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Abstract. In this article, we investigate the existence of non-negative solutions for a boundary value problem associated

with an eighth-order differential equation A®) (@) = (@, A(@), AV (@), -, A7) (@)) for 0 < @ < 1, under initial values

"

A0) =A"(0) =A"(0) = A"(0) = 0and A4 (1) = AB)(1) = A®) (1) = A7) (1) = 0, where ¢ is non-negative continuous
function. For this study, we use the nonlinear Leray-Schauder alternative and the Leray-Schauder fixed-point theorem
to prove the existence of at least one non-negative solution. As a numerical application, we present an example to

confirm the utility of the achieved results.

1. INTRODUCTION

Nowadays, study on the boundary value problems (BVPs) is one of the interesting research
area for many researchers [1-4]. Recently, several novel research studies have been come to the
literature discussing qualitative and quantitative analyses of BVIPs [6-12]. In advanced studies,
Eighth order boundary value problems arise in various fields of modern mathematics, chemical-
physical events, etc. The hydrodynamic stability problems of the eighth degree BVIPs have been
discussed in [13]. Some novel studies of problems with higher order BVIPs to explore the existence

of a solutions have been discussed [14-17].
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In [18], the authors have analysed three positive solutions for higher-order m-point BVPs. In
2019, Thenmozhi et al. derived some novel results of the existence of non-negative solution for the
eighth-order differential equations by employing fixed point theorem. Moreover, these problems
have been numerically solved using different numerical methods [19]. Many authors have relied
to provide approximate solutions to differential equations of the eighth order [20-23]. In [24], a
numerical solution of the eighth order BVIPs using Petrov-Galerkin scheme with quintic B-splines
and septic B-splines functions has been derived. In [25], a numerical solution of eighth order
BVTPs using variational iteration method has been derived. The authors numerically solved an
eighth order BVIPs using Galerkin scheme with septic B-splines [26].

The aim of this work is to explore the possibility of the existence of non-negative solutions to

the BVIP
A8 (@) = ¢, A(@), AV (@), , AT (@), 0<@<1,

A(0) =A(0) =A"(0) =A"(0) =0, (1.1)

A4) (1) = A05) (1) = A6) (1) = A7) (1) =0.
where ¢ € C(&Z{, 0, oo)) is non-negative continuous function, here I = [0, 1] and

A =T [0,00) x [0, 00) x [0,00) x [0, ) x [0, 00) X (=09, 0] x [0, 00) X (=0, 0].

This paper is arranged as follows. Section 2 is limited to the definition and the theorem which shall
be employed to verify the results. In Section 3, we derive our fundamental results consisting the
existence theorems of at least one non-negative solution for (1.1) by setting some sufficient criteria
applying the nonlinear Leray-Schauder alternative and the fixed-point Leray-Schauder theorem.

In Section 3.1, as a numerical application, we yield an example to check the desired outcomes. The

conclusion is given in Section 4.

2. PRELIMINARIES

In this part, we provide a definition and fundamental theorem of the fixed point of Leray-

Schauder to further determine the non-negative solution of the problem (1.1).

Definition 2.1. Assume H is Banach space containing a cone A. The application E is a positive continuous

concave operator on A equipped E : A — [0, c0) is continuous and

B(oA+(1-0)v) 2 0B(A) + (1-0)E(v), VAveA gel
Likewise, we can put that the application © is a positive continuous convex operator on A equipped
® : A — [0,00) is continuous and @(g/\ +(1- Q)v) < 0O(A) 4+ (1 -0)O(v), for each A,v € A, and
oeL
Theorem 2.1 ([27,28]). Let H is a Banach space and Y C H be a bounded open subset, 0 € Y. I1: Y — H

be a completely continuous operator. Then, either i): There exists A € dY and w > 1 such that II(A) = wA,
orii): AA* € Y a fixed point.
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3. FUNDAMENTAL OUTCOMES

In this part, first we will derive all csufficient conditions for the function i, which help us to
apply the nonlinear Leray-Schauder alternative, and the Leray-Schauder fixed point theorem to

prove the existence of at least one non-negative solution for (1.1).
Lemma 3.1. Assume that H be a Banach space
H= {/\ eC’(I) : A(0) =A(0)=A"(0) =A"(0) =0, A¥ (1) = A1) (1) = A®) (1) = 0},
equipped the norm
I = max {12, 120,14 lo, Al 14, 1Al 1A, 7)o,

where |Aly = maxp<p<1 A (@)]. So for everything A € H, we have ||A|| = ANy and Ay < ﬁll/\ll,

”

1410 < F5lIAIL 1A T < 55071 1Al < 5glIAlL 1A®o < 2lIAIL 1A®)o < FHIANL IA®o < [IAIL.

Proof. Consider the homogeneous BVP of the seventh-order —A(7) (@) = 0, for 0 < @ < 1, with
boundary conditions (1.1). Then its Green function N(®, &) is given by

—&0 + 680 - 1584 +208%@°, 0<&E<m <1,

((D 5) 720 (3.1)
@° - 6&£@° 4 15&2a4, 0<@d<&E<T.

From (3.1) we can simply know that N(®, &) > 0 and

IN(@,8) PR(@,8) PR(@,8) I*N(@,8) PR(@,8) N (@, 5)
o 20, 55720, 5520, 57~ 20, 5 <0, 55— 20, (3.2)
and we integrate
f N(@, &) dE = f (@,8)d —(—%@7+@6—3@5+5@4),

a*“D‘f|c15 f‘*‘“’é dé = -} ( @° + 60° — 15@4+2o@3),

1
PNR(0,8) PR(a,) 1 5 4 3 2
S08)| g = f 9 di = ok - 60° + 300" - 600° + 6002),

1
PR(0,8) _ axm 1 4 3 2
el de = fo 3 m( 300" + 1200° — 1800 +120@),

[
I
I
fl PN(@,E) dng PR(@04) 4
0 ot 0 ot
I
I

“I
-

( 120@° + 36002 — 3600 + 120),

1
, PN(
S0 g = - fo Sl dé = o45(3600° - 7200 + 360),

1
PN(@,8) _ N( fD &)
ol e = fo Lae = 720( 7200 + 720).
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By integration, we find

1 2
ma [ Mo, orde = s, man [N ac =k, max [ 7588 ac - 3,
0
1
PR(0,8) _ IR (@,8) - PR (@,8) _
rngfi \dé—%f man [ |3 'dg_%, max [ [2589] ag =4,
maxf =1.
We have A € H and [|A|| = u. So
! ’ 18N(m£)
Mo) = fo N(@,&) A7) (&) de, Me)= | = AD(&)] de,
” 1 2 " 1 3
A (@) = fo TROL D) (£)] de, V(@) = fo IROL A7) (£)] e,
1 1
* , P &
A9 (@) = fo Mol A (£)] de, A6 (@) = fo Mol A (£)] de,

and 1) (@) = fl IN(@)

0 0@°

1
Alo < max f IN(@, &)INT)(&)]dE < A7

f|axmg||/\
[ 175
A |0<maxf|

Ao < max
o€l

IA"lo < max
@€l

IA®]y < max
el

IA®)]y < max
el

IA©]y < max
el

Then [A7)]p = |IAll =

jo‘l
jo‘l
[

I*N(@,8)
da*

PR(@,8)
dd®

°R(@,¢)
0D°

u, here the proof is finished.

i

o

[A7)(&)] d&. Therefore

|0 max
el

f |N(D£ |d£—252|/\7|0/

£)lds <A¢ omaxf | 202)| de = S,
@€l
£)lde < A7 |omaxf | 2599 de = £,
el
£)lde <A’ |omaxf [ 2502 de = £,
A (E)lde < A7) max f P g = 12O,
el Jo
1 5
A7) (&) d& < APy max f PR dg = LAD),
el Jo
1
A7) (&)1dE < 1A7)]) max f At A,
el Jo

According to the proposed Green function N(®@,&) in Eq. (3.1), the following plots, Fig-

ures 1la, 1b, 2a, 2b, 3a, and 3b, of the function are observed to verify the constraints (3.2).



Int. J. Anal. Appl. (2025), 23:256 5

(a) The first Green function (8) The second Green function

Ficure 1. The first and second Green functions.

e The first Green function N(@, &) > 0,

—&0 4+ 6850 —15&%@% +208%@°, 0<é<w <],

3.3
@° — 6ED° + 158204, 0<o<&E<L (33)

N(o,&) = %0{

for any @, & € I. The plot of the function is given in Fig. 1a.

1.0 7

(a) The third Green function (8) The fourth Green function
Ficure 2. The third and fourth Green functions.

e The second Green function axg;,é) >0,

(3.4)

Mo 1 | 6E°-30&0 +608@% 0<&E<a<l,
do 720

0] 605 — 300t + 60820°, 0<@<E<1.

for any @, & € 1. The plot of the function is given in Fig. 1b.

2
e The third Green function % >0,

(3.5

PN@g) 1 | —30&*+1208%@, 0<é<o<l,
P> 720

720 300% - 120£0° + 1808202, 0<@ <& <1.
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for any @, & € 1. The plot of the function is given in Fig. 2a.

e The fourth Green function 833%5) >0,
33N(®,E) 1 12053/ O < 5 <w< 1/
Fo T 70 1200% - 36080 + 360820, 0<@<E<1 (36)
for any @, & € 1. The plot of the function is given in Fig. 2b.
e The fifth Green function 84252’5) >0:
M) 10 0<é<m<l,
Mo — 720 2 _ 2 (37)
3600° —720& + 36087, 0<wo <&
for any @, & € 1. The plot of the function is given in Fig. 3a.
(a) The fifth Green function (B) The sixth Green function
Ficure 3. The fifth and sixth Green functions.
e The sixth Green function 35’;&2"9 <0,
PRws 1] 0 0<é&<o<l, 38)
Fo 70N 7200-7208, 0<@<&E<T1. '
forany @, & € I. The plot of the function is given in Fig. 3b.
e The seventh Green function 86352’5) >0,
PR(0,8) 110 0<&<w<],
Fo T 70 70, 0<o<E<l (3:9)

forany @, & € I. The plot of the function is given in Fig. 4.
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Ficure 4. The seventh Green function.

Theorem 3.1. Consider i € C(A,[0,)) and ¥ (®,0,0,0,0,0,0,0,0) # 0, @ € L. Assume that there
exist non-negative functions C; € L'(1),7=0,1,2,3,4,5,6,7,8 such that

1 1 1 1
z:ﬁfo co<£>ds+%fo cl(é)da;—ofo c2<s>dé+;—4f0 G(6) de

+%f01 c4(5)d5+%j: Cs(€) dc‘i+fol C6(€) dé+f01 C7(£)dE <1, (3.10)
and for every
(@, Ao,A1, Ao, As, Mg, As, A, A7) € T [0, 5v] x [0, v] x [0, 5v]
x [0, £5v] x [0, 2v] x [-4v,0] x [0, ] x [-v, 0], (3.11)
 specify
Y(@, Ao, A1, Az, Az, Ay, As, As, A7) < Co(@)Ag + 81 (@)A1 + Ca(@) A,
+ G(@)A3 4+ L (@)Ag = i5(@) A5 + (s (@) A — 7 (@) A7 + (s(@), (3.12)

wherev = A(1-X2)1, A = fol Cs(&)dE. Therefore the problem (1.1) accepts at least one non-negative
solution A* € C8(1) as verifies

252 max A*(@) < 72max(1*) (@) < 30max(1*)” (@) < 24max(1*)” (@) < 6max(1*)*) (@)

o€l o€l el el @€l
< 2max[-(1")®(@)] < max(1)® (@) < max[-(1")")(@)] < v.
@€l @€l el

Proof. As ¢(®,0,0,0,0,0,0,0,0) # 0 and |¢(®,0,0,0,0,0,0,0,0)] < (3(@), @ € [0,1], we have
A = fol Cs(&)dE > 0, then according to (3.10) that v > 0. From the problem (1.1), we deduce
A7 (@) = —fml (1) d, where

Ba() = 9 (10, A(x), A (x), A
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AMa@) = j:x@,g)(f; U (%) dK)dg,

where N(®, &) is given in the form (3.1). We have Y, = {A € H : ||A]| < v}, so Y, is a bounded

closed convex set of I and 0 € Y,.. For any A € Y,, we give the operator form IT as
Hence

) = [ 1N<m,5>( L 00 dK) de. (313)
(@) = [ o

52'5)( f 1%<K>d1<)dé, (1) (@) = f azi;;zé( f 9 dx)da,
(1) (@) = f ‘93’;0;?,‘5( f Pk dx)ds (1) ¥ (@) = f ‘94’;;35( f T dx)dé
@) = [ 289 [Goadas e = [ 20 [ Giwadae

"

and (TIA = — [0 $a(x)dx. Then, (TIN)(0) = (ITA)'(0) = (ITA)"(0) = (IIA)"(0) = O,
(ITA)“ >(1) (m)< )(1) = (m)< )(1) = (TTA)?)(1) = 0. Thus, IT: Y, — H. According to the

Ascoli-Arzeld Theorem, we can say this operator Il : Y,, — H is a completely continuous. Hence,

which means that

the problem (1.1) has a solution A = A(®) if and only if A verifies the equality ITA = A. Consider
A €dY,, w > 1such that IIA = wA. We have ||A|| = v, according to lemma 3.1 that |A|p < ﬁv,

"

Nl < Lv, IV o < v, 100 < v, A W)]g < v, [AB)|g = Ly, |A)]g = v. By (3.10), (3.12) and (3.13)

we get
1 1
- [ Brterae] - max [ ey

SmaXf Pa(é dé<f [Co(é) (&) + CLEA (&) + Ca(E)A (&) + T3(&)A (&)

el

wv = w|Al| = ITA]l = max|A?) (@) = max
@€l ol

FLEID() = GEADE) + GO - GET(E) + To(8) ] e

< [ [datlew + A+ e+ Ha(©y
L&)y + 30s(Ev + Co(E)v + Lr(&)v + Gs(8)] d&

|:252f CO dé“" 72f Cl d£+30f CZ dé+24f C3
+%f c4<5>da+%f c5(5>de+f c6(5>dg+f cy(ada]v
0 0 0 0

1
+f GE)dE=v+A=Sv+(1-Z)v =
0

We obtain a contrariness. Thus, by Theorem 2.1, IT admits a fixed point A* € H. It is the solution
to the problem (1.1). we conclude that ¢(®@,0,0,0,0,0,0,0,0) # 0, we affirm that trivial solution is
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not a solution of the (1.1), thus, [1*|p > 0. By (3.2) that A*(@) is nondecreasing and convex on I, then
AM(@) = @|A*]g >0, foreach @ € 1, i.e., A*(@) isa non-negative solution of the problem (1.1). m]

Lemma 3.2. Consider Green’s function of the eighth-order homogeneous problem A®) (@) = 0, for @ €1,
with boundary conditions (1.1) as

Eo-&)P +4o(@-&E)? +100°(Bo-¢&)], 0<E<@ <1,
N(@,€) =557 4 s ) ) (3.14)
D [(E-@) +4E(E-@)*+10&%(3¢8-@)], 0<@ <&,
and for any @, C €1,
2 3
N(@,&) 20, Bed o 280 5 (2898 5y,
IR@L) 5, Mok <o, Mol 5 IBod) o, (3.15)

The plots of the above given Green function (3.14) with the conditions (3.15) are given in the
group of Figures 5 and 6.

(8) axga,g) >0

(0}

X(®@,£)0.010

0.005

PN (o,
() 5 =0

Ficure 5. Plots of the Green function (3.14) with the conditions (3.15).
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5
(a) ZB2d) 5 g (v) 22od) <

FN(a, TN,
(C)$zo (D)ﬁso

Ficure 6. Plots of the Green function (3.14) with the conditions (3.15).

Theorem 3.2. Consider that ¢ € C(A, [0, 00)) and Y(®,0,0,0,0,0,0,0,0) # 0, @ € L. Assume that there
exists non-negative number y > 0 such that

maX{¢(@, /\01 /\11 A2/ A3/ /\41 /\51 A6I A7) : ((D/ AO/ /\1/ /\21 /\31 A4/ AS/ /\61 /\7)
eIx[0,7]x[0,%y]x[0,8y] x [0, £y]x [0,48y]
x [~192y, 0] x [0,576y] x [~1152), 0]} <1152y. (3.16)

Then the problem (1.1) exist at least one non-negative solution A* € C8(1) satisfies 0 < A(@)
0<A(@) <%y, 0<1 (@) <8,0< 1" (@) <%y, 0< AW (@) <48y, -192y < 10)(a)

<7,
<0,
0 < A0 (@) <576y, 1152y < A (@) < 0.

Proof. By (3.15) and integration calculations, we get
1 1
fo IN(@,&)ldE = j(; (@, &) dé = o (10° - 0" + Ja° - 70° + L),

1 1
j;|%| d,gzj(; %dé:ﬁ(@7—7®6+21¢D5—35(D4+35c03),
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1
fo 08| g = fo DL qe — 1o (70° - 420° + 1050* - 1400° + 10502),

1 1
7X@ qg = fo PNOL) qe = 1o(420° - 2100* + 4200° - 42007 + 2100),

—_

2@ qe = f IO 4 = 1 (2100* - 8400° + 126007 — 8400 + 210),
0

0| gg = - f P08 g = 15 (~8400° + 252007 — 25200 + 840),

—_

PN08)] gg f PROL) qe — 1(252007 — 50400 + 2520),

1
FIR(@,8) _ IR(@,€) _
o7 | 46 = _fo s de=1-0,

S 55— 5 5

Then,
1 e
@,
@el Jo o€l Jo
! *N(0,8) ! PR(0,8)
max = dE = L maxf = dE = 135
i fo‘ ? 144/ oel Jo 3 1207
! *N(0,8) ! PR(0,8)
max = dE = 54 maxf =2 dE = ¢
@€l j()‘ Jo' 2 @el Jo Jo> ¢
1 PN(@,5) ! IN(0,&
rna_xf o= dE = 3, ma_xf =7 | de=1.
ol Jo o€l Jo

Then, we suppose the Banach space H = C8(I) provider by the norm

Al = max{mm, ZIV lo, 2010, 21X lo, 1AW, 72514, k1A @, ﬁm”ﬂo},

we have ||y = max, [A(®@)|, for A € H determine the operator I1 by

1 —
(114) (@) = f N(@, )92 (£) dE. (3.17)
0
Therefore
(TTAY (@) = fo MOD T () de, £)de,
(I1A)” (@) = fo PNl 7 (£)de, f 087 () de,
(1) (@) = fo P08 5 (€) e, f P08 5 (€) dE,
and
f 8@7 dg’
Then, (ITA)(0) = (TTA)Y() = (TTA)"(0) = (TTA)”(0) = 0 and (IMA)@(1) = (MA)F(1) =

(TIA)©®) (1) = (ITA)7)(1) = 0. So, according to Theorem of Arzeld-Ascoli, it is clear to know



12 Int. ]. Anal. Appl. (2025), 23:256

that this operator I : lH — I is a completely continuous operator. L.e. the problem (1.1) admits a

solution A = A(@) iff A is a fixed point of operator IT indicated as (3.17). We put

"

(@) 20,

A9 (@) 20,49 (0) <0, 18)(0) 20, A\ (@) <0, o € I},

Y, = {A €H: A<y, A(@) 20, A (@) =0, A" (@) 20, A

and Y/ is a bounded closed convex set of H. If A € Y,, according (3.16) we find [A|p <y and Ao <
Zy A" < 8y, 140 < By, AWy < 48y, [AB)]y < 192y, [A®)]y < 576y, [A7)] < 1152y, implies
that 0 < A(@) <yand 0 < A (@) <&y, 0<A"(y) <8,0< 1" (@) <2y, 0< AW (@) < 48y,
-192y < A®(@) < 0,0 < A®(@) < 576y, -1152y < A")(@) < 0. By (3.16) we conclude that
ITD\A((D) <1152y, for @ € L. Then,

1
fo x(w,aws)ds‘

1 1
quxf N(ca,é)l,bA(é)dESllSZmeag(f N(@,&)dE =y,
ol 0 el Jo
IN(D,&
fo a7, (é)dé‘
1 N
Sma_xf é‘;é)w (£)d5<1152y><maxf %dé’: % ,
oel Jo o€l Jo
fo ol (5)d5’
Smaxf %ly (5)d£<1152y><maxf ag@‘z" dé =8y,
0 oel Jo
P
fo S a(e) dé’
L N0, —~ L R(0,8)
< maxf 57— ¥a(&)dE < 1152y><ma%xf 57— d& = Ly,
0 ol Jo
2t
fo et (é)dé‘
PN(@,8) == PNR(@,8)
Sm@%xﬁ o~ W1 (E)dé<1152yxrr;e;x£ o dé 48y,
PR(@
fo e a(e) d(s‘
1
Smaxf | 2890, (6)] de < 1152)/><maxf | 2502)) de = 192y,
0

o€l el
fo AVLEINES dé‘

[(TIA)o(@) = max

@l

|(TTA) Jo(®@) = max

el

|(H/\)"|0(ca) = max

el

I(H/\)(S)Io(@) = max

o€l

|(H)\)(6)|0(CD) = max

el
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Sma_xfo PO 51 (£) dE < 1152y X max fo P98 q¢ — 576y,

o€l @ey; ()
1 ” .
f G (é)dé‘

I(H/\)(7)|o(w) = max

o€l
1
IN( wg | |87N(w,5)' _
< d& <1152y x ——=4| d& = 1152y.
max [ |25 e smszyxma [ 750 s = misay

Therefore

"

ITTA| = max{|(m>|o, ZI(TIA) Jo, $I(TIA) o, ZI(TIA) fo, I(TTA)H)],

LIy, 2 1(112) @), @(HM(%} <y,

implies IIA € Y,. Thus, according to the Leray-Schauder fixed point Theorem, Y exists a fixed
point A* € Y,, which is a solution of the problem (1.1). We conclude f(t,0,0,0,0,0,0,0,0) # 0.
Then, trivial solution is not achieved for the problem (1.1), therefore, [1*|p > 0. By (3.15) we know
that A*(@) is nondecreasing and convex on I, thus A*(@) > @|A*|y > 0, for @ € L. So, A*(@) is a

non-negative solution of the problem (1.1). Here the proof is finished. m]
3.1. Application. To show the desired outcomes, we solve an example.

Example 3.1. Consider the following problem

(@) = Lx(0) + Fx (@) + Fx (@) + 47" (@) + F1¥ ()

—@X(S) (@) + G119 (@) - L cos oy (@) + @* + 3, 519
x(0) = ' (0) = x(0) = " (0) =0 |
X (1) =x51) =x01) =x"(1) =0

We have

e V2

17 7 13 "
¢(®/X0/X11X21X31X41X51X61X7> = TX(CD) + (DTX (CD) + CDS X < ) + WX ((D)

+ W (@) - 20 (@) + 1) (@) - L cos @) (@) + 0% + 3,
L(@) =%, G@) =8, L@) =, @) =2, L) =5 G@)=icsa, (@) =a®+5
are non-negatives functions and C; € L'(I), 1 = 0,1,2,3,4,5,6,7,8. Therefore, we find

252f CO dé+ 72f Cl d£+ 3of CZ d£+24f C3
fC4 ydE+ 3 fCS d§+f Co(& d5+f (7(&£)dE~ 0911 < 1.




14 Int. ]. Anal. Appl. (2025), 23:256

0 02 04 0.6 08 1 12 0 0.2 04 06 08 1 12 0 02 04 0.6 08 1 12
celol ceon] celot

(a) Numerical re- (8) Numerical re- (c) Numerical re-

sults of & sults of A sults of v

FiGure 7. Obtained results of &, A and v for BVIP (3.18) whenever @ € .

Figures 7a, 7b and 7c show the plot of ¥, A and v for BVIP (3.18). One can check these results in Tables 1.
And for every

(@, X0,X1, X2, X3, X4, X5, X6, X7) € IX [0/ ﬁv] X [O, %V] X [0/ 31_0V]
X [O, ﬁv] X [0, %v] X [—%v, 0] x [0,v] X [-v,0],
we have Y satisfies

Y(®@,X0, X1, X2, X3, X4, X5, X6, X7) < Co(@) x0 + G (@) x1 + (@) x2
+ G3(@) x3 + Ca(@) x4 — C5(@) x5 + Co(@) X6 — C7(@) x7 + Cs(@),

where A = [ Cs(£) dE = 5.333,v = A(1-£)! = 60.080.

TasLE 1. Obtained results of ¥ < 1, A and v for @ € I.

0.00 | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000  0.000
0.05 | 0.000 0.000 0.000 0.000 0.000 0.000 0.013 0.025 0.038 0.250  0.260
0.10 | 0.001 0.000 0.000 0.001 0.000 0.001 0.026 0.050 0.077 0.500 0.542
0.15 | 0.002 0.000 0.000 0.001 0.000 0.002 0.040 0.075 0.116 0.751  0.850
0.20 | 0.003 0.000 0.000 0.002 0.000 0.003 0.055 0.099 0.156 1.003 1.188
0.25 | 0.005 0.000 0.000 0.003 0.000 0.004 0.071 0.124 0.197 1.255 1.563
0.30 | 0.008 0.000 0.000 0.005 0.000 0.006 0.087 0.148 0.239 1509 1.982
0.35 | 0.010 0.000 0.000 0.006 0.000 0.009 0.105 0.171 0.281 1.764 2453
0.40 | 0.013 0.000 0.000 0.008 0.000 0.011 0.123 0.195 0.324 2.021 2989
0.45 | 0.017 0.000 0.000 0.010 0.000 0.014 0.142 0217 0.367 2280 3.604
0.50 | 0.021 0.000 0.000 0.013 0.000 0.018 0.162 0.240 0.412 2542 4319
0.55 | 0.025 0.000 0.000 0.015 0.001 0.022 0.183 0.261 0.456 2.805 5.161
0.60 | 0.030 0.000 0.000 0.018 0.002 0.026 0206 0.282 0.502 3.072 6.168
0.65 | 0.035 0.000 0.000 0.021 0.004 0.030 0229 0.303 0.548 3.342 7.397
0.70 | 0.041 0.000 0.000 0.025 0.007 0.035 0253 0.322 0.595 3.614 8.934
0.75 | 0.047 0.000 0.001 0.028 0.013 0.040 0279 0.341 0.644 3.891 10.917
0.80 | 0.053 0.001 0.002 0.032 0.021 0.046 0.306 0.359 0.693 4.171 13.586
0.85 | 0.060 0.003 0.004 0.036 0.034 0.052 0335 0376 0.744 4.455 17.397
0.90 | 0.068 0.008 0.008 0.041 0.054 0.058 0365 0.392 0.797 4.743 23.342
095 | 0.075 0.022 0.017 0.045 0.083 0.064 039 0.407 0.852 5.036 34.084
1.00 | 0.083 0.056 0.036 0.050 0.125 0.071 0430 0.421 0911 5.333 60.080
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Thereby, according to Theorem 3.1, the problem (3.18) admits at least one non-negative solution x* € C8(I)

such that

TasLe 2. Numerical results of all variables in inequalities (3.19) for @ € L

Ci(i=0,1,...,7)

@ Co C Cy Cs Cy Cs Cq Cy v
0.00 | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 8.258 0.000
0.05 | 0.000 0.000 0.000 0.000 0.001 -0.021 0.413 8.258 0.260
0.10 | 0.000 0.000 0.000 0.001 0.008 -0.083 0.826 8.258 0.542
0.15 | 0.000 0.000 0.000 0.004 0.028 -0.186 1.239 8.258 0.850
0.20 | 0.000 0.000 0.001 0.013 0.066 -0.330 1.652 8.258 1.188
0.25 | 0.000 0.000 0.002 0.032 0129 -0516 2.064 8.258 1.563
0.30 | 0.000 0.001 0.005 0.067 0223 -0.743 2477 8.258 1.982
0.35 | 0.000 0.002 0.011 0.124 0.354 -1.012 2.890 8.258 2.453
0.40 | 0.001 0.003 0.021 0211 0.528 -1.321 3.303 8.258 2.989
0.45 | 0.002 0.007 0.038 0.339 0.752 -1.672 3.716 8.258 3.604
0.50 | 0.003 0.013 0.065 0.516 1.032 -2.064 4.129 8.258 4.319
0.55 | 0.006 0.023 0.104 0.756 1374 -2.498 4.542 8.258 5.161
0.60 | 0.012 0.039 0.161 1.070 1.784 -2973 4.955 8.258 6.168
0.65 | 0.020 0.062 0.240 1474 2268 -3.489 5.367 8.258 7.397
0.70 | 0.034 0.097 0.347 1983 2832 -4.046 5.780 8.258 8.934
0.75 | 0.055 0.147 0490 2613 3484 -4.645 6.193 8.258 10.917
0.80 | 0.087 0.216 0.676 3.382 4.228 -5.285 6.606 8.258 13.586
0.85 | 0.132 0.311 0916 4310 5.071 -5966 7.019 8.258 17.397
090 | 0.197 0.439 1219 5418 6.020 -6.689 7.432 8.258 23.342
095 | 0.288 0.607 1.597 6.726 7.080 -7.452 7.845 8.258 34.084
1.00 | 0.413 0.826 2.064 8258 8258 -8.258 8258 8.258 60.080

"

252 max x*(@) < 72max(x*) (@) < 30max(x*)" (@) < 24 max(x*)” (@)
€l el @€l el
Co G C Cs
< 6max(x") ¥ (@) < 2max (- (') (a))
o€l o€l

C4 CS

< max(x') (o) < max( - (x)")(@)) < v. (3.19)

@€l @€l
C6 C7
We compare the numerical results of C; in (3.19) with v when x*(®) = (%@)7 in Table 2. Thesrs results

show that the inequalities (3.19) hold for @ € 1. One can see the solution curve & in Fig 8. Also, we compare

these numerical results in 2D plot 9.
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Ficure 9. 2D plot of the solution curve vs v and Cy, Ce.

4. CONCLUSION

In this article, we have investigated the existence of non-negative solutions for the BVIP of
eighth-order. We have used the classical theorem of the fixed point of Leray-Schauder with all the
necessary conditions. The considered Green functions are briefly explained and plotted for clear
visualization. We have implemented our fundamental results by considering an example and
justified that the proposed results are correct and fully novel. In the future, the proposed results

can be used to further analyze the eighth-order BV Ps.
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