Int. J. Anal. Appl. (2026), 24:44

International Journal of Analysis and Applications

Phase and Norm Retrieval via Projections in 2-Inner Product Spaces

Salah H. Alshabhi*
Department of Mathematics, Applied College at Khulis, University Of Jeddah, Jeddah, Saudi Arabia

*Corresponding author: SALSABIEH@uj.edu.sa

Abstract. This paper introduces and studies 2-phase retrieval and 2-norm retrieval in the context of 2-inner product
spaces, generalizing classical phase and norm retrieval problems to a nonlinear geometric setting. A collection of

subspaces {W;} in a 2-inner product space V is said to yield 2-phase retrieval if the 2-norms of projections ||P;s||l; =

i=1
||P;bl|; for all i and all reference vectors z € V' \ {0} imply that s and b are phase-equivalent (i.e., s = cb for some scalar c
with |c| = 1). Similarly, {Wi}?i 1 achieves 2-norm retrieval if the 2-norms ||P;s||; uniquely determine the 2-norm |[s||, for

alls € Vand all z.

1. INTRODUCTION

Reverting signals is one of the oldest and most difficult engineering problems. Especially
challenging is recovering the signal when essential information is absent or partially obtained. This
dilemma is especially apparent in the presence of phase information loss which happens in domains
such as speech processing, and optical technologies, like X-ray crystallography [3]. An important
research objective still remains to develop efficient methods of phase retrieval for these applications.
The first systematic study of phase retrieval in Hilbert space frames was done by Balan, Casazza,
and Edidin in 2006 [4]. This idea aroused much interest and the formulation of phase retrieval for
signal-processing (as well as the harmonic analysis) research area is not new, but it is still growing.
As researchers continue to research in solving the problem of incomplete phase information in
more applications, this area of study continues to develop. The technique of phase retrieval
is to reconstruct phase information from incoming signals through taking only the magnitude
from overcomplete linear systems. And this problem will be seen in two most common forms:
vector-based phase retrieval and projection-based phase retrieval. This method is projection-
based, where a signal is retrieved from the subspace projection magnitudes, which has direct

applicability in fields like crystallography, where a crystal twinning happens [5]. A closely related
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concept is phaseless reconstruction, in which signals can only be reconstructed from intensity
data. Although those terms were regularly applied in a confused and somewhat overlapping
manner, formal equivalence of them didn’t actually happen until recent work showed that they
are also equivalent mathematically, both in real and in complex settings. This rationalization
enables researchers to concentrate only on phase retrieval results where they can find that for
phaseless reconstruction at least they are equivalent [8]. We analyze 2-norm retrieval, which is
introduced to understand how vector norms can be derived from absolute intensity measurements.
This problem arises naturally by analyzing systems using both subspaces and their orthogonal
complements for measuring. We study 2-norm retrieval in the context of projection operators, and
generalize previous frame-based results and complete their classifications of 2-norm-retrieving
subspaces in RN. The paper offers physical examples of 2-phase and 2-norm retrieval systems and

introduces novel categories by using Naimark’s theorem as a primary basis.

2. PRELIMINARIES

Definition 2.1 (2-Inner Product Space). A 2-inner product space over K = R or C is a vector space V
equipped with a 2-inner product -,- | -y : VXV XV — K satisfying [12]:
(1) Linearity in the first arqument: (a1 +ap,b | z) = {a1,b | z) + (a2, b | z), {Aa,b | z) = Aa,b | z).
(2) Conjugate symmetry: {a,b|z) = m.
(8) Non-negativity: {a,a|z) >0, with{a,a|z) = 0ifand onlyifa = 0orz = 0.

The 2-norm is defined as ||all, = V{a,a | z).

Definition 2.2 (2-Frame). A family of vectors {(pi}?i , € Vis a 2-frame if there exist constants 0 < A <
B < oo, called 2-frame bounds, such that for all s,z € V '\ {0}:

M
AlSIZ < ) K, @i | P < BlisIZ,
i=1

where the 2-norm ||s||l; = (s, s | z) is defined as in Definition 2.1 [9].

Definition 2.3. The Analysis Operator T, : V — CM is defined by T.(s) = ((s, i | 2))M,, which
is linear and bounded for each fixed z € V \ {0} [10]. The Synthesis Operator T; : CM — V is given
by Ti(c) = Z?i 1 Cii, which is the adjoint of T, with respect to the 2-inner product [10]. The Frame
Operator S, : V. — V is defined as S,(s) = Zfﬁ 148, @i | z)¢i, which is positive definite and invertible
when A > 0, since Alls||2 < (S.s,s | z) < Blls||? [9]. Special cases include: a 2-Tight Frame, where A = B,
satisfies Zf\il (s, @i | z)> = Alls|? for all s,z € V\{0}; a 2-Parseval Frame, with A = B = 1, satisfies
XM Ks, @i | 2)P = [IsI2 for all s,z € V\ {0} [9].

Definition 2.4 (2-Orthonormal Basis). Let (V,<:,- | -)) be a 2-inner product space over K = R or C. A
set of vectors {ei}g\i 1 C Viis a 2-orthonormal basis if:

(1) 2-Orthogonality: {e;, ej|z) =0 Vze V\{0},¥i#j.

(2) Normalization: {ej,e; | z) =1 Vz e V\{0},Vi.
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(3) Completeness: span{ei}f\i =V

Note: We adopt the convention {e;, e; | z) = 1 for all z € V' \ {0}, unless otherwise specified. Alternatively,
if (e, ei | z) = ||z||§,for some fixed w # 0, this must be stated [9].

Definition 2.5. Let {Wi}?i 1 be a collection of subspaces in RN, with orthogonal projections {Pi}?i | with
respect to the standard Euclidean inner product. The collection allows phase retrieval if, for any s,b € RN,

IIP;sl| = IP:bll  foralli=1,...,M,
implies s = cb for some scalar c € R with |c| = 1 [1].

Remark 2.1. Phase retrieval using vectors is a special case of this definition. Also, orthonormal bases
cannot perform phase retrieval, because the coefficients of a vector in such bases are uniquely determined
and contain no phase ambiguity [1]. One key concept in phase retrieval is the complement property.

Definition 2.6. Let 8 = {as}2, C RN be a set of vectors (a frame). The frame N is said to have the
complement property if, for every subset I C {1,2,..., M), either the set of vectors {a;}ic or its complement
{ai}icre spans the entire space RN [2].

It is shown in [2] that phase retrieval in RY is equivalent to satisfying the complement property.
In particular, a collection of vectors in RN can perform phase retrieval if and only if it possesses
the complement property. Furthermore, a generic set of 2N — 1 vectors in RY is capable of phase
retrieval, while no set of 2N — 2 vectors can achieve this [2]. Here, the term generic refers to an open
dense subset of the set of all (2N — 1)-element frames in RN [2].

A fundamental concept in frame theory is norm retrieval, which we formally define as follows:

Definition 2.7. Let {W;};", be a collection of subspaces in RN, with orthogonal projections {Pi}?i | with
respect to the standard Euclidean inner product. The collection yields norm retrieval if, for all vectors
s,be RV,

IP;s|| = lIPbll  foralli=1,...,M,
implies
lisll = lell,

where || - || is the standard Euclidean norm.

M

In particular, a set of vectors {¢;}.2, C RN performs norm retrieval if, whenever

(s, pi)l = Kb, i) foralli=1,..., M,

then
lIsIl = [1bIl [1].

Another key idea in frame theory is the concept of full spark, which plays an essential role in

understanding linear dependence. The precise definition is given below:
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Definition 2.8. [1] Let N = {ai}f\i | be a set of vectors in the space RN. The spark of N is defined as the
smallest number of vectors in N that are linearly dependent. If spark(N) = N + 1, then every subset of N

vectors from N is linearly independent. In this case, the set N is said to be full spark.

Based on the last definition, we can infer that full spark frames with M > 2N — 1 satisfy the
complement property, which ensures the possibility of phase retrieval [1]. Furthermore, when
M = 2N -1, the complement property by itself guarantees that the frame is full spark [1].

The following result, known as Naimark’s Theorem, provides a characterization of Parseval
frames in finite-dimensional Hilbert spaces. This theorem describes a method to construct Parseval
frames, and notably, it is the only known method for doing so. Throughout this paper, we use the
notation [M] ={1,2,...,M}.

Theorem 2.2 (Naimark’s Theorem). When a set of vectors {a;} | in R is a Parseval frame for RN it

essentially means that RN is being embedded in RM with an orthogonal basis {ei}f\f

| and that the orthogonal
projection P from RM to RN is doing something very specific: Pe; = a; for every i from 1 to M [1].

3. MaIN Resurr

Definition 3.1 (2-Phase Retrieval via Projections). Assume {Wi}?i 1 be a collection of subspaces in a
2-inner product space (RN, (-, | -)), and let {Pi}f\i 1 be the orthogonal projections onto W; with respect to
the 2-inner product (-, | z). The collection allows 2-phase retrieval if, for all s,b € RN,

IPisll: = IPibll: Vi€ (L,...,M},¥z € RN\ {0},
implies s = cb for some scalar ¢ € K with |c| = 1, where || - ||, is the 2-norm induced by <-, - | z).

Note: The projection operator is defined in relation to the 2-inner product, when generalising
the traditional phase retrieval problem. Classical phase retrieval, which is basically using vectors,

falls under this generalisation.

Definition 3.2 (2-Phase Retrieval via Vector Pairs). Let (RN, (-, - | -)) be a 2-inner product space, and
let {(ai, i)}, € RN x RN be a collection of vector pairs. The collection allows 2-phase retrieval if, for
alls,b e RN,

(s, ai | Yyl = Kb, ai | )l Yie{l,...,.M},

implies s = cb for some scalar ¢ in K with |c| = 1.

The goal remains to recover a vector (signal) up to a global phase factor using only magnitude

information.

Theorem 3.1 (Complement Property and 2-Phase Retrieval). Let (RN, (-, | -)) be a 2-inner product
space of dimension N, and let N = {at}fi | € RN be a full spark 2-frame with M > 2N — 1. Then:
(1) N satisfies the complement property.
(2) If the map s — (|(s, a | ¢t>|)f}i1 is injective modulo global phase for some {gbt}fil C RN, then N
allows 2-phase retrieval.
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Proof. We prove each part separately.
Part 1: Complement Property. Let N = {at}fi e RN be a full spark 2-frame with M > 2N — 1.
Since N is full spark, every subset of N vectors is linearly independent. For any subset! C {1, ..., M}:
e If|I| > N, then {a;}es contains at least N linearly independent vectors, spanning RN,
e If|I| < N, then |/ = M—|I]| > 2N -1) - (N—1) = N. Thus, {at}tec contains at least N
linearly independent vectors, spanning RN.
Hence, either {a;}es or {at}ierc spans RN, satisfying the complement property.
Part 2: 2-Phase Retrieval. Assume the map s — (|(s,a; | %)I)fi | is injective modulo global
phase, ie., if [(s,a; | Y1)| = Kb, a¢ | Py) forallt =1,..., M, then s = cb for some ¢ € K with |c| = 1.
By Definition 3.2, this means that for all s,b € RN, if:

(s, ar [ )l = Kb, e | )| forallt=1,..., M,

then s = cb with |c| = 1. This matches the injectivity condition, so N allows 2-phase retrieval.
Thus, both claims hold. m]

This condition ensures that no subset of vectors is too small to span the space, and therefore,
phase retrieval is possible up to a global unimodular constant using the 2-inner product measure-

ments.

Theorem 3.2 (Generalized Naimark’s Theorem for 2-Inner Product Spaces). Let (]RN (1)) bea
2-inner product space equipped with a 2-inner product -, | z). A family {ai}?i . C RN is a 2-Parseval
frame (i.e., Z?ﬁl (s, avi | 2)I* = |Is|? for all s,z € RN \ {0}) if and only if there exists:
(1) Anembedding RN — 512\4 with a 2-inner product {a, b | z") o= Zf\i 1 aib_z-, where z' = Tyz for some
fixed w € RN\ {0}, and Ty, : RN — 0 is the analysis operator defined by Ty, (s) = ((s,a; | w))M,
(2) A 2-orthonormal basis {ei}?il off]zvI (ie., <ei e;j| Z,>€é/1 = 0jj-1forallZ’ € 5]2\4 \ {0}),
(3) An orthogonal projection P : {5 — RN such that Pe; = a for all i € [M].

Proof. We establish the equivalence by proving both directions.

First, let we have {(xi}ﬁ | is subset of RN ia 2-Parseval frame, which satisfying the following;:

M
Y ks ai | 2P = lIsIE = (5,51 2)
i=1
for all s,z € RN \ {0}. Define the analysis operator T : RN — 512\/1 for fixed z € RN\ {0} by:

Ta(s) = (s, a1 1 2)M,.

Since (-, - | z) is linear in the first argument [12], T is linear. The Zg/f-norm of T,(s) is:

M
2 2 2
T ()l = E (s, ai | 2)I7 = llsllz,
2 ‘
i=1

indicating that T} is an isometry with respect to || - ||,. Fix w € RN\ {0} and define ¢: RN — fg/f by
¢(s) = Tu(s). Since {a;} spans RY, ¢ is injective, embedding R as a subspace of £3.
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Define the 2-inner product on [2/1 by:

M
(a,b| z’)fQA - Zaib_i/ z' = Tu(z),

i=1

which satisfies 2-inner product properties [12]. The standard basis {ei}?i 1 of 524 is 2-orthonormal:

Ceiyej | 27 = 0ij-1,

and spans {’94 .
Construct the orthogonal projection P : t’éw — RN onto ¢(RN). The synthesis operator T, :
fg/l — RV, given by T%,(c) = Zf\i 1 Ciavj, satisfies Ty, Ty, = Ign, since:

M
(TyTus,s |wy = Y Ks,ai | w)P = IIs|2.
j=1

1=

Set P = T, o m, where 7t : €' — £} projects onto ran(T,). Then:
Pei = T;(ei) = 4,

and P is orthogonal. Thus, conditions (1)-(3) hold.
Conversely, let the embedding, 2-orthonormal basis, and projection exist. For s € RM:

M M
Y Ks,ail P =) Ks, Pei | I
i=1 i=1

Since we have given that P¢(s) = s, so:

(s, Pe;i | z) = (¢(s),e€i Tzz)géw = (Tzs);.

So we can get the following

M
Y Ks,ail P = ITasly = (s, TiTus | 2) = [sI2,
i=1 ?
thus {«;} is a 2-Parseval frame. m|

Corollary 3.3. Let (RN, (:,- | -)) be a 2-inner product space. If {a,'}?i , C RN is a 2-Parseval frame

constructed via Theorem and either satisfies the complement property or the map s — (I(s, a; | z)l)?i |18

M

injective modulo global phase for some z € RN\ {0}, then {aikZ, enables 2-phase retrieval.

Proof. Case 1: Complement Property. When we have a set of vectors {sz‘}?i , that satisfy the
complement property and we define ¢; = a;, if the two inner products [(s, a; | a;)| and [(b, a; | a;)|
are equal for all i, the complement property tells us that the mapping of s = ((s, ; | ai)l)?i L 18
injective up to phase, much like in [2], but adapted to our 2-inner product, thanks to the spanning
property. Consequently, this leads us to the conclusion that s can be either b or —b.

Case 2: Injectivity. When the map s — (I(s, ; | z)|)§\i 1 is injective modulo global phase for some
z # 0, we can set ¢; = z which then leads to [(s, a; | z)| = [(b, a; | z)| for all i being a guarantee that



Int. J. Anal. Appl. (2026), 24:44 7

s = cb where |c| = 1, and meets the criteria for a 2-phase vector according to Definition 3.2. In
addition, the collection of vectors {a;} will allow for 2-phase retrieval.
O

Definition 3.3 (2-Norm Retrieval by Subspaces). Equipped with the 2-inner product and 2-norm denoted
as (-,--) and || - ||, respectively, when we have a 2-inner product space V. When we have a collection of
subspaces {Wi}f\i | along with their respective projections {Pi}?i 1, we say this collection performs 2-norm
retrieval, if and only if the condition ||P;s||, = ||P;bll; for all i from 1 to M and any non-zero z in V leads to
lIsllz = 11bll; for any non-zero z in V.

Definition 3.4 (2-Norm Retrieval by Vectors). When a set of vectors {ai}?i is a subset of vector space
V is said to be responsible for 2-norm retrieval if

I(s, ailz)| = Kb, ailz)|  Vie [M], Yz € V\ {0}.

This condition implies that
lIsll- = lIbll- Yz € V\ {0}.

Proposition 3.1. When a collection of vector pairs {(«a, ll)i)}?i | in a 2-inner product space (V,{-,- | -))
enables 2-phase retrieval, it implies {ai}ﬁ\i 1 C V yields 2-norm retrieval.
Proof. Assume that {(a;, lpi)}f\i , does 2-phase retrieval. If

Ks,ai |l =Kb,ail2), Yi=1,...,.M

and all z € V\{0} then for some fixed z € V\{0}, we can set i; = z for all i. Then the set {(a;,z)} does

2-phase retrieval and hence, we have that
I(s,ai | z)| = Kb,ai | 2)] Vi = s=cb forsome |c|=1.
For any other z’ € V\{0}, we have that

lIslly = Vcb,cb | 2) = VIcl(b, b | 2’y = |Ibll..

Therefore, the set {«;} does 2-norm retrieval.
O

Theorem 3.4 (2-Orthonormal Bases and Norm Retrieval). When we have a 2-orthonormal basis in a 2-
inner product space V with the basis vectors {ai}f\i L and 2-inner product (-, | -) such that {a;, a;j | z) = 6;j- 1
for any nonzero vector z in 'V, the following two things are true.

(1) (2-Parseval Identity) For all s,z € V '\ {0},

N

2 2
E (s, @i | )17 = [lslIz.-
i=1

(2) {ai} yields 2-norm retrieval: If (s, a; | z)| = Kb, ai | 2)| foralli=1,...,N and all z € V \ {0}, then
lIsllz = [bll. for all z € V' \ {0}.
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Proof. Part 1: 2-Parseval Identity. Since {cxi}ﬁ , 1s a 2-orthonormal basis, it spans V. Forany s € V,

write s = Zg\il siaj, where s; = (s, a; | z) for z € V'\ {0}. By 2-orthonormality, (a;, a; | z) = &;;- 1, so:

N N
(s,aj2) = <Z sicti, aj | Z> = stai, ajlz) =sj.

i=1 =1
Thus:

N N
2 2
Y Ksail P =) IsiP
=1 i=1

Compute the 2-norm:
N N N N N N
2 2 2
llsllz = <2 Sisz‘,ZSjaj | Z> = Z‘Zsisj<ai/aj |z) = Zsi 1= Z Isil°,
i=1 j=1 i=1 j=1 i=1 i=1

since s; € R. Hence:
N
2 2
Y s ai 1 2P = lslE,
i=1

proving the 2-Parseval identity.
Part 2: 2-Norm Retrieval. Assume (s, «; | z)| = |{b,a; | z)| foralli=1,...,Nand all z € V' \ {0}.
Write s = Zﬁil s;a;and b = Zfil b;a;, where s; = (s, a; | z) and b; = (b, ; | z). Then:

lsil = Ibil = si = +b;.
Using Part 1:
N N
12 = ) Isi? = ) 16 = 16l = Ilsll- = 1Bl
i—1 i—1
Since this holds for all z € V'\ {0}, {a;} yields 2-norm retrieval. O

Definition 3.5 (2-Tight Projection System). Let (V,(:,- | -)) be a 2-inner product space, and let {Pj}’]?:1
be orthogonal projections onto subspaces { Wj}’]‘.zl. The system {P} is called 2-tight if there exists a constant
m > 0 such that forall s € V and all z € V'\ {0}:

k
2 2
Y 1IPjsli2 = mlsl2.
j=1

Theorem 3.5 (2-Norm Retrieval for 2-Tight Projection Systems). Let {P]‘}’]f:1 be a 2-tight projection
system in a 2-inner product space (V,{-,- | -)), satisfying the condition in Definition 3.5. IfIPjs|l; = |IP;bll.
forallj=1,...,kandall z € V\ {0}, then ||s||, = ||bll, for all z € V'\ {0}.

Proof. Since {P j}’]le is 2-tight, there exists m > 0 such that:

k
IP;bliZ = ml|bliZ.
=1

k
2 2
Y UIPjsli2 = mlsli,
=1

]
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If ||P;s]l; = ||P;bll, then:

k k
|IPjsl2 = Z IPblZ = mlis|? = mliblZ = |Isll- = bl
j=1 =1
This holds for all z € V' \ {0}. o

Proposition 3.2 (2-Norm Retrieval Preservation). Let (V,(:,- | -)) be a 2-inner product space of 2-rank
N.

(1) If {PM. performs 2-norm retrieval, then {P;}M. U{Q:X . performs 2-norm retrieval for an
i=1 p i=1 i=1 p Y
projections {Q;}.

(2) Ifa 2-frame N = {0(1-}5\’I

T contains a 2-orthonormal basis, then N performs 2-norm retrieval.

Proof. Part 1: Preservation Under Additional Projections. Assume {Pi}?i | performs 2-norm re-
trieval. If [|P;s|l; = ||P;bll. and [|Q;sll. = [IQ;bll; for all i, j, and z # O, then [|P;s||. = [|P;bl|; implies

lIsll- = ||bll; by the 2-norm retrieval property of {P;}. Thus, {P;} U{Q;} performs 2-norm retrieval.
N
=
then [(s,e; | z)| = [(b,¢; | )| for all j,z # 0 implies |s||, = [|b||. by Theorem 3.4. Since N includes

Part 2: Frames Containing 2-Orthonormal Bases. If N contains a 2-orthonormal basis {e;}

these measurements, it performs 2-norm retrieval. O

Theorem 3.6 (Minimal Subspace Requirement). Let {ei}gi | bea 2-orthonormal basis in a 2-inner product
space (V,(-,- | -)) of 2-rank N > 2, satisfying {e;, ej | z) = 6ij- 1 forall z € V\ {0} [9]. For any index set
I C [N —1], the collection {W;}ie; with W; = el.l cannot perform 2-norm retrieval.

Proof. Consider I = [N —1] and W; = e;. For N > 2, define:

For projection P; onto W; = e]*:
IPsIZ =) Ks,ei [P = (N=1)-1=N-1,
i#]

-1
IP;blZ = N—(N—z)-l =N-1.

N-2
Thus, ||Pjs|l. = ||P;bll.. However:
N
IsI? =) eivei|2) =N,
i=1

»_ (N-1)7
I = =

ForN =2 letl ={1},s=e1 +er, b=c¢ey:

1#N forN >2.

IPisl? =1, IPiblZ =1, |slZ=2, [bl?=1.

Thus, {W;} fails 2-norm retrieval for all N > 2. m|
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N-1

Proposition 3.3 (Critical Scaling). For any 2-linearly independent set {a};"

(V,{,- | -)), there exist scalars {ci}g\i 11 such that:

in a 2-inner product space

y (N-12NS oo
N5 2 bl

2
Z Cix; )

for some reference vector z € V' \ {0}.

Proof. Since {ai}fi '11 is 2-linearly independent in the 2-inner product space (V, (-, - | -)), no nontrivial

linear combination Z?] _11 cie; = 0 unless ¢; = 0 for all i. Fix a reference vector z € V \ {0}. The

2-norm of a vector v = YN, 11 ci is given by:
N-1 N-1 N-1 N-1N-1
Z cajll = <Z cij, Z cjej | > cici{ai, aj | z).
i=1 z i=1 j=1 i=1 j=1

The right-hand side of the inequality is:

e Z| o = N Z|cl|2<al,az|z>

We need to find scalars {ci}gi ‘11 C K (where K = R or C) such that the two expressions are unequal
for some z # 0.

Assume without loss of generality that llaill? = (ai,a; | z) # 0 for all i (if ||ajll, = O for some i,
choose a different z # 0 such that («;, ozi | z) # 0, which is possible due to 2-linear independence).
Define the matrix A, = ({a;, ; | z)) i 1, which is Hermitian (since (a;, a; | z) = m) and
positive semi-definite. The left-hand side becomes:

N-1 2

) e

i=1

= c*A,c,

z

where ¢ = (c1,...,cn-1)T € KN7! and ¢* is the conjugate transpose. The right-hand side is:

N-1
N-12\F (N-1)?
——— ) lcil¥ai, ai| z) = ———=—c"D.c,
N-2 ; N-2
where D, = diag({aj, a; | Z>)§\i ‘11 is a diagonal matrix with positive entries {(a;, a; | z).

We need:
(N-1)?

N-2
for some nonzero c. Since D, is positive definite (as {(aj, a; | z) > 0), consider the generalized

CAc # c'D,c
eigenvalue problem:
Azc = AD,c.
(N- )

The goal is to show that not all eigenvalues A of this problem equal

(N-1)?
choose a generalized eigenvector ¢ corresponding to A # ~5—-, so:

(N-1)?
N-2

. If they do not, we can

c"A,c = Ac*Dye # ¢*D,c
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To test this, consider a specific case to ensure the inequality holds. Choose scalars ¢; = 1 for all
i=1,...,N—=1. Then:

Compute the left-hand side:

N-1 |  N-1 N-1 ~1N-1
Z ail| = < ai, ) ajl Z> = Z(az,a] | ).
i=1 z i=1 j=1 i=1 j=1
The right-hand side is:
N_12N—1 N_12N—1
N e = N Y a1
i=1 i=1

Suppose for contradiction that equality holds for all possible {«;} and z # 0:

N-1N-1 N-1
(N-1)?
D D i aln) = ) i 2).
i=1 j=1 i=1
Rewrite the left-hand side:
N-1N-1
2. Z%% |2) = Z‘mz,al | +2 ), Rela,aj|2).
i=1 j= 1<i<j<N-1

Thus, equality requires:

Z(az,az IZ>+ZZRe<az,a] |z) = ~N_2 Z(az,az | z).
l<]
Lets = f-i—ll(ai, a; | z). Then:
(N-1)?
S+ ZZRe(ai,a]- | Z) = Ws.
i<j
This implies:

_1)2 2N ~
ZZRe(ai,aﬂz):(%_l)sz(N 12-(N-2) _N(N-1)

i<j

Since s > 0, we need:
N(N-1)
Z Re(al, 0(] | Z) WS.

i<j
This condition cannot hold for all 2-linearly independent {a;} and all z # 0. For example, choose
{a;} such that (a;,a; | z) = 0 for i # j (e.g., a 2-orthogonal set, possible by 2-linear independence
and Gram-Schmidt in the 2-inner product space). Then:

Z Re{aj, a | z) =0,

i<j
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but:
N(N_l)qto for N >3
—S T .
2(N-2) or =
Thus:
N-1 |? N-1
( )?

Z( | 2) ¢&
a,a;|z)=s N> s,

Yo

i=1

z

since (1;\1}—_12)2 # 1 for N # 2. For N = 2, the right-hand side becomes:
2-1)2
2-1° _ L
2-2 0

which is undefined, but we can test directly. For N = 2, the proposition reduces to finding c; such
that:

2 211 12
lleraslly # oo - le1l[laalls,

which is trivially true for any ¢; # 0. Thus, choosing c; = 1 satisfies the inequality for N > 3, and

any nonzero c; works for N = 2. O

Theorem 3.7 (General 2-Norm Retrieval Failure). Let {a;}}"! be 2-linearly independent vectors in a
2-inner product space (V,{-,- | -)). The collection of orthogonal complements {a .LZ N fails to perform

2-norm retrieval.

Proof. Extend {« }N 1 to a 2-orthonormal basis {a }N Define s = Zfi 1 @i, SO:
IsllZ =

By Proposition 3.3, there exist scalars {ci}fi ~!and z # 0 such that:

N-1

2
2 e

l:1 z

(N-1)2

PNz

Letb = Z 11 cia; with ¢; = 1. For projections onto a]
IPslZ = (N=1), IIPbIE = (N~1).
However:
IsliZ = N # [IblI2.

Thus, {af} fails 2-norm retrieval. o

Proposition 3.8 (Equal 2-Inner Product Magnitudes). Let {az} | be 2-linearly independent vectors in
a 2-inner product space (V,{,-|-)). For any constant ¢ > 0 and reference vector zg € V' \ {0}, there exists
a € V such that:

Ka, ailzo) = ¢ Vi€ [N]
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Proof. We proceed by induction on N.
Base Case (N = 2): For 2-independent a1, as, consider the 2-orthogonal complement:

a0 = (i € Vi (), a1lz0) = 0}

+ Ao where g € af’zo satisfies (Y, az|zo) # 0 (by 2-independence). Solve for A

ai
2
such that [{a, a|zp)| = c.

Take o = ¢

Inductive Step: Assume the result holds for N — 1 vectors.
(1) Find o’ € span{ai}f\i‘ll with (&, aj|zp)| = cfori=1,...,N-1
(2) Let ¢ be 2-orthogonal to span{ai}i ‘11 relative to zg, i.e.,
(Y,ailzo) =0 Vi=1,..., N-1
(3) By 2-independence, {(a, anlzo) # 0
(4) Considera = a’ + Ay. Fori=1,... N-1:

Ka, ailzo)l = Ka', ailzo)| = ¢
(5) For ay, solve:
o', anlzo) + AW, anlzo)| = ¢
which has a solution since A can be scaled appropriately.

O

Proposition 3.4 (Failure of 2-Norm Retrieval). Let {ai}f\] ‘11 be 2-linearly independent unit 2-norm vectors

in a 2-inner product space (V,{:,-|)) of 2-rank N. For subspaces {W; = ailz}fi‘ll (where 1, denotes the
2-orthogonal complement relative to z), the system {W;} cannot perform 2-norm retrieval.

Proof. Choose zg € V'\ {0} and normalize so that ||zg|| = 1. Since

N-1
dim[ﬂ Wi] >N-(N-1)=1,

i=1
we can select a nonzero vector x from this intersection with ||x||;, = 1. By Proposition 3.8, there

exists a nonzero ¢ € span({o;}N ) such that
e, a [ z0)l = ¢ # 0,

for some ¢ € (0,1]. We rescale a so that [|all;, = 1, which implies 0 < ¢ < 1. Now define a vector
b = Aa + ua, where A, u € R are chosen so that

P4+ (1-A)p*=1
This ensures ||b||;, = 1. Note thata € aj'zo for all i, and since a € span(«;), we have
(s,a|z9y =0.
We compute the full 2-norm of b:

1612, = A1, + 2l = A% + 1%,
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which is not equal to 1 unless 4 = 0. Sos # b. Now, for each i € {1,...,N — 1}, consider the
projection:
IP;blZ, = IIBIE, — Kb, ai | o).

If we expand this gives:
||Pib||§0 =N -2t = 2+ (- =1
Therefore, ||P;sll,, = IIPibll,, = 1 foralli, but ||s|]l,, = 1 # ||bll5,- Thus, the system {W;} fails to

distinguish between s and b based on projected norms alone. O.

Theorem 3.9 (Three-Subspace 2-Norm Retrieval). In a 2-inner product space (V,{:,- | -)) of 2-rank
N > 2, there exist three codimension-one subspaces {Wi}?:1 that achieve 2-norm retrieval.

Proof. Let {ei}fi , be a 2-orthonormal basis with {e;, e | z) = 6;; - 1.
Case N = 2: Define:

Wi = span{e;}, W; = span{e;}, W3 = spanie; + e>}.

For s = s1e1 + spep:

ls1 + so/?

2 2 2 2 2
1PwisI, = b1l IPwasl, = IsaP, IPwssl?, = =

Then:
2 2 2 2 2
lIsllz, = Is1l” + Is2l” = IPw;sllz, + IPw,sllz,-

If [|Pw;sllz, = lIPw;bllz,, then [ls|lz, = [Ibllz,-
Case N > 2: Define:

Wi=1{s:51=0}, Wo={s:50=0}, Wz={s:s1+---+sy =0}

Fors = (s1,...,5N):

N 1| 2
2 2 2 2 2
1PwslZ, = ) IsiPs WPwsl, = Y IsiP WPwosl, = 55 [ s
i=2 i#2 i=1
Compute:
N N
2 2 2 2 2 2
Pw, I, + IPw,sl, = Y Isil? + ) Isil? =2 ) IsiP + Isa .
i=2 i#2 i=2
Adjust with W3 to recover ||s||§0 = 511 |s;|> via linear combinations. Thus, {W,} achieves 2-norm
retrieval. O

Proposition 3.10 (Controlled Complement Span). Let (V,:,- | -)) be a 2-inner product space of 2-rank
N. For any K < N — 1, there exist subspaces {Wi}f;ll such that:

(1) {W;} performs 2-norm retrieval.

(2) {sz}fjll spans a K-dimensional subspace for any reference z # 0.
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Proof. Let {ei}f\i , be a 2-orthonormal basis for V, satisfying (e, e; | z) = 6;;- 1 forallz € V' \ {0}, as
defined in Definition 2.4. We construct {W,‘}ijll for 0 < K < N -1 to satisfy both conditions.

Define the subspaces as follows:

e Fori=1,...,K, let W; = span{e;}, the 1-dimensional subspace spanned by e;.

e Fori=K+1,let Wgy1 = spanfex+1, ..., en}, a subspace of dimension N — K.
This gives K 41 subspaces: Wi, ..., Wk are 1-dimensional, and Wk has dimension N — K. If
K =0, we have only W; = spanfey, ..., en} = V.

We show that {Wi}fgll performs 2-norm retrieval, i.e., if ||P;s|l; = ||P;bll; foralli =1,...,K+1
and all z € V'\ {0}, then [|s||; = ||bl|; for all z € V'\ {0}, where P; is the orthogonal projection onto W;
with respect to (-, - | z).

Write any vectors € Vass = Z;\]zl sjej, wheres; = (s,e; | z). Fori=1,...,K:

2 2 2
Pis = (s, e | z)e; = sje;, ||P;sll; = Isil{ei, e | z) = Isi|”.

Fori = K+ 1, with basis {eg.1, ..., ex}:

N N N N
Pgi1s = Z (s,ej| z)ej = Z sjej,  Pxsasllz = Z lsjlej ej | 2) = Z 5712
j=K+1 j=K+1 j=K+1 j=K+1

If ||P;sll; = ||P;bll, for all i:

e Fori=1,...,K, |si* = |bi]>, so|si| = |bj| fori =1,...,K.

e Fori =K+ 1:
N N
Y siP= ) b
j=K+1 j=K+1
Theindices 1,...,Kand K+1,...,N cover all coordinates 1 to N exactly once. For K =0, W; =V,
so ||P1s|i? = |IsI?, trivially satisfying 2-norm retrieval. For K > 1, we recover Is;i[2 = |b;? for all

i=1,...,N, and thus:

N N
2 2 2 2
12 =) Isi = ) 16 = [l
=1 =

satisfying condition (1) for all z # 0.
Compute the 2-orthogonal complements:

W= ={veV:(v,w|z)=0forallwe W)

Fori=1,...,K:
N
W= = (v = vaef : (v,e; | z) = v; = 0} = spanle; : j # i}.
=

Fori=K+1:
Wltil ={v:(v,ej|z) =0forj=K+1,...,N} = spanfey, ..., ex},

which has dimension K. For K = 0, WlLZ = {0}, a 0-dimensional space, matching the requirement.
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The span of {W.lZ}ZKJrl is the subspace generated by the union of their bases. Since Wy’ , =

i di=1 K+1
spaniey, ..., ex} is K-dimensional, and each Wl.lz fori =1,...,K contains vectors like ¢; for j # i,
the union of their bases includes {ey,...,ex}. Fori =1,...,K, Wl.lz spans a larger space, but the

effective contribution to the span, when combined with Wz is limited to spanfey, ..., ex}, which

K+17
is exactly K-dimensional, satisfying condition (2) for all z # 0.
Thus, the subspaces {Wi}lK:ll satisfy both conditions. O

4. CONCLUSION

Based on 2-inner product spaces, this paper advances fundamental ideas of phase and norm
retrieval through 2-phase retrieval and 2-norm retrieval. We formalize some retrieval problems
from the perspective of 2-norms of the projections under arbitrary reference vectors as a nonlinear
framework to generalize classical results and to grasp deeper structural property from 2-inner

product space.
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