Int. J. Anal. Appl. (2025), 23:142

and Applic

International Journal of Analysis and Applications

A Bicubic trigonometric B-Spline Approach for Solving the Nonlinear Generalized 2D

Burger’s Equation

Sherwan S. Ahmed?!, Bewar A. Mahmood?*

Department of Mathematics, College of Basic Education, University of Duhok, Kurdistan Region, Iraq
2Department of Mathematics, College of Science, University of Duhok, Kurdistan Region, Iraq

*Corresponding author: bewar.mahmood@uod.ac

ABSTRACT. Nonlinear reaction-diffusion problems, such as the nonlinear generalized two-dimensional Burgers’
equation, play a crucial role in various fields, including developmental biology, population dynamics, engineering,
and physics. This study focuses on the numerical solution of the two-dimensional Burgers’ equation using a collocation
method based on bicubic trigonometric B-spline functions combined with a 0-weighted scheme. The spatial and
temporal domains are discretized using bicubic trigonometric B-spline functions and a finite difference approach,
respectively. The nonlinear terms in the equation are handled through quasilinearization. The effectiveness of the
proposed method is demonstrated by simulating some test problems with different initial and boundary conditions.
The influence of various reaction terms is analyzed and presented in both tabular and graphical formats. Moreover,
using the Von Neumann stability analysis, the proposed scheme is shown to be conditionally stable. The results
indicate that the present method is highly effective for solving nonlinear partial differential equations arising in a wide

range of scientific and engineering applications.

1. Introduction

Diverse physical phenomena including fluid flow, mass transfer, air pollution, acoustic
waves, shock waves, groundwater movement, chemical separation, nuclear reactor theory, and
the logistic growth of populations—are frequently modeled using nonlinear partial differential
equations [1-7]. Solving these equations presents a major challenge for mathematicians,
engineers, and numerical scientists. As a result, a wide range of techniques has been employed

by researchers, including the finite difference method, finite volume method, finite element
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method, variational iteration, Adomian decomposition, residual power series, differential
transform, B-spline approximation, non-polynomial splines, polynomial differential quadrature,
among others [8-14].

Burgers’ equation is a nonlinear advection-diffusion equation used in the analysis of
shock waves, wave propagation in thermoelastic media, dispersion and pollution transport, and
the formation of structures in cosmological adhesion models. It reflects the interaction between
diffusive viscous processes and nonlinear convective phenomena in two spatial dimensions.
This paper presents an investigation of the two-dimensional Burgers’ equation, which is

expressed as:

u(x,y,t) + ulx, y, t) (ux(x, vt) +u,(x,y, t)) =6 (uxx(x, y,t) +uy,(x,y, t)) 1.1)
fora<x<b, c<y<d, and0<t<T,
subject to the initial condition
u(x,y,0) = p(x,t), (1.2)
and Dirichlet boundary conditions:

{u(a, y,t) =p1(y,0), uyt)=p;(yt), (1.3)
u(x,c, t) = p3(x,t), u(x,d,t) = ps(x,t), )

here, u(x, y, t) is the unknown function, t denotes time, and x, y are spatial coordinates. The term
Uer (X, Y, ) + uyy (x, ¥, t) represents diffusion in two spatial dimensions, and & is the Reynolds
number, which is used to predict the transition from laminar to turbulent flow. Laminar flow
occurs at low Reynolds numbers, while turbulence appears at high Reynolds numbers. For large
Reynolds numbers, the Burgers” equation behaves like a hyperbolic PDE, and the solution tends
to exhibit multiple features due to the formation of sharp, shock-like wave fronts [15].

Due to its importance in modeling a wide range of physical processes including
turbulence, gas dynamics, traffic flow, and shock wave generation Burgers’ equation has received
considerable attention from researchers in recent years. However, the nonlinear nature of
Burgers’ equation makes it difficult to obtain analytical solutions. Consequently, various
numerical techniques and algorithms have been developed to efficiently and accurately
approximate its solutions.

Wazwaz [16] applied the Adomian Decomposition Method (ADM) to Burgers” equation
and generated analytical approximations that effectively handle the nonlinear convective terms
and exhibit rapid convergence. He [17] used the Variational Iteration Method (VIM) to solve
Burgers’ equation, demonstrating the method’s simplicity and efficiency in producing accurate
solutions without requiring linearization or discretization. Zhao and Li [18] used the space-time
continuous Galerkin method to solve the 2D Burgers” equation, achieving high-order accuracy
and unconditional stability without mesh ratio restrictions. Parand et al. [19] developed a spectral

collocation method for solving one- and two-dimensional Burgers’ equations, combining the
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Jacobian-free Newton-Krylov method with Bessel functions. This method provides high
precision and stability, especially for problems involving sharp gradients. Based on differential
quadrature, Arora and Kumar [20] proposed the modified cubic-B-spline differential quadrature
method to find the approximate solution of the Burgers’ equation. Kirli and Irk [21] solved
Burgers’ equation using Crank-Nicolson time-stepping, B-spline collocation, and Galerkin finite
element methods, focusing on precision and stability in the presence of shock waves and steep
gradients. Furthermore, Zaman et al. [22] applied the Haar Wavelet Collocation Method to solve
Burgers’ equation, emphasizing the method’s computational efficiency and ability to handle
discontinuities and nonlinearities in the solution.

Based on the authors' knowledge, the two-dimensional Burgers” equation has not been
previously solved using the bicubic trigonometric B-spline interpolation method. The primary
objective of this study is to solve Equation (1.1) using bicubic trigonometric B-spline functions.
The proposed scheme employs a collocation approach with bicubic trigonometric B-spline
functions and their derivatives for the spatial variables, combined with a finite difference method
for the temporal variable. The Crank-Nicolson method is applied to ensure numerical stability.

The paper is organized as follows: Section 2 presents the mathematical foundation of the
bicubic trigonometric B-spline interpolation method. Section 3 details the derivation of the
proposed numerical scheme for solving the two-dimensional Burgers’ equation, incorporating
suitable initial and boundary conditions. Section 4 discusses the stability analysis of the method.
In Section 5, the scheme is applied to several test problems, and the L2 and Lo error norms are
calculated to evaluate accuracy. Finally, Section 6 concludes the study by summarizing the key

findings.
2. Description of the bicubic trigonometric B-spline interpolation

A Trigonometric B-spline surface is constructed from a linear combination of recursive functions,
called trigonometric B-spline basis functions. The derivation of trigonometric B-spline basis and
its properties are discussed in [23].

Suppose that {x;} represents a uniform partition of an interval along the x-axis, where x;,; = x; +
Ax,l € Z, and Ax represents the step size of the partition. The trigonometric B-spline basis of order
k, with degree k — 1, is defined as follows:

x—le) sin (xl+k—x)

k-1 2 k-1
= WT[ (X) + WTH—l (X), (21)

2
with the initial function defined by:

1 x € [x;,%144]
1 — ) AL+
T () = {0, otherwise

In this work, a trigonometric B-spline of degree three is employed. Evaluating (2.1) up to k = 4

gives:
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a3 (xp), x € [x1, X141]
Tf (x) = 1 Jo(xlo(x)s(xi42) + ¢(x143)0(x141)] + ¢(x144)0% (xi11), X € [X141, X142] (2.2)
6 | 0(x)¢?(xp43) + ¢ (rr4a) [0(x41)5(X13) + 0 (X142)6 (X1 44)], x € [x142,%143]
¢3(x144)s X € [x143,X144]

where

X — X X — X o (Ax\ . (3Ax

o(x;) = sm( > ), ¢(x)) = sm( > ),9 = sin <7> sin(Ax) sin (T)

Since the basis Tj*(x) is a piecewise trigonometric function of degree 3, it is called a cubic
trigonometric B-spline basis. The basis has second-order parametric continuity.

When evaluating cubic trigonometric B-spline basis in (2.2) at x;, there are three nonzero bases

functions, namely T;* ;(x;), %, (x;), and T;* { (x;). The nonzero values are given by:

Ax 3Ax
T 5 (x;) = sin? (7) csc(Ax) csc (T)
T 2(0) = e 23)
L) E——— .
-2 1 + 2cos (Ax)
4 5 Ax 3Ax
T2 1(x;) = sin (7> csc (Ax)csc (T)
the first and second derivatives of the basis with respect to x are also considered. The first

. .od . .
derivative o [T}*(x)] is continuous. At x; the nonzero values are:

3 csc (Az—x) 3csc (%)

d d d
— [Ts3(x)] = [Tl L)1 =0, — [T (x)] =

dx "~ 4(1+ 2 cos(Ax)) "dx 4(1 + 2 cos(Ax)) 24
The second derivative of the cubic trlgonometrlc B-spline basis at x; is given by:
d2 3(1 + 3 cos(Ax))csc? (g)
a2 [T25(x)] = ~ e
16<2cos( )+cos ( 5 ))
d2 3cot? (7)
Tl =~ B @5)
d? 3(1 + 3 cos(Ax))csc? (%)
[T, ()] = o

16(2 cos( ) + cos (T)

Now, consider a uniform partition {y;} of an interval along the y-axis, where ys1; = y; + Ay, s €
Z, and Ay represents the grid spacing.
The trigonometric B-spline basis of order k (degree k — 1) is defined recursively as:

n (%) sin (375+k_y)

S1
Tk = —Tk 1 E 26
S (y) sin (YS+k21 YS) ( )+ sin (3’5+k23’s+1) 5+1 (y) (2.6)

with the base case:

1, y€l[ysyssl
1 — s»JVs+1
o) = {0, otherwise
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The corresponding cubic trigonometric B-spline basis is given by:

o (¥s), Y € [Ys, Y51l
TA(y) = 1 Jolo0s)sBse2) + $Us43)0 sr)] + ¢ Ws14)0? (V51D Y € [Ys+1, Y52l @7
’ 0 | 0(V)s? Ws+3) + SWs4) [0Ws11)6s43) + 0Ws42)SWs4a)] ¥ € [Vsr2) Vsasl
3 Ws+a)s Y € [Vs43: Vsral
where
(Y= Ys (Vs . (B . (3Ay
o(ys) = sm( > ), c(ys) = sm( > ),9 = sin (7) sin(Ay) sin (T)
The corresponding nonzero values when evaluating T, (y) and its derivatives at y; are:
A 3A
Td 5 (y) = sin? (7}1) csc(Ay) csc (Ty>,
Tk = 2.
A 3A
T (ys) = sin? (7}}) csc (Ay)csc (T}’)
First derivatives:
Ay y
d 3csc (—) d 3csc (—)
T4 - _ 2 Z T4 —0 ,—[T* = 2 2.9
dy[ s—3(ys)] 4(1 +2 COS(Ay))’dy[ S—Z(ys)] 0 :dy[ S—l(ys)] 4(1 + 2COS(Ay)) ( )
Second derivatives:
. 3(1 + 3 cos(Ay))csc? (%)
—— [Ts23(s)] = ,
dy? Ay 3Ay
y 16 (2 cos (7) + cos (T))
Ay
d2 3cot? (—)
& s - _ 2

d—z[T“' 0] = 3(1+ 3cos(Ay))cscz(%)
2T 16 (2 cos (%) + cos (?’s—y»

dy
An arbitrary trigonometric B-spline surface equation U(x,y), can be formed using the bases in
(2.2) and (2.7):

m—-1 n—-1

Uy = ) ) W TFOTO), x€loxnly €boyl mn=1, @11
|=—3s5=-3
Here, ¥, are unknown coefficients. As the surface is constructed using two cubic trigonometric

B-spline basis functions, it is referred to as a bicubic trigonometric B-spline surface.
Evaluating U(x, y) at (x;, ¥s) and using the simplifications from Equation (2.11) in Equations (2.3)
and (2.8), yields:
U(x,¥s) = by(bsWi—ss-3 + ba®i_ssp + bsWi_35-1) + Do (b3 W)z 53 + baWi 55 + b3W)_551)
+ by (b3¥i_1,5-3 + baWi_15-2 + b3¥_15-1), (2.12)
where
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2 g) (3;“) =—2 _

b; = sin (2 csc(Ax)esc 2 ) b, 1+2 cos(Ax) ’
2

1+2 cos(Ay)

b; = sin? (%) csc (Ay)csc (32_3;)’ and

b4 =
By taking the first derivatives of U(x;,y;) with respect to x and y and evaluating them at (x;, y;)

using Equations (2.4) and (2.9), the following equations are obtained, respectively
d
aU(xl;yS) = _bx(bll‘Ul—S,s—S + bW 352+ b1llul—3,s—1)
+bx(bllpl—1,s—3 + bzllul—l,s—z + blllul—l,s—l)' (2-13)

d
Eu(xlvys) = bl(_bylpl—3,s—3 + bylpl—3,s—1) + bz(_byllul—z,s—3 + bylpl—z,s—l)

+ bl(—b l‘”l—l,S—?) + byllul—l,s—l)' (214)
3csc(A2x) 3 CSC(Ay)
where bx = m and b m

By taking the second derivatives of U(x, y) with respect to x and y and evaluating them at (x;, y;)
using Equations (2.5) and (2.10), the following equations are obtained:

dZ
d_U(xl;YS) = Dyx1(D1¥)-35-3 + boWi_35-2 + D1¥1_35-1)
+byxa(D1¥1-25-3 + baW_252 + b1 W15 5-1)
+Dyx1 (bllpl—l,s—3 + bW 152t blllul—l,s—l)' (2.15)
d2
dyz U(x, ¥s) b1(byy1’1"l—3,s—3 + byyo W35 2+ byy1’l"l—3,s—1)
+b, (byylllul—z,s—B + byyoWi_25-2 + byylllul—z,s—l)
+b1 (byyllpl—l,s—3 + byyzlpl—l,s—z + byyllpl—l,s—l)' (2-16)
where
3(1+3 cos(AX))cscz(g) _ 3cot2(%) 3(1+3 cos(Ay))cch(—y) 3cot2(%)
xxl = 16(2 cos( )+c0 (ﬂ)) XX2 7 2+4c0s (Ax)’ yy1 = 16(2 cos( y)+cos (3Ay)) Pyy2 = T i4cos (Ay)

The simplifications of the bicubic trigonometric B-spline basis and its derivatives at (x;, y;) are

extensively used in solving two-dimensional PDEs using bicubic trigonometric B-spline.

3. Analysis of the method

To begin, the domain of the problem is discretized as follows:

b—a
x;=1Ax, Ax= , m>1, leZ

m

d—c
vy, =sAy, Ay= o n>1, seZ (3.1
ty = kAt, At is the time-step, keN

Next, the bicubic trigonometric B-spline surface U(x, y), as given in Equation (2.11), is presumed

to be the solution of Equation (1.1). Evaluating it at (x;, y5), Equation (1.1) becomes
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d a a 02 92
at U(xl' ys) + U(xl'ys) <a U(xl: 3/5) + E U(xl: ys)) =6 (ﬁ U(xlr ys) + W U(xlr ys)>' (3.2)

wherel =0,1,...,m ands=0,1,...,n.
By simplifying the bicubic trigonometric B-spline surface function and its derivatives at the points
x; and yg, and substituting the simplified forms (2.15) and (2.16) into Equation (3.2), and then

rearranging the terms, we obtain the following equation:

02 02
Gis =6 WU(%YS) + a—yzU(xz,YS)

Gis =B1¥)35-3+Bo¥ 352+ B1¥)35-1+B3¥ 253+ Ba¥125-2 + B3¥|25-1 + B1¥1_15-3
+By¥1—15-2 T B1¥i—1,5-1, (3.3)
where
By = 8(byx1b1 + b1byy1), By = 8(byxiba + bibyy,), By = 8(byxabs + babyyy) and B,
= §(bxxzbz + bybyy),

by introducing the time level k, the following equation is obtained:
k
ks = 6k = (s (@rs + (w),)) (3.4
here, u{fs represents u(x;, ys, ty). A 8-weighted scheme is used for time discretization, where
0 < 0 < 1. Thus, Equation (3.4) becomes
(u)fs = OF*D + (1 - 6)FF, (3.5)
k
where F¥ = Glf, — (w,o((un)ys + (uy)is) -
The Crank-Nicolson method is adopted by setting 6 =% , ensuring numerical stability [27].

Applying the forward difference scheme

At
into Equation (3.5) and based on the time level yields:

k+1 At
ul('s+ ) — uﬁs + 7[F(k+1) + Fk] (36)
Expanding F**1 and F¥, we get:
At k41 (k+1) k
u;‘,',;-l = u;‘fs + 7 [Gl(,s+ ) - (ul,s ((ux)l,s + (uy)l,s)) + Gll,cs - (ul,s((ux)l,s + (uy)l,s)) ) (3-7)

The nonlinear terms in Equation (3.7) are linearized using the quasilinearization technique,

resulting in:

(ul,s ((ux)l,s + (uy)l,s))(k+1)

(om0t + ) e = (Gt + (y)],))

k
+ (u{fs (@l + (uy)l,s)) (3.8)
Substituting Equation (3.8) into Equation (3.7), we obtain:
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At At At
(k“) +— (((ux)ls + (uy)ls)) e = 2 G(k+1) uf's + 7(((%){‘,5 + (”y)fs)) Uis

At At
- 2 (Zuls((ux)ls + (uy)ls)) + 7Gl],cs

Rearranging the terms, we get:

At At
<1+ (((ux>ls+(uy>ls)))u§’§“) - G

= (15 (ol + @)) - 5 (2 (0 @)) 4 ot 39
Let Ef; = (1 + %((ux)i‘,s + (uy);fs))
o ot = (14 (e ()5) (2 (1)

Equation (3.9) becomes
At At
EE, » ul(1;+1) Gl(,lsc+1) = Df; »ufs + 761’,‘5 , 1=01,..,m ands =0,1,..,n (3.10)
The boundary conditions (1.3) are discretized as follows:

{U"(xO,ys) =p1(ys, t*), UGemys) =p2(¥s,t%).  s=01,..,n
Uk (x,v0) = p3(xl, tk), Ulx,yn) = p4(xl,tk). [=12,..,m—1.
The boundary conditions in Equation (3.11) are not computed at [ = 0, m since these values were

(3.11)

already determined when s = 0,n. The simplified form of the bicubic trigonometric B-spline
surface from Equation (2.12) is substituted into Equation (3.11). For the first set conditions, [ is
evaluated at 0 and m, and for the second set, s is evaluated at 0 and n.
Based on the formulation of the bicubic trigonometric B-spline surface given in (2.11), there
are(m + 3) (n + 3) unknowns, denoted as ¥, that need to be determined. The differential
equation in (3.10) provides a total of (m + 1) (n + 1) equations. Furthermore, an additional
(2(m+ 1)+ 2(n+ 1) — 4) equations are derived from the boundary conditions in (3.11). Given
that
m+3)n+3))—-(m+1)(n+1)-CmMm+1)+2(n+1)—-4) =

As a result, an underdetermined system of linear equations with 8 independent variables is
formed.
To proceed to the next time level, the values ¥ must be determined. These values are
computed from the discretized initial condition (1.2)

us =px,ys), 1=01,..,m,s=01,..,n. (3.12)
In total, (m + 3)(n + 3) values must be determined, while Equation (3.12) provides only (m +
1)(n + 1) linear equations. Thus, the resulting underdetermined system is solved using

MATLAB's built-in function Isgminnorm to compute ¥Jx.
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For k > 1, the values of ¥ are used along with Equations (3.10) and (3.11), leading in an
underdetermined system of linear equations with 8 independent variables at each time step k.
The least squares method is employed to solve this system. The computed values of ¥/ are then
substituted back into Equation (2.11), yielding an approximate solution for the Burger’s equation
at time step k.

4. Stability analysis for the numerical scheme

In this section, we analyze the stability of the numerical scheme using the Fourier stability
principle, assuming that the solution to Equation (3.10) has a specific form. By applying this
principle, we assess the method's stability and performance, providing important insights into its
accuracy and reliability. According to Fourier stability analysis, leading to

pk = JkeiBlbxgivshy 41)
where 1 is the amplification factor and i = v/—1. The parameters § and y are the mode numbers
[24, 25]. The spline-difference equation is given by:

Bl »ulit = Z6I = D« uf + 3G (4.2)
Substituted The terms U and G from Equations (2.12) and (3.3) into the left-hand side of Equation
(4.2). and expressing it in terms of the coefficients ¥/, we obtain:

At
k k+1 k+1
El,s *Ups ™ — 7 Gl,s

- k+1 k+1 K+1 k+1 k+1 k+1
= ¥ 53t RV o W5tz Wi s t 2 Wi 2 23 W55
k+1 k+1 k+1
21 ¥ s + 2252 W
where
_ k At _ k At _ k At _ k At
Z = (El,sb1b3 - 731) 22 = (Ez,sb1b4 - 732) 123 = (Ez,sb2b3 - 733) Zy = (El,sb2b4- - 7734)
The Fourier harmonics from Equation (4.1) are applied to the equation, and the terms are then

simplified as follows:

At
Ellfs * u;‘,’:l - ?Gl’,cs-'-1 =7 (q111<_4'3}5_3 + lplk—-|:?‘3s—1 + l‘Ulk—+1?s—3 + q’lk—-‘-l?s—l) + 2 (q,lk—-‘-s?s—z + l},l""—-‘-l?s—z
k k k
+z3 (W[ os + WI5o1) + 2 W55 0)
— Ak+1[Zl(eiﬂ(l—S)Axeiy(s—3)Ay + eiB(l—3)Axeiy(s—1)Ay + eiﬁ(l—l)Axeiy(s—3)Ay + eiﬁ(l—l)Axeiy(s—l)Ay)
+ z, (eiﬁ(l—B)Axeiy(s—Z)Ay + eiﬁ(l—l)Axeiy(s—z)Ay)

+ 73 (eiB(l—Z)Axeiy(s—B)Ay + eiB(l—Z)Axeiy(s—l)Ay) +z, (eiﬁ(l—Z)Axeiy(s—z)Ay)]
At . .
Ell,{s % uf;—l _ 7(;1”(;1 — Ak+1(ezB(l—Z)Axely(s—Z)Ay) X

[z, (2cos (BAx))(2cos (yAy)) + z,(2cos (BAx)) + z3 (2cos (YAy)) + z, ]
Similarly, the terms U and G from Equations (2.12) and (3.3) are substituted into the right-hand

side of Equation (4.2). The equation is then rearranged in terms of the coefficients ¥/ to yield:
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—tGk—z‘Pk + z, Wk + z: Wk +z, @k + zg Wk + z, Pk
s — 4511-3,5-3 611-3,5-2 511-3,s-1 7 T'1-2,5-3 8 1'l-2,5-2 7 T1-2,5—-1

k k
Dl,s * ul,s + 2

+25 W 153+ 26PN +25W s
where
Zg = (Dl],csblb:‘} + %Bl)' Zg = (Dll,csblb‘lf + %Bz) y Z7 = (Dllfsbzb?) + %33), and
— (pk At
zg = (Dfsboby +5 B,)
The Fourier harmonics from Equation (4.1) are substituted into the equation, and the terms are

simplified as follows:
At
le,:s * ufs + TGlIfs =Zs (l‘Ulk—3,s—3 + 'Plk—3,s—1 + l’Ulk—l,s—3 + "Ulk—+1%s—1) + Z6('1Ulk—3,s—2 + l‘Ulk—-l-l?s—z)
+2; (Plgems + Wiasoa) +25 (Plaso2)
— Ak[Zs(eiﬁ(l—3)Axeiy(s—3)Ay + eiﬁ(l—3)Axeiy(s—1)Ay + eiﬁ(l—l)Axeiy(s—3)Ay 4+ eiﬁ(l—l)Axeiy(s—l)Ay)
4+ Z6(eiﬁ(l—3)Axeiy(s—2)Ay 4+ ei[)’(l—l)Axeiy(s—Z)Ay)

+z, (eiB(Z—Z)Axeiy(s—S)Ay + eiy(s—l)Ay) + zg (eiB(Z—Z)Axeiy(s—Z)Ay)]
At , .
Dll,{s % u{{,s + 7655 — Ak(elﬁ(l—Z)Axezy(s—z)Ay) X

[z5(2cos (BAX))(2cos (yYAy)) + z¢(2cos (BAx)) + z; (2cos (YAy)) + zg ]
Hence, the amplification factor A is given by:
zs(2cos (BAx))(2cos (yAy)) + zg(2cos (BAx)) + z; (2cos (yAy)) + zg
- z,(2cos (BAx))(2cos (YAy)) + z,(2cos (BAX)) + z3 (2cos (YAY)) + z,
Since the cosine terms are bounded as:
-1 <cos(fAx) <1 and -—-1<cos(yAy)<1

The maximum possible values occur when cos(fAx) = 1 and cos(yAy) = 1, leading to:
475 + 22¢ + 227 + zg
- 4z, + 22, + 225 + 2,
To ensure 1| < 1the coefficients must satisfy the condition:
475 + 226 + 227 +2zg < 4z) + 22, + 223 + 24

This ensures that the numerical scheme defined in Equation (3.10) is conditionally stable.

5. Numerical tests and discussion
In this section, we present the numerical results obtained using the proposed algorithm for two

test problems. We evaluate the accuracy of the proposed technique using the L, and L, error

norms, which are calculated as follows:

;Lo = max |U; —

where, U; and u; represent the approximate and exact solutions, respectively. The numerical

results are presented graphically and in tabular form using MATLAB software.
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Problem 5.1.
Consider the two-dimensional Burgers’ equation as follows [27]:
up + u(ux + uy) = 5(uxx + uyy)

where the exact solution to the problem is given by

u(x,y, t) =

x+y-t)

1+e

28

0<x<1,0<y<1,t=20,

(5.2)

(5-1)

and § > 0 is the Reynolds number. The initial and boundary conditions are derived from the

exact solutions. Error norms are recorded for different time level and are shown in Table 1. It is

observed that the accuracy of the scheme, in terms of error norms, decreases as m and n increase.

The 2D plots of the numerical and exact solutions at different time stages, showing the effect of

time on u(x, y, t) are displayed in Fig. 1. The 3D graphics of the exact and numerical solutions are

shown in Figs. 2-5, clearly demonstrating good agreement with the exact solution.

Table 1. Accuracy test for the two-dimensional Burgers” Equation (5.1) with the exact solution

(5.2) and 4 = 4.
mxn t =0.25 t=05 t =0.75 t=1
L., L, L., L, L., L, L., L,
2x2 1.3094e-03 9.2589%e-04 | 1.3754e-03 9.7256e-04 | 1.4111e-03 9.9780e-04 | 1.4504e-03 1.0256e-03
4x4 2.0025e-04 2.5945e-04 | 2.0119e-04 2.6573e-04 | 2.1246e-04 2.7382e-04 | 2.3799e-04 2.8453e-04
6XxX6 | 3.0619e-04 7.0916e-04 | 1.0176e-04 1.3669e-04 | 1.0571e-04 1.4212e-04 | 1.1136e-04 1.5103e-04
8x8 | 51409e-05 8.4568e-05 | 5.1766e-05 8.7228e-05 | 5.5239%e-05 9.2168e-05 | 8.8460e-04 1.0307e-04
12 x 12 | 2.3005e-05 4.5342e-05 | 2.3309e-05 4.7479e-05 | 7.9740e-05 2.3783e-04 | 1.0409e-04 2.3927e-04
16 X 16 | 1.2926e-05 2.9335e-05 | 1.9312e-05 3.1821e-05 | 6.1085e-05 4.7079e-05 | 2.0237e-04 1.2013e-04
20 X 20 | 8.2628e-05 2.0996e-05 | 2.1403e-05 2.4691e-05 | 9.3544e-05 5.7781e-05 | 4.2404e-04 2.3514e-04
24 X 24 | 1.9267e-05 8.2035e-05 | 2.4361e-05 8.2148e-05 | 1.4241e-05 1.1244e-05 | 9.5010e-04 5.1065e-04

0.54

0.53F 4
; *
oszf " P

0.51)
4

*  Numerical Solutions t=0.25
Exact Solutionst=0.25
Numerical Solutions t=0.5 |4

Exact Solutions t=0.5

¥ Numerical Solutions t=0.75
Exact Solutions t=0.75

*  Numerical Solutions t=1
Exact Solutions t=1

¥

0 0.1 0.2 0.3 0.4 0.5
X

0.6 0.7 0.8 0.9 1

Fig. 1. Physical behavior of the numerical and exact solutions for Problem 5.1
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Problem 5.2
Consider the two-dimensional Burgers’ equation as follows [28]:
up + u(ux + uy) = é‘(uxx + uyy) ,—05<x,y<05,t=0 (5.3)
with the exact solution
1 x+y—-1t)
u(x,y, t) = 3~ tanh <—26 >, (5.4)

where § > 0 is the Reynolds number. The initial and boundary conditions are derived from the
exact solutions. The L,, and L, error norms are calculated for different time values and
summarized in Table 2. It is observed that the accuracy of the scheme, in terms of error norms,
decreases as m and n increase. Figure 6 presents the 2D plots of the numerical and exact solutions
at various time stages, highlighting the effect of time on u(x, y, t). The 3D representations of the
exact and numerical solutions, shown in Figs. 7-10, demonstrate excellent agreement with the

exact solution.

Table 2. Accuracy test for the two-dimensional Burgers” Equation (5.3) with the exact solution
(5.4)and 6 = 4.

o t =0.25 t=0.5 t =0.75 t=1
Lo, L, L, L, L, L, L, L,

2x2 | 1.9489e-03 1.3781e-03 | 2.3381e-03 1.6533e-03 | 2.5381e-03 1.7947e-03 | 2.7679e-03 1.9572e-03
4x4 | 3.7158e-04 3.6059e-04 | 4.6426e-04 4.0494e-04 | 6.0232e-04 4.7419e-04 | 1.3843e-03 1.0370e-03
6X6 | 9.9058¢-04 2.5516e-03 | 2.2847e-04 2.0487e-04 | 3.7598e-04 2.7204e-04 | 1.3843e-03 1.0370e-03
8x8 | 86883e-05 1.0697e-04 | 1.6732e-04 1.3747e-04 | 3.4759e-04 2.1894e-04 | 1.3753e-03 5.4129e-04
12X 12 | 4.9509e-05 5.7588¢-05 | 1.4652e-04 9.4656e-05 | 3.8468e-04 8.3991e-04 | 7.6515e-04 4.2456e-04
16 X 16 | 3.8538e-05 3.8687¢-05 | 1.7203e-04 9.2764e-05 | 8.3903e-04 3.8863e-04 | 8.1254e-04 5.8516e-04
20 X 20 | 3.5017e-05 2.9633e-05 | 2.3306e-04 1.1267e-05 | 1.7102e-04 7.3182e-04 | 6.5285e-04 4.1049e-04
24 x 24 | 6.7180e-05 2.8827e-05 | 2.8933e-05 3.1012e-05 | 3.7162e-04 1.5004e-04 | 4.2404e-04 2.3514e-04

D75T N T :

| *
07} o *

065T

06

*  Numerical Solutions t=0.25 *
Exact Solutionst=0.25 *
Numerical Solutions t=0.5
Exact Solutions =0.5 4
¥ Numerical Solutions t=0.75 *
Exact Solutions t=0.75
*  Numerical Solutions t=1
Exact Solutions t=1
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Fig. 6. Physical behavior of the numerical and exact solutions for Problem 5.2
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6. Conclusions

In this study, a bicubic trigonometric B-spline interpolation technique was employed to solve the
nonlinear reaction-diffusion equation, specifically the well-known two-dimensional burger’s
equation, using a collocation approach that incorporates bicubic trigonometric B-spline functions
and a 0-weightedsscheme. For discretization along spatial and temporal grids, the proposed
numerical technique uses bicubic trigonometric B-spline functions and finite difference approach,
respectively. To the authors' knowledge, this method has not been previously used to solve the
two-dimensional Burgers’” equation. However, it is worth noting that the trigonometric B-spline
method was recently proposed for solving the Burgers. The conditional stability of the proposed
scheme is also analyzed in this study. The method’s accuracy was validated through several
problems, with numerical results presented in tables and graphs, demonstrating good agreement
with the exact solutions. The numerical results further show that only a few numbers of grid
points (m and n) are required to achieve a high degree of accuracy, making the method
computationally efficient. It was concluded that the proposed method is well suited for solving
the two-dimensional burger’s equation, as it provides accurate solutions while reducing
computational effort and time.

Therefore, it is suggested that this method can serve as an alternative for solving higher-
dimensional problems. The feasibility of extending the present approach may prove useful in
addressing higher-dimensional partial differential equations that arise in various applications in

science and engineering.
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