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Abstract. This study presents a novel quadratic functional equation. The primary objective of this study is to examine
the stability of a quadratic functional equation associated with homomorphisms and derivations (briefly, hom-der) in
non-Archimedean Banach algebras through direct and fixed point methodologies. Furthermore, we offer examples
wherein the stability of this quadratic functional equation can be regulated by the summation and multiplication of

powers of norms.

1. INTRODUCTION AND PRELIMINARIES

The theory of functional equations involves identifying functions that fulfil a specified equation.

A functional equation resembles a standard algebraic equation; however, rather than seeking
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unknown elements within a set, the focus is on identifying a function that fulfils the equation’s
requirements.

The concept of functional equations raises a crucial question: Does a function that roughly
tulfills a functional equation have to be near to the problem’s exact solutions? If the equation has
a unique solution, it is deemed stable.Ulam [31] developed a stability problem for the Cauchy
functional equation, ¢(x1 + x2) = ¢(x1) + ¢(x2), as follows:

Consider a group (A, *), a metric group (A’, ) equipped with d, and a function¢p : A - A’. Is
there a 6 > 0 such that

d(p(x1%x2),p(x1) - P(x2)) <6

holds for every x1,x, € A? If such a mapping ¢ exists, can we find a homomorphism g: A — A’

tulfilling
d(p(x1),8(x1)) <e

for every x; € A?

In 1941, Hyers [11] offered a favorable resolution to the issue. Aoki [1] subsequently expanded
Hyers’ findings to additive mappings, while Rassias [24] further generalized this for linear map-
pings by examining stability in the context of unbounded Cauchy differences. In 1994, Gavruta [10]
expanded Rassias’ theory by substituting the constraint e(||x1||b + |lxa|lf ) with a more adaptable
general control function ¢(x1,x;). Furthermore, Rassias [23] proposed a less stringent condition
that incorporates a mixture of powers of norms, thereby further generalizing the Hyers stability
theorem.

In the domain of functional equation stability, the quadratic functional equation is expressed as

follows:

O(x1+x2) + d(x1 —x2) =20 (x1) + 2 (x2), (1.1)

represents the most renowned functional equation. The function ¢(x1) = x7 fulfills the functional
equation (1.1). Arunkumar [2], Bae and Jun [5], Czerwik [6], Hyers [13,14], Chang and Kim [15], P1.
Kannappan [16], Kim [17] and Tamilvanan [29] have investigated the stability problem of several
quadratic functional equations in extensive detail, and there have been a number of interesting
results on this problem.

Eshaghi and Khodaei [8] recently introduced the quadratic functional equation and investigated
the Ulam stability in Banach spaces. The homomorphism and derivations of non-Archimedean al-
gebras were studied by Eshaghi Gordji in [9] and numerous functional equations were investigated
by Semrl [26] regarding this problem. The authors established the Hyers-Ulam stability of hom-
derivations in complex Banach algebras that are related to an additive functional equation in the
paper referred to as [18]. Similar to the previous example, the notion of hyper homomorphisms
and hyper derivations in Banach algebras was presented in [25]. Additionally, the stability of
these structures was established for three-additive functional equations. The quadratic functional

equations are studied further in [7,19-22].
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The purpose of this study is to present a novel quadratic functional equation, which is denoted

as

¢ (ut +vs) + Pts —ou) = [¢(v) + O (1)][P(u) + ¢(s)], (12)
and to derive its universal solution. The major objective is to investigate the stability of this qua-
dratic functional equation within the framework of homomorphisms and derivations performed
within non-Archimedean Banach algebras. This will be accomplished through the use of both
direct and fixed-point approaches. In addition, applications are described in which the stabil-
ity of the equation is determined by ways in which sums and products of powers of norms are
combined. The reader can get more details about notions of non-Archimedean Banach algebras
from [27,28,30].

Ring homomorphism stability was introduced by Badora [3] in two unital Banach algebras. The
stability results for operator algebras derivations was made for the first time by Semrl [26]. The
stability of the equation ¢(x1x2) = x1¢(x2) + ¢ (x1)2, where ¢ is a function on a unitary normed
algebra A, was demonstrated by Badora in [4].

Definition 1.1. [2]

Consider two algebras, A1, Ay. If ¢ is a quadratic mapping that fulfills p(x1x2) = ¢(x2)P(x1) for every
X1, X2 € Ay, then the function ¢ : Ay — Ay is referred to as a quadratic homomorphism.

For example, if Ay is commutative, then ¢ (x1) = x3(x1 € Ay), which defines the function ¢ : Ay — A,
is a quadratic homomorphism.
Definition 1.2. [2]

If ¢ : A1 — Az is a quadratic mapping that fulfills ¢ (x1x2) = %2 (x2) + P (x1)x3 for every x1,x; € Ay,
then ¢ is referred to as a quadratic derivation.

Quadratic derivations and ring derivations are distinct from one another.

To simplify notation, we adopt the following abbreviation for a mapping ¢ : M — N:

Fo(s, t,u,0) = [§(0) + @()][p(u) + ¢(s)] — [p(sv + tu) + Pp(st —uv)],
foralls,t,u,v e M.
In the following sections, let us consider M to be a Banach module with norm || - ||, and N to be

a non-Archimedean Banach module with norm || - ||.

2. Urawm StasiLity oF (1.2): DIRECT APPROACH

Theorem 2.1. Let a function 9 : M* — [0, 00) such that the series
9 (2%, 2%,2%u,2%)

Z 220

=0

converges in R and

9 (2Cs, 20t 2y, 2%)
lim < 00,
(>0 22C
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forevery s, t,u,v € M and a function ¢ : M — N such that
IFo (s, t,u,v) || <9 (s, t,u,v), (2.1)

for every s, t,u,v € M, and
llp (st) —p(s)p (t) 11 <9(s,t0,0), (2.2)
for every s, t € M. Then there is only one quadratic homomorphism Hy : M — N fulfilling (1.2) and

129«ﬁfﬁ%ﬁfﬁ%ﬁfﬁ%ﬁfﬁ)

16 (5) =i ()11 < 5 ) zzp , 23)
p=0
for all s € M. The mapping Hy(s) is defined by
9(2%)
H1 (S) = Cll_l)’lc;lo T,
foralls € M.
Proof. Replacing (s,t,u,v) by (Vs, Vs, Vs, ¥/s) in (2.1) and dividing by 22, gives
(25) 1
]95——¢@>s5¢wvav;v;va, 24
for every s € M. Setting s = 2s in (2.4) and dividing by 22, we get
9(2%) o)) _ 1
2O < L5 (Vs VB, Vs VB,
for every s € M. In general, for any integer C > 0, we obtain
¢ (25%) 181
e - (s)] < 2 ﬁS( V2Ps, \V2Ps, \V2Ps, VZPS)
p=0
< 212 Z—ips (V2rs, V2rs, V2rs, V2rs), (2.5)
p=0

¢
for all s € M. To show that the sequence { (P(;CS) } is convergent, replace s by 27s in (2.5) and divide

by 2%, for any g, > 0, we get

(P(ZC-WS) B ¢ (qu) B i (]5(26—&-115) oo
22(C+4) 229 T oy 720 ¢ (27s
-1
1 1
< ) Z(‘) 22(q+p)8(\/2q Ps, \/2ﬂ Ps, \/26/ Ps, \/Zq ps)
p:
1w 1
-~y — + + + +
< ) ZO 217) 9(\/2‘7 Ps, \/2‘7 Ps, \/2q Ps, \/21] ps)
p:

— 0 asg— oo,
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¢(2%)

P

for all s € M. Thus, the sequence { } is a Cauchy sequence. By the result N is complete, there

exists a function H; : M — N such that

2¢
) = im ¢ ;Cs),

for all s € M. We obtain (2.3) by taking the limit as { — oo in (2.5). Now, we prove that H; fulfills
(1.2). Replacing (s, t,u,v) by (2°s,2,2%,250) and dividing by 2%¢ in (2.1), we get

(2Cs, 2%,2%u,2)
22¢ ’

1 Cg Cs 2ly 9
o [Fo (255,25, 2%, 2%) | <

for all 5,t,u,v € M. Taking the limit as C — oo in the above inequalities, we get H; = 0. Thus,
Hj fulfills the equation (1.2) for every s,t,u,v € M. This proves that the function H; is quadratic.
Then,

1

||H (st) — Hi(s)H (t)]| = Ch_r)?o ﬁ”(p(zzcst) —¢(ZCS)¢>(2Ct)|I

1
PN Co nC _
< lim 24C\9(2 5,2°,0,0) = 0
for all s,t € M. Therefore, H; is quadratic homomorphism. To show that H; is the only one
solution, let us consider another quadratic homomorphism H, : M — N fulfilling (1.2) and (2.3).
Then

) - @) = o i (25) - 1 (2%)|
< % {“H1 (2%) = ¢ (25)[| + [} (2°5) - 2 (2‘?5)“}
< % i ﬁs ( \2rtis, \2rtis, \2rtis, \/2P+Cs)

p=0

-0 as (> o

for all s € M. Thus, the quadratic function H; is unique. Therefore, there is a unique quadratic
homomorphism H; : M — N satisfying (2.3). m]

The following theorem gives an alternative stability of Theorem 2.1.

Theorem 2.2. Let 9 : M* — [0, 00) be a mapping such that
- tu v
Pz b 2)
€’ l” ol 2L
~ 2672072072
converges in R and

L oa2gfS b U E)
Jim 2°°9 (2, 5 5t ) <

N
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for every s, t,u,v € Mand ¢ : M — N be a function fulfills (2.1) and (2.2). Then is only one quadratic
homomorphism Hy : M — N fulfilling (1.2) and

I (s ||<222bs LN RN R, O 26)

)1+b’ (\/E)H-b/ (\/§)1+b, (\/5)1+b ’
for every s € M. The mapping Hy : M — N is deﬁned by

Hi(s) = llmZZC(f)( )

(>0

for every s € M.

Proof. Replacing (s,t,u,v) by (s, Vs, Vs, V/s) in (2.1), we get
lp(25) = 220 (s)|| < 9 (V5, V5, V5, V&), 2.7)

for every s € M. Setting s = 3 in (2.7), we have

ool =o e )

for every s € M. For any positive integer C > 0, we arrive

-1
qu (s) —2zc¢(%) < Zzz”s(\/z‘“*”)s, Vo-(4b)g, \-(+b)g, \/2—(1+b)s)
b=0

A

IA

Z 22b 9(\/2—(1%)5, V2-(1+b)g, \[2-(1+b)g, \/2—(1+b)s)’ 2.8)
b=0

for every s € M. To show that the sequence {22‘?¢ (i)} is convergent, replace s by 5; in (2.8) and
multiply by 2%, for every g, > 0, we get

2609 (=2=)-26(3) 20(575) (%)

‘:2211

-1

< 22 (g+b) g (\/2 (1++b)g \/2-(1+q+b)g, A[p—(1+q+b)g \/2_(1+q+b)s)
b=0

< izz(“b (\/2 (144+b)5, \/2-(1+0+b)g, y2-(1+a+b)5 /2~ 1+q+b))
b=0

— 0 asq — oo,

Hence {ZZC(p (ZS—C)} is a Cauchy sequence. As N is complete, there is a function H; : M — N satisfies

Hi(s) = 11m22cq5( )

(>0
for every s € M. We obtain (2.6) by taking the limit as C — oo in (2.8). Next, we need to show that

H, fulfills (1.2). Switching (s, t,u,v) by ( and multiplying by 2% in (2.1), we get

2L/ 2C/ 2[/ zg)

25‘9( t u v)

22C
207 2L 2L’ ¢

s t u v
(ZC’2C 2C’2C)
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for every s, t,u,v € M. Taking the limit as C — oo in the above inequalities, we get H; = 0. Hence,

Hj fulfills the equation (1.2) for every s,t,u,v € M. This proves that the function H; is quadratic.

Then,

o) (x)oz)]

. ac
< lim?2 8(2c,26, ) 0,

(>

|[Ha(st) — Hi(s)Ha(t)]| = lim 2%

(>0

for all s, t € M. Therefore, the function H; is a quadratic homomorphism. Finally, to show that H;

is unique, let us consider another quadratic homomorphism H; : M — N satisfying the functional

equation (1.2) and (2.6). Then

o) - = 2 (3)- Hz(zc)
2C S\_ S\og (L
= 2 {‘Hl(zé) +H¢(2¢) Hz(zé)‘}
< 2222(b+C)9(\/2—(1+b+C)S, V2-(14b+0)g A[2-(1+b+0)g +f2- 1+b+C))

-0 as C(— o0

for every s € M. Thus, the quadratic solution H; is unique.

Theorem 2.3. Let € € {~1,1} and 9§ : M* — [0, o0) be a mapping such that

9 (28€s, 2664, 2C€y, 26€0) _
Z converges in R

2Ce
=0 2
and

. 9(2%s,2%t, 2%y, 2%€p)
lim < oo,
(—o00 22Ce

foralls,t,u,v € M. Let ¢ : M — N be a function satisfies the inequality (2.1) and
[p(st) — s (t) — p(s)t?]| < 9(s,1,0,0),

for every s, t € M, then there is only one quadmtic derivation D : M — M fulfilling (1.2) and

- be be be
I p(s) - 12 Z Vs, (V2) ﬁéewi) V5, (V)% )
for every s € M. The function D : M — M is defined by
. P(2%s)
D(s) = lim =

for every s € M.
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Proof. By using the same argument used to prove the Theorem 2.1, there is only one quadratic

function D : M — M fulfilling (2.9). The function D : M — M is defined as

_ L 9(2%)
D(s) = (;h—{rolo R
The inequality (2.1) implies
1 - - » C
|D(st) -*D(t) - D(s)#?|| = gg;EWNf%ﬂ—@%waﬂ—¢@%ﬂfﬂw

1
: Ce nC _
< lim 24C€9(2 ,2°¢,0,0) =0

(>0

for every s, t € M. Thus, there is a quadratic derivation function D : M — M satisfying (2.9). m]

3. Urawm StasiLity oF (1.2): Fixep Point METHOD

Theorem 3.1. [2] Let (d,d) be a complete generalized metric space and T : d — 9 be a strictly contractive
function with 0 < L < 1. Then, for every u € 9, either
(B1) d(T"u, T""'u) = oo foralln < 0,
or
(B2) there is an integer ng > 0 fulfills
(i) d(T"u, T"u) < oo for every n > ny;
(ii) the sequence {T"u} is convergent to a fixed point v* of T.
(iii) v" is a unique fixed point of T in the set
A={ved:d(T"u,v) < oo}
(iv) d(v*,0) < Lrd(v, Ty) for every v € A.
Theorem 3.2. Let ¢ : M — N be a mapping and there is a mapping B : M* — [0, o0) with
lim %ﬁ(rf,s, Tgt, T%M, Tgv) =0,

C—oo
where T, = 2ifp =0and 1, = L ifp =1,
| Fq(s, t,u,v) lI< B(s,t,u,v), (3.1)
for every s, t,u,v € M, and
Il p(st) = p(s)p(t) 1< B(s, t,0,0),

for every s, t € M. If there is L. = L.(p) < 1 satisfies
s [s [s [s
= () = ﬁ ﬁ \E \é) 62

o(s) = La(r,s), (33)

has the property
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forall s € M. Then there is only one quadratic homomorphism Hy : M — N fulfilling (1.2) and

1-p
1 6(s) - Hi(5) i< ——(s), (3.4

for every s € M.

Proof. Let us take w = {r[r : M — N, r(0) = 0}.

Now, we can introduce the generalized metric d on w,
d(p,b) = inf{r € (0,00) : ||p(s) = b(s)|| < r®(s), Vs € M}.
Clearly, (w,d) is complete. Now, we may define a function ¥ : « — w by

1
Ya(s) = —a(tps),
Ty

for all s € M. One can show that (Ya,¥b) < L. d(a,b), for all 4,b € w. That is, the function ¥ is
strictly contractive on w with L. Replacing (s, t,u,v) by (s, Vs, Vs, ¥/s) in (1.2), we obtain

12%¢(s) = (25) lI< (5, V5, V5, V5), (3.5)
for all s € M. From the above inequality, we obtain
2
o) - 222 < Lp(ve, V& G, V6) 66)

for all s € M. Using the inequality (3.2) and (3.3), for the case p = 0, the inequality (3.6) becomes

o) - 222 < Lo,
for all s € M. That is,

A ¥0) < 55 <Le< .

S S S S
A o

for all s € M. Using the inequality (3.2) and (3.3), for the case p = 1, the inequality (3.7) becomes

-3

Again, replacing s by 3 in (3.5), we get

2(3)-9()

< P(s),

for all s € M. Thatis,
d(p,¥p) <1< L2 < oo
In the above two cases, we conclude that

d(p,¥op) <L 7.
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Therefore, the condition (i) holds. By condition (ii), it follows that there is a fixed point H; of ¥ in
w tulfills

.1 ~
Hi(s) = lim —0(%;s),
P

for every s € M. Next, we need to prove that the mapping H; : M — N is quadratic. Replacing
(s,t,u,v) by (’cgs, T%f, Tg’u, T%U) in (3.1) and dividing by ’cg, we get

I FQ(T%S, T%t, Tgu, 50) ||

I Hafs,t,u,0) Il = lim T
Tp
' ,B(T;%s, T}%t, Tgu, T%U)
N
p
for every s, t,u,v € M. That is, H; fulfills (1.2). Hence,
.1 2 ¢ ¢
| Hi(st) — Hi(s)H1(t) || = Ch_r)l; = Il o(T,st) — P(Ty8)Pp(T5t) |l
P

1
: Co ~C _
< ch_{?o —T4Cﬁ(7ps, Tt 0,0)=0
p

for all s, t € M. Therefore, the function H; is a quadratic homomorphism. By condition (iii), H; is a

unique fixed point of ¥ in © = {H; € w : d(¢, Hy) < oo}, H; is the only one function which satisfies

Il ¢(s) —Hi(s) lI< r®(s),

for all s € M and r > 0. Condition (iv) implies

d(¢, Hy) < 1_1Lcd(¢>,‘lfqb).

This implies
1-p
LC
<
d(qb’ Hl) - 1 _ LC
L
= ¢(s) —Hi(s) || < ——d(s),
1 - LC
which ends the proof. O

The stability results of the quadratic functional equation (1.2), applicable to non-Archimedean

Banach algebra derivations by the fixed point technique, are given by the following theorem.
Theorem 3.3. Let ¢ : M — N be a function for which there is  : M* — [0, c0) satisfies

S SV S SR SR
C11_r)1(r>1o ﬁﬁ(rps, Tot, Tol, Tpv) =0,
p

where t, = 2ifp = 0and 7, = % if p = 1 such that (3.1) and

Il p(st) = Pp(s)p(t) lI< B(s,£,0,0),
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foralls,t € M. If there is L, = L.(i) < 1 fulfills
s s s [s
SHQ“**iJ;VE“¢;VE>

1
D(s) = Le—P(1p8),
Ty

forall s € M, then there is only one quadratic derivation D : M — M fulfilling (1.2) and

has the property

L
() = D(s) Il (), (33)

foralls € M.

Proof. By using the same argument used to prove the Theorem 3.2, there is only one quadratic
solution D : M — M fulfilling (3.8). Let us define the function D : M — M by

9 (T9)
D(s) = ,
€)= Jim =
for every s € M. It follows from (3.1) that
.1
||D(st) —s?D(t) - D(s)t2|| = C11_)102o = ||(P(T;C5t) - (T%S)qu(’[gt) - qb(Tgs)(T,C,t)z”
< lim iﬁ(#s, 75t,0,0) = 0
{0 T4C P p
for every s, t € M. Hence, the function D : M — M is a quadratic derivation satisfying (3.8). m|

Corollary 3.1. Let ¢p : M — N be a function such that

£
s+ el +lull +1ol )

I Eq(s, t,u,0) 1< S & I1's I £ I e 0 1F )

S RN

(s 19 TEIE + )%+ 1o [14)),

for every s, t,u,v € M. Then there is only one quadratic homomorphism Hy : M — N fulfilling

1 é(s) - Hi(s) ll< | 2231

sl .
D227 1#1

5&llsl* .
|22_22i|/

i+1,

forall s € M, where & and i are real numbers.
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Proof. Setting

£
s+ el + 1wl + 1ol
Bs t,u,0) < Sl NI w1l o I )
s 0wl o I
(s I EIE + o l1¥ -+ 1o 114)),

foralls,t,u,v € M. Now

-2
<ty
ey s+ el + Nulf + o
ﬁ(”cgs, Tgt, T%M, ’L’;;U) ’(’41,_2)(:{ o }
7 = 3&n, s e i o 1 )
T
P (4i-2)C

&ty { s 1N E1FN e 1] IF

F s I+ EI + 1wl + o ||4i)}
— 0as( > o
— 0as(C > o

— 0as( — oo

— 0as C — oo.

Thus, (3.1) holds. But, we obtain

oo ool )

has the property

for all s € M. Hence

o0 - AT

[T

4ls
= 23
llsll
22i
5&|Is1*
22

o NI

i

Kt
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Now,

1 204
_ch(TpS) — TZZ2

for all s € M. From (3.4), we verify the below cases:

Case 1:

Case 2:

Case 3:

Case 4:

Case 5:

Case 6:

Ifp=0thenL, = 2-2.

I p(s) —Ha(s) lI<

Ifp=1thenL, = 22

I p(s) = Hals) ll< 1=
L.=27 fori<4ifp=0;

1-p %
1 (s) — Ha (s) ll< —e—b(s) = 2E Nl

L. =27 fori>4ifp=1;

L ey AENIsIE

I p(s) —Ha(s) I P(s) = =121
1-L. (25 _22)
Le=2%2fori<1ifp=0;
-p 2i
L Ells
Il p(s) — Hi(s) I ——D(s) = ElsI™
1-L (22 _221’)
Lo=2"%fori>1ifp=1;
L ey = £l I

1 6(s) - Fh(5) 1< ——(s)

=L (221'_22)'
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Case7: L. =2%2fori<1 ifp=0;

1-p i
16(5) - Ha(s) lls —ap(s) = 22012
1 Lc (22_221)

1=p 2i
L

c cI)(S):5§||S|| '
1-Le (221‘_22)

Case 8: L. = 2> 2 fori>1ifp = 1;

Il p(s) —Ha(s) lI<

Corollary 3.2. Let ¢p : M — N be a function satisfies

<
s+ 1el +lull +1ol )
1 Fo(s,t,0) < A &f 11 17 £ 11 e L0 IF )
cf{ s I E 12 1) 1
A s I A+ I N ¥+ 1o |I4i)},
for every s, t,u,v € M. Then there is only one quadratic derivation D : M — M fulfilling

&

3|

AElsIE . ;g

1 p(s) — Ha(s) ll< { 2281
i . 4 q
|22_22i|/

5&lsl% . -
e 1#1,

Eaat
N~

forall s € M, where & and i are real numbers.

4. CONCLUSION

We found the general solution of a new kind of quadratic functional problem and presented
it in this paper. We primarily used the direct and fixed point methods to study the stability of a
quadratic functional equation relating to homomorphisms and derivations in non-Archimedean
Banach algebra. We also give examples of situations where sums and products of powers of norms
control the stability of this quadratic functional equation.
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