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ABSTRACT. We introduce an analytic conformable semigroup which is a solution operator of an evolution equation
involving conformable fractional derivative and a sectorial linear operator. The evolution equation is called a
conformable fractional Cauchy problem. We here also derive the properties of the analytic conformable semigroup
by employing the properties of the analytic semigroup. The analytic conformable semigroup is then used to study the
regularity of solutions to the conformable fractional Cauchy problem under Holder continuity as a regularity

condition. An example is given to show the applicability of our regularity results.

1. Introduction
Khalil et al [8] introduced a new fractional derivative TF of a function f:[0, ) - R of
order a € (0,1) defined by

1-ay _
rof = i EHD 1O

which is called the conformable fractional derivative. It is a local operator and different from

t>0

some fractional derivatives such as Riemann-Liouville and Caputo fractional derivatives which
are nonlocal operator. The use of the conformable fractional derivative has some advantages
compared to that of Riemann-Liouville or Caputo fractional derivatives. The first one is that the
definition of the conformable fractional derivative is simpler than those of the fractional
derivatives such as Riemann-Liouville and Caputo fractional derivatives ([1],[8]). The second

one is that the conformable fractional derivative satisfies some properties of usual derivative
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which are not satisfied by Riemann-Liouville and Caputo fractional derivatives such as the rule
for the derivation of the product of two functions, chain rule, mean value theorem, and Rolle
theorem ([1],[8]). The third one is that some real phenomena can be described by using the
conformable fractional derivative as reported in ([3],[5],[6],[7],[10],[12],[19],[20],[21],[22]).
By employing the conformable fractional derivative T¢*, we here study an analytic
solution operator to the Cauchy problem in Banach space X
ztzsi)(t) z z;lz(t) +f(@), t>0 .1
with a € (0,1), A: D(4) € X — X is a sectorial linear operator, uy, € X, and f:(0,T] - X. A linear
operator A is said to be sectorial if A satisfies the property that there exist constants 6 € (r/2, )

and M > 0 such that
p(A) o3 ={1eC:1 =0, |arg(V)| < 6},

M
IR(A; DIl < m,l € 2y

where p(4) is the resolvent set of A and R(1; A) = (1 — A)~?! is the resolvent operator of A. We
call the problem (1.1) conformable fractional Cauchy problem. The study of an analytic solution
operator to the problem (1.1) is important and useful since it can be applied to investigate the
existence, uniqueness, and regularity of the solutions to some real models associated with the
problem 1.1, for instance, the conformable diffusion equation as studied in ([7],[21],[22]) of the
form

Tfu(t) = DyAu(x, t) (1.2)
with D, is a constant associated with the equation (1.2). In [7], the multidimensional
conformable diffusion equation was derived via the random walk theory. The survival function
used in the diffusion process associated with the equation (1.2) is the stretched exponential
function e~ t*/¥*TA+d] " > 0 The equation (1.2) can be used as an alternative model to
describe slow diffusion phenomenon since the mean square displacement (MSD) of moving
particles in the diffusion process is proportional to t* with 0 < a < 1. This fact is similar to
MSD of moving particles in slow diffusion process involving Mittag-Leffler function E, ; (—t%*/

y%®), y > 0 as a survival function where

E = Z ——, a>0,z€C.
ap (%) . I'(an+ B) * z
n=

Such a process is modeled by the diffusion equation as derived in ([11],[13]) of the form
Dfu(x,t) = KyAu(x, t) (1.3)
where D is Caputo fractional derivative with 0 < @ < 1 as defined in ([9],[15]) by
t
(t—1)™*d

“Dfu(t) = maf(ﬂdf
0
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and K, is a constant associated with the equation (1.3).

There have been few existence, uniqueness, and regularity results of the problem (1.1).
In ([2],[18]), a solution operator to the homogeneous case of the problem (1.1) called a €y a-
semigroup was discussed. Furthermore, in ([16],[17]), the existence, uniqueness, and regularity
of the mild solutions to the problem (1.1) were discussed by employing the Cy a-semigroup. In
[4], the Cy a-semigroup is used to investigate the existence of a mild solution to the problem
(1.1) with finite delay and nonlocal initial conditions. Meanwhile, as our new results, here:

1. we introduce an analytic conformable semigroup S, (t) defined by

1 t*
Sa(t) = 5— f e*TR(A; A)dA, t> 0. (1.4)
FT,(IJ
and derive its properties. If a =1, the operator (1.4) is an analytic semigroup. The analytic

conformable semigroup (1.4) has the property

Sa (£) Su (57) = S (2 + )e) (1.5)
which is called by conformable semigroup law. If a =1, the property (1.5) is the semigroup
law.

2. we obtain the stronger regularity results for the problem (1.1) than those in ([16],[17]) under
the Holder continuity of f as our regularity condition by employing the analytic conformable
semigroup S,(t) as expressed in (1.4). The €, a-semigroup as used in ([16],[17]) to obtain
their regularity results can not be used to obtain our regularity results under the Holder
continuity of f.

This paper consists of six sections. The research’s motivation and novelty are mentioned
in the first section. In second section, we briefly provide concerning conformable fractional
derivative. Preliminaries results are presented in third section. Meanwhile, main results are
discussed in fourth section. An example to show the applicability of the main results is given in

fifth section. The last section contains conclusion.

2. Conformable Fractional Derivative
In this section, we provide briefly regarding the conformable fractional derivative and
another mathematical notions associated with it.
Definition 2.1. [8] The conformable fractional derivative of f:[0,00) — R of order a € (0,1) is
defined by

1-ay _
rof(e) = i D 21O

for t > 0. If the limit exists then f is said to be a-differentiable at t. If f is a-differentiable in

(0,a) with a > 0 and tlir51+ TEf(t) exists then the conformable fractional derivative of f of order
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a att = 0 is defined by
TEf(0) = tl_iglr T f(2).
Theorem 2.1. [8] If f: [0,0) — R is a differentiable function at t > 0 then, for « € (0,1],

TEf() =177 if (®.
dt
If @ = 1 then the conformable fractional derivative is usual derivative
Definition 2.2. [1] Given a function f:[0,0) > R and « € (0,1]. The fractional Laplace
transform of order a of f is defined by

[o¢]
tx

LAf DY) = fuls) = [ et f @ de.
0
If « = 1 then the fractional Laplace transform is usual Laplace transform, that is

o

L{f(®)}(s) = LIF()}(s) = f(s) = f e St f(t) dt.
0
Theorem 2.2. [1] If f: [0, ) — R is a differentiable function in (0, ) and a € (0,1] then

LATEf($)}(5) = sfal(s) = £(0)
We next define a-convolution of functions f and g as written in the following definition.
Definition 2.3. If f and g are piecewise continuous functions on [0,) then a-convolution

f *q g of fand g is defined by

t
(F 0 )® = [ £ (€% = 79%) g(@yee a.
0

It is not difficult to show the following theorem.
Theorem 2.3. If f and g are piecewise continuous functions on [0, ) then the fractional Laplace
transform of the convolution f *, g of f and g is given by

La{(f *a g)(t)}(s) = fa(s)ga(s)-

Next, consider that, since

Fu(s) = La{f(D)(s) = f
0

o]

% te 1 f(D)dt = f ooe‘s“f ((aw)/*)du
0

then
1
g = f((a)¥%) = %f eSHE,(s) ds
r
implying
a 1 %
fw=g (“;) — o | TRy as @D

r
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where T is the vertical line Re(s) = ¢ such that c is greater than all real part of singularities of
the integrand in the integral (2.1). Motivated by (2.1), we have a definition of the inverse of
fractional Laplace transform as defined in the following definition.

Definition 2.4. Let 0 < a <1 and F,(s) be the fractional Laplace transform of order a of a
function f:[0,0) = R. The inverse of the fractional Laplace transform of order a of F,(s) is
defined by

1 [ 4@
F©O = LMD = 5. | " eRel)ds. 22)
r

3. Preliminaries Results
3.1 Analytic Conformable Semigroup
Observe that the fractional Laplace transform of the problem (1.1) is
sUq(s) —u(0) = AU, (s) + Fy(s).
It follows that
Uqy(s) = R(s; A)ug + R(s; A)F, (). (3.1)

Then, by applying the inverse of the fractional Laplace transform to the equation (3.1), we have

1 [ & 1 [ &
u(t) = E.f e aR(s; A) upds +ﬂf e aR(s;A) F,(s)ds (3.2)
r r

is a solution to the problem (1.1). Note that

1 t
u(t) = %,f e’aR(s; A) ugds (3.3)
r

is a solution to the homogeneous case of the problem (1.1). Motivated by the solution (3.3), we

define an operator

1 @
Sa(t) = 5— f e*aR(A;A)dA, t>0 (3.4)
Fr,w

where

I ={1€C:largV)| = w, || = r}U {21 € C: [argD)| < w,|A| =7},
with >0, w € (r/2,60), and I, is oriented counterclockwise. By Cauchy’s theorem, the
integral (3.4) is independent of r > 0 and w € (r/2, 8).
We next give some properties of S, (t) defined by the operator (3.4). The properties are derived
by employing the properties of an analytic semigroup operator generated by the sectorial linear

operator A i.e.

1
S(t) =— f eStR(s;A)ds, t> 0. (3.5)
21i

l—“I",(x)
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The analytic semigroup operator S(t) defined by the operator (3.5) has some properties as
mentioned by the following theorems. Let B(X) be a set of all bounded linear operator on X and
B (X :D (A)) be a set all bounded linear operators from X into D (A).
Theorem 3.1. [14] Let A:D(A) € X - X be a sectorial linear operator. If S(t) is an analytic
semigroup generated by A expressed by the operator (3.5) then
(i) S(t) € B(X) and there exists C; > 0 such that
ISOI<C,  t>0;
(i) S(t) € B(X:D(A)) for t > 0 and if x € D(A) then AS(t)x = S(t)Ax. Moreover, there exists
M > 0 such that
IAS(O| < Mt™Y,  t>0;

(iii) the function t » S(t) is infinitely continuously differentiable on (0, =),
n

d
TRSOO =4S,

and there exists M,, > 0 such that

dn
”WS(t)” <Mgt™, >0

forn = 1,2,3, .... Moreover, the operator S(t) has an analytic continuation to the sector X,_=
2

and, for z € Ze_g, neE (%,9),

1
S(z) = — f e?”R(A; A) di;
2mi Jr
rn
(iv) fort >0and x € X,

%S(t)x = AS(t)x;
(v) fors,t>0,

S()S(s) = S(t + ).
Theorem 3.2. [14] Let A:D(A) € X — X be a sectorial linear operator. If S(t) is an analytic
semigroup generated by A expressed by the operator (3.5) then the following statements hold.
(i) If x € D(A) then Jim, S(H)x = x;

(i) ForxeXandt >0,
t

fS(r)x dt € D(4),

0
t

A _[ S(D)xdt =S(t)x — x.
0
Moreover, if T = AS(7)x is integrable on (0, €) for some € > 0 then, fort > 0,
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t
S)x—x= fAS(r)x dr;
0
(i) If x € D(A) and Ax € D(A) then
S(t)x —x
t—-0* f - %
(iv) If x € D(A) and Ax € D(A) then
tll)r(§1+ AS(t)x = Ax.

Theorem 3.3. [14] Let A:D(A) € X — X be a sectorial linear operator. If S(t) is an analytic
semigroup generated by A expressed by the operator (3.5) then, for 1 € C with Re(1) > 0,

(o]

R(1:A) = f e MS(t) dt.
0
By the relationship S, (t) = S(t%/a) and employing Theorem 3.1-3.3, we derive some properties

of S, (t) defined by the operator (3.4) as stated by the following theorems.

Theorem 3.4. Let A:D(A) € X — X be a sectorial linear operator. If S, (t) is an operator defined

by the operator (3.4) then

(i) S,(t) € B(X) for t > 0 and there exists C; > 0 such that [|S,(t)|| < Cy;

(i) S,(t) € B(X: D(A)) for t > 0 and if x € D(A) then AS,(t)x = S, (t)Ax. Moreover, there exists
M = M(a) > 0 such that

M
|AS, (O)x|| < @ t>0;
(iii) The function t = S,(t) is differentiable in (0, ) and
DS, (t) = t*"1A4S,(t)
and there exists N = N(a) > 0 such that

N
IDeSe Ol < —, t > 0;
Moreover, the operator S, (t) has an analytic continuation S,(z) to the sector X, _= and for
2

1 z¢
Sa(@) =5 — f e aR(A; A) dA;
Fr,n

(iv) fort >0and x € X,
TES,(t)x = AS,(t)x;
(v) fort,s >0,
Sa(£4%)5,(s /%) = S4((¢ + )1/%).
Proof.
(i) By Theorem 3.1(i), fort > 0,
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< Cy;

ttX
oo =[5 (%)

(if) By Theorem 3.1(ii), if x € D(A) then, fort > 0,

AS,(t)x = AS <ta> x=35 <ta)Ax =S, (t)Ax

a a

and

a te

I1ASe (Ol = HAS <ﬁ>
a

(iif) By theorem 3.1(iii), for t > 0,
Se(t) = dS - =t 15’ - = t*14S - = t* 148, (1)
a(t) = dt " \a ) a) a) @

M
=

(ta>‘1 aM
<M|— = —

and
IS Il = [It* T AS (Ol = t* HAS, (O < t* Mt~ =

Now, we suppose 0 < § < —m/2andn=0—-6.1fz€X , with 2 = |A|e" and |A| > r

n-m/
then 1z% = |||z|%e!(®arg@1n) with w/2 < aarg(z) +n < 3m/2 and —3n/2 < aarg(z) —n <
—m/2. It means that Re(1z%) < 0 implying

1 2
IS«@ = ||>— f P ZR(1; A) dA

Trn

1 Prad
= ||l— f e"aR(A;A)dA
2mi
Llz—ay

1 e MI%cos(aarg(z)in)
| alal

12|

Liz-ay

- i egcoswarg(z)in)p_l dp

T 2n
iy

which is bounded. Therefore, for z € ¥, _/,, the function z » S,(z) is bounded. Now,
observe that the value of z“ is not a unique with

2% — palogz _ ea(ln|z|+i(Arg(z)+2kn')) — Izlaeia(Arg(z)+2kn’) k=0 +1+2 ...
If k = 0, we have the principle value of z%, that is z% = |z|*ei@Are(@) Tt is a unique. Thus, for

ZE Ze_g, n € (n/2,0),

1 2%
20 Su() =5 f eYTR(: A) dA,

Ty
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with the principle value of z%, can be considered as an analytic continuation of S, (t) to the

sector Zg_g. Since union of the sector ¥,_/, is Zg_p/,, the function ia also analytic on

Xo-m/2/
(iv) In proof of (iii), we proved that for t > 0 and x € X,
SE(t)x = t*TAS, (H)x
implying
TES,()x = t174S, (t)x = AS,()x;
(v) By Theorem 3.1(v), fort,s >0,

t S t+s
Sa(t79)5a(sY)x = 5 (=) 8 () 1 = 5 (=) = Sul(e + %), .
Theorem 3.5. Let A: D(A) € X — X be a sectorial linear operator. If S, (t) is an operator defined
by the operator (3.4) then the following statements hold.
(i) Ifx € D(A) then tlirggr Sa()x =x;

(ii) Forx e Xandt =0,
t t

jr“‘lSa(T)x dtr e D(4), A j 9715, (Dxdt = S (H)x — x;
0 0
(i) If x € D(A) and Ax € D(A) then
lim M = le.
t-0* te a
Proof.

(i) By Theorem 3.2(i), if x € D(A) then
a

. . t L o
tll,%l Sy()x = tll)réquS <;> X = )L%LS(t)x =x;
(if) By Theorem 3.2(ii), for t = 0 and x € X,

t(l

t t a
Ta
jr“‘lsa(f)x dr = fr“‘ls <?>x dr = f S(r)xdr € D(A),
0 0 0

tx

t
a

AJT“‘lSa(r)x dr = A_[ Sr)xdr=S (t—>x —x=S,(t)x — x.
0 0 *
Furthermore, if T » 7% *AS,(7)x is integrable on (0, ) for some & > 0 then, for t > 0,
t
Se()x —x = fr“‘lASa(T)x dr;
0
(iii) By Theorem 3.2(iii), if x € D(A) and Ax € D(A) then
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t(x
S, (x—-x 1 S(;)x—x 1. SHx—x 1
lim ——— =—lim ——7——=— lim —— = — Ax. ]
t—0+ te at—0+t t* at-0* t a
a

Theorem 3.6. Let A: D(A) € X — X be a sectorial linear operator. For A € C with Re(1) > 0,

[oe]

ta
R(1:4) = f e Yate1s, (t) dt.
0
Proof. By Theorem 3.3, for A € C with Re(4) > 0,

o s co . ta [oe]

f e Yate1s () dt = f e Yatals <?> dt = f e~ 4S(1) dr = R(1: A). n
0 0 0

We call the operator S, (t) defined by (3.4) the analytic conformable semigroup generated by the

sectorial linear operator A:D(A) € X — X. The analytic conformable semigroup is a solution
operator to the homogeneous case of the problem (1.1) i.e.
Tfu(t) =Au(t), t>0
u(0) = u.
3.2 A Solution to Conformable Fractional Cauchy Problem
We define Banach space L*?((0,T]; X) by

T
L% ((0,T]; X) =4 f:(0,T] - X:fllf(t)llpt“‘ldt <4, 0<a<lp=>1
0
with its norm

T
1fllap = f FOIPeed.
0

Motivated by the solution (3.2), we get a solution to the problem (1.1) as stated by the following
theorem.
Theorem 3.9. Let uy € X and f € L“'l((O, T]; X). If u:[0,T] = X is a solution to the problem (1.1)

then
t

u(t) = S, (ug + fSa((t“ — )V f()r* ldr, 0 <t <T.
0
Proof. Since S, (t) is the analytic conformable semigroup generated by A and u is a solution to

the problem (1.1), then
v(0) = S4((t" = TV Yu(@) = § (% - %) u(®)

is differentiable for 0 < v < t and by, Theorem 3.1(ii-iv),

t* ¢ t* ¢
v'(1) = —19715’ <— — —) u(t) +S <— — —) u'(7)
a a a a
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= —7%714¢8 (% — %) u(n) +S <§ — %) (T“'lAu(‘r) + T“'lf(r))
tlx a

=5 <— - T—) F(r)ra 1, (3.6)
a

a
If £ € L%((0,T]; X) then S(¢t*/a — t%/a)f(t)T* ! is integrable. By integrating both side of the
equation (3.6) from O to t, we have
g t* ¢
v(t) —v(0) = fS (— - ?> f(Or* ldr
0

a

or
t

u(®) = § (%) u(0) + f s g _ %) F()re 1 dr.

0
It means that
t

1
u(t) = Sy(Oug + j Se ((t% = 1%)a) f(1)1% 1 dT, 0 < L <T. n
0
Remark 3.10. If f = 0 then t = u(t) = S, (t)ug is the unique solution to the homogeneous case of

the problem (1.1). Theorem 3.9 also implies the uniqueness of the solution to the problem (1.1).

4. Main Results
In this section, we show the regularity of mild solution to the problem (1.1). We first
define two types of solutions to the problem (1.1)
Definition 4.1. Let uy € X and f € L“'l((O, T] ;X). A function u:[0,T] - X is a mild solution to

the problem (1.1) if it satisfies
t

u(t) = S,(Hug + fSa((t“ — OV (D)% dr, 0<t <T.
0
Definition 4.2. Let uy € X. A function u: [0,T] = X is a classical solution to the problem (1.1) if

ueE C((O, T; D(A)) NC(0,T]; X), Tfu € C((O, TI; X ), and it satisfies the the problem (1.1).

The following theorem shows us regarding the Holder continuity of a mild solution to the

problem (1.1).

Theorem 4.1. Let A be a sectorial linear operator, S,(t) be an analytic conformable semigroup

generated by 4, and f € L*?((0,T]; X) withp > 1.

(i) If u is a mild solution to the problem (1.1) then u is Holder continuous with exponent
a(p —1)/p on [g,T] for every € > 0.

(i) If uy € D(A) then u is Holder continuous with the same exponent on [0, T].

Proof. Consider the mild solution u to to the problem (1.1) i.e.
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t

u(t) = S, (Oug + f S, ((t“ - Ta)a) FOT%  dr = Sy (H)ug + v(t), t>0.
0
Note that based on Theorem 3.5(ii), for t € [¢,T] and h > 0,
t+h

1Sa (& + hup — Sa(Ouoll < f 14So (Duollr**dr
t

t+h
SM(a)IIuollf t7ldt
t

_ M@l
t
M
< (@) lu,ll L
£
It means that S, (t)u, is Lipschitz continuous on [¢,T]. We now consider, for t € [0,T] and h >
0,
t+h

t
v(t+h) —v(t) = f Se (£ +m)% = Ta)i) f()r*ldr — f Se (2% - T“)i) F(@)redr
0 0
t
- f [a (CCE + W) = 79)) = 5, (0 = 7)) | F@ye e e
0
t+h

+ f Sy (((t + h)% — T“)i) f(Or% tdr
t
=1, +1,.
Therefore, by using Holder’s inequality, we have, for t € [0,T] and h > 0,
t+h

Il < [ flse (G + e = em) | N @yeeeetar
t

(t+h)®
1 1
= f I (CE + my = 29%) || 1) | ar
trx
(t+h)< (r-1/p (t+h)% 1/p
1
SE f Cf/(p_l)dr f ||f(7’1/“)||pdr
te t*

1

t+h
C
= 2(@+ = ey@ 0| [P serdr
t

G
< 2 palp-1)/p )
. 1fllep
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We next estimate I;. Based on Theorem 3.4(i), we observe that for h > 0,t € [0,T], and 0 < 7 <
t,

1 1
8 (CCt + W% = 79)a) = 5 (% = 2)2)
By Theorem 3.2(ii) and Theorem 3.5(ii), for h > 0,t € (0,T],and 0 <7 < ¢t,

< 2¢,.

1 11
((t+h)*—1t%)a

s (cce+ w7 =90) = s (@ —em) | < || [ rerasiear

1

(t*-1%)a
t+n* %
a a
= f AS(r)dr
ta& @
@ a
(t+m)* ¢

a a

<M f [[AS()|l dr

a a

M <(t+h)“_f>

Consequently, for t € [0,T] and h > 0,

1 1 , h%
50 (e + % = 290) = 5 (€ = 7% | < Cmin {1, =}
where C = max{2C;, M}. Therefore, for t € [0,T] and h > 0,

t
a

1]l < Cfmin{l,tah_ra} If ()l tde
0
= C} min {1, |7~ r)/)]jar

0

(p-1) 1
a P ta
<C {1, 4 v «— || d ”
< f mm{ 'T} r f ”f((t —r)a)l T
0 0
; (p-1) . 1
@ 4
h%)\@-D g P
=aC _[ (min{l,TD dr fllf(s)llps“‘lds
0 0

ca (r-1/p

h p/(p-1)
= aCllfllap f(min{l,TD dr

0
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a

aCllfllqp | A + h®

IA

= aCllfllap (R + R

7 pa\P/ @D
Cllfllep fdr+ f<7> dr

0 ha

aClf e | A+ h/@=0 [ (

aCllfllayp <h“ + he?/®=D(1 - p) [(%)

(r-D/p
-1
v 1\P/-D P=u/p
[G) e
r
ha
-1
. ) _— (»-D/p
) dr
r

ha
1/(p—1>]°° )“"1)/ P

ha

/(p-1) (1- p)(_h—a/(p—l)))(p—l)/p

(p—-1)/
= aCllfllop(R® — RE(1 =) 7
= ac||f||a'pp(p—l)/pha(p—l)/p .

Thus, the part (i) is proven.
Next, by Theorem 3.4(i) and Theorem 3.5(ii), if

t+h

1Sq (e + Rug — Se (Ol < f
t

uy € D(A) then, fort € [0,T] and h > 0,

|Se (D) Auol|z* dr

t+h

< C1||Au0||f ¢ 1dr
t

Gl
a

((t+h)*—=t%)

C.]|A
< 1l uo”h“.

a

Therefore, S, (t)u, is Holder continuous with exponent @ on [0, T]. This proves the part (ii). =

The following lemma is needed to prove the regularity of the solution to the problem (1.1)

under Holder continuity condition on f.

Lemma 4.2. Let A be a sectorial linear operator and S,

(t) be an analytic conformable semigroup

generated by A with a =1/n, n =1,2,3,4,... Let f:[0,T] - X and there exist a constant K > 0

and 0 < ¥ < 1 such that

If (&) = fOIl <K
If

t

It —s|?. (4.1)

na® = [ 50 (€% = 599) (F5) - F(©)s s

0
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then v, (t) € D(A) for t € (0,T] and, for every € > 0, Av,(t) is Holder continuous with exponent
ad on [g,T].
Proof. Consider that, by Theorem 3.4(i) and the condition (4.1), fort € (0,T]and 0 <s <t <T,

1
|5 ((t“ - s“)E) (F(s) = F(©)s*| < Cik (e = 9)?s97 € 11((0,T): X).
Observe now that, by Theorem 3.4(ii) and the condition (4.1), for t € [0,T],
1 _ (t —s)?
452 (€ = 5%<) (@) = F0)s* || < MK m—
(tom _ San)ﬁ _
K—t“ e s®
(ta _ Sa)ﬁ(ta(n—l) + ta(n—z)sa 4ot Sa(n—l))ﬁ )
a—
ta' — Sa S
N (t* — Sa)i? s
ta — Sa
= nMKT?=%9 (¢ — s*)%=15%1 € [1((0,T): X).

Since A is closed, we have, for t € (0,T],
t

Ay (£) = f A3, (£ = s9%) (£(s) - F())s%~ ds.
0
Then, v,(t) € D(A), fort € (0,T].
Given & > 0. We next show the Holder continuity of Av,(t) on [g,T]. Consider that, for

O0<t<t+h<TwithO<h<]1,
t

Avy(t + h) — Avy(t) = A f (5a ((+ne- sa)%) A (G sa)§)> (F(s) = F(©))s¥ 1 ds

0
t

+4 f Sa (((t + )% = 529&) (F(8) = f(¢ + W))s®~ ds
0
t+h

+A f Se (((t + M)% = s%Ya) (F(s) = f(t + h))s* M ds
t
= 11 + 12 + 13.
Note that, by Theorem 3.1(iii), for0 < s <t <t+h <T,

(t+h)* s@ e 5@
| = |as —)—as(=—-=
(04 (04 a a

+m s
a a

Sa—l

=M 1

= MK

< nMKTal'?(n—l 1

|45 (& + 1) = s9ye) - a5, (€ — s2)e)

= f D2S(1) dr

te @

a a
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t+n* %
< [ mzs@id
t*_s*
t+n)* %
<M, 1%dt
t*_s*
= aM ( 1 1 )
- a2 t¥ —s* (t+ h)® —s“
(t+h)*—t*
= aMZ
= s +D* =59
1
< aM,h*

=59+ m =59

Then, by the condition (4.1), fore < s <t <t+h<T,

t
Il < aMZh“f ||ASa (((t +h)® — s“)i) — AS, ((t“ - sa)%)
0

| I£ () = F@©lls*ds

(t—s)?

t
< aM,Kh® f =
0

< anM,KT¥®-Dpa

= M,KTO~*9p®

¢ (ta _ Sa)ﬁ—l
(t+ h)® —s*
0

S (GA TN

t

(ta _ Sa)ﬁ—l _
RO TR
0

s*1ds

h (ta _ Sa)ﬁ—l t (ta _ Sa')ﬁ—l

=M KTﬁ—aﬁha’ a—1 d a—1 d
2 t+h)e—s<° S+h(t+h)“—sas s
0
h* t*
MZKTﬁ—aﬁha’ T.19—1 r19—1
= dr + dr
a t+h)*—te+r y t+h)*—te+r
0 a
h“ o)
M,KT?~% & 1
< 9-1 d f 9-2 d
< . = h"‘f r s+ r T
0 ha
MZKTﬁ—al‘)ha’ haﬂ ha'(19—1)
=T a (((e+h)“—h“)z9+ 1—0)
M KTﬁ—aﬁha ha19 ha(ﬁ—l)
=2 [ —((e + D 4 (¢ + R)TM=Dp ... 4 pa(r-D)
a &9 1-9
MZKTﬁ—al‘)ha’ haﬁ ha(ﬁ—l)
PR p— h 1-a
= a ( o ETRTI AT )
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<M2KT19 —a¥ haﬁha( +h)1 - ha19
o a el € 1-9

9—ad
<M2KT a (e+h 1 )h“ﬁ

- a &l +1—19
- MZKTﬁ—“ﬁ(T L1 )h“ﬁ
- a g 1-9 '

Next, consider that, by Theorem 3.4(i) and the condition (4.1), for 0 <s <t <t+h<T,
¢

i1l < 14 f Sa (6 + WY = 592) (F(©) = F (¢ + 1))s“ " ds

0

t
=l s ((t R %) seLds(f(0) - £t + )
0

a

(t+h)%/a

= |(lA f S dr(f() — f(t +h))

((t+h)*-t%) /a

n)® h)a a
_ S<(t+a)>—5<(t+a) t) I(F@ - £+ m))|

|Se(t + h) = S (((& + D) = tDHY)||||(F® = fF &+ B)|
< 2C;h? < 2C,h%0.

and
t+h

I 1l < f 450 (& + )% = 59%) (F) = F(e + W)|| s ds

(t+h—ys)?
< KM s* g
f t+h)e —sa S

t+h
< nKM(t + h)*9@-1D f ((t + h)* —s¥)P-1sa-1ds

(t+h)“*

< nKMT*(M-1) f (t+h*—=r)?Ldr

KMT19—0£19

T w

KMT19—LZ19

S -
ad

(¢ + ) - £

hoY. m

The following theorem provides the regularity of the solution to the problem (1.1) under Holder

continuity condition on f.
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Theorem 4.3. Let A be a sectorial linear operator and S,(t) be an analytic conformable
semigroup generated by A with @ =1/n, n=1234,... Let f:[0,T] - X and there exist a
constant K > 0 and 0 < 9 < 1 such that, for s,t € [0,T],

If(®) = fFN < Klt —s]°.
If u is a solution to the problem (1.1) on [0, T] then, for every § > 0, Au and Tfu are Holder
continuous with exponent a9 on [§, T].

Proof. By Theorem 3.9, for 0 <t < T,
t
1
u(®) = S, (Oug + f Se ((£% = 1%)a) F(1)T% 1 dT = S (B + v (t).
0

We first show that AS,(t)u, is Holder continuous with exponent e on [§,T] for every & > 0.
Consider that, fort,h > 0,

IAS,(t + h) — AS, (O]l = ||4s ((t +ah)a> A8 (ﬁ)

a

(t+h)*
a

= f D2S(1)dt

t&

a

(t+h)*
a

< j ID2S(0)]| de

ta

a

(t+h)*
a

<M, f 1%dt

ta

a

1 1
= aM; (t_“ o+ h)“)
(t + h)* — t*
Z ta(t + h)®
< aM,h®t=%(t + h)~%.
We then show that Av(t) is Holder continuous with exponent a9 on [§,T]. In order to do this,

we decompose v as
t t

v(t) = f Sa ((t% = s%)2) (F(s) — f(£))s* 2ds + f Se ((£% = 5%Ya) f(£)s2ds = v () + v, (L),
0 0
From Lemma 4.2, we proved that Av,(t) is Holder continuous with exponent a9 on [§, T] for

every § > 0. We next show Av,(t) is Holder continuous with exponent ad on [§, T]. Note that,
by Theorem 3.5(ii), for t > 0,
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t t

Avy(©) = 4 [ 50 (€% = s92) F05° s = A [ 5,0 @ dr = 5,(OF @ - O
0 0
We now consider that, by Theorem 3.4(i), Theorem 3.5(ii), and the condition (4.1), for t > § and

h >0,

IS (t + R)f(t + h) = S (OF DI
= ISe(t + R)f (t + h) = Se(t + W) f () + S (t + W) f () = Se(OF DIl
S NSe(t+h)fE +h) =St + DfF O + 1S (& + R)f () = S (Of (D]
S NISe &+ MWIfE + R) = FOI + ISe(t + 1) = SO f O]

t+h

< CKR? + f =14, (x| dell F (O
t

t+h

< C,Kh® +f L drllf |l
t

< Cokh? + 2 Il

< C'h%
with €' = max{C; K, M||fllo/6}. It means that Av,(t) is Holder continuous with exponent ad on
[8,T]. Thus, Av(t) is Holder continuous with exponent ad on [4,T]. Since AS,(t)u, is Holder
continuous with exponent a and Av(t) is Holder continuous with exponent a9 on [§,T], Au(t)
is Holder continuous with exponent a9 on [§,T]. Consequently, since u is the solution to the
problem (1.1) and f is Holder continuous with exponent 9 on [0, T], T u is Holder continuous

with exponent a9 on [§, T]. This completes the proof. ]

5. Examples

Consider the nonlinear conformable diffusion equation

t
Téu(x,t) = Au(x, t) + k f(t — ) Yulx,7)dt, (x,t) €QAx(0,T) (5.1)
0

u(x,0) = up(x) in Q
where 0 <y <1, 0 c R" is a bounded domain with C? boundary, and k is a positive constant.
We next investigate the existence and uniqueness of a solution to the problem (5.1) with

Neumann boundary condition

U ondQ x (0,T 5.2
5, = 0on x (0,T). (5.2)

The abstract formulation of the problem (5.1) with Neumann boundary condition (5.2) is
Tfu=Au+f(tu), 0<t<T
u(0) = upin Q
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inX ={wuel?(Q)}where0<a<1,4=A and

t
ft,uw) =k f(t — 1) Yulx,t)dt
0
with 0 < y < 1. Note that u = 0in Q X (0,T). We next set
du
D(A) = {u € HA(@): = =0 on aa}.

The operator A is dissipative and self adjoint. It means that A is sectorial in X.

Next, observe that for 0 <s <t < Tandu € Y = BC((0,T); X),

t S
ftuw) —f(Gsu) =k f(t — ) Yu(,)dr—k f(s — 1) Yu(,1)dr
Ot OS
<k f (t — 1) Vu(.7)dr —k f (t — D) Yu(, 1) dr
0 0
t
—k f (t — D) Vu(, 1) dr

t
< kllully f (¢ — 1) de
S

t—s
= kllully f o dr
0
Ky
—_ — 4
1=y (t—s)77.

It follows that f is Holder continuous with exponent 1 — y. According to Theorem 4.3, if u solve

the problem (5.1) then u is a classical solution.

6. Conclusion
By employing the analytic conformal semigroup generated by the sectorial linear
operator A and imposing the condition on f i.e. the Holder continuity of f as our regularity
condition, we obtain stronger results regarding the regularity of solutions to the Cauchy
problem (1.1) than those in ([16],[17]). To obtain our regularity results under the Holder
continuity of f, we can not use Cy a-semigroup as used in ([16],[17]) to obtain their regularity
results. For further work, a global solution to the Cauchy problem (1.1) under the regularity

conditions is an interesting topic to study.
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