Int. J. Anal. Appl. (2025), 23:88

International Journal of Analysis and Applications

Global Properties of Secondary DENV Infection Models with Pre-Existing CTL
Immunity and Discrete/Distributed Delays

R. O. Aldubiban!, A. M. Elaiw'”, E. A. Almohaimeed?, A. D. Hobiny1

'Department of Mathematics, Faculty of Science, King Abdulaziz University, P. O. Box 80203, Jeddah
21589, Saudi Arabia
2Department of Mathematics, College of Science, Qassim University, P.O. Box 6644, Buraydah 51452,
Saudi Arabia

*Corresponding author: aelaiwksu.edu.sa@kau.edu.sa

Abstract. Dengue, caused by the dengue virus (DENV)), is a serious vector-borne disease mainly prevalent in tropical
areas. In certain cases, it can lead to death, especially when a person is infected a second time, resulting in a secondary
infection. This research begins by presenting an in-host model for secondary DENV infection under the effect of two
types of cytotoxic T lymphocytes (CTLs), non-specific and strain-specific CTLs. The first model is incorporating two
distinct discrete-time delays. Additionally, the model is refined by integrating two forms of distributed time delays to
provide a more realistic representation of secondary DENV infection dynamics. The main objective is to examine the
dynamic behavior of both models, including the non-negativity and boundedness of solutions. A qualitative stability
analysis is conducted for their steady states, revealing that the uninfected steady state in both models remains globally
asymptotically stable when the basic reproduction number (Rg) is below one but becomes unstable when R\ exceeds
this threshold. Additionally, an infected steady state emerges and is globally asymptotically stable when Ry is greater
than one. The stability conditions for the two steady states are determined using the Lyapunov method. To confirm
the qualitative results, comprehensive numerical simulations are conducted, offering valuable biological insights. To
assess the influence of specific parameters, we conduct a sensitivity analysis on the model. The results indicate that
the infection rate and viral production rate significantly impact the sensitivity of Ry, ultimately affecting the dynamics
of DENV. These insights could contribute to the development of antiviral treatments aimed at inhibiting viral entry
and replication. Furthermore, the study explores the impact of time delays on DENV infection dynamics, highlighting
that prolonged delays can mimic the effects of antiviral treatments. A sufficiently long delay slows down the virus’s
progression, aiding in its control and eventual eradication. These findings suggest potential strategies for developing

new treatments that could extend the viral replication or maturation.
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1. INTRODUCTION

Vector-borne viral infections are diseases transmitted to humans through the bite of infected
mosquitoes. Common examples include dengue fever, zika virus, west nile virus, and chikun-
gunya. The transmission typically occurs when an infected vector feeds on a human, introducing
the virus into the bloodstream. These viruses are often RN A-based and replicate in both the vector
and the human host. Upon entering the human body, the virus can infect various organs and tis-
sues, leading to symptoms ranging from mild fever to severe complications such as neurological
disorders or hemorrhagic fever.

Dengue which is caused by dengue virus (DENV) is one of the most widespread vector-borne
viral infections, especially in tropical and subtropical regions. The risk of dengue outbreaks has
risen significantly in recent years [1], largely due to the effects of climate change and global warming
[2], [3]. In 2024, more than 14 million people worldwide were diagnosed with dengue, with over
10,000 fatalities linked to the disease [4]. Dengue symptoms can involve an intense headache, a high
fever reaching 40°C, skin rash, muscle and joint discomfort, nausea, eye pain, swollen lymph nodes,
and episodes of vomiting [5]. Dengue infection causes severe harm to public health, society, and the
economy, particularly in low-income countries worldwide. Currently, no antiviral medications
have been approved for the treatment of dengue infections [6]. Understanding the virology,
transmission dynamics, and environmental factors that influence DENV is essential for developing
effective prevention strategies, including vector control, vaccines, and antiviral treatments. DENV
is a single-stranded RNA virus belongs to the Flavivirus genus and the Flaviviridae family and
is mainly spread by blood-feeding mosquitoes of the Aedes genus [7], [8]. The DENV has four
distinct serotypes (DENV 1-4), each exhibiting a 30-35% variation in amino acid composition [7].
Typically, infection with one serotype provides long-term immunity against that specific strain
but does not offer protection against the others [9]. Moreover, a second infection with a different
serotype tends to result in a more severe illness [10]. At the onset of a primary infection, the virus
enters the bloodstream, targeting monocytes and beginning its replication process [11].

Studying the interactions between viruses, host cells, and immune cells through experiments
can be costly. As a result, mathematical models of viral infections have emerged as valuable tools
for analyzing the dynamic behavior of viruses and their interactions with target and immune
cells. Moreover, models can provide insight into how prior infections influence disease severity
and assess the effectiveness of interventions like vaccines or antiviral therapies [12]. Over the
past few years, various mathematical models have been designed to describe within-host DENV
infection. While some models focus on capturing the dynamics of primary DENV infection (see,
e.g., [9], [13], [14]- [23]), others are tailored to represent secondary DENV infection [24]- [29]. DENV

infection models have been constructed by integrating different immune responses, including:

¢ Antibody-mediated immunity, which relies on B cells producing antibodies to neutralize
DENYV particles (see e.g., [19], [24], [25], [26], [28], [30]).
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e Cell-mediated immunity, driven by cytotoxic T lymphocytes (CTLs) that eliminate DENV-
infected monocytes (see e.g., [14], [15], [16], [18], [20], [31]).

e A combination of antibody-mediated and cell-mediated immunity, which incorporates both
B cell and CTL responses (see e.g., [9], [20], [21], [22], [27], [29]).

e A combination of innate and cell-mediated immunity, where the innate immune system
provides an immediate defense before CTLs take action (see e.g., [17]).

e A combination of innate and antibody immunity, integrating the rapid innate response
with antibody production to combat DENV (see e.g., [13]).

A primary dengue infection results in lifelong immunity to the initial virus strain [14]. However,
upon subsequent infection with a different serotype, two types of CTL responses are triggered:
non-specific CTLs carried over from the first infection and strain-specific CTLs that target the
newly encountered serotype [14]. In [14], a target cell-limited model was proposed to describe

secondary DENV infection, incorporating both non-specific and strain-specific CTLs:

dAM(t)

— _aM(B)V(b), (1.1)
dt . )
infection rate
dE(t
EO_ aMeve) - pEG - wEOTNG L a2)
dt —_— N e o
formation rate of infected monocytes  mortality rate  Kkilling rate by non-specific CTLs
- 12E(£) T3 (t) : (1.3)
N—
killing rate by strain-specific CTLs
av(t)
— = nEM - gV (14)
—— ~——
burst size  clearance rate of DENV
dTN(t
dt( ) _ & + yE(#)TN(t) - vTN(t) (1.5)
—— N — N——
production of non-specific CTLs  proliferation of non-specific CTLs ~ mortality rate
dT> (¢
0 _ 3 + yoE(£)TS(t) —vT3(t) . (1.6)
dt —— P — ——

production of strain-specific CTLs proliferation of strain-specific CTLs  death rate

This model was developed based on the following principles:

P1 It was presumed that CTLs targeting the primary DENV infection are generated through
immunological memory:.

P2 It considers five distinct populations: uninfected monocytes (M), DENV-infected mono-
cytes (E), free DENV particles (V), non-specific CTLs (TVN), and strain-specific CTLs (T%).

P3 Uninfected monocytes, the primary targets of DENV, are infected by DENV at a rate of
aMV.
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P4 DENV-infected monocytes are eliminated by non-specific CTLs and strain-specific CTLs at
rates 1 ETN and 1, ET®, respectively. Studies have shown that during heterologous dengue
virus infections, non-specific CTLs respond are less effective at eliminating infected cells
(i.e. k1 < x2) [14], [32].

P5 The production of DENV particles is given by linear function, nE.

P6 CTLs are generated through self-regulated mechanisms as well as a predator-prey-like
interaction model. Non-specific CTLs and strain-specific CTLs are generated at the same
rate, &, and their expansion follows the rates 1 ETY and y,ET®, respectively.

P7 The mortality ratesof M, E, V, TN and T% are expressed as linear functions of their respective
concentrations, represented by oM, uE, BV, vIN, and vT%, respectively.

In model (1.1)-(1.6), the following points were noted: (i) The regeneration and death of unin-
fected monocytes are not considered. However, several DENV infection models in the literature
include these factors (e.g., [24], [26], [27], [28]), (ii) both non-specific CTLs and strain-specific CTLs
share the same regeneration rate, £, however, these rates could differ in other models, and (iii)
the mortality rates of non-specific CTLs and strain-specific CTLs are assumed to be equal, though
they may not necessarily be the same. To overcome such points Raezah et al. [33] developed the

following model:

% = p—oM(t) —aM(t)V(t), (1.7)
di—it) = aM(t)V(t) = pE(t) =1 E() TV () = <2E() T (t), (1.8)
% = NE() =BV, (1.9)
det(t) =&+ ETN = TV, (1.10)
dT;t(t) = & +12ET® =1, T5, (1.11)

where p and oM represent the regeneration and death rates of the uninfected monocytes, respec-
tively. Models (1.1)-(1.6) and (1.7)-(1.11) do not incorporate time delays in the infection process
or viral maturation. However, time delays are crucial for accurately capturing the progression
of infections, particularly in relation to how the virus infects host cells and matures over time.
In our proposed model, we introduce time delays to account for these natural lags in the infec-
tion and maturation processes. This modification provides a more precise representation of the
time-dependent dynamics of the infection.

The objective of this paper is to develop two models for secondary DENV infection, incorpo-
rating both non-specific and strain-specific CTLs. We introduce two types of time delays into
the models, with the second model being an extension of the first, incorporating two classes of

distributed time delays. The study includes an analysis of both the basic and global properties
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of the models, sensitivity analysis, and validation of the theoretical results through numerical

simulations.

2. DENV InrecTiON MODEL WiTH DI1scrRETE-TIME DELAYS

In this section we study the dynamics of DENV infection model with discrete-time delays.

2.1. Model formulation. This section provides a detailed explanation of the proposed model. The
model includes two types delay parameters 7 and 7, are defined as: 7 is the time from the DENV
particles contacting uninfected monocytes to become DENV-infected monocytes. 75 is the time of
maturation of new produced virions. We formulate a DENV dynamics model with discrete-time

delays, represented as a system of five delay differential equations (DDEs):

d]\fzft) — p—aM(t) —aM(H)V(8), (2.1)
T — ot 1) V(- 1) ~ RE() - EOTY(0) - aE(OTS(0), @2)
d‘;_gﬂ _ e MnE(t— 1) — BV, (2.3)
dTgt(t) =& 4+ ETN = TV, (2.4)
dT;(t) = & +12ETS — v, T, (2.5)

Here, m;,i = 1,2 are positive constants and the factor ™" indicates the likelihood of a cell or
virion surviving during the delay period [t — 1;, t].
The initial conditions for system (2.1)-(2.5) are given as:
M(6) = ¢1(6),E(6) = ¢2(6),V(6) = 93(8), T (6) = ¢a(6), T>(6) = ¢5(6), 20
@i(6) 20, Oe[-1,0], @i(0)eC([-7,0],Rs), i=1,2,---,5, '

where T* = max {11, 72}, and C is the Banach space of continuous functions mapping from [—7*, 0]

to R>g with the norm
lpil| = sup |pi(0)] forgiecCi=12-- 5.
-1*<0<0

The system (2.1)-(2.5), along with the initial conditions given in (2.6), has a unique solution [34], [35].
The values of parameters of model (2.1)-(2.5) are given in Table 1.

2.2. Preliminaries. This section addresses the non-negativity and ultimately boundedness of the
solutions for system (2.1)-(2.5). We also illustrate the existence of steady states for the system and

identify the threshold parameters. Let’s use the following notations:

(M,E,v, TN, T°) = (M,E,V, TV, T) (1),
My =M(t—11), Ve =V(t—11),Er, = E(t — 12).
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TaBLE 1. Model parameters.

Parameter Value Source Parameter Value Source
107 [23] 71 4.44x107* [14]

o 0.14 [23] [14] V2 1.53x 107 [14]

o Varied 7 0.5 [14] [37]

u 0.14 [23] [14] Vv 0.5 [14] [37]

n 10* [23] [14] [36] &4 30 [14] [37]

B 3.48 [23] [14] &2 30 [14] [37]

K1 2.77 %107 [14] K2 1.04x107° [14]

m; 1

Lemma 2.1. The solutions of system (2.1)-(2.5) with the initial conditions (2.6) are nonnegative and
ultimately bounded.

Proof. Let’s demonstrate the non-negativity of the solutions for the system (2.1)-(2.5). Obviously,
Egs. (2.1),(2.4), and (2.5) give

dM dTN dTs
EIM:O = ‘D>0,7|TN:0 = 51 >0/7|TS:0 = 52 > 0.

Hence M(t) > 0, TN(t) > 0 and T5(t) > 0 for any ¢ > 0. Additionally, we have

t t t
E(t) = e~ h (BT 00T @)dx ) (0) 4 gemm f e Jo(pra T TR W) i (9 - 1) V(0 - 11)d0 2 0,
0

t
V(t) = e P3(0) + ne ™™ f e PEOE(0—1,)d6 > 0,
0

for any t € [0,7°]. Therefore, through recursive argumentation, we conclude that
(M,E,V,TN,TS)(t) > 0 for any ¢ > 0. Hence, M, E, V, TN and T are nonnegative.

Next, let’s establish the ultimate boundedness of the solution (M, E, V, TN, TS). From Eq. (2.1)
we have,

lim sup M(t) <

t—o0

Q=

= w1.
To prove the ultimate boundedness of E(t), TV (t), and T°(t), we define

£=e ™M, +E+ 17N 4+ 2275,
71 V2
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then

dt — mT dMr,  dE 14 dTN 1 dT®

ar a T Ty ar T, dr
=7 [p — oMy, — aMy, Vy, | + e ™M aM,, V,, — uE — 11 ETN

—1ETS + 2 [& 4+ pETY =i TV] + 2263 + 2ET T
71 V2
it K K
=e M [p — GMTl] - [JE + ]/_1 [51 —VlTN] + )/_2 [52 —VQTS]

_ _ x1& K1V K& KoV
= ™Y —ge mlTlMTl—yE—FL—LTN—Fﬁ—ﬁ

TS
71 71 V2 V2
_emng K11 n K22 [ae‘mlTlMT +LE+ KV N | K2v2 TS]
71 V2 ! 71 V2
<py M1b1 K2c2 —e[e—’“mMT1 +E4+ 2Ny ETS]
V1 V2 V1 V2
— o+ K1é1 n K282 et
V1 V2
where € = min{o, y, v1,v2}. It follows that,
lim sup £(t) < P + K& + K2t = w»y
t—o0 € €Y1 €)Y2

and then tlim supE(t) < wy, tlim sup TN(t) < w3, and tlim sup T°(t) < wy where w3 = % and

Wy = Vi—‘;’z Finally, from Eq. (2.3), we obtain
av
ar B =Y
S e—mZTzrlwz _ﬁv
< nwz — ﬁvl

and hence tlim sup V(t) < ws where ws = 77%

Based on Lemma 2.1 we can demonstrate that the
set

Q={(M,E,V, TV, T%) € C : [IMIl < wn, IEll < w3, V]| < ws, ITV]| < w3, IT]| < wa

is positively invariant with respect to system (2.1)-(2.5). O

Lemma 2.2. For the DENV dynamics system (2.1)-(2.5), there exists a threshold parameter Ry > 0 such
that

(D): If Ry < 1, then there is a unique uninfected steady state SSo,
(ii): If Ro > 1, then there is an infected steady state SS1 in addition to SSy.
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Proof. The steady states SS = (M, E, V, TN, T%) of system (2.1)-(2.5) can be computed by solving
the following system of algebraic equations:

0=p-oM-aMV, (2.7)
0= e ™%aMV — uE — i, ETN — 1,ET, (2.8)
0=e"™%nE-BV, (2.9)
0 =& + 1 ETN = TN, (2.10)
0= & +2ETS — v, T°. (2.11)

Egs. (2.7),(2.9), (2.10) and (2.11) give

B p Vo ne_mZTZE

—‘// - = 5 7
ota P 2.12)

v1—ynE’ vy —oE’

By substituting into Eq. (2.8), we obtain
—(m111+m212)
ape

—u+ TP i 28 g, (2.13)

po +nae™2E ~ y1E—vy  y2E-1p

Eq. (2.13) presents two possibilities: the firstis E = 0, which leads to the infection-free steady state
880 (Mo, 0,0, TY, T5), where My = £, T) = £ and TS = 2. The other possibility is that E # 0 and

710770 5Ty
Cus nape—(mlﬂerm) K1&1 Ko B
U po + U(Xe_mZTZE VlE -1 VZE v,
which leads to
c3E3 + ¢oE? + ¢1E + ¢ 0 o1t
(ﬁg + 770(6_1’112T2E) (VlE _ Vl) (VZE _ VZ) ’ .
where
c3 = unayiyze” "7,
2 = —Kzéznayle—mm - Klémayze—mﬂz + wy1y2po — UOfyl)/zpe_(mlTl+m2T2)
—_ HU“VZVle_mZTZ _ #na,J/lee—szz’
1= _KZEZ)/lﬁO - KlélVZﬁU + K252770(V16_m212 - [U)/zﬁCﬂq + nayzpvle—(Tanrszz) + Klglﬂavze_mﬂz
— wy1pova + naylpvze‘(m1T1+m2T2) + unaviv,e ",

Co = K2&Eafovi + K1E1f0V) + UaVIV) — apyvae” M),

Define a function T'(E) = ¢3E® + c2E% + ¢1E + ¢, then
ape—(ml’[1+m2”(2)

pop (S5t + 552 +1)

-1{,

T(0) = —Bo (k2&2v1 + K1&E1v2 + pv1va)
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r (ﬂ) _ x1é&1y2 (Boyr + avine ™) (V_Z _ V_l)

V1 V1 Y2 1
r(ﬁ) _ x2&2y1 (Boya + avane ") (V_l _ V_2)
V2 V2 yi 1)’
hll_r}!;) I'(E) = oo.
We have I'(0) < 0 if the following condition is met
—(myT1+my12)
i > 1. 2.15)
1¢<1 2%2
uop (S5 + 322 +1)
Observe that
V;
2> 0 —T(%)>0andT(2)<0,
2%
y—i<y1 =>F( )<0andF( ) > 0.
Hence,

I‘(min{v1 V2 }) > (0 and F(max{v1 V2 }) <0.
Y1 )2 Y1 V2

If condition (2.15) is satisfied, then I'(0) < 0 and Eq. (2.14) has three positive roots

Eq € (O mln{v1 2 }),
Y1 V2
Ee (mm{ﬁ 2} max
Y1 V2
E(m{__}oo)
Y1 V2

From Eq. (2.12), we observe that the solution E results in TN < 0 or T° < 0. Furthermore, E leads
to both TN < 0 and T® < 0. Therefore, the only viable solution is E; which gives

|
Y1 V2 ’

p ne—mezEl
M; = >0, Vi=—>0
1 o+ och ! ﬁ
™= o15=—2 5
-71E v2 —y2Eq

The basic reproduction number, denoted as Ry, is defined as:

T]aMoe—(m111+m212)

RO - 1<1T KzTg
pﬁ( + + 1)

In a biological context, Ry represents the average number of secondary DENV-infected monocytes
generated by a single infected monocyte cell throughout its lifespan. The infected steady state

SS, (Ml, Eq, V3, T{\] , Tf ) therefore exists if and only if Ry > 1. O
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2.3. Global stability. This section employs the Lyapunov technique and utilizes LaSalle’s invari-
ant principle, as proposed in the work of [38,39], to examine the global asymptotic stability of the
two steady states of system (2.1)-(2.5). We define a function £(6) = 6 —1—1n6. By using Z; as
the potential Lyapunov function, we identify H as the largest invariant set of

H; = {(M,E,V,TN,TS) : % :0}, i=0,1.

Theorem 2.1. The DENV dynamics system (2.1)-(2.5) is globally asymptotically stable (GAS) around the

uninfected steady state SSy (Mo, 0,0, T(I)\’ , Tg) if Ro < 1and if Ry > 1 then 88y is unstable.

Proof. Define

mM17Tq
OZMO V4 K1€
p 71

TN M1 T TS
Zo= MOL( O) +e™MIE {YL(—) + Kzey; 1T§£(—]

t M e—szz t
ta M(@)V(@)d6+m7°—f E(0)do.
-1 ﬁ t=1p
Obviously, Zo(M,E,V,TV,T%) > 0 for any (M,E,V,TN,T%) > 0 and Zo(Mo,0,0, T}, T5) = 0.
e 920
Calculating =3* as

@_( _%)d_M dE _aModV | kie™™ [1 TNJdTN e (1 TS]dTS

1mM1T1
at T T R TR ™V | dt ™ at

anMoe """
p

By substituting the equations from system (2.1)-(2.5), we obtain

d M
% = (1 — MO) (p— oM —aMV) +e™n (e_mmaMTl Ve — uE — . ETN — KQETS)

+ SR, - ) +

Kzem]Tl

+a(MV =M., Vy,) + (E-E.,).

K™

TN
(1 - T—N] (&1 4+ METY =i TV)

anMope™ "2

p

+ (E-Eq,).

TS
- (1 — T—(S’] (52 +92ET® - vaS) +a (MV =M, Vy,) +

Then

M1ty TN

anMope™""2

p

S
(1 ~ —0] (&2 = vaT®) - xpe™ ™ TSE + E.

Using p = oMy, &1 = vlTé\] and & = vag, we get

2 2

dZo _ o (M —M0>2 _ Kqvpe™n (TN B Tf)\[) _ Kovpe MM (TS - T§)
at M 71 TN V2 TS

anMope™""2

. (’70—

p

— k1" TY — 1™ Ty — emmy) E
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2 2
o (M —Mo)2 _ Kpvpe™n (TN - Tf)\]) _ Kavpe ™M (Ts - Tg)

M V1 TN V2 TS
Moe ™27 TN xoT5
+(w_emm“ alo el e
B u p

It follows that

2 2
dZo o (M-M,)° _ Kyvge™h (TN B T%)V) _ Kgvge ™im (TS - T§)

dt M 1 TN V2 TS
N S _
—emlle[KlTo N w2 Ty N 1) U(TTMOE myTy e
S .
H H ﬁemlle ( 0 + KZTO + 1)

In conclusion, we derive

2 2
dZO . _(7 (M—M0)2 _ KlVlemlTl (TN - Té\]) B K2V2€_m1T1 (TS - Tg)

dt o M ')/1 TN ')/2 TS

N S
— Mty [K_lTO + —KzT +1

H t
Thus, when Ry < 1, we deduce that dZO < 0 for any M,E, ], TN, TS > 0. Moreover, % =0if
M = M,, TN = TN TS = TS and (Ro —1) E. The system’s solutions converge to H/, [34], where
M = My, TN = TN TS = T3, and

(Ro—1)E.

(Ro—1)E =0. (2.16)
Two scenarios are under consideration:
(I): Ro = 1, then from Eq. (2.1) we obtain
dM

0= =P oMy —-aMyV = V(t) =0foranyt. (2.17)
Additionally, Eq. (2.3) implies that
0= il‘t/ =e¢™PE, = E(t)=0foranyt (2.18)

Consequently, Hj = {SSo}.
(II): Ry < 1. Then from Eq. (2.16) we have E = 0 and Eq. (2.17) leads to V = 0 and hence
Hi = {SSo}-
The global stability of S8 follows from LaSalle’s invariance principle (LIP) [40]- [42].
The characteristic equation of model (2.1)-(2.5) at the steady state SSy is given by

(x +0)(x +v1) (x4 v2) (hpx® + hyx + hp) = 0, (2.19)
where x is the eigenvalue, and
hy = ovivy,

hy = oviva(B+ ) + k1&10v2 + Kaéa0vy,
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fo = K2&aPovy + K1E1B0Va + UPaVIV) — Napyivee” (T1TIHMT)
T]ape_(mlTl+m2T2)

‘uaﬁ(KlEl_’_KzEz +1)

ViU Vo Ul

= o (k2&2v1 + K1&1va + pviva) |1 -

= Bo (k2&2v1 + k1&1v2 + pv1v2) (1 - Ro),

where e™7i% = ¢~(¥tmM)% j = 1,2, Obviously, if Ry > 1, then figp < 0. This indicates that Eq. (2.19)

has a positive real root. Consequently, SSy is unstable. O

Theorem 2.2. The DENV dynamics system (2.1)-(2.5) is GAS around the infected steady state

881 (M, Eq, Vi, TN, T3 ) if Ro > 1.

Proof. Define

e B A IR B

g M(Q)V(@)) anMye™ """ ft (E(Q))
MV ———=|d0+ ——E L|——|d6.
T jt‘—”(l L( M1 V] * ﬁ ! =17 El

Taking the derivative of Z; along the solution of system (2.1)-(2.5) as:

iZ; ( Ml) M (1 E ) dE M ( vl) v memt (T TV
dt M) dt E ) dt B v/ dt Y1 TN | dt
S
KzemlTl T dTS MV MTl V’Il M”[1 VTl
— | =+ aMV - 1
T ( | T ay T My, N MY
anMie™™™ _(E  E, E,
——Ei|=———=—+In|—|]-
g e "E T
Substituting equations of system (2.1)-(2.5), we get
d M E
_ﬁl = (1 - ﬁl) (p—oM—aMV) 4 ¢™m™ (1 - fl) (e aMy, Ve, = uE = k1 ETN — 1,ET®)
aM; £ Y Kpe T N N
+T(1_7)(6 E —ﬁV) " 1—ﬁ (él‘f’)/lET —1nT )
S
KzemlTl T S S MV MT] V’l'1 MT1 VT1
1-— ET° —v,T MV - 1
Ty [ TS)(&JFVZ W) aMiVi | = S +in| Sy
aane_szz E ETZ ET2
——— Ei|=———=— +In|—=|].
+ 8 1 (E1 E, +1n E
Collecting terms leads to
dd—ztl = (1 M, ) (p—oM) — ue™ME — aMy, VTl 3 +emlleE1 + 1M T E TN + 50e™TE T°
M moTo mqT TN
- %EQ% +aM;Vy + Kl‘;ll : (1 - T—N)(51 — 0 TN) = k" TVE
S -
Kzemlfl T S 1S MTl VTl ON]Mle a2 E ET2
+T(l—ﬁ](£2—v2T ) Kpe™ 'TJE+aMiViIn MV + 8 Eq E_1+1 T
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Applying the steady state conditions
p = oMy +aM;Vy,
UEy = e ™M aM Vi — k1 E T — 10Eq T3,
e nE; = BV,
& =nTY —nETY,
& =T} —oEr T3,
Then we obtain

2 2
iz, o (M= M)? _ Kkgvge™™ (TN B T{\I) _ Kovpe MM (TS B Tig) n (1 _ Aﬁ)aM %
ar M 1 TN 72 TS M)
Y Ty anM; E
1 N 1 S niviiEy _ +
—Kkpe™Mn (1 - T—N] EiT} — k™™ (1 - ﬁ)ElTl +e™Mmn |Te (my 7y +my2)

E E
~1E1TY — ko ErT$ — pEy | £~ aMnV, fl +aMy Vi — @I E TN — g™ TE TS + 1™ T E TN

anMye™"2"™2 1% M, V. E
+ KzemlrlElTS - nl—E -1 + aM;1Vy 4+ aM;1VqIn (%) + aM1Vq ln(j) .

B % E
It follows that

2 2
le o (M - Ml)z _ K1Vv1e™MT (TN - Ti\]) 3 KoVpe ™t (TS - Tf)

M
+(3— —1)aM1V1

i~ 0M " TN 72 TS M
N N 5 TS M. V. E
1 N 1 S 71 V1l
— KlemlTl (2 - ﬁ — ﬁ] ElTl - KzemlTl (2 - ﬁ — T__f)ElT1 — 0(M1V1W
ET2V1 M’l’lv’fl ET2
—aM;Vq EV +aM1V11n(W +aM;V7In T/
Using the following inequalities
MT V"L' MT Vq_— El Ml EVl
o) ) ) 1 )
“( MV ) n( MiViE )+n M) T EY
E; E. V1 EV
In|=2) = 1n (=2 1(——)
n( E) n( Elv)Jr Ev,
We obtain
2 2
dZi _ o(M-M)* xemn (TV-17) _ Kavpe ™M (r°-T3) +aMV (3 _ M
at M 7 TN 72 TS YT M
MT1VT1E1 ETzvl MT]VTlEl Ml E’[zvl
- - In[——————|+1 (—) 1
MiviE  Ev M\ mwiE | T M M) TN E Y
2
N _ TN S _ TS\2
mm(T Tl) T _Tl)

+ K1e ™ E1 + xpe™™ TS 1-

From the steady state conditions, we have
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Similarly, E1 — ﬁ = —y TS

2 2
dZ, o (M=M)*  Ki&emn (TN - T{\]) Kkp&pe™ ™ (TS - Tig)
=- - - —aM;V; [L(—)

dt M 71 TNTN 72 TSTY
M”Il VTlEl ET2 Vl
w2 (2|
Obviously, we deduce that % < 0 forany (M, E, V, TV, T%) > 0and 5L = 0if M = My, TN = TV,
TS TS an d M1V If - = E]z“? = 1. Thus, solutions of system (2.1)-(2.5) converge to ;. For each

element in 7—(1’, wehave M = My, TN = TN and TS = TS Then £2 dM = dgtN = ﬁ = 0 and from Egs.
(2.1) and (2.4), we get

0= dé\;{ p—oM;—aMV = V(t)=Vjforanyt,
dTN N
0= T =&+ ylET -nTy = E(t)=E;foranyt.

Thus, by using LIP, H] = {881} and 8S; is GAS. O

3. DENV InrecTiON MODEL WiTH DI1sTRIBUTED-TIME DELAYS

In the previous section, we made the following assumptions:
(i): The time it takes for each infected cell to form is constant;
(ii): The maturation time for each newly released virion is also constant.

Incorporating distributed delays, where the time delay is represented as a random variable
from a probability distribution, allows models to reflect the complexities and variabilities found

in real-world situations, making them more robust and applicable.

3.1. Model formulation. In this section, we build upon the DENV dynamics system that discussed

earlier by introducing two distributed time delays, as follows:

d;f =p—-oM-aMV, (3.1)
dE ! —mt N S
hy
‘Z_‘: _ fo(t)e ™ Erdr — BV, (3.3)
dTN
— = & nETY - TV, (34)
dTs
= & +19ET =1, T5, (3.5)

dr
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Here, 7 is a random variable drawn from the probability distribution function f;(7) over the time
interval [0, 1], where h; represents the upper limit of the delay period for i = 1,2. We make the
following assumptions:
(I): The probability that uninfected monocytes contacted by DENV at time ¢ — 7 survive for
T time units and become DENV-infected monocytes at time t is expressed by the factor
fi(T)e ™",
(II): The probability of newly immature DENV at time t — 7 surviving for 7 time units and

maturing at time ¢ is represented by the factor f>(7)e™"2".

Functions fi(7),i = 1,2, satisfy fi(t) > 0 and

fo " fi(t)dt =1, f ! Fi(z)e"dr < oo,

where n > 0 [43]. Let us denote I'T;(7) = fi(t)e ™" and F; = fo 7)dt, fori = 1,2. This implies
that 0 < F; <1, and the initial conditions for the system (3.1)- (3.5) are the same as those specified
in Eq (2.6). Here 7 = max {hy, hy}.

3.2. Preliminaries.

Lemma 3.1. The solutions of system (3.1)-(3.5) with the initial conditions (2.6) are nonnegative and
ultimately bounded.

Proof. Egs. (3.1), (3.4), and (3.5) provide

dM dTN dT®
WlMO p>0,7|7—7\]:0:£1>0,W|Ts:0:c€2>0.
Hence, M(t) > 0,TN(t) > 0, and T5(t) > 0 for any ¢ > 0. Moreover, we have

h
E(t) = e h a0 +T @)ivg, 0) 4 o f ~fora ™ @R Na [ ()Mt - 0)V (- 0)drd0 > 0,
0

t
V(t) = e Ploy(0) + qf e P=0) f I (7)E(t - 0)dtd0 > 0,
0 0

for any t € [0,7*]. Through recursive argumentation, we obtain E(t), V(t) > 0, for any t > 0.
Consequently, M, E,V, TN and T° are nonnegative. Let us prove the ultimate boundedness of
M,E,V, TN and T°. From Eq. (3.1), we have

QI‘D

lim sup M(t) <

t—o0

= w1.

Let us prove the ultimate boundedness of E, TN, and T®. Define

hy
®= | IL(r)Mdr+E+ LTV 4 2275,
0 71 V2

Then,
do (M dM. , | dE 1 dTN | xpdTS

ar ), O at oy dt |y, dt
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hl hl
= (1) [p— oM, —aM.Vi]dt+a | TIj(t) M;Vidt — uE — k,ETN — 1 ET®
0 0

+ ;% [51 +yETN - VlTN] + ;j—i [52 +y2ET® - VzTS]

I Iy

=P Iy(t)dt -0 Iy (t)Mdt — uE + Fie1 _ Fivy ™ + Koy _ Kav2 TS
0 0 V1 V1 V2 V2
)
:PF1+K1—51+K2—52— o IT(7) MTdT+yE+—K1V1TN+—K2V2T5
71 V2 0 V1 V1
hy

<p B8t m U Modr+ B4 KN 4 K2

11 V2 0 4! 71
_ o+ K1&1 n K2&2 e

V1 V2

It follows that

lim sup ® < P + —Klél + —KZEZ =
t—o00 € V1€ V2€

w?y.

Hence, tlirn sup E(t) < wp, tlirn sup TN (t) < w3, and tlim sup T5(t) < wy. Ultimately, from Eq. (3.3),
we obtain
av
T 0
< nFawy - BV

IT(7)Edt — BV

< nwy - BV,

and hence tlim sup V(t) < ws. According to Lemma 3.1, we can demonstrate that (2 is positively

invariant for the system (3.1)-(3.5). O

Lemma 3.2. For the DENV dynamics system (3.1)-(3.5), there exists a threshold parameter Ry > 0 such
that

(): If Ro < 1, then there is a unique uninfected steady state SS,
({i): If Ry > 1, then there is an infected steady state SS in addition to SSy.

Proof. We calculate the steady states of the model (3.1)-(3.5) and determine the conditions under
which they exist. Any steady state SS = (M, E, V, TV, T%) satisfies:

0=p—-oM-aMV, (3.6)
0 = aF{MV — uE — 1, ETN — 10ET?, (3.7)
0 = nFE—-BV, (3.8)
0=2& +yETN =TV, (3.9)

0 = & + y2ET® =1, T5. (3.10)
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From Egs. (3.6), (3.8), (3.9) and (3.10) we have

_ P Ve nF»E
g+ aV’ B’
3.11)
TN _ 51 Ts _ 52 )
- yE’ vy —2E

Substituting in Eq. (3.7) we get

napFiFz K1&1 K2&2 -
( Bo +naF2E ~ y1E—-vy * yoE — 1/2) E=0. (3.12)

Eq. (3.12) presents two possibilities: the first is E = 0, which corresponds to the uninfected steady

state SS° (Mo, 0,0, Té\] , T(S) ) The other possibility of Eq. (3.12) is E # 0 and
napF1F> K11 K2&2

=0
‘30 + T]O(FZE y1E -1 yzE — V2

which gives

a3E® + @, E? + @ E + 4
= (3.13)
(Bo +nak) (y1E —v1) (y2E = v2)
where
= unay1yafo,
iy = —12é&anay1Fa — xk1&inay2Fa + pyry2p0 — nayry2pF1F2 — unayaviFa — unayvaFa,
a1 = —Kk2&2)1P0 — K1&1)2P0 + kaanaviFa — uyzpovy + nayzpviFiFa + k1&1navaks
— uy1pova + nay1pvaFiFa + unavivaFs,
ag = chfzﬁ(ﬂ/l + Klélﬂ(ﬂ/z + y‘BGV1V2 - napv1v2F1F2.
We define a function I'(E) = a3E® + @E? + @ E + dp , then we get
_ apF1F
F(O) = —po (Kzézvl + x1&1v0 + yv1v2) [ K?Hp 1K22£2 — 1},
uop (S5 + 22 +1)
1_ﬂ(ﬁ) _ Kié1)2 (Boy1 +avinFz) (v ( V_l)
8! 71 Y2 N
r (2) _ Kalay (Boyz + avanFa) (v ( V_z)
V2 V2 i 2)’
e
We have I'(0) < 0 if the following condition is satisfied
F1F
nepraT2 > 1. (B)

[JGﬁ(K”l—FKZgz _|_1)

Vi Vol
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Similar to the proof of Lemma 2.2, one can prove that there exists E; € (0 min { ;1 ;2 }) satisfies Eq.
(3.13). It follows that

p nF2Er

M =—t — v, = ,
YTotavy T T
N_ & s &

T T = ———.
! -yE" Y va—mE

We define the basic reproduction number R as:

— T}(XM()Fle
RO - KlT(IJ\] KzTg
up (T tr t 1)

Then, the infected steady state SS* (Ml, E1, V3, T1 , Tf ) exists when Ry > 1. O

3.3. Global stability. Let Q; be the potential Lyapunov function and J; be the largest invariant
set of

jiI{(MEVTN TS).di _0}, i=0,1.

Theorem 3.1. The DENV dynamics system (3.1)-(3.5) is GAS around the uninfected steady state
S0 (Mo,0,0, T, T5) if Ry < 1.
Proof. Construct Lyapunov function as:

Lp oMoy, ®1 4N K2 s (T2
Q = MOL( )+F1E+ 5V L( ]+ 1T0.£( )

1 t M, o t
+ 5| ) | me)v(e)dodr+ “”ﬁ Of HQ(T)f E(6)d6dr.
1.Jo t—1 0 t—1

We observe that Q (M, E, V, TV, T%) > 0 for all (M, E, V, TN, T5) > 0 and Qo (Mo, 0,0, T}, T5) = 0.

Calculating dd% along the solutions of (3.1)-(3.5) as:

1 &
dd_?o - (1 MO) (p—oM—-aMV) + — E [Of Iy (t)M,Vdt — uE — 11 ETN - KzETS)
1 0

aMo & TN N N
4+ — IT Vi+ —I|1-—=— 4+ ETY — 1T
ﬁ [TI 0 2( ) ﬁ ] y F1 [ ](él 7/1 V1 )

T3 o
+ —2 1= =2 |(& + y2ETS =, T5) + —
VZFl( ](2 r2 2 ) F1

hy
IT (T) (MV =M, V;)dt

anMy

5, 21_12(7:) (E—-E;)dr.

Then

dQy My H K1 é\] N) _ KL
F:(l_ﬁ)(P—GM)‘_E+_[1__ (1 -nT) - FT3E

S
M
+ K2 [1 _ _0) (52 —VZTS) - QTgE + il OFzEdT.
y2F1
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Using p = oMy, &1 = vlT(I)\’ and & = vag we obtain

2 2
S _ TS
iQ o (M - My)* _ Ky (TN B T(I)\]) _ Kavp (T B TO)
dt M )/1F1 TN )/2/:1 TS
N (ar]Mon K1 N TS _ ﬁ)E
B Fi'0 F 0 F
Ultimately, we obtain
2 2
aQ, _o(M—M0)2 _ K11 (TN_T(IJ\I) _ Koo (TS _Tg) 13 Ty n 1T} +1|@®R-1)E
ar M y1F1 N v2F1 TS Fq i i 0

Hence, If Ry < 1, we conclude that dao
M:MO,TN:TN TS =

< 0 for any M, E, ], TN TS > 0. Moreover, % = 0if
TS and (Ro —1)E. The system’s solutions converge to J; where

M= M,, TN = TN TS = TS and
(Ro—1)E=0. (3.14)
Two scenarios are being considered:
(D: Ry = 1, then from Eq. (3.1) we obtain
dM
0= e =p-oMy—-aMyV = V(t)=0foranyt, (3.15)
and from Eq. (3.3) we obtain
dv 2
0= 2 = Hz(T)ETd’L’ = E(t) =0foranyt. (3.16)
Thus, J ) = {SSo}-

(I1): Ry < 1. Then from Eq. (3.14) we have E = 0 and Eq. (3.15) leads to V = 0 and hence

Tt = (SSo).
Then, the global stability of SSy follows from LIP. O

Theorem 3.2. The DENV dynamics system (3.1)-(3.5) is GAS around the infected steady state

S8y (My, Ey, Vi, TV, TS) if Ro > 1.

Proof. Define

=) s el E)+ Mhvc() ;f,;

t )) anM;
+F1M1V1f f ( MV )T

NL

el

KZ
VzF 1

i fohzﬂz(f)ﬁTL(Eé?))de
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Taking the derivative of @Q; along the solution of system (3.1)-(3.5) as:

9 _(MuydM L EE by VAV I\t
ar M) dt  F E) dt B V)dt  yF TN | dt
TS\ dT$ g MV M,V M,V
K2 1 o TVt (e
2 -1 =y MV I - 1
- yzFl[ Ts) a TR 1f0 1(7) (M1V1 MiVy “( MV ))dT
anM fhz (E E. E.
+ E I (7 ————|—ln(—))dT.
B ' 2(7) F, E E

Substituting equations of system (3.1)-(3.5), we get

iQ, Ml) 1( El) f’“ N s
o —(1 i (p—oM 04MV)+,__l 1 =)@ ; IT; (T)MVrdt — uE — k9 ET™ — 1,ET

V5 TN
+ oMy (1 - E)(r] I (7)E.dt —ﬁV] + N [1 - T_lN) (51 + ylETN - vlTN)
0

B 4 yiF1
b2 1—T—f(£+ ETS—vTS)—I—gMth]H(T)(MV —Aﬂﬂn(w))w
2T Y2 2 F 1V1 A 1 MVi MV,

v2F1 TS MV
h
anMy 2 ( E E; (ET ))
+ 5 E1f0 1_[2(’[) £ +In E drt.

Collecting terms leads to

H K1 N , K2 S
dr+ P Bp N R2p
T T T T

TN
K1 1 N) _ KioN
d MV 4+ —|1- = -nT")- =TE
T+ aM; 1+)/1F1( TN)(& V1 ) h

aQ Ml) u_oooa (M M, V.E
dt _(1 )P =g E-g | ()

h
CH]Ml 2 ET V1
- I(7)
B Jo 14
11

TS
T (1 L } (&2 vaT®) - 2TSE+ =MiVy | TIi(q) ln(

F

M.V, )dT

v |0 TS F1 F1 0 MV

i [ o (40 (3)
+ ﬁ El‘fo Hz(’[) E1+ln E dr.

Applying the steady state conditions

p = oM +aM;Vy,
uEy = aF 1M1V — 1 E T — 1Eq T5,
FanE1 = pVy,
& =wnTY —yETY,
& =nT; =B TY.
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Then we obtain

2 2
N _ TN S_TS
dQl - (M_M1)2 K1V (T - Tl ) B KoV (T - Tl) + (1 _ %)aMlvl

it~ M gF N yoFi TS M
TN K T anMiF1F2Eq E
1 |ETN - 21— 2 |y TS = K TVE, — ko TSE) — uE | —
Fl( TN)l F1( TS | +F1[ B A y1E1
hy
o MTVTEl K1 N K2 S K1 N
- —MV IT d M1V1 - —E{T; — =—E{T —ET
F MV ) 1(7) MViE T+ aMVy ol - B 1+F1 1
hz hl
K2 S anM; E.V (MTVT)
—ET° — E 11 Ly M1V —M V I1 In|———|d
+l__ 1 5 o) :z()E1 T+ aM; 1~|—l__1 " 1(1)In v )T
(XM1V1 f Iy(t ln )dT
It follows that
2 2
aQ, _U(M—Ml)z _ Ky (TN_T?]) _Kov2 (TS _Tf) +(3_ Aﬂ)QM %
ar M )/1/:1 TN )/2/:1 TS M 171
T TN TP TS n M. V.E
_ kK1 -1 _ 1 1 s _ @ Vbl
Fl (2 TN TN]ElTl Fl (2 TS Tf]ElTl F1M1Vl o H1 (’L’) Mlle dt
aMlVl E:V; & (MTVT) aMV; f (& )
f I ( E1Vd T+ F1M1V1 ; IT(7)In i drt + F) ; IT(7)In E dar.

Using the following inequalities

M.V M.V.E M, EV
o B85 A 3] (22
n(Mv "avie ) T M) T Y

E; o E. V1 E1V)
ln(E)_ln(E1V)+l (EV1

We obtain

2 S S 2
i@y o (M - My)? _ K11 (rv-1Y) _ KoV (r°-1)
dt M )/1/'_1 TN )/2F1 TS

i M; M,V.E M,V.E M
1 1 T Vrl] 1
+ Mlvlj(; I (7 )(2 M MViE +1n(M1V1E )+1n(M))dT

LV +1n(ETV1 ))dT

)
MV IT 1-
+F2 ! 1f0 2<T>( E\V E\V
2
ca-n) a1,
FRoo™~ VTR s
From the steady state conditions, we have
El—v—lz— 51N and Ey — -2 = — 525
yl lel 7/2 ')/ZT



22 Int. ]. Anal. Appl. (2025), 23:88

It follows that
2 (TN - TN)2 (TS - TS) I
Q. o(M-M)" xi& 1) Kké Uo_ayy f - (T)(L(%)
dt M nFi TINTY Ry 1sTS Ry M
M, V.E; )) _a i (ETvl)
+£(M1V1E dt F2M1V1 ; I[(7)LIn £V dr.

Clearly, & < 0 for any (M,E,V,TV,T%) > 0 and 28t = 0if M = My, TN = TV, T% = T$, and
M.V:Ey __ E.Vq

MVE = Ev = L Solutions of system (3.1)-(3.5) converge to J. Any element in J7 satisfies

M=M,;, TN = TN and T° = TS Then dé\f = dgtN = dTS = 0 and from Egs. (3.1) and (3.4), we get
dM
0= i =p-oM;—-aM;V = V(t)=Viforanyt,
dTN N
0= Tl =& +METY -»TY = E(t)=E;foranyt.

Consequently, by using LIP, J] = {881} and 8§, is GAS. O
We note that if we chose fi(t) = D (1 —1;),i = 1,2, and h; — oo, then model (3.1)-(3.5) will lead
to model (2.1)-(2.5).

4. NUMERICAL SIMULATION

In this section, we conduct numerical simulations for the model with discrete-time delays (2.1)-

(2.5) to enhance the theoretical findings given in Theorem 2.1-2.2.

4.1. Numerical simulations for system (2.1)-(2.5). In this subsection, we utilize the parameter
values listed in Table 1 and use MATLAB’s dde23 solver to numerically solve the system of DDEs.
For simplicity, we assign 7; = 0.1 for i = 1,2, and we also select the three following initial points
(IPs) as described below:

IP-1: M(6) = 6x107,E(0) = 0.5,V(0) = 150, TN (6) = 90, T°(0) = 90,
IP-2: M(6) = 4x107,E(0) =1,V (0) =357, TV(0) = 60, T°(0) =
IP-3 : M(6) =2x107,E(0) = 3,V(0) = 500, T(0) = 30,T5(0) =

where 0 € [-0.1,0]. Choosing among the three sets of starting points is optional to make sure our
choice does not impact the overall stability of any steady states. By changing the parameter a, we

obtain two distinct circumstances:

Circumstance-1: (Stability of SSy): We set @ = 1.72 X 10713, In this scenario, we have Ry =
0.21 < 1. Figure 1 illustrates that the solutions starting from initial points IP-1, IP-2, and IP-3
converge to the uninfected steady state SSy = (7.143 % 107,0,0, 60, 60). This provides S8y
is GAS which is consistent with the result in Theorem 2.1. Thus, the DENV will eventually

be eradicated, and the count of uninfected monocytes will return to its normal level.
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TasLE 2. The variation of Ry with respect to the delay parameters 7;,i = 1, 2.

1 =12 Ro
0 25.0755
0.5 9.22474
1.5 1.24843

1.61094 1
1.7 0.83685
1.9 0.560957

Circumstance-2: (Stability of SS;): By setting @ = 1.72x 107!, we find Ry = 20.53 > 1.
Figure 2 shows that the solutions starting from initial points IP-1, IP-2, and IP-3 converge
to the infected steady state SS; = (7.142 x 107,326.72, 849516, 84.52, 264413) and then SS$;

is GAS as we have proven in Theorem 2.2.

4.2. Effect of time delays on the DENV dynamics system. By fixing the parameter o« = 1.72 X
107! and varying 7; (for i = 1,2), we investigate the effect of incorporating time delays on the
stability of SSp. Since Ry influenced by 7;, any alterations to these parameters will impact the
stability of SSy. Even a small increase in the values of 7; will lead to a decrease in Ry (see Table 2).
We will consider the following cases:

TD-1: 11 =17, =0,

T.D-2: 11 =1, =0.5,

TD-3: 11 =1,=1.5,

TD-4: 11 =17 =17,

T.D-5: 11 =1 =1.9.

Let us solve system (2.1)-(2.5) under the following initial condition:
IP — 4 : M(0) = 4 x107,E(6) = 200, V(0) = 100, TN(6) = 100, T°(6) = 500,

where 0 € [-1.9,0]. Let’s calculate the critical value of the time delay that affects the stability of
S8S8y. For the sake of simplicity, we assume that 71 = 72 = 712. By keeping the other parameters

constant, Ry can be expressed as functions of 71, as follows:

T]O(M()e_ (m1 +7I12)T12

RQ(le) = .
TN TS
MB (KlTO + KZTO + 1)
To fulfill that Ry(712) < 1, we take 115 as:
1 M
T12 > Ty, Where 77, = max0, In 1o

TN ,TS
MR (2 )
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Ficure 1. Solutions of system (2.1)-(2.5) arrive uninfected steady state SSo
(7.143 %x107,0,0, 60, 60) using three distinct initial points (Circumstance-1).
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(Circumstance-2).



26 Int. ]. Anal. Appl. (2025), 23:88

cr
127

11, = 1.61094. Consequently,
(): If 712 > 1.61094, then Rg (112) < 1, and S8y is GAS. This shows that the DENV will be

cleared.
(ii): If 0 < 712 < 1.61094, then R; (112) > 1, and 88y will lose its stability and in this case SS;
will be GAS. In this case the infection will be presented.

Thus, if 71, > 7¢, then S8y is GAS. Using the values of parameters given in Table 1, we obtain

Figure 3 presents the numerical solutions for system (2.1)-(2.5). It shows that the including
of time delays helps maintain the concentration of uninfected monocytes, while simultaneously
reducing the concentrations of other compartments such as E, V, TN, and T°. As the delay period
increases, it becomes apparent that time delays can help manage DENV progression in patients,
demonstrating an effect similar to that of drug efficacy. Therefore, incorporating time delays may

play a significant role in the development of new and effective treatment strategies.

4.3. Sensitivity analysis. A sensitivity analysis will be performed to assess how different parame-
ters affect the spread of Dengue infection in a host. This section emphasizes the critical parameters
that notably influence our model, assisting researchers in the development of new antiviral drugs.
The normalized forward sensitivity index for Ry is defined as follows:
HY = Ry X o
dd  R;

where 0 is given parameter. The influence of Rj on the stability of the uninfected steady state SSy

(4.1)

is quite substantial, which encourages further investigation into the sensitivity analysis of these
variables. Using Eq. (4.1) and setting a = 1.72 X 107!, the sensitivity indices of Ry with respect to
each parameter are determined and presented in Table 3. Based on the signs indicated in the table,

we can interpret the level of influence each parameter has in our model as follow:

e Parameters 71,a, p, v1 and v, demonstrate positive indices. This indicates that changes
in these parameters will result in corresponding adjustments to the basic reproduction
number Rg. As a result, increasing or decreasing these parameters will lead to a rise or fall
in Rg accordingly. The findings suggest that both the infection rate, a, and viral replication
rate, 1, play a crucial role in determining the sensitivity of Ryg. Lowering the values of
parameters a and 71 can be accomplished through a control strategy designed to inhibit
both viral infection and production. These findings could be valuable in creating antiviral
therapies focused on preventing viral entry and replication.

e Conversely, the parameters f, 0, u, x1,x2, &1, &2, m1, mp, 71, and 7, have negative signs,
resulting in a negative impact on Ro. From Table 3, we find that a 10% increase (or
decrease) the values of 8,0, u, k1,k2, &1, &2, M1, m2, T1 and 72 decreases (or increases) Ry by
10%, 10%, 9.944%, 0.012%, 0.044%, 0.012%, 0.044%, 1%, 1%, 1%, and 1%, respectively.

4.4. Impact of non-specific CTLs and strain-specific CTL responses on the DENV dynamics.

This section examines how the stimulated rate constants of non-specific CTLs and strain-specific
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Ficure 3. Solutions of system (2.1)-(2.5) for different delays 71 and 7.
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TaBLE 3. Sensitivity index of Ry.

Parameter ‘ H(I;O H Parameter H§°

n 1 & —0.0012
a 1 & —0.0044
p 1 1% 0.0012
B -1 vy 0.0044
o -1 my —0.1000
U -0.9944 my —0.1000
K1 —-0.0012 T1 —0.1000
K2 —0.0044 Tp —0.1000

Forward sensitivity indices

noap P o pK ke& & v vammeT T

Parameters

Ficure 4. Sensitivity of R,.

CTLs, denoted as y1 and 5, affect the system dynamics outlined in model (2.1)-(2.5) . Toinvestigate

the impact of y; and y, on the model’s solutions, we will maintain the values of & = 1.72 x 10711,

and 7; = 0.1 for i = 1,2, constant while varying the parameter y; and y,. We will begin with the

following initial point:

IP-5:M(0) =4x10",E(0) =1,V(0) = 357, TN(0) = 60, T°(0) = 60,

where 0 € [-0.1,0]. Figure 5 shows that as the parameters y; and y; increase, the levels of unin-

fected monocytes remain unchanged. In contrast, the quantities of DENV-infected monocytes and

free DENV decrease. Therefore, these CTLs primarily contribute to controlling DENV infection.

Since Ry is not influenced by changes in 1 and y,, increasing these parameters does not lead to

reaching SSy. Thus, non-specific CTLs and strain-specific CTL cells cannot completely eliminate

DENYV infections, but they are effective in slowing down DENV progression.



Int. J. Anal. Appl. (2025), 23:88 29

7
g x10 ‘ : : 7000 ‘ : ;
—— 1 = 0.0004,7; = 0.0015 = 7, = 0.0008, ; — 0.0055 —— 1 = 0.0004, 7, = 0.0015 = ~, = 0.0008, ; — 0.0055
7.5 | =x=x 31 = 0.001, 7, = 0.0095 ==~ = 0.005,7, = 0.035 || 6000 LL=t"* 7= 0-001,7 = 0.0095 == 71 = 0005, = 0.035
T 5000 ]
6.5¢F 1
~ 4000 ¢ J
= 6 4 =
83|
= 3000 - 1
55¢ 1
sl 2000
4.5 ] 1000
4 ‘ : : 0
0 50 100 150 200 0 50 100 150 200
t t
(a) Uninfected monocytes (8) DENV-infected monocytes
6
15 210 : : : 700 : : :
—— 1 = 0.0004,7; — 0.0015 = 7, = 0.0008, 2 — 0.0055 —— 1 = 0.0004,7; = 0.0015 = ~, = 0.0008, 7 — 0.0055
wexs y1 = 0.001,7 = 0.0095 == ~; = 0.005, 7 = 0.035 600 L7211 = 0:001,75 = 0.0095 = 31 = 0.005,72 = 0.035
10+ 1
>
5 L 4
0 0 : : :
0 50 100 150 200 0 50 100 150 200
t t
(c) Free DENV (p) Non-specific CTLs
6
5 X 10 ‘ ‘ ‘

——11 = 0.0004,7, = 0.0015 =~ = 0.0008, 72 = 0.0055
wnnay; = 0.001,7; = 0.0095 == v = 0.005, 7 = 0.035

(0

0 50 100 150 200
t

(E) Strain-specific CTLs

Ficure 5. Impact of non-specific CTLs and strain-specific CTL responses on the
dynamics of the DENV model.
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5. CoNCLUSIONS AND DiIscussioN

This paper explored two DENV dynamics models that include both non-specific and strain-
specific CTLs. The models describe the interaction between five populations: uninfected mono-
cytes, infected monocytes, free DENV particles, non-specific CTLs, and strain-specific CTLs. Two
types of discrete/distributed delays were included into the models: Delay in the formation of
infected monocytes and delay in the maturation of newly released dengue virions.

The study established that the solutions for the proposed models remain non-negative and
bounded. Two steady states are identified: the uninfected steady state (SSp) and the infected
steady state (SS1), with the stability of these points being influenced by the basic reproduction
number, Rg. Using the Lyapunov method and LaSalle’s invariance principle, the global asymptotic

stability of both steady states is demonstrated. We proved that

(i) The uninfected steady state (SSp) always exists and is GAS when Ry < 1. This indicates
that DENV will be eradicated in this scenario.

(ii) The infected steady state exists and is GAS when Ry > 1. This represents that an individual
infected with DENV.

The theoretical results are verified through numerical simulations. Additionally, sensitivity
analysis is performed to examine the effect of various parameters on Ry based on available data.
The findings suggest that both the infection rate and viral production rate play a crucial role in
influencing the sensitivity of Ry, thereby shaping the dynamics of DENV. This understanding
may aid in the design of antiviral therapies targeting viral entry and replication.The study also
examines the role of CTL immune responses and the effect of time delays, leading to several key

conclusions:

e Increasing the delay period can help manage the progression of DENV in patients.

e Both non-specific and strain-specific CTLs play distinct roles in controlling DENV infection.
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