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Abstract. Listeriosis is a foodborne illness that can lead to bacterial meningitis. In this paper, we propose and investigate

a model of co-infection involving both listeriosis and bacterial meningitis, originating from ready-to-eat food products.

We begin by examining the patterns of each disease individually, as well as the dynamics of their co-infection. From our

global co-infection model, we derive separate models for bacterial meningitis and listeriosis. Each model is analyzed in

terms of the existence of equilibrium points, threshold dynamics parameters, stability results, sensitivity analysis, and

the presence of backward and forward bifurcations. Finally, we present numerical simulation results to support our

theoretical findings.

1. Introduction

Listeriosis is a bacterial infection caused by Listeria monocytogenes, a Gram-positive bacterium.

The incidence of listeriosis ranges from 0.1 to 10 cases per million inhabitants per year [22]. This

pathogen was first identified in 1924 and recognized as a human infection in 1981 [16]. Among

the five strains of Listeria, only Listeria monocytogenes is pathogenic to humans and animals [10].

Listeriosis is primarily contracted through the ingestion of contaminated food, direct contact with

contaminated environments, or interaction with infected individuals [13, 23]. On the other hand,

bacterial meningitis is a serious illness characterized by the inflammation of the meninges, the

protective membranes covering the brain and spinal cord. The primary causative agent of this

disease is the bacterium Neisseria meningitidis, commonly known as meningococcus, which is

classified as a Gram-negative bacterium [5, 10, 27]. Symptoms of bacterial meningitis have been

documented since ancient times, with the first clinically recognized epidemic occurring in Geneva
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in 1805. The first recorded epidemic in Africa took place in the 1840s [1]. The african meningitis belt,

comprising 26 countries, reports the highest incidence rates, with approximately 80,000 cases and

over 4,000 deaths annually [20]. Bacterial meningitis can be transmitted through direct contact

with an infected person via respiratory droplets, contact with contaminated environments, or

through Listeria bacteria in immunocompromised individuals [5, 15].

The co-infection of bacterial meningitis and listeriosis is a significant public health concern,

particularly due to their geographical overlap. Both diseases share common symptoms, including

fever, headache, nausea, vomiting, drowsiness, and loss of consciousness. Specific symptoms of

bacterial meningitis include a stiff neck, sensitivity to light, and a rash, while listeriosis can lead

to complications in pregnant women and neurological issues such as meningitis and encephali-

tis. Notably, individuals infected with listeriosis may develop meningitis as a complication [21].

Numerous studies have established that Listeria monocytogenes is a frequent cause of bacterial

meningitis, particularly among the elderly and immunocompromised populations. For instance,

Laguna-Del Estal et al. [24] demonstrated that Listeria monocytogenes predominantly affects in-

dividuals with co-morbidities or weakened immune systems, although it can also occur in oth-

erwise healthy individuals. Additionally, R. Amaya-Villar et al. [26] reported a high incidence of

community-acquired acute Listeria meningitis in adults, recommending against the use of amino-

glycosides to improve patient outcomes. A case study by A. Mancini [4] highlighted a case of

Listeria monocytogenes meningitis resulting from a typical foodborne pathogen, particularly dan-

gerous for patients with compromised cellular immunity. Despite the existing literature, there

is a limited number of mathematical models that explore the dynamics of co-infection between

listeriosis and bacterial meningitis. One notable study by C. W. Chukwu et al. [10] proposed a

mathematical model to describe the co-infection dynamics, emphasizing the logistic growth of

bacteria. Their results indicate that reducing Listeria pathogens and increasing the cure rate for

bacterial meningitis could significantly decrease the incidence of co-infection.

In this study, we analyze a deterministic model of co-infection between listeriosis and bacterial

meningitis, emphasizing key biological and epidemiological characteristics of both diseases. A

novel aspect of our research is the consideration of how ready-to-eat food influences the dynamics

of co-infection. With this foundation laid, the rest of the manuscript is organized as follows:

Section 2 outlines the co-infection model and its well-posedness more precisely the existence,

uniqueness, positivity, and boundlessness of solutions. Section 3 focuses on the mathematical

analysis of the bacterial meningitis-only model, followed by the listeriosis-only model in Section

4, and the co-infection model in Section 5. Section 6 presents numerical simulations that validate

several analytical findings. Finally, we end with some concluding remarks in Section 7.

2. Co-infection model formulation and its well-posedness

2.1. Model formulation. Our model consists of eight compartments organized into three main

components: the human population N(t), the bacterial population (Listeria) B(t), and the read-
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to-eat food products F(t). The human population is divided into five compartments: susceptible

individuals S(t), individuals suffering from listeriosis Il(t), bacterial meningitis infected people

Im(t), listeriosis and bacterial meningitis co-infected individuals Ilm(t), and those who have recov-

ered from bacterial meningitis-only are denoted by Rm(t). Thus, the total human population reads

as: N(t) = S(t) + Im(t) + Rm(t) + Il(t) + Ilm(t). The total amount of ready-to-eat food products is

split into two compartments: uncontaminated food products Fu(t) and contaminated food prod-

ucts Fc(t), therefore F(t) = Fu(t) + Fc(t). However, individuals enter the susceptible compartment

at a constant recruitment rate Λ, while all compartments of the human population experience a

natural death rate µ. Moreover, a susceptible individual can become infected with listeriosis and

bacterial meningitis at infection forces λl = βl(B + α3Fc) and λm = βm(Im + α1Ilm + α2B), respec-

tively, where βl and βm represent the effective contact rates for listeriosis and bacterial meningitis

infections. The parameters, α1 and α2 account for the relative transmissibility of bacterial menin-

gitis from individuals in the Ilm and B compartments, respectively, while α3 represents the relative

transmissibility of listeriosis from the contaminated food products Fc. Individuals from compart-

ments Im and Il can progress to the co-infected compartment Ilm at the infection forces λl and λm,

respectively, or die at rates δm and δl. The mortality rate due to co-infection is denoted as δlm.

Additionally, we assume that individuals from compartments Ilm and Im can only recover from

bacterial meningitis and move to the recovery compartment Rm at rates σlm and σm, respectively.

Individuals in compartment Rm and Il can return to the susceptible class S at a rate γm and γl,

respectively. The total ammount of food production occurs at a rate p f F. Uncontaminated foods

get contaminated at a rate λ f = B+ α4Fc, where α4 represents the relative contamination potential

of compartment Fc . The interactions and transmission pathways between all compartments are

summarized by the flowchart of FIGURE 1.

Making the input-output balance from model diagram in FIGURE 1 leads to the following

system of nonlinear differential equations:

dS
dt

= Λ + γmRm + γlIl − (µ+ λm + λl)S, (2.1a)

dIm

dt
= λmS− (µ+ δm + σm + λl)Im, (2.1b)

dRm

dt
= σmIm + σlmIlm − (µ+ γm)Rm, (2.1c)

dIl

dt
= λlS− (µ+ δl + γl + λm)Il, (2.1d)

dIlm

dt
= λlIm + λmIl − (µ+ σlm + δlm)Ilm, (2.1e)

dB
dt

= ξlIl + ξlmIlm − dBB, (2.1f)

dFu

dt
= p f F− (λ f + p f )Fu, (2.1g)

dFc

dt
= λ f Fu − p f Fc, (2.1h)
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Figure 1. Diagram representing listeriosis/bacterial meningitis co-infection dynam-

ics with the consideration of ready-to-eat food products.

with the following initial conditions

S(0) > 0, Im(0) > 0, Rm(0) > 0, Il(0) > 0, Ilm(0) > 0, B(0) > 0, Fu(0) > 0, Fc(0) > 0.

The different parameters of model (2.1) are defined with its values according to extinction and

the persistence of two diseases in TABLE 1.

2.2. Well-posedness results. Let X = (S, Im, Rm, Il, Ilm, B, Fu, Fc)T and function f be the right-hand

side of co-infection model (2.1). Consider the following Cauchy’s problem


dX(t)

dt
= H(t, X(t)),

(t0, X0) ∈ R+ ×R8
+.

(2.2)

Theorem 2.1. The Cauchy problem (2.2) admits a unique maximal solution with respect to the initial
condition (t0, X0) ∈ R+ ×R8

+ .

Proof. To prove the existence and uniqueness of solution for model (2.1), we use a similar method as

in [12, 28]. Therefore, we consider the vector field of the proposed model H : (−∞,∞) ×R8
→ R8
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Parameters Extinction Persistence References

Λ 50 50 Assumed

µ 0.092 0.092 Assumed

βm 0.000145 0.0005 [6, 24]

βl 0.0805 0.15 [10, 11]

δm 0.014 0.014 [6, 11]

δl 0.9 0.9 [10, 11]

δlm 0.0004 0.04 [10, 11]

γl 0.0009 0.0009 [10, 11]

γm 0.0061 0.0061 [6, 10]

σm 0.007 0.007 [6, 10]

σlm 0.09 0.09 [10, 11]

dB 0.52 0.52 [10, 11]

ξl 0.007 0.009 [10, 11]

ξlm 0.1 0.0074 [10, 11]

p f 0.08 0.08 [10, 11]

α1 0.00091 0.0091 [10, 11]

α2 0.00080 0.70 Assumed

α3 0.0003 0.0003 Assumed

α4 0.0006 0.6 Assumed
Table 1. Parameters of listeriosis/bacterial co-infection dynamics

as

H(t, X) =



Λ + γmRm + γlIl − k1S
λmS− (k2 + λl)Im

σmIm + σlmIlm − k3Rm

λlS− (k4 + λm)Il

λlIm + λmIl − k5Ilm

ξlIl + ξlmIlm − dBB
p f F− k6Fu

λ f Fu − p f Fc



, (2.3)

where

k1 = µ+ λm + λl, k2 = µ+ δm + σm, k3 = µ+ γm,

k4 = µ+ δl + γl, k5 = µ+ σlm + δlm and k6 = λ f + p f .

The right-hand side of the equation (2.3) implies that the function H is continuous and therefore

ensures the existence of solution (S, Im, Rm, Il, Ilm, B, Fu, Fc) within the interval [0,∞). In addition,

calculating the derivative of H with respect to the model state variables gives the Jacobian matrix
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as:

DH =



−k1 −βmS γm γl −βmα1S −(βmα2 + βl)S 0 −βlα3S
λm βmS− (k2 + λl) 0 0 βmα1S βmα2S− βlIm 0 −βlα3Im

0 σm −k3 0 σlm 0 0 0

λl −βmIl 0 −(k4 + λm) −βmα1Il βlS− βmα2Il 0 βlα3S
0 βmIl + λl 0 λm −k5 βmα2Il + βlIm 0 βlα3Im

0 0 0 ξl ξlm −dB 0 0

0 0 0 0 0 −Fu −k6 p f − α4Fu

0 0 0 0 0 Fu k6 α4Fu − p f



(2.4)

Since DH is continuous over R8 and thus H is locally Lipschitz continuous on (−∞,∞) ×R8,

therefore, the model solution (S, Im, Rm, Il, Ilm, B, Fu, Fc) is uniquely determined on the interval

[0,∞). �

Proposition 2.1. The unique solution of co-infection model (2.1) is bounded and dwell in the following
bassin

D =

{
((S, Im, Rm, Il, Ilm), B, (Fu, Fc)) ∈ R5

+ ×R+ ×R2
+|S + Im + Rm + Il + Ilm ≤

Λ
µ

,

B ≤
(ξl + ξlm)Λ

µdB
, Fu + Fc = F

}
.

(2.5)

Proof. Let Y = (S, Im, Rm, Il, Ilm, B, Fu, Fc)T . Then, model (2.1) can be written as follows:

dY
dt

= MY + M1, (2.6)

where

M =



−k1 0 γm γl 0 0 0 0

λm −(k2 + λl) 0 0 0 0 0 0

0 σm −k3 0 σlm 0 0 0

λl 0 0 −(k4 + λm) 0 0 0 0

0 λl 0 λm −k5 0 0 0

0 0 0 ξl ξlm −dB 0 0

0 0 0 0 0 0 −λ f p f

0 0 0 0 0 0 λ f −p f


and

M1 = (Λ, 0, 0, 0, 0, 0, 0, 0)T .
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To continue, we have:

dN
dt

= Λ − µN − δlIl − δmIm − δlmIlm, (2.7a)

dB
dt

= ξlIl + ξlmIlm − dBB, (2.7b)

dF
dt

= 0. (2.7c)

Considering equation (2.7a), we have:

dN
dt
≤ Λ − µN.

Let M2, be the only solution of 
dM2

dt
= Λ − µM2,

M2(0) = N(0).

Therefore,

M2 =
Λ
µ
+

(
M2(0) −

Λ
µ

)
e−µt,

then

N ≤
Λ
µ
+

(
N(0) −

Λ
µ

)
e−µt.

As t tends to +∞,

N ≤
Λ
µ

,

hence

S + Im + Rm + Il + Ilm ≤
Λ
µ

.

Furthermore, equation (2.7b) gives

dB
dt
≤ −dBB +

(ξl + ξlm)Λ
µ

,

thus

B ≤
(ξl + ξlm)Λ

µdB
.

�

Proposition 2.2. The positivity of the initial conditions entails the positivitiy of S(t), Im(t), Rm(t), Il(t),
Ilm(t), B(t), Fu(t) and Fc(t) for all time t > 0.
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Proof. To establish the positivity of the solutions, we use Duhamel’s formula. So, using equation

(2.1b) and employing the method of integration factor and change of variable, yields [15]

Im(t) = e−(µ+δm+σm+λl)t
[
Im(0) + λm

∫ t

0
e(µ+δm+σm+λl)sS(s)ds

]
> 0.

Using equations (2.1c)-(2.1h) and the same process as previously, we obtain:

Rm(t) = e−(µ+γm)t
[
Rm(0) +

∫ t

0
e(µ+γm)s(σmIm(s) + σlmIlm(s))ds

]
> 0,

Il(t) = e−(µ+δl+γl+λm)t
[
Il(0) + λl

∫ t

0
e(µ+δl+γl+λm)sS(s)ds

]
> 0,

Ilm(t) = e−(µ+σlm+δlm)t
[
Ilm(0) +

∫ t

0
e(µ+σlm+δlm)s(λlIm(s) + λmIl(s))ds

]
> 0,

B(t) = e−dBt
[
B(0) +

∫ t

0
edBs(ξlIl(s) + ξlmIlm(s))ds

]
> 0,

Fu(t) = e−(λ f+p f )t
[
Fu(0) + p f

∫ t

0
e(λ f+p f )sF(s)ds

]
> 0,

Fc(t) = e−p f t
[
Fc(0) + λ f

∫ t

0
ep f sFu(s)ds

]
> 0.

Thanks to equation (2.1a) and considering Il(t) > 0 and Rm(t) > 0, we get:

dS(t)
dt
≥ −(µ+ λm + λl)S(t),

hence

S(t) ≥ e−(µ+λm+λl)tS(0) > 0 for all t > 0.

This shows that S(t), Im(t), Rm(t), Il(t), Ilm(t), B(t), Fu(t) and Fc(t) are positive. �

Now, we investigate the single infection dynamics model of each disease.

3. Bacterial meningitis-only model

Setting Il = Ilm = B = Fu = Fc = 0 in co-infection model (2.1), we have the following bacterial

meningitis-only model (3.1) given by:

dS
dt

= Λ + γmRm − (µ+ λm)S, (3.1a)

dIm

dt
= λmS− (µ+ δm + σm)Im, (3.1b)

dRm

dt
= σmIm − (µ+ γm)Rm, (3.1c)
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where

N = S + Im + Rm and λm = βmIm.

Bacterial meningitis-only model disease-free steady-state is given by E0
m = (

Λ
µ

, 0, 0) and thanks

to the next generation matrix approach in [25], we determine its basic reproduction number (RM
0 )

as follows:

R
M
0 =

βmΛ
µ(µ+ δm + σm)

. (3.2)

However, Theorem 2 in Driessche and Watmough [25], quarantees the following result:

Proposition 3.1. The disease-free equilibrium of the bacterial meningitis-only-model is locally asymptoti-
cally stable for RM

0 < 1 and unstable when RM
0 > 1.

Proposition 3.2. If RM
0 > 1 then bacterial meningitis-only model admits a unique endemic equilibrium

E∗m = (S∗, I∗m, R∗m).

Proof. To compute the components of E∗m, we set the right-hand bacterial meningitis-only model

(3.1) equals to zero. Therefore, from equations (3.1b) and (3.1c), we obtain

S∗ =
Λ
µRM

0

, (3.3)

R∗m =
σm

µ+ γm
I∗m. (3.4)

Substituting (3.3) and (3.4) in equation (3.1a), we obtain:

I∗m =
µΛ(µ+ γm)

γmσmµRM
0 + βmΛ(µ+ γm)

(RM
0 − 1). (3.5)

We observe thatRM
0 = 1 leads to the disease-free equilibrium E0

m, whereas whenRM
0 > 1 then there

exists a unique endemic equilibrium E∗m. �

3.1. Endemic equilibrium and its stability analysis.

Theorem 3.1. IfRM
0 > 1 then the endemic equilibrium E∗m of bacterial meningitis-only model (3.1) is locally

asymptotically stable and unstable otherwise.

Proof. The Jacobian matrix at the endemic equilibrium point E∗m reads as

J(E∗m) =


−(µ+ βmI∗m) −βmS∗ γm

βmI∗m βmS∗ − (µ+ δm + σm) 0

0 σm −(µ+ γm)

 (3.6)

and the associated characteristic polynomial is:

P(λ) = a3λ
3 + a2λ

2 + a1λ+ a0,
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where

a3 = 1 > 0

a2 =
βmµΛ(µ+ γm)(RM

0 − 1)

γmσmµRM
0 + βmΛ(µ+ γm)

+ 2µ+ γm > 0

a1 = µ(µ+ γm) +
µΛβm(µ+ γm)3(RM

0 − 1)

γmσmµRM
0 + βmΛ(µ+ γm)

> 0

a0 =
µΛβm(µ+ γm)(RM

0 − 1)

γmσmµRM
0 + βmΛ(µ+ γm)

[µσm + (µ+ γm)(µ+ δm)] > 0

Futhermore,

a2a1 − a0 = (βmI∗m)
2(2µ+ γm) + µ2(2βmI∗m + µ+ 2δm + 2γm)

+ βmI∗m(µγm + µδm + γ2
m) + µ2γm + µγmδm > 0.

Therefore, all the necessary criteria for Routh-Hurwitz stability are satisfied. So, endemic equilib-

rium E∗m of bacterial meningitis-only model (3.1) is locally asymptotically stable if RM
0 > 1. �

Theorem 3.2. The endemic equilibrium E∗m of bacterial meningitis-only model (3.1) is globally asymptoti-
cally stable if RM

0 > 1.

Proof. Consider Lyapounov function as following:

V =
1
2
[(S− S∗) + (Im − I∗m) + (Rm −R∗m)]

2 +
2µ+ δm

βm

(
Im − I∗m − I∗m ln

(
Im

I∗m

))
+

2µ+ δm

2σm
(Rm −R∗m)

2.

It is easy to see thatV(S∗, I∗m, R∗m) = 0 and positive elsewhere. Furthermore, its time derivative is

given by

dV
dt

= [(S− S∗) + (Im − I∗m) + (Rm −R∗m)] (Λ − µ(S + Im + Rm) − δmIm)

+
2µ+ δm

βm
(Im − I∗m) [βmS− (µ+ δm + σm)] +

2µ+ δm

σm
(Rm −R∗m)(σmIm − (µ+ γm)Rm).

At the equilibrium,

Λ = µ(S∗ + I∗m + R∗m) + δmI∗m,

βmS∗ = (µ+ δm + σm),

0 = −σmI∗m + (µ+ γm)R∗m.
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Parameters Formula Sensitivity indices

Λ - 1

βm - 1

µ K
R

M
0

µ = −
2µ+ δm + σm

µ+ δm + σm
-1.807

δm K
R

M
0

δm
= −

δm

µ+ δm + σm
-0.122

σm K
R

M
0

σm = −
σm

µ+ δm + σm
-0.07

Table 2. Indices of local sensitivity for RM
0 parameters.

So,

dV
dt

= [(S− S∗) + (Im − I∗m) + (Rm −R∗m)] [µ(S
∗ + I∗m + R∗m) + δmI∗m − µ(S + Im + Rm) − δmIm]

+
2µ+ δm

βm
(Im − I∗m) [βmS− (µ+ δm + σm)]

+
2µ+ δm

σm
(Rm −R∗m) [σmIm − (µ+ γm)Rm + −σmI∗m + (µ+ γm)R∗m]

=
{
[(S− S∗) + (Rm −R∗m)] + (Im − I∗m)

} {
−µ[(S− S∗) + (Rm −R∗m)] − (µ+ δm)(Im − I∗m)

}
+ (2µ+ δm) (Im − I∗m) (S− S∗)

+
2µ+ δm

σm
[σm(Im − I∗m) − (µ+ γm)(Rm −R∗m)] (Rm −R∗m)

= −µ [(S− S∗) + (Rm −R∗m)]
2
− (µ+ δm) (Im − I∗m)

2
−
(2µ+ δm)(µ+ γm)

σm
(Rm −R∗m)

2
≤ 0.

Consequently,
dV(S, Im, Rm)

dt
≤ 0 and

{
(S, Im, Rm) ∈ D,

dV(S, Im, Rm)

dt
= 0

}
=

{
(S∗, I∗m, R∗m)

}
.

Thanks to LaSalle’s invariance principle, E∗m is globally asymptotically stable inD, [17]. �

3.2. Local sensitivity analysis of RM
0 . During modeling study, a local sensitivity analysis is used

to identify among the model parameters that appear within the determined threshold dynamics

parameters those that are most influential, [9]. It consists in calculating the normalized sensitivity

index of each parameter, [3]. So, the sensitivity index of RM
0 with respect to the parameter p is

given by:

K
R

M
0

p =
∂RM

0

∂p
×

p

R
M
0

.

The local sensitivity indices with respect to the parameters of model (3.1) are given in TABLE 2

and illustrated by FIGURE 2. We note in this part that the parameters that most influence RM
0 are

Λ, βm, µ and δm. K
R

M
0

βm
= 1, this meaning that 1% increase in βm will produce 1% increase inRM

0 and



12 Int. J. Anal. Appl. (2026), 24:160

Figure 2. Local sensitivity analysis diagram of RM
0 .

K
R

M
0

µ = −1.807, meaning that 1% increase in µ will produce 1.807% decrease in RM
0 . Furthermore,

similar interpretation can be done for the other parameters appearing in RM
0 .

4. Listeriosis-only model

Listeriosis-only model (4.1) in model (2.1) is obtained by setting Im = Rm = Ilm = 0.

dS
dt

= Λ + γlIl − (µ+ λl)S, (4.1a)

dIl

dt
= λlS− (µ+ δl + γl)Il, (4.1b)

dB
dt

= ξlIl − dBB, (4.1c)

dFu

dt
= p f F− (λ f + p f )Fu, (4.1d)

dFc

dt
= λ f Fu − p f Fc. (4.1e)

In this section, N = S + Il, λl = βl(B + α3Fc) and λ f = B + α4Fc.
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Disease-free equilibrium for the listeriosis-only model is given by E0
l = (

Λ
µ

, 0, 0, 0, 0) and the

basic reproduction number (RL
0) as:

R
L
0 =

βlξlΛ
µdB(µ+ δl + γl)

. (4.2)

Therefore, thanks to Theorem 2 in Driessche and Watmough [25], the following results holds:

Proposition 4.1. Disease-free equilibrium is locally asymptotically stable for RL
0 < 1 and unstable when

R
L
0 > 1.

Proposition 4.2. Listeriosis-only model has a unique endemic equilibrium E∗l = (S∗, I∗l , B∗, F∗u, F∗c) if and
only if RL

0 > 1.

Proof. Endemic equilibrium for the listeriosis-only model (4.1) is obtained by setting the right hand

side of listeriosis-only model (4.1) to zero.

From equations (4.1b), (4.1c) and (4.1e),

S∗ =
dB(µ+ δl + γl)B∗

βlξl(B∗ + α3F∗c)
(4.3)

B∗ =
ξl

dB
I∗l (4.4)

F∗u =
p f F∗c

B∗ + α4F∗c
(4.5)

Substituting (4.3), (4.4) and (4.5) in equation (4.1a), we obtain:

I∗l =
µdB(µ+ δl + γl)

βl(µ+ δl)ξl

[
−
βl(µ+ δl)α3F∗c
µ(µ+ δl + γl)

− 1 +RL
0

]
+

dBQ

βl(µ+ δl)ξl
, (4.6)

with

Q =

√(
βl(µ+ δl)α3F∗c + µ(µ+ δl + γl) − βl

Λξl

dB

)2
+

4
dB
βl(µ+ δl)βlΛξlα3F∗c.

So, I∗l > 0 if and only if RL
0 >

βl(µ+ δl)α3F∗c
µ(µ+ δl + γl)

+ 1. �

4.1. Existence of backward and forward bifurcations. The bifucation analysis of listeriosis-only

model (4.1) can be done by applying the central manifold theory, [7]. Let x1 = S, x2 = Il, x3 = B,

x4 = Fu, x5 = Fc and x = (x1, x2, x3, x4, x5)T . It is possible to rewrite the listeriosis-only model (4.1)

as follows:

dx
dt

= f (x), (4.7)

where f = ( f1, f2, f3, f4, f5)T . We find ξl = ξ∗ as a bifurcation parameter for RL
0 = 1 where

ξ∗ =
µdB

βlΛ
(µ+ δl + γl).
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Linearizing the system (4.7) at the disease-free equilibrium E0
l and with bifurcation parameter ξ∗

gives:

J(E0
l ) =



−µ γl −
βlΛ
µ

0 −
βlα3Λ
µ

0 −(µ+ δl + γl)
βlΛ
µ

0
βlα3Λ
µ

0 ξ∗ −dB 0 0

0 0 0 0 p f

0 0 0 0 −p f


. (4.8)

The Jacobian J(E0
l ) when ξl = ξ∗ has a simple zero eigenvalue and real part each of the other

eigenvalues is negative. So, with Central Manifold theory, we have the right eigenvector given by

u = (u1, u2, u3, u4, u5)T where:

u1 =
−dB

µξ∗
(µ+ δl)u3, u2 =

dB

ξ∗
u3, u3 ≥ 0, u4 = 0, u5 = 0,

and the left eigenvector is given by v = (v1, v2, v3, v4, v5) where:

v1 = 0, v2 ≥ 0, v3 =
1
ξ∗
(µ+ δl + γl)v2, v4 ≥ 0, v5 =

βlΛα3

µp f
v2 + v4.

Using the expressions

A1 =
5∑

k;i; j=1

vkuiu j
∂2 fk
∂xi∂x j

(E0
l , ξ∗)

and

B1 =
5∑

k;i=1

vkui
∂2 fk
∂xi∂ξ∗

(E0
l , ξ∗),

we obtain

A1 = −2v2u2
3

(
dB(µ+ δl)

µξ∗

)
< 0

and B1 = v3u2 > 0.

Hence, the following theorem holds.

Theorem 4.1. If RL
0 = 1, listeriosis-only model undergoes a forward bifurcation.

An example of the forward bifurcation direction is given in FIGURE 3 below: The signs of A1

and B1 as well as the bifurcation parameters allow us to make an interpretation of the stability of

the endemic equilibrium. As A1 < 0 and B1 > 0, endemic equilibrium E∗l is locally asymptotically

stable to close RL
0 = 1, [14].

The results can be summarized in the following lemma.

Lemma 4.1. Endemic equilibrium E∗l is locally asymptotically stable when RL
0 > 1 but only if RL

0 is close to
1.
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Figure 3. Direction of forward bifurcation.

4.2. Local sensitivity analysis of RL
0 . Local sensitivity analysis in a model is often used to select

the parameters to be estimated among those identified as the most influential, [9]. Of course, this

study only concerns the parameters which appear in the expression of this threshold parameter.

The local sensitivity analysis that we carry out here allows us to evaluate the effect of a parameter

on the basic reproduction number while keeping the other parameters as constant. The method

consists in calculating the sensitivity index of each parameter, [3]. So, the sensitivity index of RL
0

with respect to Λ is given by:

K
R

L
0

ω =
∂RL

0

∂ω
×
ω

RL
0

.

We obtain the sensitivity indices giving in the TABLE 3 and FIGURE 8.

We note in this part that the parameters that most influence RL
0 are Λ, βl, ξl, µ, dB and deltal.

K
R

L
0

βl
= 1, this meaning that 1% increase in βl will produce 1% increase in RL

0 and K
R

L
0

µ = −1.092,

meaning that 1% increase in µwill produce 1.092% decrease inRL
0 . Morover, similar interpretation

can be done for the other parameters appearing in RL
0 .

5. Mathematical analysis of the co-infection model

The disease-free equilibrium of listeriosis and bacterial meningitis co-infection model (2.1) de-

noted by E0
lm is given by:

E0
lm =

(
S0, I0

m, I0
l , I0

lm, R0
m, B0, F0

u, F0
c

)
=

(
Λ
µ

, 0, 0, 0, 0, 0, 0, 0
)

.



16 Int. J. Anal. Appl. (2026), 24:160

Parameters Formula Sensitivity indices

Λ - 1

ξl - 1

βl - 1

dB - -1

µ K
R

L
0

µ = −
2µ+ δl + γl

µ+ δl + γl
-1.092

δl K
R

L
0

δl
=

−δl

µ+ δl + γl
-0.907

γl K
R

L
0

γl
=

−γl

µ+ δl + γl
-0.001

Table 3. Parameters values and sensitivity indices for RL
0 .

Figure 4. Local sensitivity analysis diagram of RL
0 .

Using the next-generation matrix operator method on co-infection model (2.1), we have the basic

reproduction number denoted by RLM
0 with

R
LM
0 = max

{
R

L
0 ,RM

0

}
, (5.1)

where

R
L
0 =

βlξlΛ
µdB(µ+ δl + γl)

and RM
0 =

βmΛ
µ(µ+ δm + σm)

.

Thus, thanks to Theorem 2 in Driessche and Watmough [25], we established the following result:
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Proposition 5.1. The disease-free equilibrium of co-infection model (2.1) is locally asymptotically stable
(LAS) for RLM

0 < 1 and unstable when RLM
0 > 1.

Proposition 5.2. Co-infection model has a unique endemic equilibrium (EE) given by
E∗lm = (S∗, I∗m, R∗m, I∗l , I∗lm, B∗, F∗u, F∗c) if and only if RLM

0 > 1.

Proof. Equating the derivatives of model (2.1) to zero, we can determine endemic equilibrium E∗lm.

Through (2.1b), we obtain:

S∗ =
µ+ δm + σm + λ∗l

λ∗m
I∗m.

Through (2.1e), we have:

I∗lm =
λ∗mI∗l + λ∗l I

∗
m

µ+ σlm + δlm
.

Pulling B∗ into (2.1f) and replacing I∗lm with its value, we get:

B∗ =
ξl(µ+ σlm + δlm + λ∗m)I∗l + ξlλ

∗

l I
∗
m

dB(µ+ σlm + δlm)
.

Following the same procedure as the previous one into (2.1c), we obtain:

R∗m =
σm(µ+ σlm + δlm) + σlmλ

∗

l

(µ+ γm)(µ+ σlm + δlm)
I∗m +

σlmλ
∗
mI∗l

(µ+ γm)(µ+ σlm + δlm)
.

Through the eighth equation, we obtain:

F∗u =
p f F∗c

B∗ + α4F∗c
.

�

5.1. Global stability of E0
lm of co-infection model. Model (2.1) can be rewritten as


dX
dt

= F (X, Z)

dZ
dt

= G(X, Z), G(X, 0) = 0,

where X = (S, Rm, Fu) ∈ R3 and Z = (Im, Il, Ilm, B, Fc) ∈ R5. X denoting the number of uninfected

individuals and foods and Z denoting the number of infected individuals and foods. The disease-

free equilibrium of co-infection model (2.1) is denoted as:

U0 = (X0, 0) with X0 = (
Λ
µ

, 0, 0).

The following hypothesis must be verified for RLM
0 < 1:

(H1): For
dX
dt

= F (X, 0), U0 is globally stable;

(H2): G(X, Z) = AZ − Ĝ(X, Z), Ĝ(X, Z) ≥ 0 for (X, Z) ∈ D, where A = DZG(U0, 0) is a Metzler
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matrix andD is a feasible region of the developed model. From model (2.1), we have:

dX
dt

= F (X, Z) =


Λ + γmRm + γlIl − (µ+ λm + λl)S
σmIm + σlmIlm − (µ+ γm)Rm

p f (Fu + Fc) − (λ f + p f )Fu

 ,

hence

F (X, 0) =


Λ − µS

0

0

 .

dZ
dt

= G(X, Z) =



λmS− (µ+ δm + σm + λl)Im

λlS− (µ+ δl + γl + λm)Il

λlIm + λmIl − (µ+ σlm + δlm)Ilm

ξlIl + ξlmIlm − dBB
λ f Fu − p f Fc


.

Therefore,

A = DZG(U0, 0) =



βmS0
− k2 0 βmα1S0 βmα2S0 0

0 −k4 0 βlS0 βlα3S0

0 0 −k5 0 0

0 ξl ξlm −dB 0

0 0 0 0 −p f


.

We have βmS0
− k2 = k2(RM

0 − 1) < 0 for all RM
0 < 1. So A is a Metzler Matrix. Here,

Ĝ(X, Z) = AZ−G(X, Z),

and hence

Ĝ(X, Z) =



Ĝ1(X, Z)
Ĝ2(X, Z)
Ĝ3(X, Z)
Ĝ4(X, Z)
Ĝ5(X, Z)


=



λm(S0
− S) + λlIm

λl(S0
− S) + λmIl

−λlIm − λmIl

0

−(B + α4Fc)Fu


.

Hence Ĝ3(X, Z) < 0 and Ĝ5(X, Z) < 0, the necessary condition (H2) is not satisfied. Consequently

U0 and then disease free equilibrium E0
lm may not be globally asymptotic stable, [18]. However,

there is a case of bifurcation which occurs at RLM
0 = 1, [8].

5.2. Existence of backward or forward bifurcations. Bifurcation analysis of model (2.1) can be

done by applying the central manifold theory. Let y1 = S, y2 = Im, y3 = Rm, y4 = Il, y5 = Ilm,

y6 = B, y7 = Fu, y8 = Fc and y = (y1, y2, y3, y4, y5, y6, y7, y8)T . So λm = βm(y2 + α1y5 + α2y6),

λl = βl(y6 + α3y8) and λ f = y6 + α4y8. Co-infection model (2.1) reads as:

dy
dt

= g(y), (5.2)
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where g = (g1, g2, g3, g4, g5, g6, g7, g8)T . We consider the case that RM
0 < RL

0 = 1, which amount to

R
LM
0 = RL

0 = 1. Consider now βl = β∗ as a bifurcation parameter obtain from RL
0 = 1 with

β∗ =
µdB

ξlΛ
(µ+ δl + γl).

We linearize the system of equation (5.2) at the disease-free equilibrium E0
lm and with bifurcation

parameter β∗. We obtain

J(E0
lm) =



−µ −
βmΛ
µ

γm γl −
βmα1Λ
µ

−
(βmα2 + β∗)Λ

µ
0 −

β∗α3Λ
µ

0
βmΛ
µ
− k2 0 0

βmα1Λ
µ

βmα2Λ
µ

0 0

0 σm k3 0 σlm 0 0 0

0 0 0 k4 0
β∗Λ
µ

0
β∗α3Λ
µ

0 0 0 0 k5 0 0 0

0 0 0 ξl ξlm −dB 0 0

0 0 0 0 0 0 0 p f

0 0 0 0 0 0 0 −p f



, (5.3)

The Jacobian J(E0
lm) when βl = β∗ has a simple zero eigenvalue and real part each of the other

eigenvalues is negative. Thus, applying Central Manifold theory, the right eigenvector is given by

w = (w1, mw2, w3, w4, w5, w6, w7, w8)T where:

w1 =
1
µ

(
γmσm

µ+ γm
− βm

Λ
µ

)
w2 +

1
µ

(
γl +

ξlΛ(βmα2 + β∗)

µdB

)
w4, w2 ≥ 0, w3 =

σm

µ+ γm
w2, w4 ≥ 0,

w5 = 0, w6 =
ξl

dB
, w7 ≥ 0, w8 = 0,

and left eigenvector given by n = (n1, n2, n3, n4, n5, n6, n7, n8) where:

n1 = n2 = n3 = 0, n4 ≥ 0, n5 =
ξlm(µ+ δl + γl)

ξl(µ+ δlm + σlm)
n4, n6 =

1
ξl
(µ+ δl + γl)n4, n7 ≥ 0,

n8 = n7 +
β∗Λα3

µp f
n4.

Using the expressions

A2 =
8∑

k;i; j=1

nkwiw j
∂2gk

∂yi∂y j
(E0

lm, β∗)

and

B2 =
8∑

k;i=1

nkwi
∂2gk

∂yi∂β∗
(E0

lm, β∗),

we obtain

A2 = 2β∗w1w6n4 + 2βmw2w4n5 + 2β∗w2w6n5 + 2βmα2w4w6n5 + 2w6w7n8

− (2βmw2w4n4 + 2βmα2w4w6n4 + 2w6w7n7)

and B2 =
Λ
µ

n4w6 > 0.
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Let

A1 = 2β∗w1w6n4 + 2βmw2w4n5 + 2β∗w2w6n5 + 2βmα2w4w6n5 + 2w6w7n8,

A2 = 2βmw2w4n4 + 2βmα2w4w6n4 + 2w6w7n7.

Hence, following result holds:

Theorem 5.1. If RLM
0 = RL

0 = 1 then

(i) Listeriosis and bacterial meningitis co-infection model (2.1) undergoes a backward bifurcation when-
ever A1 > A2.

(ii) Listeriosis and bacterial meningitis co-infection model (2.1) undergoes a forward bifurcation when-
ever A1 < A2.

5.3. Competitive exclusion and coexistence analysis. In this section will evaluate the conditions

under which listeriosis and bacterial meningitis coexist or compete with each other, [2, 19]. To do

this, we will study the impact of listeriosis on bacterial meningitis and vice versa. In addition, we

will analyze the impact of the mortality rate of the bacterium Listeria monocytogenes on bacterial

meningitis. As a reminder,

R
L
0 =

βlξlΛ
µdB(µ+ δl + γl)

and RM
0 =

βmΛ
µ(µ+ δm + σm)

.

Let

D1 = βlξlΛ, D2 = δl + γl, Q1 = βmΛ, Q2 = δm + σm,

W =

√
D2

2

4
+

D1

dBR
L
0

and Z =

√
Q2

2

4
+

Q1

R
M
0

.

5.3.1. Impact of Listeriosis on Bacterial meningitis. In this section, we evaluate the impact that any

variation in infection due to listeriosis could have on bacterial meningitis. Let µ, the common

parameter for RM
0 and RL

0 . From RL
0 , we get the quadratic equation in terms of µ:

µ2 + D2µ−
D1

dBR
L
0

= 0.

Using a conanical from, we have(
µ+

D2

2

)2

−

(
D2

2

4
+

D1

dBR
L
0

)
= 0,

which gives µ in terms of RL
0 as follows:

µ =

√
D2

2

4
+

D1

dBR
L
0

−
D2

2
> 0. (5.4)

Thus,

∂RM
0

∂RL
0

=
∂RM

0

∂µ
×
∂µ

∂RL
0

.
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So

∂RM
0

∂RL
0

=

2D1βmΛ(2µ+ δm + σm)

√
D2

2
4 + D1

dBR
L
0

µ2RL
0(dBD2

2R
L
0 + 4D1)(µ+ δm + σm)2

> 0 (5.5)

As (5.5) is strictly positive, it implies that an increase in listeriosis infection leads to an increase in

bacterial meningitis.

To continue, we will analyze the impact of the variation in the mortality rate of the bacterium

Listeria monocytogenes on bacterial meningitis disease. To do this, we will evaluate this impact

by partially differentiating RM
0 from dB. We have:

∂RM
0

∂dB
=

D1(−D2 + 2W + Q2)

2d2
BR

L
0W(µ2 − µQ)2

(5.6)

This result to:

∂RM
0

∂dB
< 0⇒ −D2 + 2W + Q2 < 0⇒ RL

0 >
4D1

dB(D2 −Q2)2 − dBD2
2

.

Let Φ =
4D1

dB(D2 −Q2)2 − dBD2
2

then an increase of dB when RL
0 > Φ leads to a reduction in RM

0 .

Therefore, a massive elimination of listeriosis bacteria could indirectly reduce the number of cases

infected with bacterial meningitis. If RL
0 is in [0, Φ[ an increase in the mortality rate of listeriosis

bacteria could lead to an increase in the basic reproduction number of bacterial meningitis. If

R
L
0 = Φ, eliminating listeriosis bacteria will have no impact on bacterial meningitis. These results

are summarized in the following lemma.

Lemma 5.1. The elimination of Listeria monocytogenes bacteria could impact bacterial meningitis as
follows:

(i) a positive impact if RL
0 > Φ,

(ii) no impact if RL
0 = Φ,

(iii) a negative impact if RL
0 is in [0, Φ[.

5.3.2. Impact of Bacterial on meningitis Listeriosis. Similarly, the expression µ in terms of RM
0 is given

by:

µ =

√
Q2

2

4
+

Q1

R
M
0

−
Q2

2
> 0 (5.7)

Thus,

∂RL
0

∂RM
0

=
∂RL

0

∂µ
×

∂µ

∂RM
0

.
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Figure 5. Evolution of listeriosis infection force λl with respect to contaminated

food products FC with βl = 0.0209, α3 = 0.08 and B = 0.001

So

∂RL
0

∂RM
0

=

2Q1βlξlΛdB(2µ+ δl + γl)

√
Q2

2
4 + Q1

R
M
0

(µdB)2(µ+ δl + γl)2(Q2
2R

M
0 + 4Q1)

> 0. (5.8)

As (5.8) is strictly positive, it implies that an increase in bacterial meningitis infection leads to an

increase in listeriosis.

6. Numerical simulation of the co-infection model

6.1. Impact of contaminated food products on listeriosis infection dynamics. To see the impact

of foods contaminated by Listeria monocytogenes on the strength of listeriosis infection, we have

drawn up a graph showing the evolution of this strength of infection as a function of the foods

contaminated. It is illustrated in FIGURE 5. In FIGURE 5, we can clearly see that as the number

of foods contaminated by the Listeria monocytogenes bacterium increases, so does the strength of

the listeriosis infection. The evolution of this force of infection can be seen in 3D as a function of

the population of bacteria and contaminated food given in FIGURE 6.

This increase in the strength of infection of listeriosis logically leads to an increase in the number

of basic reproduction of this disease. This can be seen in FIGURE 7 below.

In short, food contaminated with listeria monocytogenes has a considerable impact on the

strength of listeriosis infection. The result is an increase in the number of basic listeriosis replicates

(RL
0) and, by the same token, an increase in the number of infected individuals.
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Figure 6. 3D representation of the strength of infection as a function of the popu-

lation of bacteria and contaminated food products.

Figure 7. 2D representation of the evolution of the basic reproduction number of

listeriosis as a function of its infection strength.

6.2. Numerical simulation. In this section, we present some numerical simulation results of model

(2.1). In our presentation, we consider three (03) cases ranging from a very high infection situation

to a situation of extinction of these diseases. Several initial conditions are considered in order
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Figure 8. Simulations of co-infection model (2.1) with βl = 0.15 and βm = 0.0005.

We obtain RL
0 = 1.42 and RLM

0 = RM
0 = 2.4.

Figure 9. Simulations of co-infection model (2.1) with βl = 0.905 and βm = 0.00045.

We obtain RL
0 = 0.85 and RLM

0 = RM
0 = 2.16.

to illustrate compartments Ilm, Il and Im. All this will be done using the principle of competitive

exclusion.

In FIGURE 8, the model simulation shows us a convergence towards a persistence of the two

diseases. FIGURE 8 therefore illustrates that for RM
0 > 1 and RL

0 > 1, there is always coexistence

of the two diseases, [3]. We have a stability of endemic equilibrium points of this co-infection,

listeriosis and bacterial meningitis respectively.

In FIGURE 9, we note a convergence of endemic equilibrium of bacterial meningitis therefore

a persistence of this disease only when RLM
0 = RM

0 > 1 and RL
0 < 1. In this section, we note the

stability of the endemic equilibrium points for co-infection and bacterial meningitis respectively.

On the other hand, the disease-free equilibrium of listeriosis is stable.

In FIGURE 10, we note a convergence of endemic equilibrium of listeriosis therefore a persistence

of this disease only when RLM
0 = RL

0 > 1 and RM
0 < 1. In this section, we note the stability of the

endemic equilibrium points for co-infection and listeriosis respectively. On the other hand, the

disease-free equilibrium of bacterial meningitis is stable.

In FIGURE 11, we notice a convergence towards a disease-free equilibrium whenRLM
0 = RM

0 < 1.

We clearly observe an extinction of bacterial meningitis and listeriosis, obviously leading to an

extinction of co-infection. In this section, we have the stability of disease-free equilibrium of this

co-infection, listeriosis and bacterial meningitis respectively.

6.3. Impact of varying σlm on co-infectous individuals. FIGURE 12 show the numerical solutions

of (Ilm) for different values treatment rates σlm to observe the impact of varying these parameters.
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Figure 10. Simulations of co-infection model (2.1) with βl = 0.0209 and βm =

0.0001585. We obtain RM
0 = 0.76 and RLM

0 = RL
0 = 1.54.

Figure 11. Simulations of co-infection model (2.1) with βl = 0.0805 and βm =

0.000145. We obtain RL
0 = 0.59 and RLM

0 = RM
0 = 0.69.

Figure 12. The simulation graphics varying σlm on the listeriosis and bacterial

meningitis co-infected individuals (Ilm).

We observe that when the co-infection treatment rate σlm increases, the numbers of listeriosis and

bacterial l meningitis co-infection infectuous (Ilm) decreases. This suggests that treatment rates

need to be increased to reduce listeriosis and bacterial meningitis co-infection.

7. Conclusion

This work explores the co-infection of listeriosis and bacterial meningitis, presenting a model that

includes infected individuals, co-infected individuals, and those cured with immunity. The model

incorporates both the bacterial and food populations, distinguishing between uncontaminated

and contaminated foods, [6,11]. A mathematical analysis and simulation were conducted to assess
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the impact of contaminated food on listeriosis dynamics.The bacterial meningitis and listeriosis

models each have a stable disease-free equilibrium when their basic reproduction numbersRM
0 and

R
L
0 are less than one, and unique endemic points when greater than one. The co-infection model

also shows a stable disease-free equilibrium under certain conditions, with potential backward

bifurcation. Sensitivity analysis identified key parameters influencing the reproduction numbers

for both diseases. Overall, the study highlights the importance of considering bacterial populations

and food contamination in modeling co-infections, suggesting that reducing listeriosis bacteria or

contaminated foods could significantly lower listeriosis cases and related co-infections, [10, 24].
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