 72) O-interior [20]
of A and is denoted by (71, 72)0-Int(A).

Lemma 2.2. [20] For a subset A of a bitopological space (X, t1, T2), the following properties hold:
(1) If Ais tata-open in X, then 111,-Cl(A) = (11, 72)0-CI(A).
(2) (t1,72)60-CI(A) is T1T2-closed in X.

Let A be a subset of a bitopological space (X, 11,72). A point x € X is called a 6(t1, 72)s-cluster
point of A if (11, 72)-sCl(U) N A # 0 for every (71, 72)s-open set U of X containing x. The set of all
0(11, T2)s-cluster points of A is called the (71, T2)s-closure of A and is denoted by 0(t1, t2)s-C1(A).
If A = 6(11,72)s-Cl(A), then A is called 6(ty, T2)s-closed. The complement of a 6(7y, 72)s-closed set
is called 6(71,72)s-open. The O(11, 12)s-interior of A is defined by the union of all (71, T2)s-open
sets of X contained in A and is denoted by 6(t1, 72)s-Int(A).

Lemma 2.3. For subsets A and B of a bitopological space (X, 11, 12), the following properties hold:
(1) X—06(11,72)s-Cl(A) = O(711,12)5-Int(X — A) and X — 0(11,12)s-Int(A) = 6(t1, 72)s-Cl(X —
A).
(2) Ais 0(ty, t2)s-open if and only if A = 0(11, 12)s-Int(A).
(3) A C (11,712)-sCI(A) € O(11,12)s-CI(A) and O(11,72)s-Int(A) C (11, 712)-sInt(A).
(4) If A C B, then O(11,12)s-CI(A) C O(11,12)s-Cl(B) and 0(t1,72)s-Int(A) € 0(t1, 12)s-Int(B).
(5) If Ais (11, T2)s-open, then (t1,T2)-sCI(A) = O(11, 12)s-CI(A).

3. WEAKLY O(T1,T2)S-OPEN FUNCTIONS

In this section, we introduce the notion of weakly 6(71, 72)s-open functions. Furthermore, some

characterizations of weakly 6(71, 72)s-open functions are discussed.

Definition 3.1. A function f : (X, t1,72) — (Y, 01,02) is said to be weakly 6(71,12)s-open if
f(U) € 6(01,02)s-Int(f(t172-CI(U)))

for each t172-open set U of X.

Theorem 3.1. For a function f : (X, t1,12) — (Y, 01,02), the following properties are equivalent:
(1) f is weakly 6(ty, T2)s-open;
(2) f((t1,72)6-Int(A)) C 0(01,02)s-Int(f(A)) for every subset A of X;
(3) (t1,72)0-Int(f~1(B)) C f~1(0(01,02)s-Int(B)) for every subset B of Y;
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(@) f~Y(0(01,02)s-CI(B)) C (11,72)0-CI(f~1(B)) for every subset B of Y;

(5) for each x € X and each t1712-open set U of X containing x, there exists a 6(o1, 02)s-open set V of
Y containing f(x) such that V C f(1172-CI(U));

(6) f(t172-Int(K)) € O(01,02)s-Int(f(K)) for every t112-closed set K of X;

(7) f(ryt2-Int(1172-CI(U))) € O(01, 02)s-Int(f(1172-CI(U))) for every T1T2-open set U of X;

(8) f(tyT2-Int(1172-CI(U))) € O(01, 02)s-Int(f(1172-CI(U))) for every (1, T2)p-open set U of X;

(9) f(U) € 6(01,02)s-Int(f(t172-CI(U))) for every a(t1,72)-0pen set U of X.

Proof. (1) = (2): Let A be any subset of X and x € (11, 72)0-Int(A). Then, there exists a 7172-open
set U of X such that x € U C 1172-Cl(U) € A. Then, f(x) € f(U) € f(1172-Cl(U)) < f(A). Since f
is weakly 0(11,12)s-open, f(U) € 6(01,02)s-Int(f(1172-CL(U))) C O(01,02)s-Int(f(A)). It implies
that

/\/-\/\/\

F(x) € 0(01, 02)s-Int(f(A)).

Thus, x € f~1(0(01,02)s-Int(f(A))) and hence (71, 72)0-Int(A) € f~1(0(01,02)s-Int(f(A))). This
shows that f((t1, 72)0-Int(A)) C 0(01,02)s-Int(f(A)).
(2) = (1): Let U be any t172-0pen set of X. As U C (71, T2)0-Int(1172-Cl(U)) implies

f(U) € f((11,12)0-Int(1172-Cl(U))) € O(01,02)s-Int(f(7172-CL(U))).
Thus, f is weakly 6(11, T2)s-open.
(2) = (3): Let B be any subset of Y. Then by (2), f((t1,72)0-Int(f"}(B))) C 6(01,02)s-Int(B).
Thus, (11, 72)0-Int(f~1(B)) € f~1(6(01,02)s-Int(B)).
(3) = (2): The proof is obvious.
(3) = (4): Let B be any subset of Y. Using (3), we have
X — (11,72)0-Cl(f1(B)) = (11, 72)0-Int(X - f (B
(Tl,Tz)G Il’lt(f ( - B
f71(6(01,02)s-Int(Y - B))
f(Y - 0(01,02)s-Cl(B))
X - f71(6(01,02)s-CI(B))
and hence f~1(0(01,02)s-Cl(B)) C (11, 72)0-Cl(f~1(B)).
(4) = (3): Let B be any subset of Y. By (4),
X - fY(6(01,02)s-Int(B)) € X — (11, 72)0-Int(f1(B)).

Thus, (11, 72)0-Int(f~1(B)) € f~1(6(01,02)s-Int(B)).
(1) = (5): Letx € X and U be any 7172-0pen set of X containing x. Since f is weakly 6(t1, 72)s-

)
)

N

open,

F(x) € F(U) C 001, 02)s-Int(f(1172-CL(U)) ).
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Put V = 6(01,02)s-Int(f(t172-CL(U))). Then, V is a 6(d1, 02)s-open set of Y containing f(x) such
that V C f(7172-CL(U)).

(5) = (1): Let U be any ti72-0open set of X and y € f(U). It follows from (5) that
V € f(t112-Cl(U)) for some 6O(o1,02)s-open set V of Y containing y. Thus, y € V C
0(o1,02)s-Int(f(1172-Cl(U))) and hence f(U) € O(01,02)s-Int(f(t172-C1(U))). This shows that f
is weakly 6(7q, 72)s-open.

(1)=(6) = (7) = (8) = (9) = (1): This is obvious. m]

Theorem 3.2. Let f : (X, 71,72) = (Y, 01,02) be a bijective function. Then, the following properties are
equivalent:

(1) f is weakly 6(t1, T2)s-open;

(2) 6(01,02)s-CI(f(U)) C f(1172-CI(U)) for every T1T2-0pen set U of X;

(3) 6(01,02)s-Cl(f(t112-Int(K))) C f(K) for every t1T2-closed set K of X.

Proof. (1) = (3): Let K be any 7172-closed set of X. Then, we have
f(X—=K) =Y-f(K) € 6O(01,02)s-Int(f(1172-Cl(X - K)))
and hence Y — f(K) € Y — 6(01,02)s-Cl(f(1172-Int(K))). Thus, 0(01,02)s-Cl(f(t172-Int(K))) €

f(K).

3) = (2): Let U be any 7ti1-open set of X. Since T17-Cl(U) is
T1Tp-closed and U < 717o-Int(7172-Cl(U)), by (3) we have 0(o1,02)s-Cl(f(U)) C
0(01,02)s-Cl(f(T172-Int(7172-CL(U)))) € f(T172-CL(U)).

(2) = (1): Let U be any t172-0open set of X. By (2), we have

0(01,02)s-Cl(f(X — 1172-Cl(U))) C f(1172-CL(X — 1172-CL(U))).
Since f is bijective, 0(01,02)s-Cl(f(X — t172-Cl(U))) = Y — 0(01, 02)s-Int(f(7172-CL(U))) and
f(t112-Cl(X — 1172-Cl(U)) ) = f(X = 1172-Int(1172-CL(U))) C F(X-U) =Y = f(U).
Thus, f(U) € 6(01,02)s-Int(f(7172-CL(U))) and hence f is weakly 6(t1, T2)s-open. o

4. WeakLy (71, T2)S-CLOSED FUNCTIONS

In this section, we introduce the notion of weakly 6(1, 72)s-closed functions. Moreover, some

characterizations of weakly 0(71, 72)s-closed functions are investigated.

Definition 4.1. A function f : (X, t1,72) — (Y, 01,02) is said to be weakly 6(71, 12)s-closed if
0(o1,02)s-Cl(f(t112-Int(K))) € f(K)

for each t172-closed set K of X.

Theorem 4.1. For a function f : (X, t1,72) — (Y, 01,02), the following properties are equivalent:
(1) f is weakly 6(71,72)s-closed;
(2) 6(01,02)s-CI(f(U)) C f(T172-CI(U)) for each (1, T2)r-open set U of X;
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(3) for each subset B of Y and each t172-open set U of X with f~1(B) C U, there exists a 0(o1, 02 )s-open
set V of Y such that BC V and f~1(V) C 111o-CL(U);

(4) for each point y € Y and each T115-open set U of X with f~1(y) C U, there exists a 0(01,02)s-open
set V of Y containing y such that f=1(V) C t17-CI(U);

(5) O(01,02)s-Cl(f(t112-Int(T172-CI(U)))) € f(T172-CI(U)) for each t1T2-0pen set U of X;

(6) 6(01,02)s-CI(f(T1T2-Int((7T1,72)0-CI(U)))) C f((71,72)0-CI(U)) for each T172-open set U of
X;

(7) 6(01,02)s-CI(f(U)) C f(1172-CI(U)) for each (1, T2)p-open set U of X.

Proof. 1t is clear that (1) = (5) = (7) = (2) = (1), (1) = (6) and (3) = (4). To show that
(2) = (3): Let B be any subset of Y and U be any 7172-open set of X with f~}(B) € U. Then,

F(B) N 1171-Cl(X — 11 712-CL(U)) = 0
and BN f(t172-CL(X — 1172-Cl(U))) = 0. Since X — t172-Cl(U) is (71, 72)7-0open, we have
BN Q(Gl,Gz)S-Cl(f(X - T1T2-C1(U))) =0

by (2). PutV =Y —6(01,02)s-Cl(f (X —7172-CI(U))). Then, Visa O(o1, 02)s-openset of Y such that
Bc Vand f1(V) € X- f1(0(01,02)s-Cl{(f(X — T172-Cl(U)))) € X - f L f(X - 1112-Cl(U))) C
1172-C1(U).

(6) = (1): It is suffices see that (11, 72)0-Cl(U) = 1172-Cl(U) for every t172-0pen set U of X.

(4) = (1): Let K be any 7175-closed set of X and y € Y — f(K). Since f~!(y) € X - K, there
exists a 0(a1,02)s-open set V of Y such that y € V and f~}(V) C 117,-Cl(X — K) = X — 1172-Int(K)
by (4). Thus, VN f(1172-Int(K)) = 0 and hence y € Y — 6(01, 02)s-Cl(f(7172-Int(K))). Therefore,
0(o1,02)s-Cl(f(T172-Int(K))) C f(K). This shows that f is weakly 6(t1, 72)s-closed.

(6) = (7): This is obvious since (71,72)0-Cl(U) = 1172-Cl(U) for every (71, T2)p-open set U of
X. m]

The proof of the following result is mostly straightforward and is therefore omitted.

Theorem 4.2. For a function f : (X, t1,72) — (Y, 01,02), the following properties are equivalent:
(1) f is weakly 6(t1, T2)s-closed;
(2) 6(01,02)s-CI(f(U)) C f(1172-CI(U)) for every T112-0pen set U of X;
(3) 6(01,02)s-Cl(f(t112-Int(K))) € f(K) for every (71, 72)p-closed set K of X;
(4) 6(01,02)s-Cl(f(t172-Int(K))) C f(K) for every a(ty, t2)-closed set K of X.

Theorem 4.3. For a function f : (X, t1,72) = (Y, 01,02), the following properties are equivalent:

(1) f is weakly 6(t1,72)s-closed;
(2) O(01,02)s-CI(f(U)) C f(T172-CI(U)) for every T112-0pen set U of X.
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Proof. (1) = (2): Let U be any 7;75-open set of X. By (1), we have
0(o1,02)s-C1(f(U)) = O(01,02)s-Cl(f(1172-Int(U)))
C 0(01,02)s-Cl{f (11 To-Int(11 T2-CL(U))))
C f(rima-CI(LD)).
(2) = (1): Let K be any 7;75-closed set of X. Using (2), we have
0(01,02)s-Cl(f(T172-Int(K))) C f(1172-Cl(7172-Int(K)))
< f(r112-Cl(K))
f(K).

This shows that f is weakly 0(71, 72)s-closed. O

Acknowledgements: This research project was financially supported by Mahasarakham Univer-

sity.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.

REFERENCES

[1] C. Boonpok, P. Pue-on, Weakly 6s(A, p)-open functions and weakly 6s(A, p)-closed functions, Asia Pac. J. Math.
11 (2024), 13. https://doi.org/10.28924/APJM/11-13.
[2] C. Boonpok, M. Thongmoon, Weakly p(A, p)-Open Functions and Weakly p(A, p)-Closed Functions, Int. J. Ana.
Appl. 22 (2024), 10. https://doi.org/10.28924/2291-8639-22-2024-10.
[3] C. Boonpok, M. Thongmoon, Properties of Weakly (A, p)-Open Functions and Weakly B(A, p)-Closed Functions,
Eur. ]. Pure Appl. Math. 17 (2024), 248-255. https://doi.org/10.29020/nybg.ejpam.v17i1.4974.
[4] C.Boonpok, N. Srisarakham, Op(A, p)-Open Functions and 6p(A, p)-Closed Functions, Asia Pac. J. Math. 10 (2023),
48. https://doi.org/10.28924/APJM/10-48.
[5] C. Boonpok, (11, 72)0-Semicontinuous Multifunctions, Heliyon, 6 (2020), e05367. https://doi.org/10.1016/j.heliyon.
2020.e05367.
[6] C. Boonpok, C. Viriyapong, M. Thongmoon, on Upper and Lower (11, 72)-Precontinuous Multifunctions, J. Math.
Computer Sci. 18 (2018), 282-293. https://doi.org/10.22436/jmcs.018.03.04.
[7] C. Boonpok, Weakly Open Functions on Bigeneralized Topological Spaces, Int. J. Math. Anal. 4 (2010), 891-897.
[8] M. Caldas, G. Navalagi, On Weak Forms of Semi-Open and Semi-Closed Functions, Missouri J. Math. Sci. 18 (2006),
165-178.
[9] M. Caldas, S. Jafari, G. Navalagi, Weak Forms of Open and Closed Functions via Semi-0-Open Sets, Carpathian J.
Math. 22 (2006), 21-31.
[10] N. Chutiman, C. Boonpok, Some Properties of Weakly b(A, p)-Open Functions, Int. J. Math. Comput. Sci. 19 (2024),
497-501.
[11] G. Di Maio, T. Noiri, On s-Closed Spaces, Indian J. Pure Appl. Math. 18 (1987), 226-233.
[12] C. Klanarong, C. Boonpok, Characterizations of Weakly 6(A, p)-Closed Functions, Int. J. Math. Comput. Sci. 19
(2024), 503-507.
[13] C.Klanarong, C. Boonpok, Characterizations of Weakly s(A, p)-Open Functions and Weakly s(A, p)-Closed Func-
tions, Int. J. Math. Comput. Sci. 19 (2024), 809-814.


https://doi.org/10.28924/APJM/11-13
https://doi.org/10.28924/2291-8639-22-2024-10
https://doi.org/10.29020/nybg.ejpam.v17i1.4974
https://doi.org/10.28924/APJM/10-48
https://doi.org/10.1016/j.heliyon.2020.e05367
https://doi.org/10.1016/j.heliyon.2020.e05367
https://doi.org/10.22436/jmcs.018.03.04

8 Int. J. Anal. Appl. (2025), 23:318

[14] M.N. Mukherjee, C.K. Basu, On Semi-9-Closed Sets, Semi-0-Connectedness and Some Associated Mappings, Bull.
Cal. Math. Soc. 83 (1991), 227-238.

[15] T. Noiri, On 6-Continuous Functions, Indian J. Pure Appl. Math. 21 (1990), 410—415.

[16] D.A. Rose, D.S. Jankovi¢, Weakly Closed Functions and Hausdorff Spaces, Math. Nachr. 130 (1987), 105-110.

[17] D.A. Rose, On Weak Openness and Almost Openness, Int. J. Math. Math. Sci. 7 (1984), 35-40.

[18] N. Srisarakham, C. Boonpok, On Weakly 6(A, p)-Open Functions, Int. J. Math. Comput. Sci. 19 (2024), 485-489.

[19] N. Viriyapong, S. Sompong, C. Boonpok, (71, 72)-Extremal Disconnectedness in Bitopological Spaces, Int. J. Math.
Comput. Sci. 19 (2024), 855-860.

[20] C. Viriyapong, C. Boonpok, (71, 72)a-Continuity for Multifunctions, J. Math. 2020 (2020), 6285763. https://doi.org/
10.1155/2020/6285763.


https://doi.org/10.1155/2020/6285763
https://doi.org/10.1155/2020/6285763

	1. Introduction
	2. Preliminaries
	3. Weakly (1,2)s-open functions
	4. Weakly (1,2)s-closed functions
	Acknowledgements:
	Conflicts of Interest:

	References

