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Abstract. In this paper, we will introduce the concept of a continuous biframe for Hilbert C*—modules. Then, we examine
some characterizations of this biframe with the help of an invertible and adjointable operator is given. Moreover, we
study continuous biframe Bessel multiplier and dual continuous biframe in Hilbert C*—modules. Also, we develop the
concept of continuous biframes in the tensor product of two Hilbert C*-modules over a unital C*-algebra A and provide

some properties of invertible transformed biframes and Bessel multipliers in the tensor product.

1. INTRODUCTION AND PRELIMINARIES

Frames for Hilbert spaces were introduced by Duffin and Schaefer [4] in 1952 to study some
deep problems in nonharmonic Fourier series by abstracting the fundamental notion of Gabor
[8] for signal processing. In fact, in 1946 Gabor, showed that any function f € L?*(IR) can be
reconstructed via a Gabor system {g(x — ka)e?™ % : k,m € Z} where g is a continuous compact
support function. These ideas did not generate much interest outside of nonharmonic Fourier
series and signal processing until the landmark paper of Daubechies, Grossmannn, and Meyer [2]
in 1986, where they developed the class of tight frames for signal reconstruction and they showed
that frames can be used to find series expansions of functions in L?(IR) which are very similar to
the expansions using orthonormal bases. After this innovative work the theory of frames began
to be widely studied. While orthonormal bases have been widely used for many applications, it is
the redundancy that makes frames useful in applications.

The idea of pair frames, which refers to a pair of sequences in a Hilbert space, was first presented
in [6]. Parizi, Alijani and Dehghan [18] studied Biframe, which is a generalization of controlled

frame in Hilbert space. The concept of a frame is defined from a single sequence but to define a
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biframe we will need two sequences. In fact, the concept of biframe is a generalization of controlled
frames and a special case of pair frames. For more detailed information on biframes theory, readers
are recommended to consult: [1,5,9,10,13-17,20-30].

In this paper, we will introduce the concept of continuous biframes in Hilbert C*~modules and
we present some examples of this type of frame. Moreover, we investigate a characterization of
continuous biframe using its frame operator is established. Also, we study continuous biframe
Bessel multiplier and dual continuous biframe in Hilbert C*—modules. Finally, we introduce the
concept of continuous biframes in the tensor product of two Hilbert C*-modules over a unital C*-
algebra A and investigate the properties of invertible transformed biframes and Bessel multipliers
within this framework.

Hilbert C*-modules are generalizations of Hilbert spaces by allowing the inner product to take
values in a C*-algebra rather than in the field of complex numbers.

Let’s now review the definition of a Hilbert C*-module with basic properties and some facts

concerning operators on Hilbert C*-module.

Definition 1.1. [11] Let A be a unital C*— algebra and H be a left A— module, such that the linear
structures of A and H are compatible. H is a pre-Hilbert A module if H is equipped with an A—valued
inner product {-,-)a : H X H — A such that is sesquilinear, positive definite and respects the module
action. In the other words,

1-(,x)a>0,Vx e Hand (x,x)a = 0if and only if x = 0.
2 -{ax+y,2)a =a{x,2)a+y,2)aforalla c Aand x,y,z € H.
3 -{x, =y, x)qforallx,y € H.
For x € H, we define ||x|| = ||(x, x)ﬂll%. If H is complete with |\.||, it is called a Hilbert A—module or a

Hilbert C*—module over ‘A. For every a in C*—algebra A, we have |a| = (a*a)% and the A-valued norm on

H is defined by |x| = (x, x);for xeH.
Lemma 1.1. [19] Let H be a Hilbert A-module. If T~ € End’;(H), then
(Tx,Txya < T Px, x)a, VYxeH.

Let ¥ denote a Banach space, and ({2, 1) represent a measure space with positive measure i,
with f : ) — ¥ being a measurable function. Integral of the Banach-valued function f has been
defined by Bochner and others. Most properties of this integral are similar to those of the integral
of real-valued functions. Because every C*-algebra and Hilbert C*-module is a Banach space thus
we can use this integral and its properties.

Throughout, we assume A is a unital C*-algebra, H is a Hilbert C*-module over A, and (Q, u)

<o),

is a measure space. Define,

*du(w)

L2(Q,ﬂ):{(p:0—>ﬂ ; “LI(@(w))*
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For every ¢, € L>(Q), A), if the inner product is defined by

@002 = [ (@l0) p(@Dadu(e)
The norm is defined by [l¢|| = ¢, @)ﬂ”%, then L2(Q), A) is a Hilbert A-module [12].

Definition 1.2. Let H be Hilbert A-module and (Q), ) be a measure space with positive measure . A
mapping X : QO — H is called a continuous frame with respect to (QQ, u) if

(i) X is weakly-measurable, i.e., forall f € H, w — (f,X(w))a is a measurable function on Q,
(ii) There exist constants 0 < A < B < oo such that

A, fra < fQ S, X (@)X (@), adu < B, fa
forall feH.

The constants A and B are called continuous frame bounds. If A = B, then it is called a tight
continuous frame. If the mapping X satisfies only the right inequality, then it is called continuous
Bessel mapping with Bessel bound B.

Let X : QO — H be a continuous frame for H. Then the synthesis operator Ty : L2 (Q, u) = H
weakly defined by

Tl [ plw)X(@), N
where ¢ € L? (), 1) and f € H and its adjoint operator called the analysis operator Ty :H—
L? (Q), p) is given by
TxX(w) ={f,X(@)a, feH, we.

The frame operator Sy : H — H is weakly defined by

Sxf, fra= L(fr/\,<a))>ﬂ<x<w)/f>ﬂdy, VfeH.

Let GLT (H) be the set of all positive bounded linear invertible operators on H with bounded
inverse. We reserve the notation End’; () for the set of all adjointable operators from H to H.

2. CoNTINUOUS BIFRAME IN HiLBERT C*-MODULES

In this section, we begin by presenting the definition of a continuous biframe in a Hilbert

C*—modules, followed by a discussion of some of its properties.

Definition 2.1. A pair (X,Y) = (X : Q > H, Y : Q — H) of mappings is called a continuous biframe
for H with respect to (QQ, u) if:
(i) X,Y are weakly-measurable, i.e., for all f € H, w — (f,X(w))a and w — {(f,Y(w))a are
measurable functions on (),
(ii) there exist constants 0 < A < B < oo such that for all f € H,
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A, fra < fﬂ S, X (@)l (@), Pradu < B, @1)

The constants A and B are called continuous biframe bounds. If A = B, then it is called a tight continuous
biframe and if A = B = 1, then it is called Parseval continuous biframe .

If (X,Y) satisfies only the right inequality (2.1), then it is called continuous biframe Bessel mapping
with Bessel bound B.

Remark 2.1. Let X : Q) — H be a mapping. Consequently, in light of the Definition 4.1, we express that

(i) If (X, X) is a continuous biframe for H, then X is a continuous frame for H.
(ii) IfP € GL*(H), (X, PX) is a continuous biframe for H, then X is a P—controlled continuous frame
for H,
(iii) If P,Q € GLT(H), (PX,QX) is a continuous biframe for H, then X is a (P, Q)—controlled
continuous frame for H.

We now provide an example that verifies the description given above.

Example 2.1. Assume that A = ( [(1) 2 ] ta,be C}, then A is a unital C*-algebra. Also A is a Hilbert
C*-module over itself, with the inner product:
(da AXA—-A
(M,N) — M(N)".
Assume that (Q, 1) is a measure space where Q) = [0, 1] and 1 is the Lebesgue measure. Define X : Q3 — A
by

2
X(a)):( w 0 ],a)eﬂ,
0 1-w
and Y : Q) - Aby
y(w):(3w 0 ],weQ
0 w+1

0
For every f :( ‘ b )e.?{, we have

0

[ <t XK@DA @), pradut) = fm ,1]<[0 : ]( v 0 ]u[ o0
_f 2wa 0 3wa 0
CJpul 0 (- J{ 0 (w+1)0
_ 6cw? 0 a2 0
[ la? 0 6w 0
[ 0 wF]L&J 0 1—w2}w“”

7

- ]}ﬂ du(w)
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lal> 0
0 |2

2N < [ X @A @) s <. fn
Q

whn O

Consequently,

. . . . 2
Therefore, (X, Y) is a continuous biframe for H with bound 3 and 2.
Next, we introduce the continuous biframe operator and provide some of its properties.

Definition 2.2. Let (X, Y) = (X: Q —> H, Y : QO — H) be a continuous biframe for H with respect to
(Q), ). Then the continuous biframe operator Sy y : H — H is defined by

Swaf = [ (L X(@)aY(@)p
forall f € H.
For every f € H, we have
<&me=Lmﬂmmwwwmm 2)
This implies that, for each f € #,
Af, Poa < Sxyf, fra < B,

Hence, Al < Sy y < BI, where I is the identity operator on H. consequently, Sy y is positive and

invertible.

Theorem 2.1. Let Sy y the continuous biframe operator, if the pair (X, Y) is a continuous biframe for H
with respect to (), u) Then Sy y is adjointable and S%, |, = Sy x.

Proof. From (2.2), we can write

<&wmm=memmwwwmw
:4L@MMMmmwﬂﬂ
=LmﬂmmwmﬁwH
:L«ﬁwmmwwwmww

= (L(ﬁy(w»m(x(w)/ﬁﬂdﬂ *

=Syxf a
={f,Syxfla

Therefore, Sy y is adjointable and S, |, = Sy x. m]
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Proposition 2.1. Let Sy y and Sy x be continuous biframe operators such that Sy y = Sy x. Then the
pair (X,Y) is a continuous biframe for H with respect to (Q, u) if and only if (Y,X) is a continuous
biframe for H with respect to (Q), u).

Proof. Let (X, Y) is a continuous biframe for H with bounds A and B. Then for every f € H, we

have
A, Py < Sy f, o = fQ X (@)Y (@), fradu < BUF, Fya
Since Sy y = Sy x we have
(Syxf, fa = Sxyf, ra= fn Y (@)X (@), Frady

Thus, for each f € H, we have

A, fra < fﬂ Y (@)X (@), Prady < B,

Therefore, (Y, X) is a continuous biframe for H.

Likewise, we can establish the converse part of this theorem. m]

We suppose that Sy y is self-adjoint operator. Thus, every f € H has the representations

£ =SxuSityf = [ (S X@DaY(@)in

£ = SxySnaf = [ X (@DaSiyY (@

In the following theorem, we establish a characterization of a continuous biframe by utilizing

its biframe operator.

Theorem 2.2. Let (X,Y) is a continuous biframe Bessel mapping for H with respect to (Q), u).Then
(X, Y) is a continuous biframe with bounds A and B for H if and only if Sx y > Al, where Sy y is the
continuous biframe operator for (X, V).

Proof. Let (X, Y) is a continuous biframe for H with bounds A and B. Then using (2.1) and (2.2),
for each f € H, we get

AL, Fya < (Sxyf, frn = fo S, X (@) (@), Hrady < B, fa

Thus,
A, Ha < {(Sxyf, a
Hence,
Sxy = AL

Conversely, assume that Sy y > Al Then, for every f € H, we have

A, fra < Sxyf, fla = fQ U, X(@))al¥ (@), fradu.
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Since (X,Y) is a continuous biframe Bessel mapping for H. Therefore, (X,Y) is a continuous
biframe for H. m]

Furthermore, we provide a characterization of a continuous biframe with the assistance of an

invertible operator on H.

Theorem 2.3. Let 7 € End’y(H ) be invertible on H. Then the following statements are equivalent:

(1) (X,Y) is a continuous biframe for H with respect to (Q), u)
(2) (TX,TY) is a continuous biframe for H with respect to (Q), ).

Proof. (1)=(2) Foreach f € H,
w <f,‘7-(\’(a))>_7{

and
w (f,TY(w))a

are measurable functions on Q). Let (X, Y) is a continuous biframe for H with bounds A and B
and 7 € End,(H). for f € H, we have

jﬁfﬂ@%ﬂmmmmszmmmmwMWWWu
Q Q

<BT [, T fa
< BIT"I(f, .

On the other hand, Since 7~ € End’;(H) is invertible, for each f € H, we have

o Pa=(TTY) £,(TT) Ha
= (T AT T
<[ et 7 P

Consequently, for each f € H, we have

fQ T X (@) Y(@), feady = fQ (T, X (@) al¥ (@), T fady
> AT, )

> AT ¢ P

Ll|-2
Hence, (7 X,TY) is a continuous biframe for H with bounds A ||(T‘1) H and B||T*||.
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(2)=(1), Assume that (7 X, 7 Y) is a continuous biframe for H with bounds A and B. Now, for
each f € H, we have

AIT IS, fra = AT IPX(TT) £,(T7'T) fra
<A(T) £(T7) Pa
< [T £TX@aT I @), (T Pad
= | T (T7) £ X(@Da (@), T (T7) fradu

_ fQ U, X (@)Y (@), Hradi.

On the other hand, for each f € H, we have

[ 4 Xwpacy @), frad

= [ () £ X @A (@), T (77 frad
- fm(‘f‘l)* fTX(@DalTY (@), (T7) Pradu
<B(T) £(T7) Pa

<B|(m) [ ¢, pa

|2
Therefore, (X, Y) is a continuous biframe for H with bounds A||7*||"2 and B H(T‘l) || )

3. CONTINUOUS BIFRAME BESSEL MULTIPLIER AND DUAL CONTINUOUS BIFRAME IN HILBERT C*—~MODULES

In this section, we will delve into the discussion of continuous biframe Bessel multipliers and
we study dual continuous biframe in Hilbert C*~modules.

Let (X, X) and (Y, Y) be continuous biframe Bessel mappings for H with respect to (Q), 1) and
let m : () — C be a measurable function. Then the operator M,, x y : H — H defined by

Muxyf 8a = fQ m(w){f, X(0)a(¥ (0), §yady, (Vf,8€H),
is called continuous biframe Bessel multiplier of X and Y with respect to m.

Theorem 3.1. The continuous biframe Bessel multiplier of X and Y with respect to m is well defined and
bounded.
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Proof. Let (X,X) and (Y, Y) be continuous biframe Bessel mappings for H with bounds D; and
D,. Then we have for any f,g € H,

KMo, 8ll = I f ) f, X (@)Y (@), @)adyl

<||( f m(@)PIS, X(w >ﬂ|2du) ( f (g Y >ﬂ|2du) !

<||m||m||( f U, X (@))alX (@ >f>ﬂdu) ||||( f (& Y(@)al¥, g(w >>ﬁdy) !
< Ilmlleo VD1D2 || £]|[|g]] -

This shows that ||Mm X, y” < |Imllee VD1D3, meaning that M, x y is well-defined and bounded. O

After proving Theorem 3.1, for every f € H, we obtain:

Moy fl| = sup <M xv fr 9| (3.1)
gl|=1
— sup f m(@)<f, X (@)Y (@), gyl
lgll=1 0
<l sup ||( f U X (@)l (@ >f>;4dy) ||||( f (@ V(@) (@), $adu) |
lgll=1
< [lmlleo \/D_zll( fQ <f,X<w>>ﬂ<X,f(w)>ﬂdu)z I (3.2)
Likewise, it can be shown that
HM*m,X,yg ” = ||?|TI—)1 [<Muxv8 | (33)
< lImlle VD1 ||( f (8, Y (@)l (@ )gwu)zu. (3.4)

Theorem 3.2. Let M, x y be the continuous biframe Bessel multiplier of X and Y with respect to m. Then
M vy = Mayx

Proof. For f,g € H, we have
fM, xy@a=Muxyf a
= f m(w){f, X(w)al¥ (@), §ady

f F, ()48, Y (@)X (@) )ads

= {f Mayx8
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Which shows that, M:n Xy = Mz v x- .

Theorem 3.3. Let M, x y be the continuous biframe Bessel multiplier of X and Y with respect to m. Then
(X, X) is a continuous biframe for H provided for each f € H, there exists a > 0, such that

Moyl = e

Proof. For every f € H, using (3.2), we obtain:
2
oXf, fa < [Muxyfll

< |Iml2D; fQ X (@)X (@), Fradu

Thus,
o2
o P < [ (X @DaX(@), Dindit < D P
llm||5. D2 0
2
Therefore, (X, X) is a continuous biframe for H with bounds D and D;. O
Mo V2

Theorem 3.4. Let M,, x y be the continuous biframe Bessel multiplier of X and Y with respect to m.
Suppose 1 —a > 0,1+ B > 0 such that for each f € H, we have

If = Mo £l < allAll+ BV £
Then (X, X) is a continuous biframe for H.

Proof. For every f € H, we have:

Al = Myl < |If = Muxw f|
< a/fl[+B{[Mumxyf Il

Hence,
- < (1-+8) My sl

Now, using (3.2), we obtain:

1-—
(155151 < W]

1
2
I

< [Imlleo \/D—ZH(L(f,)((a)»y{()((a)),f)g{dy)

Therefore,

1-«a 2
(umnm VD, (1+ /s)) o fra < fQ<f X(@)aX(@), flady < Di(f, . (3.5)

1-

2
llmtllee VD2 (1 + ﬁ))

Therefore, (X, X) is a continuous biframe for H with bounds ( and D;. O
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Theorem 3.5. Let My, x y be the continuous biframe Bessel multiplier of X and Y with respect to m.
Suppose a € [0,1) such that for each f € H, we have

If = Mux v fl < allf
and

| = M| < 811
Then (X, X) and (Y,Y) are continuous biframes for H.

Proof. Putting f = 0in (3.5), we get

(1—_0‘)20: fra < f S, X (@)X (@), fad
mlloVDz) T S R A

Thus, (X, X) is a continuous biframe for H.
On the other hand, for every f € H, we have

2 2 2
AP = Mt < [l = M f]
= (1= Muxy) £,(I-Muxy) Pa
<=M | F P
<BXf. ra.

Hence,

(1=8)¢f < Mo

Now, using (3.4), we get

1-p2

llmli%. D1

f, Pa< fQ Y (@)l (@), f)ady.

2

Thus, (Y, Y) is a continuous biframe for H with bounds

and D». O
llml|3,D1

Definition 3.1. Let (X, Y) be a continuous biframe for H. Then (X, Y ) is called a dual continuous biframe
for H. If

v = fQ X (@)Y (@), Qady. (Vf,g € H).

Theorem 3.6. Let (X,Y) be a continuous biframe for H with continuous biframe operator Sx y. Then
(S/‘\,}yz\’, Y ) and (X, S;éyy ) are dual continuous biframes for H.
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Proof. For every f, g € H, we have

(fr9a = [ (fSyX@had @) i

(f, 9o = fQ f, X (@)l Y (@), Q.
This confirms that (S:\,lyX LY ) and (X , S:\,lyy ) are dual continuous biframes for H. O

In the forthcoming theorem, we establish a dual continuous biframe for H in terms of the

multiplier operator.

Theorem 3.7. Let M,, x y be invertible with M;:X,y € End’y(H) and (X,Y) be a continuous biframe
for H. Then (ﬁ (M};lx y) XY ) is a dual continuous biframe for H.

Proof. Given the definition of M,, x y, we can write

Mo fr 9 = fﬂ m(@)(f, X (@)Y (@), @)adi

Now, by substituting f with /\/[;11{\, ./, we obtain:
(f,9a = MuxyMy yf 8= fQ m(w){M)y yf, X(@)a (@), §ady
= [ m@)F (M) X@Da @), ads

= | (@) (ML) K(@ha (@), ead.

This shows that, (ﬁ (M;11X y)* XY ) is a dual continuous biframe for H. O

4. CONTINUOUS BIFRAMES IN THE TENSOR PRODUCT

Suppose that A, B are unital C*-algebras and A ® B is the completion of A®,g B with the spatial
norm. A® Bis the spatial tensor product of Aand B, also suppose that H is a Hilbert Amodule and
K is a Hilbert B-module. We want to define H ® K as a Hilbert (A ® B)-module. Start by forming
the algebraic tensor product H ®a5 K of the vector spaces H, K (over C ). Thisis a left module over
(ﬂ ®ulg B) (the module action being given by (a®b)(x®y) = ax®@by(a e A,b e B,x e H,y € K)
). For (x1,x2 € H, y1, y2 € K) we define (x1 ® y1, X2 ® 12) o5 = (X1, X2)7 ® (Y1, ¥2)g. We also know
thatforz =Y | x;®v; in H ®,1; K we have (z,2) agg = Z,-,j <xi, xj>ﬂ ® <yi, yj>za > 0and (z, 2) 4e8 =
0iff z = 0. This extends by linearity to an (ﬂ Rulg B)-Valued sesquilinear form on H ®;;; K, which
makes H ®,;, K into a semi-inner-product module over the pre- C*-algebra (.?( Ralg B). The semi-
inner-product on H ®,1g K is actually an inner product, see [12]. Then H &, K is an inner-product
module over the pre- C*-algebra (ﬂ Rulg B), and we can perform the double completion discussed
in chapter 1 of [12] to conclude that the completion H ® K of H ®,;, K is a Hilbert (AQ B)-module.
We call H ® K the exterior tensor product of H and K. With H, K as above, we wish to investigate
the adjointable operators on H ® K. Suppose that S € End;(H) and T € End(K). We define
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a linear operator S® Ton H®K by S®T(x®y) = Sx®Ty (x € H,y € K). Itis a routine

verification that is S* ® T* is the adjoint of S® T, so in fact S® T € End7;_,(H ® K). For more

details see [3,12]. We note thatifa € ATand b € B, thena®b € (A® B)". Plainly if a,b are
Hermitian elements of A and a > b, then for every positive element x of 8, we havea® x > b ® x.
Now, we will start by defining the new concept of continuous biframes in the tensor product

setting.

Definition 4.1. Let H; and H, be Hilbert A-modules over a unital C*-algebra A. We consider, H :=
H, @7 H>. A pair

(X,y):(X:Q—>7’(, y:Q—)?’()
is called a continuous biframe for H with respect to (Q), i) if:

(i) X,Y are weakly-measurable; i.e., for every pure tensor f ® g € Hy ® a4 Ha, the maps
wr— (feg, X(w)ha and w — (f®g Y(w))a

are measurable on Q).
(ii) There exist constants 0 < A < B < oo such that, for all f ® ¢ € Hy ® 7 Ha,

A(f®g, f®Na < fQ<f®g, Xha(¥(w), feHadu(w) < B(f®g fO®LHa

The constants A and B are the biframe bounds. If A = B, then it is a tight continuous biframe; if
A = B =1, a Parseval continuous biframe. If only the upper bound holds, it is a continuous biframe

Bessel mapping with Bessel bound B.

Theorem 4.1. Let (Q, u) = (O X Oy, p1 ® u2) be a product measure space, and let H, H, be Hilbert
A-modules. Suppose

X=X10aX2, Y=VY04Y> : QO — H| 74>,

where X1,Y1 : Q1 = Hyand X2, Y2 : Qp — Hy. Then the following are equivalent:

(a) (X, Yy ) is a continuous biframe for Hy @7 Hy w.r.t. (Q, ). In other words, there exist A,B > 0
such that

Alfog fogn < fQ (fog X)) fepadu(w) < Bog fO)a

forall f®g e Hi @aH,.
(b) (Xl,y1) is a continuous biframe for Hy w.r.t. (Q, u1) and (Xz, yz) is a continuous biframe for
Hy w.rt. (o, 12).
Moreover, if(z\’1,y1) has biframe bounds (A1, Bq) and (Xz,yz) has bounds (Ay, By), then (X, y) has
biframe bounds A1A; and B1B.

Proof. (a) = (b). Assume (X Y ) is a continuous biframe on H; ®# H, with bounds A, B. For any
f € Hi and g € H,, we have

A(f®g f®Qa < fg<f®g, X(w)halY(w), f®Hadu(w) < B(f®Y, f@®La.
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By hypothesis, X(w1, w2) = X1(w1) ®2 X2(w2), and similarly for Y. Since u = 1 ® o, a Fubini-
type argument gives

fﬂ _(f0g Xi{w) @ Xa(w2)a (Y1) ©Ya(w2), F@)ad(n @) (w1,w2)

= ( o (f, X1(@1)), (Y1(w1), oy d#l(wl)) ' ( 5 (8, X2(@2))g, (M2(@2), §10, d,uz(wz))-
Since(f®g, f®La={f, /I (g $,, it follows that
A Do G5 9, < < (oo en), P dinlen) [ (3 Kol Wa(wa), i o)

< B{f, 1,48 -

Hence (X LY 1) is a continuous biframe on H;, and (X h, Y 2) is a continuous biframe on H>.

(b) = (a). Conversely, assume (X LY 1) is a continuous biframe on H; with bounds (A1, B1), and
(X Y 2) is a continuous biframe on H, with bounds (A, Bz). Then

Arlf, P, < L (f, Xi(w1)g, (Y1(w1), o dui(w1) < Bilf, o,

and similarly

A2(g D, < fﬂ (g Xo(w2))p, (Y2(w2), Qy dp2(w2) < Ba(g, )y

Multiplying these inequalities and applying a Fubini argument once again yields

A1A(f®g, f®Pa < f (f®g Xi(w1)®Xa(w2))a (Y1 (w1)®Y2(w2), fOHAd(1®U2) < B1B2(f®g, f®Z) A

O1x0y

Thus (X 19a X2, Y1®7Y 2) is a continuous biframe on H; ® 4 Ho. O
Example 4.1. Let A be a unital C*-algebra. Define two finite-rank free Hilbert ‘A-modules:
H = A,  Hy = A
They carry the standard A-valued inner products,
XY = Z Xy Yk-

k

Let (X1, u1) be partitioned into two disjoint measurable sets (1, )y, each of finite nonzero measure. On
each Q) C Xy, define

Fi(w) = == (1,0)", Gi(w) = —==(0,1)".

u1(Q;) u1(Q;)
(Or pick other standard vectors in A to ensure a nontrivial frame.) One can check, by integrating piecewise,
that (F1,G1) meets

A1 (x, X)q, < f); (x, F1(0))g, (G1(@), X)qq, dur (@) < Bix, X)gy,,
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for some A1, By > 0. Hence (%1, G1) is a continuous biframe in Hj.
Similarly, let (Xy, up) be partitioned into subsets A1, Ay, A, each nonempty and finite measure. On A jr
define vectors in A° so that

N — 1 T AN 1 T
Folw') = o (1,0,0)7, Ga(0') = —— (0,1,0)7,

and so on. By a similar calculation, (F2,G) is a continuous biframe in Hy with bounds Ay, By.
Consider the product space
X =X1 XXy, U = 1 ® us.
Define
F (w1, w02) = Fi(w1) ®a F2(w2), G(wi,w2) = Gi(w1) ®a Ga2(w2).

Then by Theorem 4.1, (F,G) is a continuous biframe in Hy @7 Hy = A2 @7 A% = A°, with biframe
bounds A1Az and B1By. The integrals factor through a Fubini arqument exactly as stated in the theorem,

and we see how two continuous biframes in Hy and Hy produce a biframe in their tensor product.

Definition 4.2. Let (X Y ) be a continuous biframe for Hy ® 7 Ha with respect to the measure space (Q, y).

Define the continuous biframe operator
Sxy) : Hi®eaH, — Hi®aH:
by
Sav(fes) = [ (fog X@), Y@ du(w)

for all pure tensors f ® § € Hy ®a Hy, and then extend by linearity and continuity to the whole module
Hi @4 Ho.

Theorem 4.2. Suppose
(X, Y) = (Xl ®na X2, Y1®@xn yz)

is a continuous biframe for Hy ® 7 Hy. Let S(x y) be the continuous biframe operator, and similarly let

S(x,y,) and S(x, vy, be the associated single-module biframe operators on Hy and H. Then
Sxy) = Sy ®A S(xoy)-
Proof. For any f ® g € Hi ®# H>. By definition,
S(X,y)(f®8) = j;<f®g/ Xi(w1) ®a /\’2(602)>ﬂ (yl (w1) ®a yz(wz)) d(fll ® }lz)(wl, w2).
A Fubini-type argument, plus the factorization of A-valued inner products,

(fog Xi(@)®aXa(an)), = (f Xi(a1), (& X2(w2)),,,

shows that

Sun(Fog) = ([ {1 Xy, e din(n) oa ([ (g Xalwn),, Yalw) duafon)).

2
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But those two integrals are exactly S(x, v,)(f) € H1 and Sx, v,)(g) € Ha. Hence
S(X,y)(f@’g) = (S(Xl,yl) A S(Xz,yz))(f@’g)-
By linearity, this holds for all f ® ¢ € H; ® 2 H>, so
Swy) = Sy Oa Sxou.)-

O

Lemma 4.1. Let (X LY 1) be a continuous biframe on Hy with bounds A, B. Let (Xz,yz) be a continuous
biframe on Ha with bounds C, D. Denote their continuous biframe operators by S x, y,) and S(x, y,). Then
for the induced biframe

(X,Y) = (X1@aX2, Y10Y)2)
in Hy ®a Ha, the continuous biframe operator S x,y) satisfies
AC id(]-{]®ﬂ'7-{2 < S(X,y) < BD idq{]@)ﬂﬂz .

Hence Sx,y) is a positive, invertible operator in End"(H; ®a Ha), and its spectrum lies in the interval
[AC, BD] c R™.

Proof. From single-module biframe theory, A idg;, < S(x,y,) < Bidg, and Cidy, < Six,y,) <
D idyy, . Taking the A-linear tensor product of these operator inequalities yields

AC idpye,r, < Sxuvy) ®a Sy, < BD idyge,m, -

By Theorem 4.2,
S@y) = Sy ®A Sxos):
Thus,
ACidye,m, < Sy < BDidyg,mm,-
Positivity and invertibility follow by standard Hilbert-module arguments. m]

5. INVERTIBLE TRANSFORMS ON BIFRAMES
Theorem 5.1. Let (71,G1) be a continuous biframe for Hy with bounds A,B > 0, and (72,G2) a
continuous biframe for Hp with bounds C,D > 0. Suppose T1 € End 4 (H1) and T> € End g (Hz). Define

A = ( (T1®aT2)(F1®aT2), (T1®aT2)(G1 ®a gz));

a pair of maps O X Qp — Hy @7 Hy. Then A is a continuous biframe for Hy ® a Hy if and only if
(Ty ® T2) is invertible in End” (H; ® q Ha). Moreover, T1 @ # T» is invertible if and only if both Ty and
Ty are invertible in their respective module-end spaces.
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Proof. = If A is a continuous biframe, the associated biframe operator is invertible. By factorization
(the Hilbert C*-module analog of [7]), that operator factors through (T1 ®# T>), forcing T1 ®# T
to be invertible. A standard argument in C*-modules shows that implies T1 and T> must each be
invertible.

& Conversely, if T1 and T, are invertible on H;, H>, applying Ty to (%1,G1) preserves biframe

inequalities. Similarly for T>. By the tensor-product biframe theorem (Theorem 4.1),

((T1 @4 T2)(Fi @2 F2), (T1 @4 T2)(G1 ®2 G2))

remains a continuous biframe on H; ® 4 Ho. O

6. BeEsseL MULTIPLIERS IN THE TENSOR PrODUCT

Definition 6.1. Let (X Wi ) be a continuous biframe Bessel mapping on Hy ® 4 Hy w.r.t. (Q, ). That
is, it satisfies an upper-type inequality

fQ<f®g, X(@)a(Y(@), f®Dadu(w) < B(fOg, O

for some B > 0. Let m : Q) — C be a measurable function.
We define the operator

Mm,x,yi H, ®y{7‘(2 — H; ®a Ho
by
My xy(fosg) = fn (@) fog, X(@)ad(w)du(w),

extended by linearity and continuity.

Remark 6.1. From the Bessel-type inequality,

Im(w) (f@ g X(@)ad ()| < Im@)I(f @8 X(@)al ¥ (@)l

Hence, the integral converges whenever m € L? or so, mirroring the Hilbert-space arqument. Thus M, x y

is a well-defined adjointable operator on Hy ®# Ho.

Proposition 6.1. Assume (Xl,yl) is a continuous biframe Bessel mapping in Hy and (z\’z, yz) in Hy.

Suppose my : 1 — C and my : Qp — C are measurable, and define
X(w1, @2) = Xi(w1) ®a Xa2(wn), Y (wi,wr) = Yi(w1) @a Ya(w2).
Then (X, y) is a Bessel mapping on Hy @ 7 Hy. If m(w1, wz) = my(w1) ma(wy), then

Muxy = M, x,y, ®a M, x,y,-

Proof. By the usual factorization (the Hilbert C*-module version of Theorem 4.1), (X Y ) is Bessel
in Hy ® 4 H>. Then

Muxy(f®g) = f(; 5 m(wi, w2){f®g, X(w, w2))aY (w1, w2)d(p1 ® u2).
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With m(w1, w2) = mi(w1)ma(wy) and X(w1, w2) = X1(w1) ®4 X2(w2), a Fubini-type computation
yields

NI,

| my(w2) (g, Xa(w2)) Ya(wn) dyz).

These integrals are exactly M,,, x, v, (f) in Hy and M,,, x, v,(g) in H>. So

Muxy(f®8) = My, x,y,(f) ®a My, x,v,(8)-
Thus Mm,x,y = Mml,/\’l,yl Ra MMz,r\’z,yz' O
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