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Abstract. Let X be a complex manifold of complex dimension n > 2, and let () € X be a relatively compact domain
with smooth boundary that satisfies the weak Z(g)-condition. Assume ¥ is a holomorphic line bundle over X, and
denote by F®™ its m-th tensor power for some positive integer m. Provided there exists a strongly plurisubharmonic
function defined in a neighborhood of the boundary b(), it is possible to obtain solutions to the 5—equation within (),
under support conditions, for (p,q)-forms with g > 1 taking values in #®". Additionally, we study the solvability of
the boundary éb-problem on weak Z(g)-domains with smooth boundary in the setting of K&hler manifolds. Moreover,

an extension theorem for 5b—closed differential forms will be proven.

1. INTRODUCTION

The study of the g—problem with support constraints has been a central topic in several com-
plex variables and complex geometry. A fundamental contribution was made by Derridj [1], who
utilized Carleman-type estimates to address the g—problem for forms with exact support on do-
mains possessing smooth plurisubharmonic defining functions. Extending this direction, Shaw [2]
proved solvability for the 5—problem under support constraints on pseudoconvex domains in C"
with merely C! boundaries, highlighting a relaxation of regularity conditions.

Later developments by Cao, Shaw, and Wang [3] investigated the d-problem with support con-
ditions in locally Stein domains embedded within complex projective spaces, illustrating the subtle
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interactions between positivity and projective geometry. In another significant advancement, Sam-
bou [4] treated the 5—pr0blem for extendable currents defined over strongly g-convex or g-concave
domains, applying refined cohomological and analytic techniques, see also [5-7].

Weak pseudoconvexity introduces additional challenges. Solutions to the é—problem with sup-
port constraints on weakly g-pseudoconvex domains with C! boundary were studied in [8,9], and
these results were extended to the setting of Stein manifolds in [10], showing the important role
played by the ambient complex geometry. Saber [11] further developed this theory for E-valued
differential forms on weakly pseudoconvex domains, assuming positivity conditions on the cur-
vature of the line bundle E and applying L? techniques in the spirit of Hsrmander’s methods [12].

Parallel to the é—problem inside domains, the tangential Cauchy-Riemann operator éb on bound-
aries has also been extensively studied. Folland and Kohn [13] established foundational results
concerning the dj-complex and the boundary behavior of d-solutions, leading to applications in
CR geometry. Further work on boundary extension problems can be found in the contributions
of Ohsawa [14,15], where fine boundary regularity and extension properties were analyzed using
techniques inspired by the theory of Levi convexity and Kodaira’s vanishing theorems [16,17].
Vesentini [18] and Griffiths [19] also [20,21] developed important tools linking positivity, convexity,
and cohomological vanishing, which inform the background of this work.

The objective of this paper is to extend these classical and modern results to a broader geometric
setting, namely, to weak Z(g) domains, a class that generalizes weak pseudoconvexity. Specif-
ically, we address the g-problem for (p,q)-forms with g > 1 taking values in the m-fold tensor
powers F®7 of a holomorphic line bundle E, under the assumption of the existence of a strongly
plurisubharmonic function in a neighborhood of the boundary.

Our first main result establishes the solvability of the é—equation with support constraints:

Theorem 1.1. Let X be a complex manifold of dimension n > 2, and let Q) € X be a weak Z(q) domain with
smooth boundary. Suppose F is a holomorphic line bundle over X, and let F** denote its m-fold tensor
product, for a positive integer m. Assume there exists a strongly plurisubharmonic function defined in a
neighborhood of bQ). Then, for any ¢ € Ly (X, F°T), supported in Q, with q > 1, satisfying dp = 0 in the
distribution sense on X, there exists a solution u € L;%,q—l (X, F®Y), also supported in Q, such that

du=¢
in the distribution sense on X.

In addition to interior results, we explore applications to the boundary theory. We study the
éb-problem for CR forms on bQ), extending classical extension theorems by providing CF-smooth
d-closed extensions into Q) under suitable conditions. Our approach leverages estimates and
techniques related to Carleman inequalities, spectral theory, and vanishing theorems, building on

methods found in works such as [22,23].
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Moreover, inspired by ideas from Grauert-Lieb [20] and recent developments by Saber and
collaborators [24]- [41], we obtain new solvability criteria for the gb—problem with Sobolev reg-
ularity on the boundary and the existence of exact support solutions. This work also connects
with broader questions concerning the L? theory on weakly pseudoconvex and pseudoconcave
domains, as studied in [42—49].

Thus, this paper aims to contribute to the growing understanding of the g-equation and bound-

ary problems on non-classical domains, bridging analytic techniques with complex geometric
structures.
The objective of this paper is to extend classical and modern results concerning the solvability of the
é—equation and boundary gb—problems to the broader setting of weak Z(g) domains. Specifically,
the authors aim to solve the é—equation with support constraints for (p,q)-forms (with g > 1)
valued in high tensor powers of a holomorphic line bundle, assuming the existence of a strongly
plurisubharmonic function near the boundary; investigate boundary solvability for the éb-problem
on weak Z(g) domains with smooth boundaries in Kéhler manifolds; and establish extension
theorems for dy-closed forms from the boundary into the domain. The overall goal is to contribute
to the growing understanding of the g—equation and boundary problems on non-classical domains,
bridging analytic techniques with complex geometric structures.

The paper is organized as follows: In Section 2, we introduce preliminary concepts, including
weakly Z(q) domains, Hermitian metrics, and the relevant function spaces. Section 3 is devoted to
proving the main solvability theorem for the é-equation with support conditions. In Section 4, we
address the éb-problem on the boundary and provide extension theorems for CR forms. Section 5

presents extension results for differential forms from the boundary into the interior of the domain.

2. Weakry Z(gq) DoMaINs

Let X be an n-dimensional complex manifold, and let () denote an open subset of X with defining
function p. Suppose E is a holomorphic line bundle over X, and let ¥~ represent its dual bundle.
Consider an open cover {Uj};c; of X such that E is trivial over each U, i.e., ! ((Ll]) ~U;xC.
Assume that on each U, local holomorphic coordinates are given by (z}, 2]2., el z’;) Let {ejx} denote
the system of transition functions of E relative to this covering.

An (p,q)-form ¢ = {¢;} on X can be locally expressed as

’
L _ 1.GC -Ds
; _Zc,,Ds b5, a2 Nz

where C, = (c1,...,¢,) and Ds = (dy, ..., ds) are strictly increasing multi-indices, and )" indicates
summation over such ordered indices.

Let the Hermitian metric on X be given locally by

5= Y 5,5(2) a5,
op=1



4 Int. . Anal. Appl. (2025), 23:146

where ¢ jof are smooth functions. The associated (1,1)-form is

V-1 ' v B
©=—= Z gj,¢E(Z) dz] /\dZ]..
v,p=1
If dw = 0, the metric ds? is called a Kéhler metric, and w is the corresponding Kahler form. A
complex manifold that admits a Kdhler metric is referred to as a Kéhler manifold.

Now, let h = {hj} denote a Hermitian metric on E relative to the cover {1}, satisfying the
compatibility condition hj = |eji*h on overlaps U; N Uy. Given integers p,q > 0 and 7 > 1, we
introduce the following function spaces. We denote by ¢,7(Q), F7) the space of smooth (p,q)-
forms on Q) valued in #®, and %, (Q, %) the subspace of forms smoothly extendable up to the
boundary bQ). We denote by 7, ;(Q, ®7) the space of smooth (p, q)-forms with compact support
in Q.

The Hodge star operator x maps %, (X, F®%) into €2, ,_,(X,7®"). The conjugation operator
#yer maps C,q (X, F°7) to 65 (X, F°7) and is given by

#roc) = h' .
It commutes with the Hodge star operator. Similarly, we define
ot 1 Cpo(X, FC7) — Gy (X, %)

by
brec) =",
and note that ##- is the inverse of #ger.
We define
Bpq(QF®") = (¢ € €55 (Q, F); wbtpordy

bQ 0}'
Also, dV will denote the volume element corresponding to the Hermitian metric ds?.
The Cauchy-Riemann operator

d: 6™

= (Q,F%) — G (Q, )

is defined in the standard way. Its formal adjoint is denoted by 9.. ker(d, F®7) for the kernel of
d, dom (9, F&7) for its domain, and range(d, F7) for its range. The Dolbeault cohomology group
is defined as

G (X, FT) N ker(d, F&7)
AT (X, F75))

On the boundary b(), we consider the quotient space

HM(X, 7°7) =

G (0O T2) = C(Q, )/ g (Q, F5),
and the natural projections

Mgt Gy (Q, F&) — G (DD, F51),
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and

Opg @%“’ (Q,F7) — €0 (b, 7).

We shall simply denote by ul,q the pro]ectlon Tipq(1h).

The tangential Cauchy-Riemann operator

9 Con(bQ, F) — €2,

(bQ, F=7)

is defined by

Oy = Oyrsy10do (1p,q) 7"

Functions f on b() satisfying Eh f = 0 are called CR functions. A function f is CR if and only if

there exists a smooth extension F on Q such that Flyq = f and JF = 0.
For smooth sections ¢, u € ‘5;‘:7(/\’ , F®7), the pointwise inner product (¢, 1), is defined by

(¢,u)TdV = (P] A *]’lT(L_{j = (f)] A *#7_-@7(1/1]‘.

The global inner product is given by

<¢/ u)’[,Q - f ¢ A *#T@Tu,
0
and the corresponding norm is

D12 o, = (P, P)e 2.
Finally, for ¢ € €,3(Q, F°°) and 1) € Zy4-1(Q, F°7), the formal adjoint operator 9; corresponding

to @ is defined as usual.

Definition 2.1. Let 7 : E — X be a holomorphic line bundle. We say that E is positive over a subset
QO C X if there exists a collection of coordinate charts {U}je; covering X such that = (U;) are trivial
bundles, together with a Hermitian metric h = {h;} defined along the fibres of E, satisfying that —logh; is
strictly plurisubharmonic on each U; N Q) for all j € J.

Utilizing the framework of complex tensor calculus for Kdhler manifolds with boundary, we

arrive at the following important result (refer to [15]).

Proposition 2.1. Suppose X is a Kihler manifold of complex dimension n, and let () € X be a relatively
compact open subset. Consider a holomorphic line bundle E over X, and denote by F®" its t-fold tensor
product for some positive integer T. Let U* be a neighborhood of the boundary bQ), and denote by V the
covariant derivative induced by the Kihler metric ds*. Then, for all T > 1 and for any ¢ € By 4 (Q,Fe)
with supp ¢ € U*, where p > 0 and q > 1, the following identity holds:

n

2 —_
2 2 2, T |1 p CryBs-
1312 + 1018 = [VolR + [ Vel X e Ve 48

]erl ]

n — — —
. o[ mef + R —RP\of 007
+ fQ i ﬁ;ls(éT el + | -RE)gh - of 7P av.

(2.1)
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Here, the various terms are defined as follows:

ot = [, 50,5 9o > aV,
Pp=1

o 0
R? — 9‘” [Z 8; - g]ﬁg) (Riemann curvature tensor),

Bvy
2

Ry = ~5 V&"’ (log det(g; @ﬁ)) (Ricci curvature tensor),
2

Oy = 5 va‘v ———(logh) (curvature tensor of E),

07 (Kronecker delta symbol).
For the C*-function A, we define the gradient of A as the vector
add— |24 A OA OA
8 |9zt 9z 9zt T 9z |’

2 e M LA AN
|grad A|” = (grad A) (grad/\):Z s +Z 7| -
$=1 =1
and we set
(LN, ) =) Z PN (2.2)
' g 0zP0z7 " Ba

Since dA # 0 on U, then grad A # 0 on U also. The following lemma which is theorem 1.1.3 of [12].
Lemma 2.1. Let H;(i = 1,2,3) be three Hilbert spaces and
T§H1—>H2 and S:H2—>H3,

be closed linear operators with dense domains such that ST = 0. Assume that for any sequence {f,} such
that f, € HyNdomS N dom T,

Ipullyy, <1 and  Lim (ISl =0,  Lm|ITeully, =0,

we can choose a strongly convergent subsequence of {f,}. Then Range(T) is closed and H(S)/Range(T)

is a finite dimensional vector space.

Definition 2.2. Let () C C" be a domain with C* boundary bQ). We say that a defining function p for ()
is uniformly C" if there exists an open neighborhood U of bQ} such that:
e dist(bQ),bU) > 0,

® [lpller(uy <o
o infy [Vp| > 0.
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This condition is trivial on domains with compact boundary. We identify real (1, 1)-forms with

Hermitian matrices as follows:

n
c= Z Z.C]-E dZ] A dzy.
k=1
For a function ¢, we set:
dp dp
Or = 8_zk’ ¢>]- = 8_2]
Let Iy = {(i1,...,i5) EN":1<iy <---<ig<m}. Forl € I, 1,] € I;,and 1 < j < n, define:

i (=1)ll, if {j} UI = ] as sets, and |o] is the permutation length,
e =
I 0, otherwise.

Foru =} 1, Ujdzj, define:

The induced CR-structure at z € b() is:
T (b)) = (L e TO(C") : dp(L) = 0}.
Let TM0(bQ}) be the space of C"! sections of T (bQ}), and set T (b)) = T10(bQ}). The exterior
algebra generated by these spaces is denoted TP (bQ2). For U a suitably small neighborhood of
b(}, define the projection
T: API(U) — APA(bQY).

If we normalize p so that |[dp| = 1 on b(), then the Levi form . is defined by

L(-iLAL) =iddp(—iL AL),
for any L € T*0(bQ}).
Definition 2.3. Given a set M C C", a tubular neighborhood of M is an open set of the form

U, ={peC":dist(p, M) <71},
where dist(-, -) denotes the Euclidean distance. We call r the radius of U,.

We adopt the definition of weak Z(g) from [12].

Definition 2.4. Let Q) € X be a domain with a uniformly C* defining function p, T > 2. We say bQ (or
Q) satisfies weak Z(q) if there exists a Hermitian matrix Y = (Y¥) of functions on bQ), uniformly bounded
in C* Y such that:
n
1. Z ijpj = 0on b},
j=1
2. All eigenvalues of Y lie in [0, 1];
n

R i R o T e Z ijpj,; > 0, where y1,..., Un—1 are the eigenvalues of the Levi form £ in
jk=1
increasing order;
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4. inf |g—Tr(Y 0.
inflg=T(Y)1>

Definition 2.5. We say that u € Lg,q(ﬂ, F 1) is supported in Q (supp u C Q) or u vanishes to infinite
order at the boundary of Q) if u vanishes on b().

Definition 2.6. ¢ € L%/Q(Q, F7) is supported in Q) (supp ¢ C Q) or ¢ vanishes to infinite order at the
boundary of Q) if ¢ vanishes on bQ).

To prove the basic estimate (3.6), the following lemma which is Theorem 1.1.3 of [12] is needed.

Lemma 2.2. Let H;(j = 1,2,3) be three Hilbert spaces and
T:H1 —>H2 and SZH2—>H3

be closed linear operators with dense domains such that ST = 0. Assume that for any sequence {f,} such
that f, € HoNdomS N dom T,

pullfy, <1 and  lim [S¢,IF, =0,  lLim [T,F, =0,

one can choose a strongly convergent subsequence of {f,}. Then range(T) is closed and H(S) /range(T) is
a finite dimensional vector space.

3. Proor or THEOREM 1

Let X be an n-dimensional complex manifold and () € X a relatively compact domain with
smooth boundary b() satisfying the weak Z(q) condition. Assume E — X is a holomorphic line
bundle that is positive in a neighborhood V of bQ). Let h = {h;} denote a Hermitian metric for E
on X that ensures the positivity over V with respect to an open covering {U};c; of X. Then, the

curvature form

- d?logh;

dz? A dzP
¢ =P ’
¢,8=1 &Z] 82]
induces a Kédhler metric given locally by
a d*logh;
do? = 5 g_ﬁ] dz‘f’diﬁ,
6,p=1 aZ] 82]

on V. One can choose a defining function p for bQ) based on the geodesic distance corresponding

to the metric do?. This leads to the following result.

Lemma 3.1. There exist neighborhoods V, V' of bQ), an open covering {U;}e; of X, a Hermitian metric

h = {hj} on E, and a Hermitian metric
n
2 _ _ ¢ =
ds = q);l gjd)ﬁ(z)dz]. dz].

on X satisfying:
(1) V e V', with V' contained in a smooth tubular neighborhood of bQ);
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) 7 \(U,) is trivial for every j € ], and if U; N bQY # 0, then U; € V;
(8) The bundle E remains positive over V' relative to the metric h;
(4) On V', the Hermitian metric ds* agrees with the Kihler metric do>.

In the context of Lemma 1, we have the following key estimate (compare with Appendix II
in [51-53]).

Proposition 3.1. There exist a constant C > 0 independent of m, and an integer to > 0, such that for all

integers T > ¢ , and for p > 0, ¢ > 1, we have

VIR i + (7 = ) ISR ¢ < C(IBSIR g + 1001 ¢, + IB12 ) (3.1)

where K = Q\ (AN V) and V denotes the (0,1)-type covariant derivative associated with ds?.

Proof. Adopting the setting from Lemma 1, let y € C*(X) satisfy supp(x) € V' and x = 1 on
V. Applying the basic L2-estimate (equation (2.2)) to x¢ and noting that the third term on the
right-hand side is non-negative due to the weak Z(g) condition for g > 1, yields

C, Bs_ = =*
IV Gep)IE + f n Z (091007 + RE =R ) (x)" _ (x9) 77 dV < 109 + 13 (xo) -
T ﬁ =1 4 5
(3.2)
Since the first integral is non-negative over V', we derive
IVOIZ o\ i < IV (X1 (3.3)

Recalling that in V’, the Hermitian metric matrix g i coincides with the curvature matrix © - o 1t
follows that

Z 805 =7

Moreover, on supp(x), there exists a constant C > 0, independent of 1, ensuring that the Hermitian

form
n

_ D
Z S(égRg Uﬁ)(X¢)]aCr \BD,. I(Xq/)); 19 '

By=1

is bounded below by
—-C Z(qu)]’,c,ﬁs (X(P)?DS-
Setting 19 = [C] + 1, it follows for all T > 7¢ that
B b B
(T =T)IPIE o\ < (7= T0)lIXPII < th Z 6” T®¢ + Rd)] rR“_)

%
topr= (3.4)

x (19 - (x)T TP av.

]Crs]
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Furthermore, we estimate
10X + 19 (xd)I2 < 2 (19 A QIR +119x A *SI2 + IXIDIE + 11X bI12)
< C(IDGI + 113,81 + 1912 1)

where C > 4 max{l, co sup |grad x|;2(x)} and ¢y depends only on dim X. Substituting (3.3), (3.4),

(3.5)

and (3.5) into (3.2), we complete the proof. ]

Proposition 3.2. There exists a positive constant T* such that for every t > ", the space of harmonic forms
H;; o (F®T) is finite-dimensional, and there exists a constant C. > 0, depending on T, satisfying

161 < Ce (191 + 19, ¢112), (3.6)

— —_t

for all ¢ € Dom(d, F€) NDom(d,, FE) whenever q > 1.

Proof. Let 19, C, and K be as specified in Proposition 3. Define 7 = 79 + 1. Following a similar
argument as in Proposition 3, let x be a smooth, real-valued function compactly supported in X,
with y = 1 on K. For 7 > t* and ¢ € %,,,(Q, F7), applying (3.1) yields

1612 < Cr (1917 + 19,917 + xbliZ),

where C; depends only on m.

Now, consider a sequence {¢,} where each ¢, € Dom d N Dom 5;, satisfying [l < 1 and
Lim 9yl =0, lim [|9:¢,? = .

According to Lemma 2, there exists a subsequence {¢,, } that converges strongly on ).
Since the metric ds? is complete and the space Z,4(Q), F®7) is dense in Dom d N Dom d,, with respect

to the norm
P11 + 1911z + 119112
7 . 7 24 7 t . 7
(see [17], Theorem 1.1), we can assume that x¢, € Z,4(Q, 7). Thus

190 ) I + 19, (X )I + lxpol2 = (T (xy), XPudr + (XPvs XPu)

is bounded, due to the properties of {¢,}.

Since the elliptic operator O is coercive on 7, 4 (€2, ¥ ®7) ([4], Theorem (2.2.1)), and using Rellich’s
compactness lemma ([4], Appendix A.1.6), we deduce that there is a subsequence {¢,,} converging
strongly on compact subsets of (). From estimate (3.1), we conclude that {¢,,} converges strongly
throughout (). Therefore, by Hormander’s Theorem 1.1.2 and 1.1.3 ( [12]), there exists a constant
C; > 0 such that

1612 < Ce (1012 + 119:17), (37)

for all ¢ € Dom(d, %) N Dom(d,, F©7) orthogonal to H; . (F°7).
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Furthermore, any ¢ € H; (7 ") satisfies 0°¢ = 0, meaning ¢ is a harmonic form with values
in #®7. Since ¢ vanishes outside K by (3.1), and as no connected component of (2 is contained in
K, the unique continuation property ensures that ¢ must vanish identically. Thus,

H,, (F°®7) = {0}.
Combining this with (3.7), the proposition is proved. m|

Remark 3.1. Suppose there exists a strongly plurisubharmonic function ¢ defined on a neighborhood V of
bQ). Then any line bundle E becomes positive over a relatively compact neighborhood of bQ). To see this,
let h be a Hermitian metric on E over X and extend ¢ smoothly to X, ensuring it agrees with the original
near bQ). Then, for some integer T > 0, the modified metric h; = h¥ ~*® endows E with positivity over a

relatively compact subset V' € V forall T > "

Remark 3.2. It should be noted that there exist pseudoconvex domains with smooth boundary bQ) where
no strongly plurisubharmonic function exists near bQ), yet there still exists a line bundle that is positive in
a neighborhood of bQ) (cf. [50]).

Theorem 3.1. Let X be an n-dimensional complex manifold , and let Q) € X be a weak Z(q)-domain with
a smooth boundary. Assume E is a holomorphic line bundle over X, and denote by F®* the m-fold tensor
product of E for each positive integer m. Suppose that a strongly plurisubharmonic function exists in a
neighborhood of dQ). Then, there exists a positive integer T such that forall t > 7o, p >0, and g > 1, one
can construct a bounded linear operator N : L}%,q(Q, Fe) - Lgrq(Q, F®7) satisfying:
(i) Range(NT™) c Dom(O7) and N*O" = I — I1" on Dom(O");
(ii) forany ¢ € L%,q (Q, F®7), the following Hodge-type decomposition holds:
¢ =0 NG®, IN"p&IT'¢;

(iii) N70 = INT on Dom(d);

(iv) N@: = §;NT on Dom(éi);

(v) the operators N*, N, and EZN © are bounded on L ,(Q), F°7).

Proof. From estimate (3.6), it follows that

liplle < Cella*lle, (3.8)

for all ¢ € Dom(d) N Dom(éi) with g > 1. Since O° is densely defined, closed, and linear, it follows
by [12] that Range(O") is closed.
Moreover, because O is self-adjoint, the standard Hodge decomposition yields:

—_— —

L2 (Q, %) = 39, (Dom(07)) & J J(Dom(07)).

Since

O0° : Dom(O") — Range(O")
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is bijective, there exists a bounded inverse
.72
N L (Q,F%7) — Dom(a")

such that N'0%¢ = ¢ for all ¢ € Dom(O"). Furthermore, by definition, we obtain O°N* = I on
L%,q(Q/ F®7). Hence properties (i) and (ii) are verified.

—F

To verify (iv), take ¢ € Dom(d,). Using (ii), we express:
9.6 = 0,09 N,
thus,
ND.¢ = N9.9o,N"¢.
Since O = 5;5 + %z, we rewrite:
N9, = I, N¢.
The same method shows that N79 = N on Dom(d).
Now, given that 5qb = 0, applying (iii) leads to
IN"P = N"9p = 0.
Applying (ii) yields
¢ =N,
which implies that u = EZN ¢ solves du = ¢.
Finally, since Range(N") C Dom(O%), applying (3.6) to N"¢ gives:
IN“Plle < Celiplle,
[ON Gl + 119N lle < 2yCelile-

Thus, all stated properties are proved. m|

Theorem 3.2. Assume the hypotheses of Theorem 2 are satisfied. Let ¢ € L}%,q(X, F®7) be a form such
that supp(¢p) c Q, with g > 1, and 5(1) = 0 in the sense of distributions on X. Then, there exists a form
ue L}% o1 (X, FE7), supported in O, such that

du=¢
in the sense of distributions on X.

Proof. Let ¢ € L (X, F°") with supp(¢) Q. Clearly, ¢ can be viewed as an element of
L;%,q(Q/ F). By Theorem 2, the solution operator N,_, . is well-defined for n—q > 1. De-
fine the form u on Q) by

U= =KAo dN_, e * P, (3.9)

Extend u to X by setting 1 = 0 on X \ Q). Our goal is to prove that u satisfies ou = ¢ distributionally
on X.
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First, we establish that du = ¢ on Q) in the distribution sense. Let 1) belong to Dom(d, 7 *¢7). Then

(O, #ger * PYe = (=1)PHU, #gor * ON)e .

Due to the density of %, ,(Q, F*7) in Dom(d, F7) N Dom(d , &) (see Proposition 1) and because

97 coincides with 5; on %y, (Q, 7®7) when acting distributionally, we infer

(57], #7—’@1 * @)T,Q = (qﬁ, 5;#7:*@1 * T])T/Q.

Given that supp(¢) ¢ Q and using the distributional assumption éqb = 0, it follows that
(O, #er * P)r,0 = (0P, Hwor % M x =0,

implying

aT(#q-'m *qf)) =0 on O

in the distributional sense. Applying Theorem 2(iv), we obtain

—

TN g (roe % ) = N3 (yor % ) = 0,
Now, compute Juon Q) using (3.9), (3.10), and standard properties of x and #:
Ou = =0 % #yedINy_, ,_Hye % ¢
= (=1)"M % e 0 ONG e
= (=17 % thse (0,0 + D0 )N e *
= (-1)P" x #podire *x @
= ¢

Since u vanishes outside Q, we verify the distributional identity on X as follows.
Dom(d,, 7). Then:
(u,d:Mex = U, 0:1)r,00

= <#¢®1 * 5;1}, #7-@1 * M)T,Q.
Since

Hren ku = (1) TIINT #oo kB € Dom(d,, FET),

n-pn—q
we can apply integration by parts to get
1,9, m)ex = (=1)PT9(Qtgor * 1, #ger * e
= (#ror * 1), #rer K §u)T,Q
= (I, M0,
Using the previous calculation that u = ¢, we find

(1,9, x = (D Mra = (P Mx.

Hence, du = ¢ in the distribution sense on X, completing the proof.

(3.10)

Let n €
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4. ON THE SOLVABILITY OF THE d;-EQUATION

In this section, we present several results related to the existence of solutions for the gb—problem.

Theorem 4.1. Let X be a Kihler manifold of complex dimension n > 2, and let () € X denote a relatively
compact domain with smooth boundary, assumed to satisfy the weak Z(q) condition. Let E be a holomorphic
line bundle over X, and denote by F®" its m-fold tensor product for some positive integer m. Suppose that a
strongly plurisubharmonic function exists in an open neighborhood of bQ). Then for any f € Cp, (bQ), F°F)
with 1 < g < n—2and dyf = 0, there exists an extension F € Cy, (Q, F*7) satisfying Flpq = f and
JF = 0.

Proof. The proof follows the arguments of Theorem 4.1 in Saber [48]. m|

Theorem 4.2. Assume the same setup as in the previous theorem. Given f € Cy, (bQ, F ) for1 < g <

n — 2 with dy,f = 0, there exists a function u € Coit (bQY, F®7) such that dyu = f.

Proof. Let f € Cp,(bQ), F°7) satisfy dpf = 0. From Theorem 5.1, there is an extension
F e C;i’q(é, Fe1) with Flyn = f and oF = O._ Using Theorem 3, we find U € Coit (Q, F&7)
such that JU = F in Q). Setting u = Ul yields dyu = f. O

Corollary 4.1. Let X be a Kithler manifold of complex dimension n > 2, and let () € X be a smoothly bounded
domain that is weakly g-concave. Let E be a holomorphic line bundle on X and F®* its m-fold tensor product.
Assume a strongly plurisubharmonic function exists in a neighborhood of bQ). If HP1(X, F®") = 0, then
for each f € C;f’q(ﬁ, FE) with df = 0and 1 < q < n—2, there exists u € Gt (Q, F&°) such that
du=f.

Proof. The proof follows the methodology of Corollary 4.3 in Saber [48]. m|

Finally, we summarize a necessary and sufficient condition for the solvability of the d-problem

with boundary data in a fractional Sobolev space.

Theorem 4.3. Let X, ), and E be as in Theorem 5.1. Suppose f € er,,{iz(bﬂ, Fe) with0 < p < nand
1< q < n-2,satisfying dyf = 0. Then there exists a function F € Lz q_l(Q, F©7) such that Flyq = f
and OF = 0 in Q).

Proof. This result is obtained following the proof of Theorem 4.4 in Saber [48]. m|

5. ExTENsioN oF FORMS FROM THE BOUNDARY

Let X be a connected complex manifold of complex dimension n > 2, and let () € X be an open
subset with a ¢*°-smooth boundary. Suppose E is a holomorphic vector bundle over X. In this

section, we establish several extension results.

Lemgm 5.1. Given L any ¢ € Cp, (bQ), E) satisfying Iy = 0, there exists an extension ¢ € Coy (O, E) such
that ¢lyq = ¢ and d¢ vanishes to infinite order along bQ).
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Proof. The argument follows similarly to that presented in Ohsawa [14,15]. m]

Using foundational results from the theory of Kodaira, Andreotti, and Vesentini (see Kodaira [17]
and Andreotti-Vesentini [22]), we derive the following sufficient condition for smooth extension
up to a given order.

Lemma 5.2. Let X be a connected Kihler manifold of dimension n, and let Q) € X be a relatively compact
domain with €*°-smooth boundary satisfying the weak Z(q) condition. Suppose E is a holomorphic vector
bundle over X. Assume that () admits a € defining function p such that

99( —log(=p)) = c(9(~log(-p)) ®I(~log(—p)) + w)

for some positive constant ¢ on Q. Then, for any ¢ € Cp,(bQ), E) with ébgb =0and g <n-1, and
for any nonnegative integer k, there exists a d-closed E-valued (p, q)~form ¥y, of class C* on Q satisfying
Filoa = .

Proof. The proof strategy parallels that of Ohsawa [14,15]. m]
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