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Abstract. This paper utilizes the Caputo fractional derivative and a semigroup of compact and analytic operators to
examine the controllability of fractional Volterra-Fredholm integro-differential equations with state-dependent delay.
Controllability results are formulated using Schauder’s fixed point theorem, addressing the inherent difficulties brought
about by the fractional dynamics together with state-dependent delays. The theoretical findings are validated through
a detailed example and numerical simulations, demonstrating the convergence of solutions. Graphical representations
are provided to better understand solution dynamics and highlight system complexity. Additionally, the applicability
of the proposed system for cryptographic key generation is explored, showing that it can generate secure, unpredictable

keys due to its chaotic behavior, sensitivity to initial conditions, and the interplay between key system parameters.

1. INTRODUCTION

The fractional Volterra-Fredholm integro-differential equations (VFIDEs) with a state-dependent
delay (SDD) have become highly prominent in study due to the wide range of applications in
natural sciences and engineering [1-3]. This class of equations is characterized by the fractional
derivative, which better models the nature of these memory-sensitive and hereditary systems. A
crucial source to study fractional differential equations is the work by Zhou, which introduces
readers to a deep insight of the fundamental theory of the said equations along with key ideas
and mathematical representations [4]. Extensive works done by Kilbas, Srivastava, and Trujillo

elaborate more on the theory and application of such differential equations that can be used as the
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cornerstone of study of fractional calculus [5]. In fractional integro-differential equations with SDD,
Agarwal and Andrade explain the different challenges that this system of equations provides. Their
contribution highlights the intricacy of modeling systems where the future behavior is dependent
on the current state as well as the previous states [6]. Similarly, Benchohra and Berhoun’s work
further expands this knowledge by investigating impulsive fractional differential equations with
SDD, which contributes much to the study of dynamic systems with sudden jumps and memory
[7]. Guendouzi and Bousmaha’s work on the approximate controllability of fractional neutral
stochastic functional integro-differential inclusions with infinite delay shows that controllability is
crucial in fractional systems, especially in uncertain systems and time-delayed systems [8]. Liu and
Bin’s work on impulsive Riemann-Liouville fractional differential inclusions provides an essential
perspective on how impulsive effects interact with fractional dynamics, adding complexity to the
solution methods [9].

Balasubramaniam and Tamilalagan’s study on fractional neutral stochastic integro-differential
inclusions contributes to the literature by exploring approximate controllability through Mainardi’s
function, an important tool for addressing delays and stochasticity in fractional systems [10]. Pod-
lubny’s influential book on fractional differential equations presents a detailed treatment of the
theory and applications of fractional calculus, making it an essential reference for understanding
the foundational concepts used throughout this study [11]. Mainardi, Paradisi, and Gorenflo’s
work on probability distributions generated by fractional diffusion equations explores the con-
nection between fractional derivatives and diffusion processes, providing valuable insights into
the behavior of fractional systems [12]. In more recent studies, the existence and controllability
of neutral fractional VFIDE are carried out by Gunasekar et al. while shedding light over the
complexities presented by these kinds of systems to present new results for their solutions and
control [13].

Hamoud’s work on the existence and uniqueness of solutions for fractional neutral VFIDE
provides key results in the theory of such systems, which ultimately guarantees well-posedness
of these equations [15]. The further existence and uniqueness results for VFIDE by Hamoud,
Mohammed, and Ghadle address the essential technical contributions in this field [16]. Gunasekar
and colleagues recent analysis of existence, uniqueness and stability of neutral fractional VFIDE
presents important results that contribute towards the theoretical foundations needed to be able to
understand the stability of such complex systems [17]. Columbu, Frassu, and Viglialoro introduce
refined criteria of boundedness related to chemotaxis systems relevant in the context of fractional
nonlinear dynamics systems studies [18]. Hamoud and Ghadle’s latest results regarding the
uniqueness of solutions for fractional VFIDE bring in new perspectives regarding the structure and
properties of such equations and the extension of understanding solutions to such equations [19].
The work done by Ndiaye and Mansal on the existence and uniqueness of results for VFIDE
through the use of the Caputo fractional derivative has been critically useful in analyzing these

types of equations [20].
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Dahmani’s work on high-dimensional fractional differential systems has introduced new results
on existence and uniqueness that would help understand the more complex systems with fractional
order [21]. HamaRashid et al. investigated the existence of Volterra-Fredholm integral equations of
nonlinear boundary type with new numerical results that expand the understanding of boundary
conditions in fractional systems [22]. This contributes to the impulsive fractional neutral stochastic
integro-differential equation and understands such systems that produce both impulsive effects
and stochastic behavior [23]. Lastly, the work by Hernandez, Prokopczyk, and Ladeira on partial
functional differential equations with SDD gives additional theoretical basis in considering systems
with delay and memory to further analyze important dynamics in those systems [24]. Through
this body of work, this paper will contribute to the growing understanding of fractional VFIDE,
especially with regard to controllability and SDDs. The research presented here extends the
foundation of previous studies and introduces a new approach for solving these systems, opening
new perspectives for future exploration.

Raghavendran et al. [25] deals with the existence, uniqueness, and stability of fractional neutral
VFIDEs with state-dependent delays. The paper brings to the reader a few significant mathemati-
cal results on the types of systems discussed above as well as an insight into the behavior of these
systems under particular conditions of state-dependent delays. These are critical to understand
in systems governed by equivalent fractional equations when taken along with the control theory
perspective. In this paper, we extend their findings by focusing on the controllability of systems
described by such equations. More specifically, we investigate how state-dependent delays affect
the ability to reach desired states when applying certain control strategies, utilizing the mathemat-
ical framework developed by Raghavendran et al. [25] to derive conditions for the controllability
of the fractional systems under study:.

In this study, we explore the controllability outcomes of mild solutions for a class of fractional

neutral VFIDE with SDD, represented by the following system:

D(o(e) - g1(6, o)) = Ae(€) + g2(6 o) + f Z1(6, & Gy ) dE

€0

b
+ f ZZ(er 5/ (_Op(:f,gs)) dé + Bu(e), €€ ] = [60/ b]/ 0< n < 1/ (11)

€0

o(en) =00 =¢(e) €B, €€ (—0,0]. (1.2)

The function g(-) is an unknown function that maps values into a Banach space X, equipped
with the norm || - ||. The Caputo fractional derivative ‘D", of order 0 < 1 < 1, is applied in the
system. The operator A serves as the infinitesimal generator of a compact, analytic semigroup
{T(e) : € > 0}, consisting of uniformly bounded linear operators acting on X. Let | represent the
time interval, and define D = {(¢,&) € [ X ] : €9 < & < e < b}.
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The functions g; : J X8 — X and Z; : DX 8 — X (for i = 1,2) are defined appropriately, while
the function p : [ X B — (—oo,b] is also suitably specified. The initial condition ¢(0) = 0 holds,
where ¢ € 8, and B is the phase space, as defined in the preliminary section.

The control function u(-) is an element of the Banach space L?(J, U), which includes admissible
control functions, with U being another Banach space. The bounded linear operator B : U — X
maps these control functions into the Banach space X. For any continuous function ¢ defined on
(—0o,b] and any € > 0, the element g in B is defined by g.(6) = g(e + 0) for 6 < 0, representing
the state history from time 6 € (—oo, 0] up to the current time €.

2. PRELIMINARIES

In this section, we focus on the commonly used definitions in fractional calculus, including
the Riemann-Liouville fractional derivative and the Caputo derivative, as discussed in various
academic studies [8,14,17,24]. The Banach space C(], X), where | = [eo, b], is endowed with the
supremum norm. For any ¢ € C(J, X), this norm is expressed as ||gllc = sup{lo(x)|: x € J}.

Definition 2.1. [17,24] Let n > 0 denote the order of integration, and let ¢ be a given function.
The fractional integral of ¢ based on the Riemann-Liouville definition is expressed as

J'p(t) = %’7)]0‘ (t—€e)"p(e)dt, fort>0andneR",

where I'(-) denotes the Gamma function, and R represents the set of positive real numbers. By
convention, [°¢(1) = ¢(1).

Definition 2.2. [17,24] The Caputo derivative of a function ¢ : [0,1) — R, of order 1 within
0 <n<1,is defined as:

1 (9%
Dlp(t) = Ta=n) \fo (T=e) dt, ©>0.

Here, I'(1 - 1)) denotes the Gamma function evaluated at 1 -1, and (% () refers to the zeroth

derivative (or the function ¢ itself).

Definition 2.3. [17,24] For a function ¢(7), the Caputo fractional derivative is specified for an

order n between n — 1 and n, where n € IN. It is given by:

1 ‘ 1 d"p(e)
D) = g J, (o S 1< <
When 1 = n, the fractional derivative reduces to the standard n-th order derivative:
d"¢(1)
cph R
Do(7) P

The order 1 in this context can be real or even complex, representing the derivative’s fractional

order.
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Theorem 2.1. (Schauder Fixed Point Theorem, see [13]) If a continuous mapping N : B — B has
a relatively compact image in the Banach space E, then there exists at least one fixed point in the
closed and convex subset B.

Theorem 2.2. (Arzela-Ascoli Theorem, see [17]) On a closed and bounded interval [a,b], any
sequence of functions that is equicontinuous and bounded must possess a subsequence that con-

verges uniformly.

This work incorporates an axiomatic definition for the phase space 8, similar to the frameworks
described in [4]. The phase space 8 is defined as a linear space consisting of all mappings from

(—c0,0] to X. It is equipped with a seminorm || - ||, satisfying the following axioms:

(Al) Let g : (—o0,a] — X be a function, where a > 0, continuous on J, and gy € B. For every € € ],
the following properties hold:
(i) The function g. belongs to B,
(ii) llo(e)ll < Hllgells,
(iii) Nloells < K(e) supfllo(€)ll : 0 < & < e} + M(e)lloolls,
where H > 0 is a constant, K : [0,00) — [1, o) is a continuous function, M : [0,c0) — [1,00)
is locally bounded, and the parameters H, K, and M are independent of o(-).
(A2) For ¢(-) defined in (A1), the function g is continuous and takes values in 8 on J.
(A3) The space B is complete.

3. CoNTROLLABILITY RESuLTs FOR FracTIONAL NEUTRAL VFIDE Wit SDD

In this section, we analyze the controllability of mild solutions for fractional neutral VFIDE
with SDD described by equations (1.1)-(1.2). Building upon the earlier discussion, we define the
concept of a mild solution for these equations.

Definition 3.1. A function g : (—o0,b] — X is considered a mild solution of equations (1.1)-(1.2) if

0o : @ € B, and for each &, € € ], it satisfies the following equation:

o(€) =Sn(e)(po—gl(eofeo))+g1(€,@p(e,ge))+an(e—é)(e—5)”‘1gz(5,0p(e,@s))d5

€0

+fTW(€_5)(€_é)n_1le(TIEIQp(e,QS))deé

€0 3

@3.1)
b
—I—fT,](e—é)(e—é)’?‘lL Z5(1,&, 0p(e,,)) AT AE

+ [ mfe-ee-omBeue

€0
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where

Sy(e) = Ow¢q(9)T(e”6)d6, T,(e) = 17];00 0¢,(0)T(e"0) do,
i(—l)”_le_””_lw sin(nnn), 0 € (0,00),

n=1

1 _1 1
n 1,(0 1), 4’11(9) =

and ¢, is a probability density function defined on (0, o), satisfying

$,(0) =20, 0€(0,00), and f‘x’ $n(0)do = 1.
0

Lemma 3.1. [25] The operators S, (€) and T),(e) exhibit the following properties for any € > 0:

(a) The operators S, and T}, are linear and bounded for every fixed € > 0. Specifically, for any

o0 € X, the following bounds apply:

15, (€)all < Miloll, 1T, (€)oll < —"2— ol

(b) Both families {S; (€) : € > 0} and {T;)(¢) : € > 0} are strongly continuous.
(c) For any € > 0, the operators S, (e) and T (€) are compact.

Definition 3.2. For any initial states gp and g; in the Banach space X, the system defined by
equations (1.1)-(1.2) is considered controllable over the interval | if a control function 6(e) can
be found within the space L2(J,U). The mild solution g(€) is ensured to satisfy the conditions
o(eo) = 0o and g(b) = g1 by this control function.

To derive our results, we assume the following conditions for the continuous functionp : [ X 8 —
(=00, b]:
(H1) For each € > 0, the semigroup T(€) is compact.
(H2) The mappings g; : ] X 8 — X are continuous for i = 1, 2, and the following conditions hold:
For each € € ] and any pair (8, 91) € B2, the following inequalities are satisfied:

lig1(e, 9) — g1(e, 91)llx < Lg, 19 = S1llg,
lIg2(€,9) — g2(€,91)lIx < L, |19 — 911l

There exist constants L;l and L;z such that
L: = max €,0)|lx, LY = max €,0)x.
o = maxligi(€0)llx, L, = maxigale, 0)lx

(H3) The functions Z; : DX 8 — X (for i = 1, 2) satisfy the following conditions: Continuity is
ensured for (¢,&) € D and (9, 91) € 8%, with the following inequalities holding:

1Z1(€,&,9) —Z1(€,&,91)llx < Lz, 119 — $1llg,
1Z2(€,&,9) = Za(€, &, 91)llx < Lz, |19 — 91llg.

There exist constants L"Z1 and L“Zz such that:

LZ1 - gégg ||Z1 (el ‘5/ O)HX/ LZZ == e/rlggg ”ZZ(G, 5, O)”X
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(H4) The mapping € — ¢, is well-defined and continuous from R(p~) = {p(&,9) : (&,9) €
JxB,p(&,9) < 0} into B. Additionally, there exists a bounded, continuous function
J? : R(p~) — (0, ) such that for every e € R(p~),

pellz < J?(€)llgllz.
(H5) The bounded linear operator W : L?(], U) — X is defined as

_ 1 ’ -1
WX—WL(b—e)” Bu(e) dt,

where B satisfies |B| < M;. Additionally, the operator W has an induced inverse W™! acting

L)

within =7, with a constant M > 0 such that W1 < Ms.

Theorem 3.1. Let the assumptions (H1)-(H5) hold. Then, the system represented by equations
(1.1) and (1.2) is controllable on the interval [eg, b].

Proof. Consider the collection of functions @;, defined as the set of all continuous functions o
mapping the interval | to the real numbers, such that ||gllo < I. Utilizing the assumptions stated
in hypothesis (H5), a control can be derived by leveraging the properties of an arbitrary function

o(-), given as follows:
H(E) = W_l{()l - Sq(€)(@0 -1 (60, Qo)) -1 (el ‘-OP(&@e))

- Tn<e—5><e—ew-l[gz(a@p(e,@s))+ fé L1t & gpep)dt (B2)

0

b
+f Zz(T,«S,Qp(e,@s))dT]dé}(e)-
3
Using the defined control, we will demonstrate that the operator @, which maps the set @; to itself,
is given by:

D(0)(e) = Sn(e)(@o - g1(eo, Qo)) + 81(€, 0p(e,00)) T fe Ty(e—&)(e— &) 82(&, Op(e)) 4E

€0

+ [ Tfe-e)e= 0 [ B gen dre

€0 13

b
+ [ rem -1 [ 2206 gyea) v

€0 <
+ [ Tfe-e)e- o Bu( de
€0

We can deduce that a fixed point exists for the operator ®, where y(¢€) is defined as per equation
(3.3). This fixed point corresponds to the mild solution of the control problem described by
equations (1.1) and (1.2). Specifically, it is evident that ® p(b) = g1, which indicates that the system

represented by equations (1.1) and (1.2) is controllable over the interval [e, ].
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Since all the functions involved in the definition of the operator are continuous, we can conclude
that the operator @ is continuous. Expanding upon equation (3.1), for any function ¢ € @, and for
all values of e within the interval [e, b], the following relationship holds:

u(e) < W I lorll = 1Sy (e)lllleollll = g1(€o0, c0)ll + 1181 (€, p(e )

_fTTI(e_‘E) (e_5)77_1[”82(510,3(5,@5))”+L ”Zl(Tr‘Eer(e,gs))”dT

b
+ ‘L ”ZZ(T, &, Qp(e,gs))H d’[:|d€:|

< Ma|lleall + Mllgoll + 1181 (€, Op(e,00) )1l 1181 (€, Op(e,00))l
M f 1
+ - n 7 € d
UM f 1 fe
+ e—¢&)! 1Z1(T, &, 0p(e,00) )1 dT E
nM f -1 fb
+ e—¢&)! 1Z2(7, &, 0p(e,0.) )l dT E
< Ma|lleall + Mllgoll + 1181 (€, 0p(e,00) M + Ly l10p(c,0) 18 + L,

nM

+ f(e—é)”_l[L lop(e,allg + L; +f(LZ lope ol + L, )dt
T(1+1) Jo 82118 (&,05) L M p(Es) Z

b
+f (LZQHQP(@,@-S)H@+L}2)dT]d5}
&

T Me" R
< Mo llorll + Mllgoll +lIg1 (€, Gp(e o) Il + Lgy 7™ + L, + T(1+41) (Lg,r" + L, )
Met1 Mel+1
A LA ) +— (L 4L
(n+ DT 727 (p+ 1)) A
L e(LZ +LZ2)
< Ma|lloll + Mllgoll + 11g1 (€, 0p(e,00) )l + Lg, 7 + L +M€n[ 82 1 ”
8 p(e,0e) g1 91 To+1) T (r+ ()
+Me’7[ ng €<L}1 +L*Zz)]
T(n+1)  (n+1)T'(n)

Applying the equations (3.2) and (3.3), we can derive the following result:

M €
”q)((.o) (6)” < M”QO” + “gl (el Qp(e,@s))” + ”gl (6/ Qp(e,ge))” + 1—.(;’[7—_*_”) f (6 - 5)17—1”82(5, Qp(e,@s))”dé
€0
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nMm _
+r(1+n) f;(e—é)” 1

€ b
nm a
L ||Z1(T/ EI Qp(e,gs))” dT dé + 1_,(1 T T]) j;:(e - é)’] £ ”ZZ(T/ 6/ (_Op(e,gs))” dT dé

nM _
B f (e= &)U Bllu(e)

< Mllgoll + 1181 (€, Op(e,00) )Ml + Ly 10p(c,8) 18 + L,

nM - . ) .
+1~(1+n) f(e—g)” 1|:Lg2||0p(§,§5)”8+[‘g2 +£ (Lz,llop(e,a)ll8 + L7, )dT
0

b M
+ [ Walpata+ L ieie + 2 o=yl

r<1+7]) €0
< Millooll + 1181 (€, Gp(e, o)l + Lg, 7" + Lg,
Me" Met1
—_ L * L* L * Lx-
Ty B ) Y gy e )
Met1 Me"
(Lt + L) + = MiMa|llotll = Mllgoll + 11g1(€, 0p(c,00))1
(n+DT(n) " 72" T(1+n) 811 Op(ce)
Me'l MeT]Jrl
+Lo 7+ Ly + ——— (Le,7" + L}, ) + —————(Lzy 7"
S50 T8 T T(4g) T (n+ )T ()
Mer1+1
+L, )+ ———— (L, + L)
420 (DI A
< Mllooll + 1181 (€, Bp(e,00) )l + Lg, 7" + LG,
+Men[ ng e(L21 + LZZ):|r>e +M€Tl[ L;Z e(L*Zl + LEZ):|
F(n+1)  (n+1I(n) I(n+1)  (n+1I(n)
—Men * *
+F(1 s MiMa|lleall + Milleoll + 1181 (€, Op(e,p0) )l + Ly 7" + L,
+M€n[ Lg, e(Lz, +LZ2):|r* n Me”[ L, E(L*zl +L}2)]
F(n+1)  (n+1I(n) F(n+1)  (n+1I(n)

Mel
< —— MMl + (1 + T

T T(1+17)

1 Q() 1(€, €,0e
( ) 2 p(€,0e)

L e(Lz, +L
+Lg1r*+L}1+Me’7[ © (Lz, ZZ)]*

L, e(L’*Z1 —|—L*ZZ)]
F(n+1)  (n+1I(n)

en[rml) (1 DT ()
Thus,

Me"
”q)(Q)”oo < m

Me" A
MiMalloll + (1 + T+ M1M2)[M||00|| +1181(€, 0p(e o) )Ml + Ly 7" + L,
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+Me" Lg2 e(Lzl + LZZ)] " [ ng e(L*Zl + L*Zz) ]
F(n+1)  (m+1T(n) F(n+1)  (m+1T(n)

We conclude that [|®g|| < [, which implies that ®p € @;. Therefore, it follows that ®@; C @;. This
establishes that the operator ® maps the set @; = {op € C(J, X) : llgll < I} onto itself. Next, we will

demonstrate that the operator ® : @, — @ satisfies all the conditions of (2.1). The proof will be
carried out in several steps.

Step 1: The operator @ is continuous. Let {g,} be a sequence such that g, — ¢ in @),
[Pon(€) — Po(e)ll < lIg1(E » Onp(e,05) ) gl(éer (€,05) )”

+ f Ty(e = )€ = £ Ng2(E Gupten) — 82(E 0p(e I dE
+fT,, (e=&)(e=&)" 1f|lzl (T, & Onpleas)) = Z1(T, &, Op(e ) )l dTAE

+f‘éT1] € g € E n”~ 1[ ||Z2 T, 5101’[‘0 6@5 ) ZZ(T é/Qp e@ )”deé

- (&, @p(%))u dé+ | Ty(e=&)(e—&)T [ 1Z1(T, & Oup(e.))
c P

€0

+ T,,e &) (e-&)riBw!

”gl (é/ an(e,gs)) — &1 (5/ Qp(e,@s))”

€ é € 5)'7 1||g2(£lpnpt€@s))

b
— Z1(T/ é, Q,O(G,Qs)>” dtdé + f( TU(G - 5)(6 - 5)77—1 L‘ ||ZZ(T; &, @np(e,@s))

€0

- ZZ(T/ &, Qp(e,gs)>” drdé|dé

Due to the continuity of g, Z1, and Z», it follows that ||[®g,(¢) — Po(e)|| = 0 as n — oo. Hence, the
operator P is continuous on the set @;.

Step 2: The set ®(@;) is uniformly bounded. This is clear because ®(®;) C @;, implying that
®(@;) is bounded.

Step 3: We now demonstrate that (@) is equicontinuous.

Consider €1 and €; in the bounded set [ep, b] € C(], X), as described in Step 2, along with ¢ € @,

and €] < €;. In this context, we have:

I(®o)(e2) = (Po) (1)l

Sy(€2) (00— g1(€0, 00)) + 81(€, Op(e,o.))

+ f Tp(e2—&)(e2— &) ga (&, Op(c00)) 4E

€0
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IA

+[02(e2—£)”‘1Tn(ez—é) f: Z1(T, &, 0p(s ) )ATdE

—|—[02(€2 — &)1 (e2 - &) f; Z(T, &, 0p(¢ ) )ATE
+f:(ez—é)n—lTn(ez—é)BW‘l[gl —Sy(e2) (00— 81(€0,00)) + 81(€, Opiee))
- f: Ty(e2—&) (e2 - cf)”‘l[gz(g, Oo(en)

i b
i f Z1(T,&, Op(er,)) AT + L Z5(1, &, Op(er,00)) dT]dé}

—Sn(€1) (0 — g1(€0, 20)) + 81(€, Op(e,00))

- f TI] (61 - 5)(61 - g>n_1g2(51 Qp(é/gb)) dé

_f (61 — 5)'7_1']",](61 - 5) f Z1(’[, ¢, QP(E,Qs)>de€
€1 b

—f (€1 — E)”_lTU(el — E) ﬁ Zz(T, &, Qp(é,gs))de‘g

—f (e1— &)1 Ty(e1 - E)BW‘l[@ —Sp(e1) (o0 — g1(€0, %)) + 81(€, 0p(e0r))

—f Ty(e1—&) (e1- 5)”‘1[&(5/ Op(50:))

1 b
+ f Z1(t, ¢, Qp(ews)) dt + f Zs(1, ¢, Qp(ellgs)) dT]d%
& &

Mn 2
— &1 .
Fr e )+ [ (el e

2 2
+f (ez_g)n—lf Z1(T,&, 0p (e 0, )ATAE
€1 &

) b
_'_fé (62_5)77_1f Zz(Tlngp(é,@s))deg

<

_f (e1-&) (&, Op(s0:))E
_f (61—5)”_1f Z1(T, &, 0p(c 0. )dTAE
€ <

€1 b
_ f (€1 —&)m! f 22(T, 8, 0p(¢,0) )ATdS

€0 3

n f (62— £)7 g2(&, 0p(e o0 )dE

€0
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2
+BW_1 81 (6, Qp(e,ge)) + f (62 - 5)’7—1g2(£’ Qp((i,ps))d5

€1
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+f(€2—£)q_lfZl(Trér@p(é,@s))deé
€1 <
b
+f 62_ T] lf Z2 T,ér@p(é,@s))dl—dg
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— &)1 92(&, Op(e ) E

- f o f Z1(T, &, 0p(e,0) )TdE
b

—f nleZch,ngé, ydtd&
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+f (€2 — nlleré,gpgg Ydtd&
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b
+ f Zz(’(, 5, Qp(é,gs))dT]dé
&

—f (61_5>”_1g2(510p(§,95))d5+f (62— &) 82(&, 0p (5 0,) )AE

€0 €0

-[ [(el—sw-l L Z4(1, &, gy(e )T
- [ Zl(TférQP(é,@a)dT]dé— | [<€1_g)n—1
& €0

b b
fe Z2(T, 8 0p(e.0) )T — (€2 = é)q_lfg Lt @p@@s))dT]dg]H

As € — €1 — 0, the right-hand side tends to zero. Since T; (€) forms a strongly continuous
semigroup for € > 0 and is compact for € > 0, it follows that T})(€) is continuous in the uniform
operator topology for € > 0. Consequently, the equicontinuity for the other cases, suchase; < €; <
Oore; <0< e <b, can be deduced without difficulty.

By combining the results of Steps 1-3 and applying Theorem (2.2), we establish that the operator
® is both continuous and compact. Therefore, utilizing Theorem (2.1), we conclude that a fixed
point g exists, which serves as a solution to the problem defined by equations (1.1) and (1.2). Hence,
the system described by these equations is controllable on the interval | = [€0,b]. This completes
the proof of the theorem. O

4. EXAMPLE

As an illustrative example, we examine a control system described by the fractional neutral
VFIDE with SDD as follows:

CD”[x(e) ~ ﬁo PEx(E = p1(E)p2(lx(E)I)) dé] _ a_z[x(e) + u(e)

25 o7
N fm ez“‘”x(é—p;f)pz(nx@)n)) i
+Lo ez(“”%(f—pi(;)pz(llx(f)ll))de(E aw
T fo " sin(e - &) f i ez“‘@x@—p;(;)pzmx(ﬂn» peds
- [ " sin(e-£) fi ez(f—é)x(T—913(6T)P2(||X(T)||)) ied

with boundary conditions
x(€,0) =0=x(e,m), €€]0,b], (4.2)
and initial condition

x(e) =¢@(e), €<0, pel0,m. (4.3)
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Consider the operator A : D(A) ¢ X — X, where X = L2[0, t] with the L>norm || - ||;2, and let
D[ represent the Caputo fractional derivative of order nj € (0,1). Suppose ¢ € B. The action of
the operator A is defined as Ao = ¢”/, where the domain D(A) consists of functions ¢ € X such
that 0 and ¢’ are absolutely continuous, ¢”” € X, and the boundary conditions ¢(0) = o(m) = 0 are
satisfied.

We can express Ao as:

Ac =Y nXo,0,)0,, foro € D(A),
n=1
where the functions ¢,(&) = \/% sin(ns) for n = 1,2,... form an orthogonal set of eigenvectors
for the operator A. It is well-established that A generates an analytic semigroup {T(€)}e>o in the
space X, which is expressed as:

T(e)o = Z e‘”ze(a, anyon, foreveryo e Xande > 0.

n=1
Since the semigroup {T'(€)}e>o is analytic and compact, there exists a constant M > 0 such that
IT(e)ll(x) < M. For the phase space, we select x = ¢* for & < 0, which yields | = f_ooo x(&)dE =

% < oo for € < 0. Additionally, we define the norm:
0
llollg = f x(&) sup |lo(0)ll2 dé.
—0o0 66[5,0]

Thus, for (€, ) € [0,b] X B, where ¢(0)(p) = ¢(0) for (6) € (—c0,0] X [0, 7], we define x(€) (o) =
x(e) and p(e, @) = p1(e)p2(llp(0)|l). Consequently, we have:

sitero = [

—00

0
2P
e 25d£

° 26 P
wleo= [ 0L

[o¢]

€ 0
f Zl (6, CE/ (P)(Q)dé == f Sin(e - é) f ez(‘f) Edé
0 0 —co 36

€ 0
fzz(efé,@(@)dé:f sin(e—g)f 26 2P ge
0 0 oo 36

To analyze the system defined in equations (4.1)-(4.3), we assume that the functions p; : [0, ) —
[0,c0), for i = 1,2, are continuous. By applying these configurations, the system can then be
rewritten in the theoretical form of the design given by equations (1.1)-(1.2). As a result, for

€ € [0,T] and @, ¢ € B, we obtain the following:

e -sieom = (7 [ Fhel |

([ (s #em-sed
0 —00
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\n _
< o5 llp — @lig
< Lellp - ¢lig,

IA

(L)
< ( fo (% | i 26) supn(p—qbnds)z)z

lig2(€e, @) — g2(€, @)lIx

\/_
T —Ilp - ¢llg
< Lellp — ¢lls,

216,60~ 2ate & )l < [ (f o2 - 2 5))
< ( fo (% | i 20 sup||<p—<p||d5)2)%

\/_
<36 —llp - @llg
<Lz llp - ¢lig.

Similarly, we can deduce that

1Z2(e,&,9) = Za(e, &, >||x<(f (f i - 5))
S Y

\Vr )
< g”@ - ¢lls
< Lzllp - ¢llg.

Let B : U — X be defined by Bu(e) = u(e, ), for 0 < o < m, where p : [0,T] X [0,7] — X is a
continuous function.

Thus, the conditions (H1)-(H5) are satisfied. Furthermore, suppose the following values are
assumed: M =1,e =1, r = 1 L:ﬁgl,L;z,L*Z ,L*Z =03 and n = % In this case, we have the
following calculation:

ng (LZ1+LZz)
Th+1)  (+0rm ]

Me' Lg, +

oo + 0.6611 , 2(0.053 +022) ( 05 g)
0.8655 3 0.8655 ' 3

1
=0.04 + 5(0.3154 +0.2110) + 0.6458 4 0.6888 = 0.7984 < 1.
Thus, by Theorem (3.1), we conclude that the system defined by equations (4.1)-(4.3) has a mild

solution on the interval [0, 1].
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2D Line Plot of x(g, ) over £ with g =7

0.75 1 — p=T.control=0.5

0.50 4

0.25 4

x(e, p)

—0.25 A

—0.50 A

—0.75 A

—1.00 -

0.0 0.2 0.4 0.6 0.8 1.0

Ficure 1. 2D Line Plot of x(€, 0) over € with p = £ and control parameter control = 0.5

A 2D line plot in Figure 1 for the function x(e, 9) describes the behavior of the object for a
fixed parameter ¢ = 7 in the time interval of € € [0,1]. The function is defined as x(e,0) =
e~control€ gin (19) cos(2me), with the control parameter causing damping. In this example, the
control parameter is set to control = 0.5; this determines the rate at which the oscillatory amplitude
decays with time. The plot is periodic because of the cos(2me) term, which has a period of 1 unit.
The oscillations are damped by the exponential decay factor e=°°"r€ and thus decay progressively
as € increases. When ¢ = 7, the sin(mg) term peaks at its maximum of 1, causing the oscillatory
part to have the largest possible initial amplitude. There are also many zero crossings where
the function changes sign; since the argument to the cosine function is periodic, these are also
periodic. The control parameter would determine the damping rate; for a higher value, the decay
of amplitude is faster, whereas for a smaller value, the oscillations could persist for longer. This
animation depicts the effect of periodic oscillations and exponential damping together to provide
insight into the behavior of damped oscillatory systems, like those found in mechanical vibrations,
electrical circuits, and wave dynamics. The controlled decay ensures that the oscillations are

gradually reduced, reflecting realistic scenarios where energy dissipation occurs over time.



Int. J. Anal. Appl. (2025), 23:197 17

3D Surface Plot of x(pg, £)
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Ficure 2. 3D Surface Plot of x(e,p) showing the variation of the function over
e€0,2] and g € [0, 7).

Contour Plot of x(g, £)

xlg €]

Ficure 3. Contour Plot of x(e, 0) over € € [0,2] and g € [0, 7t].
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The graphical representations in Figures 2 and 3 provide a detailed visualization of the function
x(€, p) over the parameter space defined by time € and the oscillatory parameter g. Figure 2 displays
the 3D surface plot of the function x(e, p) over the time interval € € [0, 2] and for values of p € [0, 7t].
The function is given by x(e, ) = ¢ sin(mp) cos(e). The surface plot captures the combined effects
of two key components: the exponential decay factor e™¢ and the oscillatory behavior induced by
the cosine term cos(€). Initially, at small values of €, the amplitude of the function is relatively
large due to the oscillations from the cosine term. However, since the exponential decay factor is
an increasing function of €, as € gets larger, it makes the amplitude of the function reduce. The
graph then becomes a flat surface at later values of ¢, giving an idea about the damping as time
progresses. The sine function, sin(7p), affects the amplitude of the oscillation according to g.
When the value of g is high, the oscillation increases. Therefore, the surface plot visually exhibits
both the oscillatory nature of the solution and the damping effect as time progresses. The resulting
surface thus shows how oscillations gradually decline with time while remaining modulated by
the value of o.

Figure 3 depicts the contour plot of the same function x (e, g) over the e-p plane. In this plot, each
contour line represents a constant value of x(e, 0), with the spacing between the contours indicating
the rate of change of the function with respect to both € and p. The color gradient in the contour
plot is used to visually represent the magnitude of x(e, ), with different colors corresponding to
different values of the function. Just like in the case of the contour plot, the oscillation nature
from the function x(e, ) is presented in the contour plot. The contours separate with time €, which
means that the oscillation amplitudes are decaying due to the exponential factor e~¢. This decaying
process is easily noticed in the contour plot since their distance is increasing with time. On the
other hand, for higher values of g, the contours are closer together and so oscillation is stronger.
This behavior can be understood from the sine term sin(mp) in terms of amplitudes of oscillations
by ¢. Thus, the contour plot gives a 2-dimensional view of the behavior shown at the surface in the
3D plot. Although the surface plot is more vivid by capturing the dynamics in three dimensions,
the contour plot allows a better understanding of the spatial distribution of the values of x(e, p) in
terms of € and p.

Both the 3D surface plot and the contour plot give an overall visualization of how x(e, o)
changes in time and how it is being controlled by the modulation parameter p. Damping effect,
which appears in the form of an exponential term, ™, reduces the amplitude as time increases. The
oscillations themselves are damped by the cosine term cos(e) and the sine term sin(7p), the latter
of which depends on the amplitude of the oscillations according to the value assigned to . These
plots become very useful to examine systems oscillatory and decaying with time simultaneously,
say in mechanical circuits, electrical circuits, or in wave propagation phenomena. The results show
that the behavior of the system is strongly influenced by the presence of time and the oscillatory
parameter g, revealing valuable information concerning the temporal evolution and parameter

sensitivity of such a system.
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5. ArprLICATION TO CRYPTOGRAPHY: SECURE KEY GENERATION FRAMEWORK

In this section, we consider some possible cryptographic applications of the system stated
by fractional neutral VFIDEs with SDD (Equations (1.1) and (1.2)). The properties of chaos and
unpredictability of the system along with the sensitivity to initial conditions and control parameters
make it a prime candidate for applications to secure cryptography. This would guarantee that the
produced keys are securely random and have a suitable unpredictability to ensure them adequate
for modern encryption schemes like symmetric encryption and public-key cryptography. Public-
key cryptography gets its justification in terms of key generation, which has to be generated in a

sufficiently random and nondeterministic manner.

5.1. Key Characteristics Supporting Cryptographic Applications. A key feature of this system
is a chaotic component due to the presence of fractional-order derivatives and SDDs. Specifically,
the model in the problem is governed by the fractional neutral VFIDE with SDDs, where the terms
g1, §2, Z1, and Z; have played the crucial role in the behavior of the system. The term g; introduces
memory effects and is responsible for the sensitivity of the system to initial conditions, since a very
small variation in the initial state Z; or in the control parameters can result in radically different
outputs, thus giving strong properties to keys generated in such a system.

Similarly, the symbol g>, which incorporates the nonlinear dynamics of the system, enhances the
chaotic behavior and ensures that the evolution of the system is complex and cannot be reverse-
engineered. This nonlinearity is important for cryptographic applications because it makes the
system resistant to attacks in which an adversary tries to deduce the key by analyzing known
system behavior or partial knowledge of previous outputs. The two terms, Z; and Z,, refer to
different states or parameters influencing the evolution of the system at different times. In this, the
interchange of these terms with each other, through the SDDs, ensures a very nonlinear and chaotic
manner of evolution of the system. The dependence on Z; and Z, guarantees that even the smallest
change in these states results in a completely different trajectory for the system. This sensitivity
makes it practically impossible for an attacker to predict future keys based on previous outputs,
thus giving strong resistance against key prediction or cryptanalysis. Therefore, the mixing of
these words-g1, g2, Z1, and Z,-makes the keys, generated by this system, both unpredictable and
quite complex, offering protection against both brute-force attacks and reverse engineering.

5.2. Cryptographic Key Generation Mechanism. The role of the system in the key generation
can be described as follows: given a set of initial conditions, say, an initial seed for the key, the
system evolves with time according to the integro-differential equations, whose terms g1, g2, Z1,
and Z, contribute to the output, which represents the cryptographic key, g(€). These terms lead
to chaotic behavior, so the produced keys are as unpredictable as possible, and they resist attacks.
This framework is ideal for cryptographic systems to resist external attacks on key generation in
the sense that keys produced here are hard to duplicate or anticipate by unauthorized parties.

The unique feature in the system, such as sensitivity to initial conditions, chaotic patterns, and
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nonlinearity, will result in the production of a completely different set of cryptographic keys
whenever the system is initialized. In other words, the keys produced will be virtually random
and resistant to cryptanalysis.

Moreover, the output of the system may be used as a cryptographic key or may undergo further
processing (such as hashing) to be usable with more typical cryptographic algorithms such as AES
or RSA. Chaotic dynamics, controlled by the terms g1, g2, Z1, and Z;, guarantee that the keys
generated differ from all of their predecessors; thus, making it virtually impossible for an attacker
to predict further keys or reverse-engineer any part of the key sequence knowing some portion of
the past values.

5.3. Graphical Representation of System Behavior. We also present a set of graphical repre-
sentations to understand the dynamic nature of the system and its suitability for cryptographic
applications. This includes 2D, 3D, and contour plots representing the system behavior in different
domains. The following figures depict chaotic dynamics of the system and the consequences in

the context of secure key generation.

5.3.1. Dynamic Evolution of p(€). Figure 4 displays the dynamic evolution of g(¢) for different initial
conditions and control parameters. In this 2D plot, the system is sensitive to its initial conditions.
This is the most important characteristic of a chaotic system in terms of cryptography: the plot
displays how small differences in initial conditions or control parameters lead to qualitatively very
different evolutions over time. This feature is critical for the generation of cryptographic keys,
ensuring that the keys produced by the system are unique and unpredictable. The sensitivity
of the system makes it nearly impossible to reverse-engineer or predict future key values, which
provides a good defense against attacks that are based on predicting the keys or recovering them
from previous values. Exploiting this chaotic nature, the system guarantees that no two keys will

be alike, even if the initial conditions are similar.

Dynamic Evolution of p(e) for Varying Initial Conditions

— Initial g(0)=0.1

Initial o(0) = 0.4
— Initial p(0)=0.6
— Initial p(0)=0.9

0.0 0.5 10 Time e 15 2.0 2.5
Ficure 4. Dynamic evolution of g(e) under varying initial conditions and control
parameters. The trajectories demonstrate the sensitivity and chaotic behavior of

the system, critical for secure cryptographic key generation.
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5.3.2. Solution Space Complexity. Figure 5 shows a 3D surface plot of o(€) versus time € and pa-
rameter . This plot visualizes the solution space complexity of the system. The surface contains
complex patterns, which underpin the chaotic and nonlinear nature of the system; this is also the
reason behind the randomness and unpredictability of the output. The complexity of the solution
space will ensure that keys generated for encryption and decryption operations are non-predictive
to the greatest extent. Surface plots of the fluctuations show highly nonlinear behavior where
the system cannot evolve in any predictable manner and therefore is suitable for cryptographic
use when strong randomness is required, like in highly secure applications. The behavior of the
system, as shown in this plot, ensures that keys produced by the system are highly resistant to

reverse engineering or attacks based on previously generated keys.

Solution Space Complexity: 3D Surface Plot

System Output

Ficure 5. 3D surface plot showing the dynamic evolution of g(e) over time € and
parameter g. The complex, nonlinear fluctuations highlight the chaotic nature of

the system, critical for cryptographic security.

5.3.3. Chaotic Patterns in Contour Representation. Figure 6 is a contour plot of the behavior of g(¢)
with respect to time € and parameter p. The pattern in the plot is highly irregular and complex,
which is typical of chaotic systems. These unpredictable patterns strengthen the case for the
system’s use in cryptographic key generation, since the keys produced will be highly random

and secure. The non-repetitive nature of the contour plot shows that the system’s behavior is



22 Int. ]. Anal. Appl. (2025), 23:197

not predictable or periodic, which is a must for key generation systems that are to be resistant to
cryptanalysis. The chaotic behavior of the system ensures that the keys remain unpredictable and
cannot be replicated even if past keys are known. This is one of the essential features of modern
cryptography, which has security based on the unpredictability of future keys or even deriving

them from earlier keys.

Chaotic Patterns in Contour Representation
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Ficure 6. Contour plot of g(€) over the e-p domain, showing the complex, unpre-
dictable patterns that reinforce the system’s suitability for generating highly secure

cryptographic keys.

The graphical representations above-2D, 3D, and contour plots-represent the sensitive depen-
dence on initial conditions, complexity of the solution space, and chaotic behavior of the system.
These are the characteristics that the generation of unpredictable cryptographic keys needs. The
dynamic evolution of g(e) ensures that the keys generated are unique and not susceptible to attacks
such as brute-force and reverse-engineering. The system is inherently chaotic, and that guaran-
tees no two keys will ever be alike, providing a robust framework for secure key generation in
cryptographic applications. The system of fractional neutral VFIDE with SDD is mathematically
rich and powerful for generating secure keys. By utilizing the sensitivity, controllability, and chaos
nature of the system, we can generate keys that are unique and unpredictable, thus resisting cryp-
tographic attacks. Graphical representations further validate the system’s potential as a robust
tool for advanced cryptographic frameworks, to ensure security in applications requiring such a

high level of confidentiality and integrity.
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6. CONCLUSION

In this paper, we perform a comprehensive study of the state-dependent fractional neutral
VFIDE, with the Caputo fractional derivative being used to describe fractional differentiation.
We use Schauder’s fixed point theorem to establish some controllability results under specific
conditions. We then provide a detailed example to validate our theoretical findings and perform
numerical simulations, showing the convergence of the actual solution in the dynamic evolution
of the system. Graphical analysis further clarifies the behavior of the solution under various
conditions and highlights the sensitivity of the system to initial conditions and parameters. This
work further explores potential applications of these equations in cryptography, as the system’s
chaotic nature, due to fractional-order derivatives and SDDs, especially makes it apt for secure
key generation. The unpredictability and sensitivity of chaotic systems to initial conditions will
ensure that the produced cryptographic keys are complex, random, and resist cryptanalytic at-
tacks. Therefore, the play of terms involving g1, g2, Z1, and Z; leads to the generation of secure
keys that are not predictable, showing the applicability of this system in advanced cryptographic
applications. Hence, both controllability analysis and cryptographic applications conclude the
flexibility of fractional neutral VFIDE with SDD. New directions in the form of practical applica-
tions in various domains can now be envisaged from these findings, particularly those which are
highly critical of real-world models in the requirement of security with the occurrence of complex

dynamic behavior.
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