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CHARACTERIZATION OF BIORTHOGONAL MULTIWAVELET
PACKETS WITH ARBITRARY DILATION MATRIX

FIRDOUS A. SHAH! AND R. ABASS2:*

ABSTRACT. In this paper, we investigate the characterization of biorthogonal
multiwavelet packets associated with arbitrary matrix dilations and particular-
ly of orthonormal multiwavelet packets by means of basic equations in Fourier
domain.

1. INTRODUCTION

It is well-known that the classical orthonormal wavelet bases have poor fre-
quency localization. For example, if the wavelet v is band limited, then the measure
of the supp of Tﬁj, & is 279-times that of supp 1& To overcome this disadvantage, Coif-
man et al. [8] constructed univariate orthogonal wavelet packets. The fundamental
idea of wavelet packet analysis is to construct a library of orthonormal bases for
L?(R), which can be searched in real time for the best expansion with respect to
a given application. Well known Daubechies orthogonal wavelets are a special case
of wavelet packets. Chui and Li [6] generalized the concept of orthogonal wavelet
packets to the case of non-orthogonal wavelet packets so that they can be can be
employed to the spline wavelets and so on. The introduction of biorthogonal wavelet
packets attributes to Cohen and Daubechies [7]. They have also shown that all the
wavelet packets, constructed in this way, are not led to Riesz bases for L?(R). Shen
[18] generalized the notion of univariate orthogonal wavelet packets to the case of
multivariate wavelet packets. Other notable generalizations are the wavelet pack-
ets related to the Walsh polynomials on R™ [13,14,16], higher dimensional wavelet
packets with arbitrary dilation matrix [9], the orthogonal version of vector-valued
wavelet packets [5] and the M-band framelet packets [17].

On the other hand, multiwavelets are natural extension and generalization of
traditional wavelets. They have received considerable attention from the wavelet
research communities both in the theory as well as in applications. They can be
seen as vector valued-wavelets that satisfy conditions in which matrices are involved
rather than scalars as in the wavelet case. Multiwavelets can own symmetry, or-
thogonality, short support and high order vanishing moments, however traditional
wavelets can not possess all these properties at the same time (see [10]). As far as
the characterization of multiwavelets is concerned, Calogero studied the character-
ization of all multiwavelets associated with general expanding maps of R™ in [4].
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The Calogero’s work was further extended by Bownik [2], taking into consideration
the dilation matrices which preserves the standard lattice Z™ in terms of affine
systems. In the same year, another characterization of orthonormal multiwavelets
was given by Rzeszotnik [11] for expanding dilations that preserves the lattice Z".
However, Bownik [3] has presented a new approach to characterize all orthonormal
multiwavelets by means of basic equations in the Fourier domain.

Recently, Yang and Cheng [20] have generalized the concept of wavelet packets
to the case of multiwavelet packets associated with a dilation factor a which were
more flexible in applications. Subsequently, Behera [1] extended the results of
Yang and Cheng to the multivariate multiwavelet packets associated with a dilation
matrix A. He proved lemmas on the so-called splitting trick and several theorems
concerning the Fourier transform of the multiwavelet packets and the construction
of multiwavelet packets to show that their translates form an orthonormal basis of
L%*(R%). Later on, Sun and Li [19] have given the construction and properties of
generalized orthogonal multiwavelet packets based on the results discussed in [20].

Orthogonal wavelet packets have many desired properties such as compact
support, good frequency localization and vanishing moments. However, there is no
continuous symmetry which is a much desired property in imaging the compres-
sion and signal processing. To achieve symmetry, several generalizations of scalar
orthogonal wavelet packets have been investigated in literature. The biorthogo-
nal wavelet packets achieve symmetry where the orthogonality is replaced by the
biorthogonality. The characterization of multiwavelet packets associated with the
dilation matrix A on general lattices has been studied by the author in [12, 15]. In
this paper, we further investigate the characterization of biorthogonal multiwavelet
packets associated with arbitrary matrix dilations and particularly of orthonormal
multiwavelet packets by means of basic equations in Fourier domain.

We have structured the article as follows. In Section 2, we state some basic
preliminaries, notations and definitions including the definition of multiresoltion
analysis associated with arbitrary dilation matrix A and the corresponding multi-
wavelet packets. In Section 3, we establish our main results concerning with the
characterization of biorthogonal multiwavelet packets on R<.

2. NOTATIONS AND PRELIMINARIES

Throughout, this paper, we use the following notations. Let R and C be all real and
complex numbers, respectively. Z and Z* denote all integers and all non-negative
integers, respectively. Z% and R? denote the set of all d-tuples integers and d-tuples
of reals, respectively. Assume that we have an expansive dilation matrix A, i.e., all
eigenvalues A of A satisfy |A| > 1 and preserves the lattice I'. Let a = |detA|, A* =
transpose of A and B be a d X d non-singular matrix. Also, if A is expanding so is
A*. Considering Z¢ as an additive group, we see that AZ? is a normal subgroup of
74 so we can form the cosets of AZ? in Z%. It is well known fact that the number of
distinct cosets of AZ? in Z¢ is equal to a = |detA| (see[21]). With A and B defined
as above, we consider
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A(A, B) = {oz eRY:3(j,m)€Zx BYZY) o= A*’jm}, (2.1)

and
Inp(a) = {(j, m) € Z x B*"Y(Z%) : a = A*‘jm}. (2.2)

The set A(A, B) is thought of as the set of all A-adic vectors relative to the lattice
B*~Y(Z%), 1. e., the set of representatives of the equivalence classes of Z x B*~1(Z%)
with respect to the equivalence relation defined by (j,m) ~ (5, m’) if and only if
o= A*"Im = A*~7". Further, the set 4 p(«) is the set of points of Z x B*~1(Z%)
in the equivalence class of oo € A(A, B).

Since it is a well known fact that for every dilation matrix A, there exists a
Hermitian norm | - ||, in R, and constants Amax > Amin > 1, such that if B denotes

the unit ball in the new norm, centered at the origin, then

B C AminB C A*(B) C ApaxB.

For each k € Z, we define Hy, as
Hy = A**(B), 2H,C H,, |B|=1.

where 7 be the smallest integer. Then, the quasi-distance p on R? induced by the
dilation A* is given by

p(E,0) ={ oAl e

Furthermore, it is easy to verify that the Hardy-Littlewood mazimal operator

M f(Q) =sup— [ |7(6)] de

kez | Hl Jeim,

is bounded from L' to L!-weak norm and

1
lim ——
k——o0 |Hk| £+Hk

f&)de = f(€), forae. &€ R (2.3)

Definition 2.1. A countable family {fs},c 4 of elements in a separable Hilbert
space H is a frame if there exist constants A, B, 0 < A < B < oo satisfying

Alfls < S [ 1 < Bl 1 (2.4)

acA

for all f € H. The constants A and B independent of f for which (2.4) holds are
called frame bounds. A frame is a tight frame if A and B can be chosen so that
A = B and is a normalized tight frame if A = B = 1. If only the right hand side
inequality holds in (2.4), we say that {fa},c 4 is a Bessel squence with constant B.
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Lemma 2.2 [3]. Two families {f, : « € A} and {fa T € .A} constitute a biorthog-
onal pair if and only if they are Bessel sequences and satisfy

P(f.9) =Y (f.fa) (farg) = (f.9)

acA

for all f, g in a dense subset D of H, where P(f, g) is a bi-linear functional on H x H.

Using polarization identity along with the Definition 2.1 implies that

2
)

P(f,f)= /]

for all f € L*(R?), (2.5)

which is equivalent to
P(f,9)=(f,g9), for feD.

We recall the notion of higher dimensional multiresolution analysis associated
with multiplicity L and orthogonal multiwavelets of L?(R?) (see [1]).

Definition 2.3. A sequence {V;},_, of closed subspaces of L?(RY) is called a

multiresolution analysis (MRA) of L?(R?) of multiplicity L associated with the
dilation matrix A if the following conditions are satisfied:

(i) V;CVy forall jeZzZ;

(i) U,ezVj is dense in L*(R%) and NjezVi = {0};

(i) feV; ifand onlyif f(A-) € Vi forall je€Z;

(iv) there exist L-functions ® = {®1,¢9,...,¢0r} € Vg, such that the system of

functions {pg(x — k)}eL:1 peze. forms an orthonormal basis for subspace V5.

The L-functions whose existence is asserted in (iv) are called scaling functions

of the given MRA. Given a multiresolution analysis {Vj}jez, we define another

sequence {WW; }jGZ of closed subspaces of L? (Rd) by W; = V41 ©Vj,j € Z. These
subspaces inherit the scaling property of {V;}, namely

feW, ifandonlyif f(A)eW,q. (2.6)

Further, they are mutually orthogonal, and we have the following orthogonal de-
compositions:

L2RY) =Pw; =voa (PW;). (2.7)
JEZ Jj=0

A set of functions {¢] : 1 <{< L, 1<r<a-1}1in L2 (Rd) is said to be a set of
basic multiwavelets associated with the MRA of multiplicity L if the collection

{w;(.—k):1grga—1,1gegL, keZd}
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forms an orthonormal basis for Wy. Now, in view of (2.6) and (2.7), it is clear that
if {47 :1 <€ <L,1<r<a-—1}is a basic set of multiwavelets, then

{aﬂ‘/%pg(Af.—k) ez kezl1<i<L,1 grga—l}
forms an orthonormal basis for L?(R?) (see [1]).
For any n € Z*, we define the basic multiwavelet packets wj; 1 < ¢ < L
recursively as follows. We denote w? = g, 1 < £ < L, the scaling functions and

wy = Py,r € 77,1 < ¢ < L as the possible candidates for basic multiwavelets.
Then, define

L
Wt (@) =S % ki awi(Az—k), 0<s<a-1,1<(<L  (28)
j=1kez

where (hzjk) is a unitary matrix (see [1]).

Taking Fourier transform on both sides of (2.8), we obtain
L
Sr+ar A S — T A —
(W) (©) = D _hi; (BT (wp) " (B71). (2.9)
j=1
Note that (2.8) defines wj for every non-negative integer n and every ¢ such that
1 < ¢ < L. The set of functions {w} : n € Z*,1 < ¢ < L} as defined above are

called the basic multiwavelet packets corresponding to the MRA {V;},_, of L2(RY)
of multiplicity L associated with matrix A.

Definition 2.4. Let {w}' : n € Z*,1 < ¢ < L} be the basic multiwavelet packets.
The collection

P = {|detA|J'/2w;(A. k) :1<(<LjeZke Zd}

is called the general multiwavelet packets associated with MRA {V;:j € Z} of
L? (Rd) of multiplicity L over matrix dilation A.

Corresponding to some orthonormal scaling vector ® = w, the family of
multiwavelet packets w} defines a family of subspaces of L?(R%) as follows:

U;' :spﬁ{ajﬂw?(ij —k):kezi1<1< L}; jEZLNETLT. (2.10)

Observe that

a—1
Uy =Vv;, U =Ww;=@U;, jei
r=1
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so that the orthogonal decomposition V11 = V; & W}, can be written as

a—1
Uy =pur. (2.11)
r=0
A generalization of this result for other values of n =1,2,... can be written as
a—1
L =uitT, jel. (2.12)
r=0

The following proposition is proved in [1].

Proposition 2.5. If j > 0, then

a—1 a?-1 attl—1 a’tt 1
.- — T == o= T
W - DU - DU - B - D U
r=0 r=a r=at r=aj

where U7 is defined in (2.10). Using this decomposition, we get the multiwavelet
packets decomposition of subspaces Wj, 7 > 0.

Similar to the orthogonal multiwavelet packets, the biorthogonal multiwavelet
packets associated with the biorthogonal scaling vector ® are given by

L
Gt (@) =" ki aPaj(Ar—k), 0<s<a-1,1<(<L. (213)
j=1kezd

Implementation of Fourier transform of (2.13) yields
L
~s+ar\ /N s — ~r\ N _
(@) (&) = Y hiy(B71E) (@) (BT1E). (2.14)
i=1

Let w}' be general multiwavelet packets associated with the dilation matrix A.
Then, we consider the system

F(A,B) = {w;ﬁjvk ieZ kel =1, Ld <n< aJ’H} (2.15)

where wy'; (7) = \detA|j/2w? (Alz — BE).
Similarly, for the biorthogonal multiwavelet packets, we have

F(A,B) = {@Zj)k ez kerll=1,.. Ld <n< aj+1} (2.16)

where &7 ; ;. (z) = \det Al @y (Aiz — BE).
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The bi-linear functional P(f,g) associated to the multiwavelet packets systems
F(A, B) and F(A, B) is given by

altlo1 L

P(fag) = Z ZZ Z <f7WZj,k> <G)Zj,kvg>' (216)

n=al {¢=1 jEZL keczd

We will also consider the set D as a dense subset of L? (Rd) defined by

D= {f € L? (Rd) . f € L®(R?), f has compact support in R?\ {0}} .

3. CHARACTERIZATION OF BIORTHOGONAL MULTIWAVELET
PACKETS

In this section, we prove our main results concerning the characterization of biorthog-
onal multiwavelet packets associated with arbitrary matrix dilations by means of
the Fourier transform.

Theorem 3.1. Suppose {w}} :n € ZT, £ =1,...,L} and{&} :n€Zt ¢=1,...,L}
are the basic multiwavelet packets associated with a pair of biorthogonal scaling func-
tions ® and ® such that the following functions are locally integrable:

W1 I . aitlo1 L R e
POIDID B =ACES | RS DI B B =115 IR CRY
n=al (=1 j€EZ n=al (=1 j€EZ

Then, the bi-linear functional P(f,g) converges absolutely for all f,g € D. More-
over, the multiwavelet packets wy and &} satisfy:

a?ti-1 L

@ DX > GHAYE e (AY(E+ A im)) = b0 (3:2)

n=ai £=1 (j,m)€l4 p(c)

fora.e. £ € R? and for all o« € A(A, B), if and only if P(f,g) = (f,g), for all f,g €
D.

Proof. First of all we prove that P(f,g) is absolutely convergent. For this, fix j € Z
and let

att-1 L
Gi= Y SN (i) Gl £). (3.3)

n=aJ (=1 kecZd

Implementation of Parseval’s identity gives

<f7w?,j,k> = |d€tA‘j/2 Ad f-(A*]C) w;L(C) eQwiB(k),C dc,
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and

(@ ) = |detA|j/2/ m@;@) e~2miBR)E ¢
R4

Let
- 3 jie ) S BT
€zd

Then, by virtue of Fourier inversion formula for the function F ; ;0 B*~1, we obtain

F (§) = detB Fy(¢) e2miBRC g¢ | p—2miBh
o = 3 {| o F©

kezd

= |detB| Z {/ A*JC o (<) e2miBk-C dC} o 2miBk-E

kezd

Thus, G, as defined in (3.3) can be written as

_ |detA] " & .
@7 Taen Z > [ Frgare e de
a?t1-1 L .
- \detB\ 27 ;/ J(© @7 (A*7€) Fyy (A6 de
a1 L A
= \detB\ ZJ ;/ f ) wy A Jg)

{Zsezd f(e+ A9 B*1s) &y (A*—3g + Br—1s) } de.

Now, in order to show that the convergence of jez G is absolute and uncondition-
al, it is sufficient to prove that the following two series are absolutely convergent:

a?tt-1 L

> YX [ RO e i sae) e

n=al (=1 j€EZ

and

ati-1 L

S XX [ FOamgl S e arnt sa e s 5

n=ad (=1 jEZL sezd\ {0}

de.
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From our assumptions on the basic multiwavelet packets wj’ and @&}, it is clear that
the first of these series converges absolutely. Moreover, we have

~ . . " X 2 . 2
2 |Gm (A T€) ap (AIg + B*1s)| < @?(A**Jf)’ +|en(arig + B 1s)

Further, it is easy to verify that the convergence of the second series follows from
the convergence of:

a’tt-1 L

SYY Y [

n=al (£=1j€Z scZ\{0}

~ .12
Gy (ar7g) | dg

)‘ ’f(g + A*jB*—ls)}

ati-1 L

Z RIS |detA|7‘f (A7) Hf (A*¢ + A% B )‘

n=al £=1 | jJEZ seZ\{0}

“ 2
G (o) de,

and from the convergence of a similar series, with @y replaced by wy'. But as s # 0,
therefore there exists J € Z such that

F(AYE) f(AYe + AB*"1s) =0, forallj>J

On the other hand, for each fixed j € Z, and & € R?, the number of s € Z%, for
which the above product is nonzero, is less than or equal to C|detA|=7 for some
constant C. Thus, we have

>y \detAP‘f ) Hf AMg 4 A Bl ’<CZHfH xr (A%g),

JEZ s€z\{0}

where F' is compact in R%\ {0} . Observe that if b’ < |A*7¢| < b, there exists K > 0,
which does not depend on £, such that the number of j for which this is nonzero
is less than K for every £. Hence, the above sum can be estimated from above by
CK||f||% and it proves the convergence of second sum.

Hence, we can rearrange the series for P(f,g) to obtain

P(LY) = 3 /f f(e+a)

a€A(A,B)

a?tl-1 L

GE L Y Y S aEra)

n=ad ¥{= 1(jm)€IAB( )

Therefore, it is enough to show that if P(f,g) = (f,g) for all f,g € D, then the
second condition follows. For this, we write

P(f,g9) = M(f,g9) + R(f,9),
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with
GH1 L
M) \detB\ Z ; / IONS) jEZ*"(A*%) @ (ATE) o e,
and
R(f.9) =
\detB\ Ty OOf+a) 3 WAV ap (A(E+ ) de.

n=ai =1 a€A(A,B)\{0} (4,m)€la,p(a)

Now, let us fix, & € R?\ {0} ,k € Z, and consider f = g = f;, where f; is defined
by

f1(f) = |}Ik1|1/2XHk (5)

Then,
T -1 L
, o A*J A*J dg,
MU ) = Gy & 2 ), > (40 (A
and
a’tt-1 L

’ fl’f1|_|detBHH| Z Z Z Z

n=ai f=1 aeA;A ,B) (jm)€la B(x)

<),
Hkﬂ(aJer,)

op (AME) wp (AY(E+ o)

a?tt-1 L

1
|det B||H| Z Z Z Z /Hkﬂ(a'i-Hk)

n=al £=1acA(A,B) (j,m)€la p(x)
a#0

a?tl-1 L }

ap( A*Jg

AYY Sy [ )

n=al {=1a€A(A,B) (j,m)€la B(x)
0175

To estimate R(f1,f1), we observe that if o & Hjyy, then Hy N (o + Hy) = 0.

Therefore, we may assume that o € Hy4, and o # 0. Also, if (j,m) € I4 p(a),
then

m € AY(Hyyy) NB*HZY) and j > —k+ci,
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where c; is the largest integer such that Hy., N B*~1(Z%) = {0} . Therefore, under
these observations, we have

1/2
1 aITl_1 L 2
R(f1, f1)| £ === / wp (ATe ‘ d¢
| | |det B||Hy| ngj ;j2§+61 ' ,%;0 So+Hy, 7 ( )
mEA* (Hy ) )NB*~1(z¢)
1/2
W11 L
QXYY > [ el
n—ai £=1j>—kte m#0 ot Hi

meA™ (Hyy,)NB* "1 (29)
Now, in order to estimate the first factor in the above product, we observe that

ati-1 L

R 2
EEXY Y Y[ el
n=ai f=1j>—k+cy m#£0 So+Hy
mEA™ (Hyyn)NB*~H(Z%)

at'-1 L 4 ' )
< ldetAlTROY NN C|detA|]+k\detA|_J/ @;(5)‘ de

n=aj {=1j>—k+c1 A3 (§o+Hy)

. 2
<cy [ o] a
§>—ktey VAT (ot He)

Here, we have used the fact that the number of points of the lattice B*~1(Z%),
different from the origin and contained in the set A* (Hy1,) = Hjtk+y, is smaller
than a constant multiple of the volume of this set.

Similar estimate holds for the second factor. Since the sets A* (£y+Hy), j € Z,
are pairwise disjoint for sufficiently large |k|, so we may conclude that R(f1, f1) — 0,
as k — —oo by the Lebesgue Dominated Convergence Theorem. Therefore, we have

a1 L
1 = A*J A*E) d
k—> oo|detB| Z:J ; \Hk| €o+Hy, JGZ ) @ (Ase) dg
Tt -1 L

- \detB\ D DD Wi (AYE) @p (AT),

n=al (=1 jEZL

which proves our claim for & = 0. This also shows that M(f,g) = (f, g), and thus
R(f,g) =0, for f,g € D.

Now, we choose ag € A(A, B) \ {0}, and write

R(fag) = Rl(fag) +R2(f,g)7
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where
adtl-1 L
Ru(S.9) = o Bl | fleran) DT Gp(ATE) Gp (AN(E +an))de,
ad =1 (],’I’TL)EIA,B(Q())
and
adtt_1 L _
Ra(f,9) (&) f(&+a) Gp (A*Ig) ap (A (& + a))dé
‘detB‘ ZJ fzzlaeAzu; B) /Rd Jﬂn)ezfis(a) ‘ ‘
a#0,a0

Let & € R4\ {0} be a Lebesgue point of differentiability for the functions

a1 L oo a1 L oo
3TN jerave))t and Y SN | J €L
n=ai {=1j=J n=ai {=1j=J

Then, for given k € Z, we define fy and g as follows:

1 1
f (f—i—Oéo) |H |1/2X€0+Hk(§)7 G2(§ + o) = |H |1/2X§O+Hk(§)
Using equation (2.3), we obtain
a1 L

Jm Ri(fg) = 30Y Y (A6) A+ o).

n=al £=1 (j,m)€la (o)

To estimate Ra(f2,g2), we observe that go(€) f: f. 2(€ + a) # 0 is only possible when
a € ag + Hyiyy. Since o = (A*)77m € A(A, B) \ {0, a0}, there exists Jy € Z such
that (A*)™Im & o + H,, for any m € B*~1(Z%)\ {0} and j < Jy. Thus, Ra(f2, g2)
can be re-written as

R>(f2,92)

P S Y 0o
- 52(€) f: 5n (A% E) or (AT (& - o)),
\detB| n_za] ZZUZJI | mz;ﬁo’ /Rd G2(6) f2(€ + ) Wy (A*€) O (A*I (€4 a))dE
A*fjm—ageH,H»n
Jtl-1 L g - -
= X A*j A+ d
|detB\ ZJ ZlJZJo m;’ /RdQQ(f)fQ(f-&-a)w (A*7€) @p (A% (€ + o)) de
A**jm—aoer_'_n

= R21(f2,92) + R2,2(f2,92),

where J; € Z. Since R 2(f2, g2) is now a finite sum, and the number of m’s satisfy-
ing the condition A*~Jm — oy € H k+n C H, may now be estimated independently
of k <0, we have limy_,_ o R22(f2,92) = 0 by Lebesgue Dominated Convergence
Theorem. To estimate Ra 1(f2,g2), we will show that for every e > 0, there exists
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J1 € Z such that |R2 1(f2,92)| < ¢ for sufficiently large |k|. In fact, as in the case
of R(f1,91), we have

n=ai £=1j>J1

1/2
1 adtl_1 [ )
Ro, f2, 9 < / &mn A*j£ d¢
2,1(f2,92) et B Hy| n;j 22:31]';1 ng&:o, . 7 ( )‘
A*_jmfageH;H,n
1/2
adtl_1
21551 5D DEEEED SR I =R
n=al {=1j>J1 m#0, Sot+Hy
A*fjmfaOEH]H»n
Therefore, it is enough to estimate just one of these factors, namely:
adtt_1 L o
|7 (a96) || de
IHk‘ nXQJ ;];1 . 7nz;£;), /50+ch
A*"Im—ao€H 4y
adtt_1 L )
1+ C|det A[F+i+n / Sr(avie)[ de
|Hk| ngaa ézljgl< ) o+ Hy ‘
aItl_1 j ,
- & (a7g)|"de + / &7 (0)| ae.
2 = lHkl SotHi )‘ nZaJ Z21]>ZJ i (ot Hg) | ‘

Here, we have used the fact that the number of points of the lattice B*~!(Z) that

are contained in the set A*(ag + Hyty) = (A*) g + Hjtk4y, is smaller than one
plus a constant multiple of the volume of this set.

Let J; € Z be such that

a1 L

DI

n=al f=1j>J1

(f] A*]fo ‘ <€/2.

Then, by our choice of £ and equation (2.3), we have

adtl-1 L

Jm s >, > >

ne—ai f=1j>71 k| o+ Hy,

op (A*jg)‘zdg <e/2.

Therefore, by virtue of Lebesgue Dominated Convergence Theorem, we get

adtl-1 L

Jm s 3555

n—ai t=1j>J, Y A (Eo+Hg)

N 2
G ()| dg=o.

Since the sets A*(ag + Hy+y), j € Z, are pairwise disjoint for sufficiently large ||,
therefore, for every € > 0, there exist J; such that

lim sup|Rz,1(f2792)| <e
k——o0
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Combining these observations with the fact that € is arbitrary, we obtain

at1-1 L

G L Y Y SV (A ag) = 0. for allag € A4 B)\ {0},

n=al £=1 (j,m)€la (o)

An immediate consequence of the above theorem is the following;:

Corollary 3.2. Let {w} :ne€Z" £=1,...,L} be the basic multiwavelet packets
associated with the scaling vector ®. Then

ati-1 L

> X GATYOAIE T ATIm) =dao, (34)

n=ai £=1(j,m)€la p(a)

|detB\

for a.e. £ € R? and for all « € A(A, B), if and only if the system F(A, B) given by
(2.15) is a normalized tight frame for L* (Rd).

Theorem 3.3. If {w} :ne€Z ", {=1,....,L} and {&} :ne€Z* L=1,...,L} are
Bessel families and have the property that the functions in (3.1) are locally inte-
grable. Then, they are biorthogonal if and only if

a?tt-1 L

SN DT Gp(AYE) ap(AN(E+ Aim)) =0a0,  (3.5)

n=al £=1(j,m)€ls p(c)

|detB\

for a.e. £ € R? and for all « € A(A, B). Moreover, if w} = @} and |w}|s =
|lwflle =1 forn e Zt,0=1,...,L. Then, the system F(A, B) forms an orthonor-
mal basis for L? (R?).

Proof. The proof of this theorem follows from (2.2) and Theorem 3.1. 0
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