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Abstract. In this paper, we define the nonlinear delayed Abel fractal integral equation of the second kind. The existence
of solutions in the two classes, of continuous C[0, T] and integrable L;[0, T] functions, will be proved. The continuous
dependence of the unique solution on the parameters will be proved. The Hyers-Ulam stability of the problem itself
will be studied.

1. INTRODUCTION

Fractal calculus operators ( fractal integral and fractal derivative) are extensions of ordinary
(integral and differential) calculus. This calculus has some applications in physics (like quantum
mechanics on fractal space-time), biology (e.g., modeling blood vessels), finance (fractal market
theory), and image analysis ( [1], [2], [4], [13], [17], [20], [21], [22]).

Let B (0,1). Let C[0,T] = C(I) and L1[0,T] = Li(I) be the two classes of continuous and
integrable functions defined on the interval I = [0, T].

The fractal integral Iz and derivative Dg operators are defined as follows

Definition 1.1. Let x : I — R be differentiable. The fractal derivative of the function x is defined by

([71,18])

1-p
%m—dm:%%wmm

Definition 1.2. Let  t#~1 x(t) € L1(I). The fractal integral of the function x is defined by [8]

Igx(t) = f:ﬁ P71 x(s) ds
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with the following property

t
%f BsPlx(s)ds = BtP' x(t)and Dg Is x(t) = x(t), ae, tel
0

1.1. Formulations of the problem. The Abel integral equations of the first and second kind are

generally defined by ( [11], [14])
f 1O (t)
o (F=s)* " §

x(t) +/\f:(xids = g(t), tel

t—s)®
respectively, where @ € (0,1) and A is a positive parameter.

and

Moreover, The linear Abel fractal integral equations of the first and second kind are de-
fined by [18]

[ B9 x(s) ds = g0

0

and ,
X P x(s)ds =
(A [ B x(s)ds = gt), e

respectively, where g € (0,1) and A is a positive parameter.

Now, we define the nonlinear Abel fractal integral equation of the second kind by

x(t) + fi(t, A Ig x(t)) = fa(t, x(t))

and the nonlinear delayed Abel fractal integral equation of the second kind by

b (t)
x(t) + fi(t, Aq f(; B P x(s) ds) = fo(t, Ay x(t)), t€l (1.1)

where 8 € (0,1) and the parameters A; >0, i = 1,2.
Our aim, here is to study the existence of integrable and continuous solutions of (1.1). The
continuous dependence of the solution on the parameters A; and on the functions f;, ¢ and the

Hyers - Ulam stability of the problem itself will be studied.

2. INTEGRABLE SOLUTION

2.1. Existence of solution. Consider equation (1.1) under the following conditions:
(i) fi:IXR - R, i=1,2 are measurable in t € [ for any x € R and continuousinx € R fort € .
(ii) There exist a; : [ — R such that g t#=Ya;(t)| € Li(I), fOTﬁ t#="la;(t)| dt < a and a positive
constants b; such that

it 0l < lai(H)] +b; [, i = 1,2. (2.1)
(iif) ¢ : I — I is a continuous function and ¢(t) < t.
(iv) b A (14 TP) < 1, where b = max{b;} and A = max{A;, AL i=1,2.
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Theorem 2.1. Let the conditions (i) — (iv) be satisfied, then equation (1.1) has at least one solution
x €l (I )

Proof. The integral equation (1.1) can be written as

G(t)
M) = Al [ p ) de)+ At hax(0)

which can be given by

B(t) t1-p
Bt x(t) = —ﬁtﬁ—lfl(t,Alfo BsPx(s) ds) + B P71 fu(t, Aa 75tﬁ—1x(t)).

Let y(t) = B tP~1x(t), then
1-p

o (t)
V) =B [ () )+ e o) 22)
: ;

and

Define the operator F by

P(t) f1-p
FMZ%WMAL V(s) d9) + 7 fat 12 =y (1)

and the non-empty, bounded, convex and closed ball

2a

Qr ={yeLi(I) :llylh <r}, wherer = T=hA( +T/3)’

Now, let y € Q,, then

=P

(1
Fy(t)l = I—ﬁtﬁ'lfl(t,/\lﬁ y(s) ds) +p 71 fo(t, A ?y(t))l

o (1) 1-p
B fi(t Ay f y(s)ds) | + Bt fo(t A2 t—y(t)) |
0 p

1-p
ly(s) ds + Bt~ aa ()] + B tF 1 by Ay t? ly ()]

IA

t)

IA

B(
BtF 1 la () + by P Ay f

0

IA

t
Bt |ay (t)] + by P71 AlL ly(s) ds + B P71 |aa (£)] + ba Az [y(t)]

B a () +b B Ayl + B P laa (8 + b A ly(t)]

IA

and
T T T T T
f|1—"y(t)|dt < fﬁtﬁ-1|a1(t)|dt+bA||y||1f ﬁtﬁ-ldt+f ﬁtﬁ-1|a2(t)|dt+mf ly(t)| dt
0 0 0 0 0
< a+bATPr+a+bAlylh
< 2a4+bATPr4+bAr = 1.
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This proves that the operator F maps Q, into itself, and the class {Fy} is uniformly bounded in Q.

Let ) € Q, and y € (), then

’ 1
[rEvon-eene = [} f 0) do - Fy(s) | ds
= [ 3] o -ryts) a0 as
B h
1
< fﬁf | Fy(6) — Fy(s) | d6 ds,
then
T
n(Fy»1—<Py»hs‘j“ i | irve -y 1doas
Since Fy(t) = - tF71fi(t, Alfo s)ds) + Bt fo(t, A b /3 2Ly(t)) € Q, c Li(I),
from Lebesgue point theorem [16], it follows that
1 t+h
7 f | Fy(0) — Fy(s) |d6 — 0, ash — 0,
t
then

I(Fy)n — (Fy)lh — 0, ash — 0.
Hence the class {Fy} is relatively compact [12]. Then F is compact operator ( [3], [16]).

Now, let {y,} € Qr, y» — yand

1-p

o o0 - ;
| =Bt fi(t, Yn(s) ds) + B fa(t, Ao ——yn(t)) |
0 B

|yn(t)|

1-p

| o0 L ;
BB £t A, f yuls) ds) | 4B | folt, A () |
. 7

t
Bt ay (t)| + by p P71 Alf lyn(s) ds + B 571 |aa (£)] + b2 Az |y (2)]
0

B ay ()] +b B Ayalls + B P laa ()] + b A lyu(t)]

IA

IA

IA

and
(L=bA) lya(t)] < BF T lar ()| + b B Allyulls + B P71 laa(t)],

ya(t)l < 1_1M (B lar () + DB Allyall + B P laa()]] = w(t),
where w(t) € Ly(I).

Now, we have

B(t) H1-p
Fyn(t) = B tﬁ‘lfl(t,mfo yn(s) ds) + 571 fo(t, A2 7%())
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then we can apply Lebesgue dominated convergence theorem ( [3], [16]) and obtain

lim Fy,(t) = —p LA (A 11mf (s) ds) + B P71 fa(t, /\2; lim i (t))
o(1) -
— BFRGA f lim v, (5) d5) + B #7 folt, A ——y(1))
L g
P(t) 1-B
= A [ ) )+ A2 ()
! g

= Fy(t).

This means that Fy,(t) — Fy(t). Then the operator F is continuous [5].
Now, by Schauder fixed point Theorem [10], there exist at least one integrable solution y € Q, C
L1 (I) of the integral equation (2.2).

Consequently, there exist at least one solution x(t) = %ﬁy(t) € L1(I) of the fractal integral equation

(1.1).

2.2. Uniqueness of the solution. Now, consider the following condition

(i)* fi: IXR —> R, i = 1,2is measurablein t € I for every x € R and satisfies the Lipschitz condition

\fi(t,x) = fi(t, y)| < bi [x = yl, b; > 0. (2.4)
Remark 1. From the Lipschitz condition (2.4), we can get the growth condition (2.1) as fi(t,0) =
ai(t), i=1,2.

Theorem 2.2. Let the conditions (i)*, (iii) and (iv) be satisfied, then the solution y € Ly (I) of the equation
(2.2) is unique. Consequently, the solution of (1.1) is unique.

Proof. Let the conditions of Theorem 2.1 be satisfied, and the solution of the integral equation
(2.2) exists. Let y; and y» be two solutions of equation (2.2), then

1-p

(1) ¢
ly1(t) —y2(t)l = |—ﬁtﬁ_1f1(f//\1f yi(s) ds) + Bt fo(t, Ay —1 (1))
0 p
1-p

o0 t
+ BETAL A f ya(s) ds) = B 771 fo(t, s ——va (1) |
0 ﬁ

¢ (t) ¢(t)
B Al Ay f ya(s) ds)  fu(t, Ay f yi(s) ds) |

<
{1-p f1-p
+ B fa(t A Tyl( ) = fa(t, Az 7y2( )1
b(t)
B-1p s) ds— d
< Bt 1)\1|f s f(; y1(s) ds |

+ ﬁtﬁlbz)\2?|}/l() ya(t) |
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(1)
blAlﬁtﬁ'lf | y2(s) = y1(s) I ds 4 b2 Aa | ya(t) — ya(t) |

<
< bAﬁW]?flyl $)lds+bA|yi(t) —yat) |
< bABHE  lyr =yl +0 A Lyi(t) —ya(t) |
and
T T
f lya (t) (H)ldt < b/\f B 1At Iy — yalh +b/\f y1(t) —ya2(t) | dt,
0 0
lyi—vali < bATP Iy = yoll + b Allys — y2lh,
then
[1=bA (1 +TP)lly1 —yalh <0,
which implies that

lly1 — y2lli = 0.

This means that y; = y», and the solution of the integral equation (2.2) is unique.

Consequently, for any two solutions x1, x € L1 [0, T] of the equation (2.3), we get

B -o®l = 1=l - Sl
B B
=P
= 7;|%() ya(t) |
1-p
< TT“/l() ya(t) |,
then
1-6 T
flxl (Bt < TTfo 2 () =y (£) | dt
and
1-p
llx1 —x2ll1 < T”]/l—]/Z”l =0,

which means that x; = x; and the solution of the fractal integral equation (1.1) is unique.
2.3. Continuous Dependence.

Definition 2.1. The solution x € L1 (I) of equation (1.1) depends continuously on the parameters A; and
on the functions f; [9], if Ve > 0, 36 > 0 such that

max{ |A; = Ajl, |fi— fl} <6,i=1,2
implies
lx—xll <€,

where x* is the unique solution of
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B(t)
0= [ )+ Sl (0) 25)
which can be given by
v =, 26)
where
. i . P(t) ) f1-p
V(O =B [y e a9+ A S ) 7)

Theorem 2.3. Let the assumptions of Theorem 2.2 be satisfied. Then the unique solution of equation (1.1)

depends continuously on the parameters A; and on the functions f;, i = 1,2.

Proof. Let x and x* be two solutions of (2.3) and (2.6) respectively, where
y and y* be two solutions of (2.2) and (2.7) respectively, then
1-p

B(t) ¢
WO -y = 1= s [y d) +8 it 2 o)
0 p

1-p

0
+ BHTAA ﬁ y'(s) ds) - ﬁfﬁ_lfz*(tﬂ}t?y*(t))l

= | -pt" fl”\lf +BHP A, ?f

o (t)
- ﬁt“ﬁ(mf y(s) ds) + B, f

¢ (t)
- BN [ v ) e 1f1Mf
[1-p
B Al da o) - Al ?yo)
1 L P 1 L
B Al SRy ) -5 Al Ry ()

1-B 1-p
+ tf”lfz(tA*t?y()) tﬁlfzw*tﬁ y'(1)1

IA

20 (1)

BEIAWA [ w0 -Ala [ v )
(1) (1)

+ BT AA fo y'(s) ds) — f(t, A} fo y(s) ds) |

o (t) b (t)
s e [ ves-an [ e

f1-p f1-p

+ B AL A, B (1) = fa(t, Ay B

-8 f1-p

5 (B) = fa(t, A5 5

()

+ B Al A (1)1
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H-P =P

+ B Lt A 7y())—fz(t Ay — B

B by A —/\1|f s)|ds

y ()1

IA

+ﬁt51b1Af0 |y (s) —y(s) | ds

=P
+ B + BBy [ A= A |7ly( )l

g e PP . _
T BTy -y (O] + T

tﬁlbéfly )ds + Bt bA; fly s) | ds
2716 + boly(t)l + b AL y(t) -y (1) |

bolylh Bt + bAlly—yll gt
267 + bSly() + bALy() -y ()],

IA

+

IA

_|_

then

IA

T T
=yl < bollylh f BEVdt + b ALy -yl f 851 dt
0 0

T T T
+ 25[ ﬁtﬁ—ldt+b6f |y(t)|dt+b/\f ly(t) —y*(t) | dt
0 0 0

= boTPllylh + bATP ly—y'lh
+ 26T + bolylh + bAlly-ylh

and

1-bAA+TAly-ylh < 26TF+b6 (1+TF) Iy,

thus

20T 4+b6 (1+TF) llylh

—y* <
=yl < =T

Now,

KO -0 = Ity =y
; ;
tHF
- Sy

%w( )=y (0)

IA
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and
T T1_5 T
[ - < T2 [Ty
0 B Jo
TP .
= TH]/_]/”l
TP
< 761 = €,
thus

[lx—x*|l; £ e.

Definition 2.2. Let ¢* : I — I be a continuous function and ¢*(t) < t. The solution x € Ly (I) of equation
(1.1) depends continuously on the delay function ¢, if Ve > 0, 36 > 0 such that

|¢) _(P*l < 6/
implies
lx—xll <,

where x* is the unigue solution of

" (£)
xX'(t) = —-fi(t, Alf B P x*(s) ds) + fa(t, A X*(1)) (2.8)
0
which can be given by equation (2.6), where
. P (t) . f1-p
y'(t) = —p " fl(tz/\lf y'(s) ds) + B fo(t, A ?y*(t))- (2.9)
0

Theorem 2.4. Let the assumptions of Theorem 2.2 be satisfied. Then the unique solution of equation (1.1)
depends continuously on the delay function ¢.

Proof. Let x and x* be two solutions of (2.3) and (2.6) respectively, where
y and y* be two solutions of (2.2) and (2.9) respectively, then

P(t) -8
-y = | -pF Al A fo V(s) )+ 7 fat 12 (1)

¢ (1) -8
£ A [y d) =8 Al Sy (0)]
b(t) ()
= g [ v s [ v @

o* (t) B (t)
- en [ @ s [y )

H-p t1-p
+ B (LA ?J/(f)) -BtF fo(t, Ay 7y*(f)) |

. ¢ (t)
Bt~ |f1(f,A1f
0

IA

o (t)
y(s) ds) - filt Ay fo y(s) ds) |
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) o (t) ¢ (t)
+ pi- Ifl(t,Alfo y(s) dS)—fl(ffAlfo y(s) ds)|
1-p t1-B

+ tﬁllfz(t)\z—y()) fz(t/\27 (1) |

(1)
Mlblmﬁ ds|+5tﬁ1b1)\1jj | y*(s) — y(s) | ds

+ ﬁfﬁlbw\z?ly() y(t) |

¢ (1)
petonl | <>ds|+ﬁtﬁlb»\f|y v [ds+b A1 y(t) =y ()|

IA

IA

IA

ﬁtﬁlbmf (s)ds |+ B DAy —y'lh +bA1y(t) =y (1) ],

since y € L1(I) an

O(t) —d*(t) | < 6, then from the absolute continuity of Lebesgue integral [16],
we obtain that | f¢ )

d|
gt y(s) ds| < e* and

ly(t) -y () < BT bAE+BF DAy -yl +bATy(t) -y (1) ],

thus
=yl < bATFe +bA TP ly—y'lh +b A lly -yl
and
1-bAA+TH]ly-ylh < bATP €,
then
vl = bATPe _
O T W) B
Now,
k-0 = 120y - )
x(f) —x = | — - —
B p
T'-F .
< —lyt) -y (1)
B
then
1-B 1-
Ix=xlh < —Illy-y'lh < — € = e
5 y y ﬁ 1

2.4. Hyers-Ulam Stability.

Definition 2.3. ([6],[7],[19], [15]) Let the solution x € L1 (I) of equation (1.1) be exists, then the integral
equation (1.1) is Hyers-Ulam stable, if Ve > 0,36 > 0 such that for any S-approximate solution x; of
equation (1.1) satisfying

(t)
| x5(t) + fi(t, Ay f B 0P x5(0) dO) — fa(t, Ay x5(1)) | < 6,



Int. ]. Anal. Appl. (2025), 23:285 11

implies

llx — xsll1 <e.

Theorem 2.5. Let the assumptions of Theorem 2.2 be satisfied. Then the integral equation (1.1) is Hyers-
Ulam stable.

Proof. We have | xs(t) + fi(f, A4 fO(P(t) B 0P x,(0) dO) — fo(t, Ay x5(t)) | < 6, then

P(t)
5 < xs(t)+f1(t,)\1f B 0P x,(0) dO) — fo(t, As xs(F)) <
0
multiplying by g /=1, we get
P(t) 1-B
—6ptF1 < B xs(t) + BtPL fi(t, Ay f BOP~L x,(0) dO) — BtF~L fa(t, Ay 5 BtP~1 x(t)) < optP~!
0
and let y5(t) = Bt~ x(t), then
®) -
~0 BT < ys(t) + B fl(t//hﬁ ys(0) d6) — g 1771 f2(t,/\2%ys(t)) < opH,
0

thus we get

() 1B
|yl + B fi (1 A f 1(6) d0) = 71 (e, A o (1) < 0
Now,
() -8
ly(t) —ys(t)] = | —ﬁtﬁ‘lfl(t,MfO y(0)do) + Bt fo(t A 71/0)) — ys(t) |
B (t) -8
= 1B [ u(©) o)+ falt A ()
. g
) P(t) ) -8
— (s B A fo 4:(0) 40) = 1 folt 12 = 4s(6))

1-p

0 !
+ p’tﬁ‘lfl(t,)hfo ys(6) d0) =p #77 folt, Ao —-uis(1)) |

b(f) (t)
BE Ailt Ay f ys(6) d6) - fi(t, Ay ﬁ y(6) do) |
0 0
P P

+ Bt A2 V)~ falt Az = ys()) |
14

0 ;
+ |ys(f)+ﬁfﬁ_1f1(frA1fO ys(0) d0) — Bt fo(t, As Tys(t))l

IA

. () . f1-p .
B b, A1f0 155(6) =¥ (0) 140 + 897 b2 do == 1y(6) = ys(1) | + 6 -

IA

IA

!
BtF by A fo | y(0) —ys(0) | d0 + by Ax | y(t) —ys(t) | + 6 p 171

B EbANly—yslh + bALy(t)—ys(t) | + 5 p P2,

IA
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then

T T T T
f ly(t) — ys(t)| dt < b/\lly—yslllf pttdt + b)\f | y(t) —ys(t) | dt + 5f g Pt dt
0 0 0 0
and

ly—yslh < bATPlly—ysls + bAlly—yslh + 6 TF,

then

Now,

and

1-bAA+TH]ly-yslh < 6T7,

6 TP
-yl < = €]. 2.10
ly=yslh = 7~ arm) - © (2.10)

(1)
lx(t) —xs(t)] = |—f1(t,/\1f0 B OF1 x(0) dO) + fo(t, Aa x(t)) — xs(t) |,

let y(t) = B tF! x(t), then

(t) = xs(H)l =

_|_

IA

IA

IA

IA

o (t)
|~ Al f 4(6) 46) + falt, A2 (1)) — xs(8) |
o (t)
|~ filt Ay f 4(6) d6) + fo(t, Az x(1))
0
o (t)
filt Ay f 45(6) 46) — falt, A2 x4(1))
0
(t)
() + filt, A fj ye(6) d0) - falt, A2 xs(8)) ) |

¢(t) ¢(t)
| filt, A f ve(6) d6)  fi(t, A, f y(6) d6) |
| fo(t, A2 x(t)) = fa(t, A2 xs(t)) |

(t)
| xs(t) + fi(t, Alﬁ ys(0) dO) — fo(t, A2 xs(t)) |
bl/\lﬁ | ys(0 0)1d0 + by Ap | x(t) —xs(t) |
| x:(6) + fult A ﬁ BOF12,(6) d6) - falt, Ay 5:(8))|

b/\fly 0)1d0 + bA|x(t)—xs(t) ] + 0
bANly—yslh + bATx(t) —xs(t) | + 06

T T
f Ix(t) —xs(t)ldt < bATI|y—yslh + b/\f |x(t) —xs(f) |dt + 0T
0 0
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by using (2.10), we get
Ix—xsll1 < bATer + bA|lx—xlly + 6T,
then
(I1-bA)|x—xslh < bATe+06T
and
ey < PATEEOT

3. CONTINUOUS SOLUTION

3.1. Existence of solution. Consider equation (1.1) under the following assumptions
(i)™ fi : IXR — R, i = 1,2 satisfies the Lipschitz condition

Ifi(t2, x2) = fi(t1, x1)| < b; (b2 — 1l +x2 —x1] ), b; > 0.

Theorem 3.1. Let the condition (i)™, (iii) and (iv) be satisfied, then the fractal integral equation (1.1) has
a unique solution x € C(I).

Proof. Define the operator F by

:_flmf BsE1 x(s) ds) + falt, A2 x(t)).

Letx € C(I), and t1,t; € I where t; < f; be such that |, — ;1| < 6, then

P(t2)
|Fx(t2) —Fx(t1)| = |—f1(t2, A1 jo‘ ‘B st x(s) dS) —I—fz(tz, Ao x(tz))
P(t)
-+ f1(t1,/\1f ﬁSﬁ_l X(S) dS)—fz(fl,Az x(tl)) |
0

|f1 (tlr)\l ‘[Oq)(tl) ﬁ sﬁ_l x(S) dS) —f1 (tz, Al ‘[Oq)(tZ) ﬁ Sﬁ_l x(s) dS) |
+ | fa(t2, A2 x(£2)) = fo( t1,/\2 x(t1)) |

bllfl—le+bl/\1|f B st x( ds—ﬁ B P x(s) ds|

+ byl —ti| 4 b2 Ag |x(t2) — x(t1)l
B (t1)

blti—tl +bA f B P |x(s)|ds + blty—t1| +bAlx(ta) — x(t)],
¢(t2)

IA

IA

IA

which means that the operator F maps from C(I) into C(I).
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Now,
|Fx(t) —=Fy(t)l = |- fi( tAlf B P x(s) ds) + fa(t, Ap x(t))
+ fl(fff\lf BsP1y(s) ds) — fo(t, Az y(t)) |
< |f1t)\1f ‘BS‘Bl dS flt/hf ‘Bsﬁl ) )l
+ 1 fa(t Az x( )) fat, A2 y(t)
< b1/\1|f BsF 1 y( ds—ﬁ BsP L x(s)ds| + by Ay |x(t) — y(t)|
B(t)
< bAf B y(s) — x(5)lds + b A be(t) - y(&)
0
P(t)
< bA f B P suplx(s) —y(s)lds + b A suplx(t) — y(t)|
0 s t
_ t p-1 _
< bA|x yllcjo‘ﬁs ds + bA|llx =yl
= bAF x—yllc + bAIx -yl
< bAA+TF) -yl
then

IA

sup |[Fx(t) — Fy(t)| bA(1+TF) |Ix - yll.
t
IFx—Fyll. < bA(14+TP)x-yll,

which means that the operator F is contraction, as b A (1+ T#) < 1.

Consequently, from Banach fixed point theorem [10], equation (1.1) has a unique solution.

3.2. Continuous Dependence.

Definition 3.1. The solution x € C(I) of equation (1.1) depends continuously on the parameters A; and on
the functions f; [9], if Ve > 0, 36 > 0 such that

max{ |A; = AL, Ifi= £} <6, i=1,2
implies
llx = x7llc <€,

where x* is the unique solution of equation (2.5)

Theorem 3.2. Let the assumptions of Theorem 3.1 be satisfied. Then the unique solution of equation (1.1)
depends continuously on the parameters A; and on the functions f;.
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Proof. Let x,x" be two solutions of (1.1) and (2.5) respectively, then

(f) = (B =
_l’_

IA

IA

A+

thus
Ilx — x|l

and

then

[]x — x*

|—f1m1f B 571 x(s) ds) + folt, Aa x(1))
¢ (t)
f1<mf B (s) ds) - £5(t, A5 (1)) |

|—f1tmf BsP x( dS+f1tAf B P! x(s) ds)

t/\ﬁ B sF1 x(s) ds) +f1tAf B P x*(s) ds)

f(tAf P71 x(s) ds >+f1(mf0 B~ x'(s) ds)
Lt A2 x(t) = fo(t, A5 x(8) + fa(t, A5 x(8) = fa(t, A5 x°(8))
Lt A5 x7(1) = (5 A5 x*(1)) |

(t) b (t)
| fi(t, A ﬁ B sF 1 x(s) ds) — fi(t, Ay fo B sP~t x(s) ds) |

0) P(t)
| fi(t, A f ﬁsﬁ_l x*(s) ds) — f1(t, A j(; ﬁsﬁ_l x(s) ds) |

() (1)
| f1(t, /\’if B P~ xt(s) ds) — fi(t, A} f B P x*(s) ds) |
0 0
| a(t, A2 x(t)) = fo(t, A5 x(8)) | + | falt, A5 x(F)) — falt, A5 X7 (1)) |
| (£, A5 x°(8)) = f (1, Ay x*(8)) |
(1) (1)
by |A] = A4 f ﬁsﬁ‘l Ix(s)|ds + by Alf ﬁsﬁ‘l [x*(s) — x(s)| ds
0 0
O + by |Aa = A5l Ix(8)] + bo A5 |x(t) =x*(¢)| + 0
t t
béllxllcf psPlds + b)\llx—x*llcf BsPlds + 26 + bolx(t)
0 0
b A lx— x|
bOTP Ixlle + bATP Ix=x|lc + 26 4+ bo|lxlle + bA|lx =7,

S bOT lxlle + bATP x=xllc + 26 + bollxle + bA e —x"||c

[1-bA(1+TP)] k=2l <26 + b6 (1+TF)|lxll,

26 + b6 (1+TF) |l

= ¢, wherebA (1+TF) <1
b AT €, whereb A (1+TF)

lle <
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Definition 3.2. The solution x € C(I) of equation (1.1) depends continuously on the delay function ¢,
if Ve >0, 36 > 0 such that

lp =@ <9,
implies

e =Xl <€,

where x* is the unique solution of equation (2.8)

Theorem 3.3. Let the assumptions of Theorem 3.1 be satisfied. Then the unique solution of equation (1.1)
depends continuously on the delay function ¢.

Proof. Let x,x" be two solutions of (1.1) and (2.8) respectively, then
(1)
Ix(t) =x"(1)] = |- fi(t, A f B P71 x(s) ds) + fa(t, Aa x(t))
0
¢ (t) .
+ f1(t,A1f B sF1 x*(s) ds) — falt, A2 X*(1)) |
0

o(t) O(t)
= |-f(t,M jo‘ B g1 x(s) ds) + f1(t, Alfo B Pt x*(s) ds)

b(t) ()
- fl(t,)\lf(; B sP1 x*(s) ds) + fi(t, /hfo B 5Pt x*(s) ds)

+ flt A x(t) - fa(t, A2 X"(1)) |
B - P(t) b1 (o) 4 = P(t) 61 P
< LAGA [ pFr@ a) Al [ 5 x(s) ds))
+ A M f:b (t)ﬁsﬁ—l x*(s) ds) — fi(t, 11 f:)(t)ﬁsﬁ—l x*(s) ds) |
+ |f2M2x t)) = fa(t, A2 x*(t)) |
B (t)
b A A1 e ( lds + by Ay F=1 x*(s) ds |
11f Bs"™ Ix*(s) —x(s)| ds 11-[%) BsP~ x*(s) ds

<
+ by Ay Ix (t)|
B (t)
< b/\||x—x*||cf BsFlds + bA|Ix.| BsPds| + bAlx-x,
0 o(t)

since B sP~1 € L(I) and | ¢(t) — ¢*(t) | < 6, then from the absolute continuity of Lebesgue integral
. ¢*(t) -1 *
[16], we obtain that | f(P(t) ﬁsﬁ ds| < e and
() =x* ()] < bATPlx=x*lc + bA|x|lce + bAx—x7,
thus
Ix=xle < bATP lx=x"llc + DA€ Ille + b A [lx— x|

and
[1-bA(1+TH] Ix—xc < bAe X,
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then
bAe |lxl

1-bA(1+TF)

e —xlle <
3.3. Hyers-Ulam Stability.

Definition 3.3. ([6], [7], [19], [15]) Let the solution x € C(I) of equation (1.1) be exists, then the integral
equation (1.1) is Hyers-Ulam stable, if Ve > 0,36 > 0 such that for any S-approximate solution x; of
equation (1.1) satisfying

()
[ x5(t) + fi(t, A4 ﬁ B 0P x5(0) dO) — fa(t, Ay x5(t)) | < 6,

implies

llx = xsle <e.

Theorem 3.4. Let the assumptions of Theorem 3.1 be satisfied. Then the integral equation (1.1) is Hyers-
Ulam stable.

Proof. Let|x,(t)+ fi(t, A1 [7 B 6F1 x,(0) d6) - fo(t, Az x,(£)) | < 6, then
(1)
(O =50 = 1=Alth [ pOFIx(0)d0) + flt, haw(t) = ()|
P (t)
= 1=AA [ pOFTx(0)d0) + alt A x(1)
0
b (t)
+ fl(t,)\lfo B 6P xs(0) dO) — fo(t, Ao xs(t))
D(t)
- fl(t/AlL ﬁ@ﬁ_l x5(60) dO) —i—fz(t,Az Xs(t)) — xs(t) |

P(t) (t)
= | (fl(fz/\lfo B 6P x,(6) d6) - fi(t, M ﬁ B 6" x(6) d6) )
+  (fa(t, Ao x(t)) = fat, A2 x5(1)) )

()
= (x(H)+ fAilt f B O x5(0) dO) — fo(t, Az xs(t)) ) |

(t) ()
< |f1(t,A1f0 B 6F1 x,(0) dO) —fl(t,Alfo B OF1 x(6) do) |
+ 1 falt, A2 x(t)) = fa(t, A2 x5(2)) |

(1)
+ IxS(t)+f1(t,/\1f0 B OF1 x,(0) dO) — fo(t, Az x5(1)) |

IA

P(t)
b1 /\1 f ﬁ 9‘3_1 |XS(6) —X(6)| de + bz /\2 Ix(t) —Xs(t)l + 6
0

IA

t
b)\llx—xsllcf BOPLAO + bAx—xlc + 6
0

bATP |lx = xlle + bA|lx—xsllc + 6,

IA
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thus
Ix—xille < bA(14+TP) |lx —xllc + 6
and
[1-bAA+TPH)]lIx—xlc <6,
then
-l < 0 — e
1-b A (1+T6)

4. CONCLUSIONS

This research paper focuses on investigate the existence of solutions for the delayed Abel fractal
integral equation (1.1) and properties associated with these solutions. Firstly, we studied the
existence of at least one solution x € L1[0, T] of (1.1) by applying Schauder’s fixed point Theorem.
Furthermore, we established sufficient conditions to ensure the uniqueness of the solution and
its dependence on the parameters A; and A, and on the functions f;, f» and the delay function
¢. We also investigated the Hyers-Ulam stability of the equation (1.1). Secondly, we studied
the uniqueness of the solution x € C[0, T] by applying Banach’s fixed point Theorem. Also, we

examined the continuous dependence and the Hyers-Ulam stability of this equation.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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