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Abstract. The main goal of this paper is to determine an upper bound for the third Hankel determinant for the inverse
functions of f, belonging to the two classes of univalent functions with bounded turning,.
1. INTRODUCTION

Let A is the class of functions f which are analytic in ID = {z € C : |z| < 1} and are normalized
such that f(0) =0 = f’(0) -1, i.e.,

f(z) =z+apz* +a3z> + - (1.1)

The general Hankel determinant H,(n)(f) of a given function f, for g > 1 and n > 1 is defined
with

an apy1 - an-i—q—l
an41 Apy2 o nq
Hy(n)(f) =
An+g-1 nt+q " Ant29-2
The third Hankel determinant is
1 az das
Hg(l)(f) = |y a4z a4 =4as (ﬂ2ﬂ4 — ag) - a4(a4 — 612{13) + a5(a3 — a%)
as d4 ds
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This research is focused on the class of R C A of univalent functions satisfying
Re f'(z) >0 (z e D), (1.2)
and the class Ry C A satisfying
Re{f'(z) +zf"(z)} > 0,(z € D).

The functions from the class R are said to be of bounded turning since Re f’(z) > 0 is equivalent
to largf’(z)| < m/2, and argf’(z) is the angle of rotation of the image of a line segment starting
from z under the mapping f. They are of special interest since they are not part of class of starlike
functions which is very wide subclass of univalent functions. For the class R in [10] the authors
showed that

|Hx(1)| < = =0.444...,

O | >~

and in [11] (with @ = 1 in Corollary 2.8),

IH3(1)] < 51—0 (? 425 \/5) —0.64488....

While the first estimate is sharp, the second one is not and it is improved in [12] where is given
an upper bounds of the third Hankel determinant for class of univalent functions with bounded
turning and class R;. To prove the main result we will use the method based on the estimates of
the coefficients of Schwarz function due to Prokhorov and Szynal ( [13], Lemma 2). For the proofs

needed the result:

Lemma 1.1. Let w(z) = ¢1z + 22> + - -+ be a Schwarz function. Then, for any real numbers y and v such
that (u,v) € D1 U Dy, where

Dy = {(w) Sl < %,—1 <v< 1}
and
1 4 3

the following sharp estimate holds

lcs + pcico + vc‘i’l <1

We will also use the following, almost forgotten result of Carleson ( [14]) that can also be found
in [ [15], Problem 16, p.78].

Lemma 1.2. Let w(z) = c1z + 22> + - - - be a Schwarz function. Then
le2l < 1= leaf?

and

2 2 2
leal <1 —=leq|” = lea]” = fes]”.
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Some of the more significant results for the Hankel determinant of second order for the inverse
functions of convex and starlike function can be found in Obradovi¢ et al. [5] and for the second
Hankel determinant for starlike and convex functions of order alpha in Sim et al. [9]. Sharp bound
of third Hankel determinant for inverse coefficients of convex functions can be found in Raza et
al. [7] and the sharp bound of the third Hankel determinant |H3(1)(f)| in Lecko et al., Ahamed et
al., and Rath at al., respectively [3], [1] and [6]. Karamazova Gelova and Tuneski in [16] determine
an upper bound for the third Hankel determinant for the inverse functions of f, belonging to the
class of starlike functions of order a(0 < a < 1).

Krishna and Ramreddy in Krishna et al. [2] obtain an upper bound of the second Hankel
determinant |apay — a%l for starlike and convex functions of order «. The bounds of some initial
coefficients, the Fekete-Szegi -type inequality and estimation of Hankel determinants of second
and third order were discussed in Shi et al. [8]. Upper bound of the Hankel determinant of
third order for inverse functions of functions from some classes of univalent functions can find in
Obradovié et al. [4].

For every univalent function in ID, exists inverse at least on the disk with radius 1/4. If the

inverse has an expansion

Y w) = 0+ Ay®* + Az® + -+, (1.3)
then, by using the identity f(f™'(w)) = w, from (1.1) and (1.3) we receive
Ay = —ap
Az = —a3 + 2a;

(1.4)
Ay = —ay4 + 5aras — 5ag

As = —as5 + 6aray — 21(1%613 + 311% + 1411%.
By using the definition of H3(1)(f) and the relations (1.4), after some calculations, we receive:
H3(1)(f!) = A3(A2As — A3) — As(As — AyA3) + As(As — A3)

= a3 (axay — ag) —ay(ag —azaz) + as(az — ag) — (a3 — u%)S (1.5)

= H3(1)(f) = (a3 - a3)°,
ie.,

H3(1)(f™) = Ha(1)(f) = (a3 = 23)° (1.6)
2. MAIN RESULTS

Theorem 2.1. If f(z) € Ris of the form f(z) = z + axz> + a3z> + -+ , then

L1y 1249
[Ha(1)(f)] < 3810 = 0-32526. ...

Proof. First let note that (1.2) is equivalent with

- 1228
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f2)l-w(z)] =14+ w(z), (2.1)

where w is analytic in D, @(0) = 0 and |w(z)| < 1 for all z in D. If w(z) = 1z + ¢z + -+, by (1.1)
and equating the coefficients in (2.1), we have

a =,
2
az = g(C% + CZ)/
1 5 (2.2)
ag = 5(03 +2c102 +¢7),
2
a5 = 5((:4 +2c103 + 3c%cz + c‘f + c%)
Using (1.5) i.e. (1.6) and (2.2) after some calculation we get:
1
Hg(l)(f_l) = =10 (—7c§’ - 12c‘11cz - 16cg - 540%03 + 108c1cac3
2 1,
—135(:3 + 60c1c2 72C1C4 + 144czc4) ( 3(32 - gcl)
1
= (-7¢$ = 12ctc, - 16¢3 — 54cics + 108c1cacs — 13563
6Oc1c2 72C1C4 + 144coc4 — 16Oc2 + 20c1 + 240c2c1 120c201)
From here again we do some calculation and obtain finally:
1 4 2
H(1)(f! 1 1 ( — = = 3)
s(D)(f7) = 540[ 3cl 35¢3(c3 zC1e2 + Sl
—132c}c - 176¢3 + 300c3c3 + 72 (2, - &3) c4]
Now,
IH3(1)(f 1) < 1 13)c1/° + 135]cs) |c o+l + 132c1*ea]
3 = 510 1 sljes = gaic2 + 56 1l7lc2
(2.3)
+176lcf + 300jc1 Pleal® + 72 (2lcal + lea?) |c4|}.
From Lemma 1.1 for p = —%,v = % and (u,v) € D; and also the inequalities for the function w

given in Lemma 1.2 from (2.3) we have

1
[Hs(1)(f )1 < 55 [131e11® + 135Jes] + 1320ea ezl + 176lea (1~ fer )

+300je Pleal® +72(2 = e1 ) (1 = lea P = leal = IesP) .
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Now, after some calculation we get

1
IH5(1)(f1)l < =0 [ 144 + 135|c3| - 144(c = 72le1 (1 = Iea?) — 1962 (1 = |es )

+228Jca? — e (144 = 132c1 Pleal — 72112 - 13l )],
ie.,
1
-1 2
IH3(1)(f1)] < %(144+ 135/c3| - 144(cs?),

because all other terms are less or equal to zero. Since, 0 < |c3| < 1, we have

1249
—1 < il
Hs(1)(f )l < 3555 = 032526,

where maximum is attained for |c3| = % m|
The result of Theorem 2.1 are probably not sharp.

Next, upper estimate we will give for the modulus of the third Hankel determinant for the class
Ry.
Theorem 2.2. If f(z) € Ry is of the form f(z) = z + apz* + a3z’ + -+ , then
|H3(1) ()] < S P (E)4 = 0.021211....
T 225 4\16

Proof. As in the proof of the previous theorem, for each function f from Ry, there exists a function

w(z) = c1z + 2% + - -+, analytic in D, such that |w(z)| < 1 for all z in ID, and

P +2"E) = T,
F@)+2f" @ -0@)] =1+ 0(:) @

Now, with equating the coefficients in the previous expression (2.4) we get

b
2= 5
2
ﬂ3 = §(C% + CZ)/
1 (2.5)
as = g(ca + 2c100 + C‘;’),
2
as = g(al +2c103 + 3C%C2 + c‘f + c%)
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Using (1.5) i.e. (1.6) and (2.5) we obtain:

1
H(D) (™) = gm0 [-1217¢} - 1140c}c, + 1311c}c3 + 7936¢;

—9234c3c3 + 972c1cacs — 1822563 + 2592 (8cz — 3 ) c4 + 25¢§

~12800c3 - 600c}c; + 4800c3c3]

1
1166400

—9234c7cs + 972e10265 — 1822563 + 2592 (8ca — ) cu

|[-1192¢$ - 1740c}c, + 611133 — 4864c)

4
—18225¢3 (C3 —C102 + == 383 1740c1cz

- 1166400[ 75 751 )

+ 6111c3c2 — 4864c3 — 1192c$+2592(8c2—c§)c4]

Then,
1 4 38 5
H;(1)(fH < [18225 - = =
H3() (1< 56200 lesl e = 75102+ 7564
+1740|c1[*|ca| + 6111|cq Pleaf* + 4864c, [ (2.6)
+1192|c[° + 2592 (8lcal + [es ) |c4|] .
From Lemma 1.1 for y = —%,v = 38 and (u,v) € D, and also the inequalities for the function w

given in Lemma 1.2 from (2.6) we have

1
-1y < 4 201 112
Hs(D) (™) < Tizz00 [18225|c3] + 1740}c1 [*lca] + 4864]ca? (1 = |ex )
+61111c1 Plea? + 11920e1[© + 2592 (8 = 7les ) (1 = e = Ieal® = Ies )]

1 _ - o
= 1166400 [20736+18225IC3| 20736]c3[*> — 18144c1* (1 — |c3]?)

~15872|c,* (1~ e ) + M],

where

M = —20736c1|* + 1740|c1 [*|c| + 18144y [* + 1192c1|° + 35191 *[caf?
< —20736|c1|* + 1740[c1[*(1 = |c11?) + 18144]cy|* + 1192¢1[°
+3519]c1 2 (1 = 2le1* + le1|h)
= —17217|c1* + 12846cq|* + 2971|c1|°
= —[c1P[17217(1 = [c1[*) + |c1[*(12846 — 14246|c1|*)]
<0.
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From here, for |c3] < 1 we have

1
H3(1)(f™1)] < —=——— (20736 + 18225|c3| — 20736]c3[*
Ha(D)(F)] < J7z05 (20736 + 1822500 lesP?)

4 15\2
< —[1+(—) |c3|—|c3|2]

— 225 16
S AL (Ef
- 225 4\16) |’
where maximum is attained for |c3| = % O

The result of Theorem 2.2 are probably not sharp.

Conjecture 2.1. Let f € Aand is of the form f(z) = z + ayz> + azz®> + -+ - .

o If f€R, then |H3(1)(f 1) <1/4;
o If f € Ry, then |Hs(1)(f~1)] < 1/64.

Both estimates are sharp. An extremal function is received for w(z) = z° in (2.1) and (2.4), respectively.
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