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Abstract. In this paper, the notions of cyclic coupled Wardowski’s F-contraction and generalized Ciric type mappings in
complete metric space are discussed. Some coupled cyclic F-contractions of generalized Ciric type mappings are defined,
and existence results for coupled fixed point, coupled coincidence point, strong coupled fixed point, and coupled best
proximity point are established in the framework of complete metric space. An existence result for a coupled fixed point
for generalized Ciric-type cyclic coupled F-contractive multivalued mapping is established. Further, an application of

our result with regard to the existence of a system of functional equations is discussed.

1. INTRODUCTION

The exploration of coupled fixed points constitutes a prominent avenue within metric fixed
point theory [1-3]. This branch of study originated in 1987 with the pioneering effors of Guo and
Laksmikantham [4]. Nevertheless, it garnered widespread recognition and interest through the
subsequent contributions of Bhaskar and Lakshmikantham [5]. They brought forth the concept
of mixed monotone property which was later extended to mixed /i-monotone property by Lak-
shmikantham and Ciric [6]. Following that, various extensions of theorems related to coupled
tixed points and coupled coincidence points were documented in diverse contexts. One may refer
the following papers [5] and the references therein. In the year 2003, Kirk et.al [7] introduced
the innovative concept of cyclic mapping, contributing a noteworthy addition to the field with
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their exploration and establishment of this novel idea. Blending it with the notion of coupled
fixed points, Choudhury and Maity [8] introduced the notion of coupled cyclic mappings and
established strong coupled fixed point results. Motivated by Choudhury and Maity, Udo-Utun [9]
define a cyclic Ciric operator and established strong coupled fixed point results. Henceforth, many
authors used the idea of coupling in different directions. Some of the works can be seen ( [10-12],
etc).

Wardowski [13] in 2012, brought forth a novel class of contraction called F-contraction and es-
tablished fixed point results for such contractions. Wardowski’s F-contraction was widely studied
extended in various set ups. Recently, in 2021, Ganvir et al. [14] defined cyclic fF-contraction and
established a result for strong coupled fixed point.

In this paper, motivated by Ganvir et al. [14], we have blended the cyclic ciric operator and
F-contraction to define some generalized cyclic Ciric type F-contractive mappings. We have also
established some existence results for coupled and strong coupled fixed points, best proximity
points and coupled coincidence points for such contractions in the framework of complete metric
space. An application of our result with regard to the existence of a system of functional equations
has also been discussed.

2. PRELIMINARIES

Next, we present some of the preliminary definitions.

Let F represents the family of all functions F : R™ — R satisfying the following conditions:
(F1) F is strictly increasing.
(F2) For each sequence (0,) of positive numbers, |)11_)r£10 0, = 0if and only if bh_)r?o F(oy) = —o0.
(F3) there exists k € (0, 1) such that bli_)r?o((Sb)kF((‘Sb) =0

Definition 2.1. [13] Let % : M4 — . be an operator defined on a metric space (A, p). Then, % is said

to an F-contraction if there exists a positive real number T such that for all {, A € 4,
p(%(6),%(A) >0 = tv+F(p(%t,%A) <F(p(¢,A)).

Definition 2.2. [8] Let o/ and O are two non-empty subsets of a set .4 . Then, a mapping U : M X M —
A is said to be cyclic mapping or coupling with reference to the sets o/ and O if

(1) Z (¢, L) e Owhente o and A € 0.

(2 (¢, A) e of whent e Oand A € .

Definition 2.3. [5] An element ({,A) € .# X 4 is called a coupled fixed point of the mapping % :
MM — MU =Cand U (A, L) = A If % (L, €) = ¢, then u is called strong coupled fixed
point.

Definition 2.4. [9] Let </ and O are two nonempty subsets of a metric space (A, p). Then, a mapping
U : M XM — M is said to be cyclic coupled Ciric type mapping with reference to the sets </ and O if U
is cyclic with reference to the sets </ and O such that for some k € (0,1/2), the following inequality holds:
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Forb,t € o anda,A € O, p(% (a,b), % (€, A)) < kM(a,l).
(s, €) = maxlp(a, £), Hp(a, % (a,)) + p(€, % (€, 1)), 1p(b, % (6, 1)), bp(€, % (a,b).

Definition 2.5. [14] Let </ and O be two nonempty subsets of a metric space (A, p). Then, a mapping
U . MX M — M is said to be cyclic F-contraction if

(1) Z(t,A)eOforallte of and A € O; U (A, L) € of forall € € of and € € U
(2) a positive real number T and a function F € F exists such that for all (¢,7), (a,b) € M4 X M,
p(%(a,b), % (€,A) >0 = 1+ F(p(%t,%A)) <F(p(b,A)).

3. COUPLED FIXED POINT RESULTS FOR SINGLE VALUED [-CONTRACTIONS OF CIRIC TYPE
In this section, we proceed to articulate the definition of some cyclic Ciric F-type contractions
and establish coupled fixed point results for single valued operators.
Definition 3.1. Let o7 and € be two nonempty closed subsets of a metric space (A, p) andlet Z = o/ U 0.
Let % : Z — Z be an operator. Then, % is said to be cyclic F-contraction of generalized Ciric type, if

(1) % is cyclic with respect to </ and O,

(2) a positive real number T and a function F € F exist such that for all £ € o/ and A €
o, p(Z(),%(A)) >0 = t+F(p(%t,%\)) < F(M((,A)), where M(¢,A) =
max{p((,A), p(A, %), p(£, 2% 0), 3p(, % A), 3p(A, % ).

Theorem 3.1. Let o7 and O be two nonempty and closed subsets of a complete metric space (., p). Let
Z=d V0. Let % : ZT — Z be a cyclic F-contraction of generalized Ciric type mapping. If % is
continuous, then % has a unique fixed point in &/ N 0.

Proof. Let {y € Z. Starting with £, define a sequence (¢,) such that ¢,,; = % ¢, for b € IN.

Now,

Flp(y1,6)) = F(p(% &, % 6,1))
<FM(6,61)) -7 3.1)

Therefore

1 1
My, 61) = max{p(by, ba), p(b, % 6), p(bya, W byr), 5l % 6ya), 5p(bor, Z )

= max{p(ty, ty-1), p(Ly, Chi1)}-

Now, if p(¢,, €,_1) < p(€y, €y11), then (3.1) gives

Flp(by41,6)) <F(p(by, 6h10)) = T
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which is a contradiction. So, p(¢,, €,_1) > p(€,, €y11)-
Therefore,

Flp(b11,6)) < F(p(by, 6y-1)) — 7
=Fp(% b1, %6, 2)) -7
<FM(by-1,62)) — 27
<F(p(&, €-1)) -7
<F(p(t1,6)) —bt (3.2)
So, as b — oo, we get

im F(p(y41,8)) = —00

h— oo

= bli_{go(P(fbH/fb)) = 0.

Let 6, = p(€y41,¢,). Also, by virtue of the properties of F, a real k € (0,1) exists such that
|)lim (6,)FF(5,) = 0. Thus, from (3.2), we have

“F(8y) < (8,)"F (80) —m(5,)"
8y) = (85)*F (80) < —mr(5))F.

Letting m tends to oo, the above gives lim m(3,)F = 0. Therefore, a natural number N exists in a

h— oo

manner that for all m > N, b(5,)* < 1.

That is, forb > N, o, < -+
b
Now, for n > b > N, we have

b

p(by, tn) < p(ly, Coin) + p(bosr, byra) + oo+ p(bu1, )
=0y +0psq + ... + 01

IA
3
N

| —

14 11 114

Il
<

IA
i

i 1

Since the series Y, ll converges, p(¢,,€,) — 0as m — oco. Thus, (¢,) is a cauchy sequence in a
i=b ik
complete subspace Z. Therefore, (¢,) converges to some g € Z. Moreover, the sequence (¢,) has

an infinitely many terms in each &/ and €. So, each &/ and ¢ have subsequences of (¢,) that
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converges to p. Hence, p € &/ N 0.
Now, using the continuity of %, ¢ = |)lim lyy1 = |)lim % t, = Hp. Thus, g is a fixed point of % .
To see uniqueness, let us assume that ¢ is another fixed point of % .

Then, F(p(¢,¢)) = F(p(% o, %<c)) <F(M(o,c)) -t <F(p(o,c)) -7,
which is a contradiction. Thus, % has a unique fixed pointin .o/ N &. m]

Now, we define cyclic coupled F-contractive mapping of generalized Ciric type and establish a

coupled fixed point theorem.

Definition 3.2. Let o/ and O are two non-empty closed subsets of a metric space (M ,p) and U
M XM — M be a mapping defined on .#. Then % is cyclic coupled F- contractive mapping of
generalized Ciric type, if

(1) Z(t,A)eOforallle of and A € O; U (A, L) € of forall £ € o and £ € 0.

(2) a positive real number T and a function F € ¥ exist such that for all {, A,a,b € 4,
p(%(a,b), % (€,A) >0 = t+F(p(%(a,b), % (L, 7)) <F(Mc(b 7)), where M:(b,A) =
max{p(b, 1), p(b, % (a,5)), p(A, % (€, A)), 1p(b, % (£, 1)), 3p(A, % (a, b))}

Theorem 3.2. Let o7 and € be two nonempty and closed subsets of a complete metric space (., p). Let
U : M XM — A beacyclic coupled F-contractive mapping of generalized Ciric type. If 7 is continuous,
then % has a unique strong coupled fixed point in o/ N 0.

Proof. Let £y € o and Ay € O such that €, = % (A, ¢,) and Ay = % (6, Ay).
Then, (¢,) € « and (A,) C 0.
Now,
F(p(&y, ty1)) = F(p(% (Ayo1, 621), % (A, Gy)))
<FIM(6y1,6)) - 7. (3.3)
Therefore
Mc(by-1,6,) = max{p(€,_1, ), p(Cy, % (Ay, &y)), p(Ey—1, % (Ap-1, €y-1)),

1 1

EP(fb,%(/\b—ufb—l)), Ep(fb—p%(/\b,é’b))}

= max{p(6,-1,€y), p(&y, 1)}

Now, if p(€,_1,¢,) < p(€y, €y 11), then (3.3) gives

Flp(by, 6y41)) < F(p(by, 6i1)) = 7,
which is a contradiction. So, p(€,_1,¢,) > p(€y, €y11)-

Therefore,

Flp(6 €41)) <Flp(by-1,6,)) — T
F(p(% (Ay-2, €y—2), % (Ap-1,€p-1))) — T

IA
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< F(Mc(fo,fl)) —mT
=F(p(ty, Apy1)) —mr (3.4)

So, as b — oo, we get

lim F(p(ly1,6,)) = —co

hb—oo

= bli_{g(P(fbH,fb)) =0

Let &, = p(by11,6)-
Also, by virtue of the properties of F, a real k € (0, 1) exists such that blim (8,)5F(8,) = 0.

Thus, from (3.4), we have

F(5,) <F(69) —mrt
8,) F(8y) < (8,)"F (60) — b (8,)"

== (8)°F(
== (8,)F(0y) = (8)"F (80) < =b7(8,)"
Letting b tends to oo, the above gives |jlim b(8,)F = 0. Therefore, a natural number N exists such
that for all b > N, b(5,)* < 1.
Thatis, forb > N, 6, < b%
k

Now, for n > b > N, we have

Py tn) < p(by, by1) + (i1, bor2) + oo+ p(lua, )

=0y +0psq + ... + 01

IA
T

IN
| —

14 11 114

Il

<
~.
i

1

Since the series Y ll converges, p(¢,,{,) = 0asb — oo. Thus, (¢, ) is a cauchy sequence. Therefore,
i=h ik
(¢,) converges to some g € <.

The same argument may be applied to obtain C € & such that blim Ay =C

Now,

F(p(6,Ay)) = F(p(% (Ap-1, €y-1), % (b-1, Ap-1)))
S FMc(by—q, Ap)) — T (3.5)
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Thus
M (b1, Ap—1) = max{p(ly1, Ay-1), p(€y-1, % (Ap-1,€5-1)), p(Apo1, X (Ey-1, Mp-1),
20, % 6yt A1), 3P (ot % (R, )
= max{p (€1, Ap-1), p(€-1, 6), p(Ap-1, Ap)}.
Here, three cases arise:
Case 1: Mc(€y—1, A1) = p(bh-1,6)-

Then, (3.5) gives
F(p(ty, Ab)) <F(p(by-1,6)) =T < ... <F(p(o, 1)) —mr
Thatis, F(p(g,C)) = —o0 as b — oo.
Case 20 Mc(€y—1, Ap—1) = p(Ap-1,Ap).
Then, (3.5) gives
F(p(ly, 1)) < F(p(Ay 1, 4)) = T < o < F(p(Ao,Ay)) =t
That s, F(p(g,C)) = —o0 as b — oo.
Case 3: Mc(6y-1,Ap-1) = p(€—1, Ap—1)-
Then,

F(p(&, Ay)) < F(p(ly-1,Ap-1)) = T
F(P(‘%(Ab_z, gb—Z)/ %(fb—Zl /\b—Z))) -1
FIMc(6y-2, Ap2)) — 2T

IA

it is easy to see that

Mc(by—2, Ay—z) = max{p(ty_p, Ay-2), p(€y—2, €h—1), P(Ap—2, Ap—1)}-

As seen in Case 1 and Case 2, p(€,_», €,_1) and p(A,_p, Ay_1) as maximums will eventually
give F(p(p,C)) = —0 asb — oo.

While p(€,_5, A,_p) as maximum will give

F(p(€,, Ay)) <F(p(€y_p, Ap_2)) =27 < F(Mc(€,_3, Ay_3)) — 37 continuing the above argument
repeatedly, we will eventually get bh_)r?O F(p(p,C)) = —oo.

Thus, in all the cases

lim F(p(g,C)) = —o0

-
= lim p(g,C) =0
= p=2C.
So, &/ N O + 0. Now,
F(p(&y, % (€y-1, Ap1)) = F(o(% (Ap-1, Co-1), % (by-1, Ap-1))
<FMc(by-1,Ap-1)) — 7
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— —c0as b — o

That is, % being continuous, letting b tends to oo, we get

lim F(p(e, % (¢,C)) = —o.

This gives, p(g, % (p,C) = 0.

Thus, o = % (0,0) = 0= % (p,0) as o = C. Hence, g is a strong coupled fixed pointin .7 N O.
To see uniqueness, let us assume that ¢ is another strong coupled fixed point of % .

Then, F(p(e,¢)) = F(p(%(0,0), % (c,c))) <F(Mc(g,¢)) -t <F(p(o,¢)) — 7,
leading to a contradiction. Hence, % has a unique strong coupled fixed point in &# N . m]

Now, we define the generalized ciric type cyclic fi-coupled F-contraction mapping.

Definition 3.3. Let </ and & be two nonempty subsets of a metric space (M ,p). Leth: .# — M bea
mapping. Then, the mapping U : M X H — A is considered to be generalized ciric type cyclic h-coupled
F-contraction mapping, if

(1) Z(t,A)en(O) forallt e of and A € O; U (A, L) e h() forall € € o and € € O;

(2) a positive real number T and a function F € ¥ exist such that for all {, A,a,b € 4,
o(%(a,b),%(¢,A) >0 = 1+F(p(%(ab),%(A))) < F(Mc(hb,hA)), where
Mee(b, A) = max{p (b, hA), p(hb, % (a,b)), p(hA, % (L, 1)), 3p(hb, % (€, M), 3p(RA, % (a,]))}.

Theorem 3.3. Let o7 and €' be two nonempty and closed subsets of a complete metric space (.#, p). Let
h: . # — M bea continuous, sequentially convergent mapping such that o/ and O are invariant under
h.Let % : M X M — M bea generalized ciric type cyclic h-coupled F-contraction mapping. If % is
continuous, then o/ N O # O and % , h have a coupled coincidence point in o/ N 0.

Proof. Let{y € o/ and Ay € O such that i€, .1 = % (A, €,) and hidy 1 = % (€, Ay).
Then, (i¢,) C o and (hiA,) C 0.

Now,

F(p(hty, ily 1)) = F(p(% (My-1, 61), % (A1, 6y)))
< F(Mc(hty_q1,0E,)) — T (3.6)

Therefore
Mec(hty_1, 1t,) = max{p(hty_1,1ty), p(hty, % (Ay, &y)), p(ly—1, % (Ay-1, €y-1)),

1 1
S Pl U (Ay1,61)), 5 p (b1, % (M, 6)))
= max{p(it,_q1, 1L,), p(hty, 1, 1))

Now, if p(it,_1,16,) < p(hy, ity 1), then (3.6) gives
F(p(hty, 1)) < F(p(hty, Bty 1)) — 1, leading to a contradiction.
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So, p(Aty—1,1ity) > p(hly, 1l q).
Therefore,

= F(p(hy, ht1)) = b. (3.7)
So,as b — oo, we get
lim F(p(flh 1, 1)) = —oo
— lim ({641, 6,)) = 0.
Let 0, = p(hly, 1, 1t)).
Also, by virtue of the properties of F, a real k € (0, 1) exists such that bl:rzlo (6,)5F (8,) = 0.
Thus, from (3.7), we have
F(6y) < F(60) —bt
8,)F(8y) < () F (80) = b7 ()"

== (0)"F(
= (8)"F(5y) = (8,)"F (80) < ~bz(8y)".
Letting m tends to oo, the above gives blim b(5,)* = 0. Therefore, a natural number N exists such
that for allb > N, b(8,)F < 1.
That is, for b > N, o, < -+
bk
Now, for n > b > N, we have
p(hty, hty) < p(hly, 1y 11) + p(Rly i1, 1l 12) + .. + p(Rbya, 1ily)
= 6b —+ 6b+1 4+ ..+ 0,1

IA
2
AN

D 1D

I
<

IA

IA
| —

I

<
~.
i

1

Since the series } ", L converges, p(hity, ht,) — 0as b — co. Thus, (h¢}) is a cauchy sequence. So,
i

(ht,) is convergent v»;hich, in turn, implies that (¢,) is convergent as 7 is sequentially convergent.

Let (¢,) converges to some p in «7. Then, i being continuous, (%¢,) converges to fip in <.

Similarly, the same argument may be applied to obtain C € ¢ such that blim Ay = Cand lim 7}, =

h— oo
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hC. Now,
Fp(ity, hAy)) = F(p(% (Ay-1, bo—1), % (by-1, Ap-1)))
< FMee(by-1, Ap-1)) — 7 (3.8)
Now,
Mee(hl,_q, 1Ay, ) = max{p(hl,_q1, hry,_q), p(hly_q, 1Ly), p(BA,_1, BiAy)}.

So, three cases arise:

Case 1: M (ht,_1,hiA,_1) = p(h,_q,hEy).
Then, (3.8) gives
F(p(nt,, hAy)) <F(p(hty_1,ht,)) — T < ... <F(p(hty, ht1)) —br.
That s, F(p(hg, hC)) = —c0 asb — oo.

Case 2: Mcc(hfb—lrh/\b—l) = p(h/\b_l,h)\b).
Then, (3.8) gives
F(p(hfb,h/\b)) < F(p(h/\b_1,h/\b)) -7<..< F(p(hﬂo,h/\l)) - br.
That is, F(p(hg, hC)) — —o0 as b — oo.

Case 3: M (ht,_1,hA,_1) = p(hly_1, hAy_q).
Then,
F(p(hty, nAy)) < F(p(Rby—1,1iAyq)) — T
=F(p(% (Ap-2, Cy—2), % (b2, Ay2))) — 7
< F(Me(hby_p, By _5)) — 2.
It is easy to see that
Mec(ly 5, 1A, ») = max{p(iby o, fidy3), p(Rly_p, 1, 1), p(AAy 5, AA, 1)}
As seen in Case 1 and Case 2, p(hil,_», i, 1) and p(hiA,_p, iid, 1) as maximums will even-
tually give
F(p(ho,hl)) — —co as b — co.
While p(fi€,_,, idy_5) as maximum will give
F(p(nty, hdy)) < F(p(hly—p, idy—)) — 2T < F(Mee(Rily3, 1Ay 3)) — 3.
Continuing the above argument repeatedly, we will eventually get
lim F(p(ho,hC)) = —co.

Thus, in all the cases
lim F(p(hg, hC)) = —o
= blim p(ho,hC) =0

= hp = hC.
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So, & N O + (. Now,

Fp(ity, % (b1, My—1)) = F(p(% (Ap-1, Co-1), % (€y-1, Ap-1)))
<SF(Mee(by—1, Ap1)) — 7T

— —0c0 as b — oo.

That is,  being continuous, letting m tends to oo, we get

lim F(p(ho, % (0,C)) = —oo.

This gives, p(fho, % (0,C) = 0.

Thus, ho = % (p, Q).

Similarly, we can get il = % (C, 0). Thus, (g, C) is a coupled coincidence point of i and% . O

Theorem 3.4. In addition to hypothesis in Theorem 3.3, it is further postulated that the mapping h is

injective. Then, % , h have a unique strong coupled coincidence point.

Proof. As we have seen that fip = 1. This implies ¢ = (, i being injective. Hence, fip = % (o, 0)-
To see uniqueness, we may consider ¢ to be another strong coupled coincidence point of % and #.
Then, F(p(ho, iic)) = F(p(% (0,0), % (c,<))) < F(Mec(hio, hic)) — T < F(p(hg,hc)) — 7,

which is a contradiction as T > 0. Thus, %, it have a unique strong coupled coincidence point. O

4. COUPLED BEST PROXIMITY RESULT FOR GENERALIZED CIRIC TYPE CYCLIC COUPLED F-CONTRACTIVE

MAPPING

In the subsequent steps of our discourse, we will proceed to articulate and define a mapping
of the cyclic coupled F-contractive type, thereby laying the foundation for the establishment of a
consequential coupled best proximity result. It is noteworthy to mention that the inception of the
concept concerning coupled best proximity can be attributed to the scholarly work presented by

Sintunavarat and Kumam [15] in 2012.

Definition 4.1. [15] Let <7 and O be two nonempty subsets of a metric space (., p) and let T = o/ U 0.
An element (€,1) € o/ X O is called a coupled best proximity point of the mapping % : TxZ — Zif
p(t,% (L, A) =p(,0) =p(A, % (A, L)), where p(of, 0) = inflp(¢,A)|€ € o, A € O).

Definition 4.2. Let </ and O are two non-empty subsets of a metric space (.#,p). Then, the mapping
U : MX M — M is said to be generalized Ciric type cyclic coupled F-contractive mapping, if
(1) (A xXO)C Oand U (Ox ) C A,
(2) a positive real number T and a function F € F exists such that for all {, A,a,b € 4,
o(% (a,b),% (¢,A) —p(,0) > 0 = 1t+F(p(#ab),%(\)-p(,0)) <
FIMc(b, 1) - p(,6)),
where Mc(b, ) = max{p(b, ), p(b, % (a,b)), p(A, % (¢, ), 3p(b, % (£, 1)), 3p(A, % (a,b))}.
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In 2009, Suzuki et al. [16] introduced property UC as follows:

Definition 4.3. [16] Let o/ and O be two nonempty subsets of a metric space (4, p). Then, (o, 0) is
considered to satisfy property UC in the condition that the following holds:
if (€y),(z,) are sequences in o7 and sequence (Ay) in O such that |)11_)1{)10 p(ty, Ay) =p(,0), bh—{?o p(zp, Ay) =
p(e,0), then &Lr?o p(6,zy) = 0.

To establish our result in this section, we will use the following lemma which was proved by
Neammanee et al. [17], in 2011.

Lemma 4.1. [17] Let <7, 0 be a pair of nonempty subsets of a metric space (A, p) satisfying property
UC. Let (¢,) be a sequence in <7 If there exists a sequence (Ay,) in & such that p(€,, A,) — p(<Z, O) and
p(tyi1,Ay) = p(e, O), then (£,) is a cauchy sequence.

Now, we present our result.

Theorem 4.1. Let &/ and O be two nonempty, closed and bounded subsets of a complete metric space
(A, p) the pair (o7, O) satisfies property UC. Let % : M X M — M be a generalized Ciric type cyclic

coupled F-contractive mapping. If % is continuous, then % has a coupled best proximity point.

Proof. Let{y € o and Ay € O such that €, 1 = % (A}, €,) and Ay = % (6, Ay).
Then, (¢,) C & and (A}) C 0.
Now,
F(p(ly, Ci1) — p(, 0)) = F(p(% (Ap-1, Cy-1), % (M, &) — p(, 0))
SFMc(by-1,6) —p(, 0)) — . (4.1)
Therefore
Me(by-1, 6y) = max{p(by-1,6,), p(by, % (Ap, 6y)), p (o1, X (Ap-1, by-1)),
1 1
7P % (M1, 61)), 5 p(bor, % (M, 6)))
= max{p(ly-1, &), p(by, 1)}
Now, if p(€,_1,€,) < p(€y, €y41), then (4.1) gives
Flp(ty, tyi1) —p(e,0)) <F(p(y, tyy1) — p(<Z, 0)) —1,leading to a contradiction. So, p(¢,_1,¢,) >
Pl Cyi1)-
Therefore,
F(p(ly, 41) = p(, 0)) S F(p(bya, b)) = p(#, 0)) =7
F(p(% (Ay-2, b-2), % (Ap-1,6p-1)) —p(, O0)) =7

IA

IA

F(M:(€o, 61) —p(e,0)) = bt
F(p(€y, Apy1) —p(, 0)) —br.
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So,as b — oo, we get
lim F(p(6y41,6) = p(e7, 0)) = —o0

Similarly, it can be shown that
lim F(p(Ay 11, 4) = p(7, 0)) = —co.

Now,

F(p(6, Ay) = p(, 0)) = F(p(% (Ap-1, 1), % (by-1, Ap-1)) = p(, O))
SFMe(by-1, Ap-1) —p(, 0)) = 1 (4.2)

Therefore
Mc(by—1, Ap—1) = maX{P(fb—lz/\b—l)rP(fb—lf%(/\b—lffb—l))rP(Ab—lf%(gb—lfAb—l))/

1 1
EP(fb—p U (ty-1, Ap-1)), EP(/\b—lz%()\b—lff’b—ﬁ)}
= max{p(€,-1, Ap-1), p(-1, &), p(Ap-1, M)}

Here, three cases arise:

Case 1. Mc(€y—1, A1) = p(bh-1,6)-
Then, (4.2) gives
Flp(6, Ay) = p(, 0)) <F(p(byr, b)) p(#, 0)) =T < ... <F(p(bo, &1)) —br.
Thatis, F(p(&,, Ay) —p(,0)) = —c0 as b — oo.

Case 2. MC([b—ll /\b—l) = p()\b—lr /\b)
Then, (4.2) gives
F(plty 1) = p(4, 6)) < F(p(Ay 1, 44) = p(, 6)) =1 < . < F(plAo, M1) = ple, 6)) = br.
Thatis, F(p (&, Ay) — p(&Z, 0)) = —c0 as b — co.

Case 3. Mc(€y-1, Ap—1) = p(bh-1, Ap-1)-
Then,
Fp(€y, Ay) —p(,0)) <F(p(by1,Ap1) —p(,0)) =1
F(p(% (Ay—2,€y—2), % (b2, My—2)) —p(, 0)) — 7
F(M(€y-2, Ap—2) — p(, 0)) - 2.

IA

Here, it is easy to see that
Mc(by—2, Ay—z) = max{p(€y—2, Ap—2), p(Eh-2, €p-1), P(Ap—2, Ap—1)}-
So, asseenin Case 1 and Case 2, p({,_,, €,_1) and p(Ay_5, A,_1) as maximums will eventually

give
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lim F(p(t, Ay~ ple/, 7)) = e
While p(€,_5, A,_p) as maximum will give
Flp(6, Ay) = p(, 0)) < F(p(bh2, Myp) = p(, 0)) = 21
< F(Mc(by-3, Ay-3) —p(, 0)) = 3t

Continuing the above argument repeatedly, we will eventually get
lim F(p(6,,13) = p(/, 7)) = —co.

Thus, in all the cases, we have

lim F(p(, Ay) = p(/, 0)) = o9
— 1im (p(6, Ay) ~ p(/, 0)) =0
= lim p(6, 4) = p(«, 0)
Using similar arguments, it can be proved that bh_}rg p(lyi1,Ay) = p(7,0). Thus, using Lemma

(4.1), (¢,) is a cauchy sequence in &7 as (<7, 0) satisfies property UC. Hence, there exists some
0 € &/ such that blirn t, = o, as </ is closed.

Similarly, the same argument may be applied to obtain C € & such that blim Ay =C.

Now,

Flp(by, % (b, Ay) = p(, O)) = F(p(% (My-1, 61), % (6, 1)) = p(, O))
SFMe(by-1, 4p) = p(,0)) =1

— —00 as b — 0.
So, as b — oo, using continuity of %, we get
lim F(p(o, % (0,C) — p(/, 0)) = —o0
= lim (p(o, % (0,C) —p(#,0)) = 0
=p(0,%(0,0)) = p(,0).

Similarly we can get p(C, % (C,0)) = p(«7,C) Thus, (g, () is a coupled best proximity point of
. m|
5. COUPLED FIXED POINT FOR GENERALIZED CIRIC TYPE CYCLIC COUPLED F-CONTRACTIVE MULTIVALUED

MAPPING

Let (#,p) be a metric space. Let P(.#) denotes the set of all non empty subsets of .Z and
CB(.#') denotes the set of all non empty closed and bounded subsets in .#. Then, Hausdorff
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metric induced by d, ¥ : CB(.#) X CB(.#') — R, is defined by
Y (<o, 0) = max{sup D(¢, 0),sup D(A, &)},
ted/ Aed
where o/, 0 € CB(.#) and D({,0) = inf{p({,A)|A € O}. In 1969, Nadler [18] used this concept
of Hausdorff metric and put forth the notion of multivalued contraction. A mapping % : .# —
CB(.) is a multivalued contraction if there exists L € [0,1) such that

Y(%C, %A) <Lp({,A), forallt, A e #.

Here, we present the following multivalued contraction mapping which is in fact a blend of

F-contraction, cyclic ciric type contraction in multivalued version.

Definition 5.1. Let <7 and O be two nonempty subsets of a metric space (M ,p) and W = o/ U 0.
Then, the mapping % : W X W — P(‘W) is said to be generalized Ciric type cyclic coupled F-contractive
multivalued mapping, if
(1) % (I xO)cOand U (OX ) Cd;
(2) there exists F € ¥ with F(a+b) < F(a) 4+ F(b) and a positive real number t such that for all
¢, A a,beW,
Y(% (L, A),%(a,b) >0 = t+F(¥(%(a,b),%((,N))) <F(My(bt)),
where, My (b, \) = max{p(b, 1), D(b, % (a,b)), D(A, % (£, 1)), 3D(b, % (£, 1)), $D(A, % (a,b)))}.

Definition 5.2. Let (.#, p) be a metric space. Then, a subset < of .# is called proximinal if for any
y € M, there exists uine/ such that p(y,£) = D(y, &).

Denote Ppox(.#) = {«/ € P(.#)| o is proximinal}.

Theorem 5.1. Let o/ and O be two non-empty, closed and bounded subsets of a complete metric space
(A, p). Let U : W X W — Pprox (W) be a Generalized Ciric type cyclic coupled F-contractive Multival-
ued mapping. If % is continuous, in that case, % has a coupled fixed point.

Proof. Let{y € o/ and Ag € 0.

This implies that there exists some ¢1 € % (Ao, {o) € < and Ay € % (£, Ap) C O such that
p(f(),fl) = D(fo,%(/\o,fo)) and p(/\o, /\1) = D(Ao,%(f@,ﬂo)).

Again, existence of £; and A; implies the existence of % (Ay, £1) and % ({1, A1) in Ppox (‘W).
This further implies the existence of some ¢, € % (A1,61) C o/, Ay € U (61,M1) C O,

and p(fl,fz) = D(fl,@/()\l,fl)), p(Al,h/\z) = D(Al,%(fl,Al)).

Thus, continuing this process, we get sequences (¢,) and (A,) in &/ and O, respectively such that
b1 € U (A, 6), Myy1 € % (G, Ny),

and

p(by, Ch1) = Dby, % (M, 65)), p(Ap, Apr1) = D(Ay, % (65, Ap)).

Now, take ¢, ¢ % (Ay, ¢)).
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Then, E(fb,%(/\b,fb)) > 0.

So,
Flp(6y, ty1)) = F(D (G, % (M, 6y)))
SF(Y (% (Apr, bo—1), % (M, 6)))
S FMye(by-1,6)) — 7. (5.1)
We have

Mye(by1, 6,) = max{p(€y—1,6,), (&, % (Ay, €y)), D(Epr, % (Ap—1,Er-1) ),
1 1
Eb(fb,%(/\b-llfb-ﬁ), ED(fb—ll%(Absz»}
- maX{P(Zb—llfb)/ P(gb/ £b+1)}~

Now, if p(€,_1,¢,) < p(€y, €y 11), then (5.1) gives
F(p(¢, €11)) <F(p(€,€11)) — 7, which is a contradiction. So, p(€,_1,¢,) > p(€y, €pi1)-

Therefore,

F(p(6, ty11)) <F

(
(Y (% (No—2y b2), U (A1, 6h-1))) = 7
(

<F

< F(Mye(€y—p, €5-1)) =21

<.

=F(p(to, t1)) = br. (5.2)

So,as b — oo, we get

Lim F(p(&y,6y11)) = =00

b— oo

— 1im (p(6 611)) = 0.

Let 6, = p(b, by11)-
Also, by virtue of the properties of F, a real k € (0, 1) exists such that blim (6,)5F (8,) = 0.

Thus, from (5.2), we have

KF(8y) < (6,)F (80) — bT(8,)*
8y) = (8,)*F (80) < =bT(8)".

Letting b tends to oo, the above gives blim m(8,)F = 0. Therefore, a natural number N exists such
—00

that for all b > N, b(&,)F < 1.
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Thatis, forb > N, 8, < -+
b
Now, for n > b > N, we have
p(lo, tn) < p(by, o) + P11, boi2) + oo+ p(Cn1, Cn)

= 6|, + 6b+1 4+ ..+ 041

IA
2
AR

IA
| —

14 11 114

Il
<
i

i 1

Since the series )" L converges, p({,,{y,) — 0 asb — co. Thus, (£,) is a cauchy sequence.
%

Therefore, () converlges to some g € o7, o/ being closed.
Similarly, the same argument may be applied to obtain C € &' such that blim Ay = C.

—00

Now,

F(D(byg1, % (6, Ay)) <

IA

Fp(€yi1,6) + p(by, Ap) + D(Ay, % (6, M)

F(p(641,6)) +F(p(€y, A)) +F(p(Ap, Apya))
F(®(b, % (M, 6))) + F(p(6, Ay)) + F(p(Ap, Apia))

FOY(% (Ap-1,61), % (M, 65))) +F(p(65, Ab)) +F(p(Ap, A1)
F(Mye(bo-1,6)) +F(p(6, Ap)) +F(p(Ay, Apya)) — 7

INIA

IA

<F(p(lo, &) +Fp(ly, Ap)) +F(p(Ap, Ap11)) —br.
So, as b — oo, using continuity of %, we get
lim F(D(o, % (0,0)) = —o0
= lim (D(g, % (0,0)) =0

=o€ % (p0).

Similarly, we can get C € % (C, o) Which prooves, (g, C) is a coupled fixed point of % . O

6. APPLICATION

The theory of Fixed point finds wide applications in the field of mathematical optimization
where in dynamic programming turns out to be notably useful tool. Moreover, Finding solutions
to system of functional equations often appears while studying dynamic programming problems.

Here, in this section, our focus centers on examining the existence of a bounded solution for a
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given system of functional equations-a crucuial facet that holds prominence in the realm of papers
dedicated to dynamic programming problem [19].
Consider the following system of functional equations:

a(k) = SS£[®(K'S) +Y¥(x,s,a(n(x,s)),b(n(x,s)))], te W

b(x) = SBZI:))[@(K,S) +Y¥(x,s,b(n(x,s)),a(n(x,s)))], teW,

where W is a state space, D is a decision space, n : WXD - W, 0 : WxD — R and
Y: WXDXRXR - R.

Let the set of all bounded real valued functions defined on W is denoted by 8(‘W) and for any
a € B(W), llall = sup,.qy la(x)l.

Clearly, B(‘W) endowed with sup metric,

p(a,b) = sup,.qy la(x) = b(x)|, for all a,b € B(W), is complete.

Let o7 and ¢ be nonempty closed subsets of B(‘W) such that .# = &/ U &. Define a mapping
U MXM— M Dby

% (a,b)(x) = sgg[@(K,s) + ¥ (i s,a(n(x,s)),b(n(x,s)))] (62)

6.1)

forallte Wanda,be #.

Also, let M.(b,A) = max{p(b,A),p(b, % (a,b)),p(A, % (€, 1)), 3p(b, % (£, 1)), 1p(A, % (a,]b))).
Theorem 6.1. Let % : M X # — H defined by (6.2) be a continuous mapping such that the following
holds:

DO WXD->Rand¥ : WX DXRXR — R are continuous and bounded.
(2) there exists T > 0 such that [¥(x,s,a,b) —¥(x,s,{,A)| < e"M.(b,A) for all a,b,t, A € A,
k€ Wands e D.

Then, the system (6.1) has a unique bounded solution in o/ N 0.
Proof. For any b(k) € o and a(x) € O, the system (6.1) implies

U (a,b)(x) = ilelg[(@(K,S) +¥(x,s,a(n(x,s)),b(n(x,s)))] ds
—a(x) € O
and % (b,a)(x) = igj};[@(K,S) + ¥ (x,s,b(n(x,s)),a(n(x,s)))] ds
—b(x) € .

Now, consider any arbitrary A > 0,t € ‘W and a,b,{, A € .Z, then there exists 51,5, € D such that

Z(@,b)(x) < ©(k,51) + ¥ (k,51,a(n(x, 1)), bln(x,51))) + 63)
U (L A) (k) <O(k,s2) + (x5, 0(n(x,52)), A(n(k,s2))) + (6.4)
U (a,b)(x) 2 0O(x,s2) + ¥(x,s2,a(n(x,s2)),b(n(k,s2))) (6.5)
UL, A)(x) 20(x,s1) +Y(x,51,6(n(K,51)), A(n(x,s1)))- (6.6)
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So, using (6.3) and (6.6),

U (a,) (k) =% (€, M) (x) < ¥ (x,51,a(n(x,51)),b(n(k,51))) =¥ (K, 51, E(n(K,51)), A(n(K,51))) + A
< ¥ (x,s1,a(n(x,51)), b(n(x,51))) =¥ (x,51, £(n(x,51)), A(n(x,51)))| + A
<eM.(b,A) + A

Thatis, % (a,b)(x) — % (€, A)(x) < e "M(b,A) + A.

Similarly, using (6.4) and (6.5), we get

U, A) (k) =% (a,b)(k) <e"M(b,A) + A.

Thus, |% (a,b) (k) =% (€, A) (k)| < e7"Mc(b,A) + A.

Since A is arbitrary,

(% (a,b)(x) =% (L, A)(x)) <eT"Mc(b, 7).

Now, taking natural logarithm on both side, we get

In(p(% (a,b) —% (¢, 1)) <In(e”"Mc(b,A)).

Thatis, In(p(% (a,b) — % (¢, 1)) < In(M.(b,A)) — 7.

Thus, the mapping % is a cyclic coupled F-contractive mapping of generalized Ciric type with
F(6) = Ino. As the necessary conditions of Theorem 3.1 are all being fulfilled. So, % has a strong
coupled fixed point, say g, in &/ N 0.

Thatis, % (0, 0) = 0.

Hence, (o, ) is the unique solution of the given system of functional equations (6.1). m]

7. CONCLUSION

Cyclic coupled F-contractive mappings of generalized Ciric type have been defined and results
for existence of strong coupled fixed point coupled coincidence point, coupled best proximity
points have been established and proved. A Generalized Ciric type cyclic coupled F-contractive
Multivalued mapping was also defined and an existence result for coupled fixed point has been
established. We have also explored the application of our result concerning the existence of solution

of a system of functional equations.
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